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ON DOUBLY NONLOCAL p-FRACTIONAL COUPLED
ELLIPTIC SYSTEM

TUHINA MUKHERJEE — KONIJETI SREENADH

ABSTRACT. We study the following nonlinear system with perturbations
involving p-fractional Laplacian:
(=A)5u+ a1 (z)ululP~ = afla| = * [ul?)]u|1?u

+B(Jz| 7+ * o) ulPu + fi(z) in R",
(=A)jv + az(@)lv[P=2 = y(|z| 7 * |v]9)[v] "2y

+B(|z]7H * [u|)[v]T 20 + fa(z) in R,
where n > sp, 0 < s < 1,p > 2, u € (0,n), p(2—p/n)/2 < q < pi(2-—
n/n)/2, a, B,y > 0,0 < a; € C(R",R), i = 1,2 and f1, f2: R — R are
perturbations. We show existence of at least two nontrivial solutions for
(P) using Nehari manifold and minimax methods.

(P)

1. Introduction and main results

In this article, we consider the following nonlinear system with perturbations
involving p-fractional Laplacian:

(=A)ju+ ar(@)ululP~2 = afa| 7« [u|?)[u|?"?u
+B(Jx|7# * | ul**u + fi(z) inR"
(=A)pv + ax(@)vlvlP~? = (x| =+ * [v|?)]v]T"20

Bl % lul)|ol720 + fole) in R,

(P)
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610 T. MUKHERJEE — K. SREENADH

where p > 2,5 € (0,1), n > sp, p € (0,n), p(2 —p/n)/2 < q < pi(2 — p/n)/2,
a,B,7>0,0<a; € CHR"R),i=1,2and f1, fo: R® — R are perturbations.
Here p* = np/(n — sp) is the critical exponent associated with the embedding
of the fractional Sobolev space W*P(R™). The p-fractional Laplace operator is
defined on smooth functions as

e g [ )~ u) P () —uy)
O =2 ) @ — y|nter w

which is nonlinear and nonlocal in nature. This definition matches to linear

fractional Laplacian operator (—A)®, up to a normalizing constant depending
S

on n and s, when p = 2. The operator (—A);

singular when 1 < p < 2. For more details and motivations and the function

is degenerate when p > 2 and

spaces W*P(Q), we refer to [9], [17]. Researchers are paying a lot of atten-
tion to the study of fractional and non-local operators of elliptic type due to
concrete real world applications in finance, thin obstacle problem, optimiza-
tion, quasi-geostrophic flow etc. The eigenvalue problem involving p-fractional
Laplace equations has been extensively studied in [7], [8], [32], [34]. The Brezis
Nirenberg type problem involving p-fractional Laplacian has been studied in [31]
whereas existence has been investigated via Morse theory in [30]. Problems in-
volving p-fractional Laplacian have been studied in [26], [27] using the Nehari
manifold. A vast amount of literature can be found for the case p = 2, i.e. frac-
tional Laplacian (—A)#®, which has been actively investigated in recent years.
Separately, we would like to mention work of Servadei and Valdinoci in [42]-[44]
on bounded domains.

The study of fractional Schrodinger equations has attracted attention of
many researchers nowadays. Frolich et al. studied nonlinear Hartree equations
in [19], [20]. In the nonlocal case, using variational methods and the Lusternik—
Schnirelmann category theory, Lii and Xu [35] proved existence and multiplicity
for the equation

2 (=AY u+ V(x)u = e *(Wy () * [u|P)|ulP>u in R",

where € > 0 is a parameter, 0 < s < 1, N > 2s, V is a continuous potential, and
W, is the Riesz potential. Wu in [51] proved the existence of standing waves by
studying the related constrained minimization problems via the concentration—
compactness principle for the following nonlinear fractional Schrodinger equa-
tions with Hartree type nonlinearity

W+ (=2)% = (| |77 [y =0,

where 0 < a < 1,0 < v < 2a and 1 (z, t) is a complex-valued function on R? xR,
d > 1. Some recent works on Schidinger equations with fractional Laplacian
equation include [16], [21], [41], [45] with no attempt to provide a complete list.
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Existence of solutions for the equation of the type
—Au+w(x)u = (Iy * [uP)|ulP~?u  in R™,

where w is an appropriate function, I, is the Reisz potential and p > 1 is
chosen appropriately, have been studied in [3], [14], [22], [37], [50]. Very recently,
Ghimenti, Moroz and Schaftingen [23] proved the existence of least action nodal
solution for the above problem taking w = 1 and p = 2. Alves, Figueiredo and
Yang [2] proved existence of a nontrivial solution via the penalization method
for the following Choquard equation:

—Au+V(z)u= (|Jz| " * F(u))f(u) in R,

where 0 < 4 < N, N = 3, V is a continuous real function and F' is the primitive
function of f. Alves and Yang also studied the quasilinear Choquard equation
in [4]-[6]. For more results, we also refer to [38]-[40] for interested readers.
Systems of elliptic equations involving fractional Laplacian and homogeneous
nonlinearity have been studied in [25], [24], [29] and p-fractional elliptic systems
have been studied in [11], [12] using the Nehari manifold techniques. Very re-
cently, Guo et al. [28] studied a nonloca 1 system involving fractional Sobolev
critical exponent and fractional Laplacian. There are not many results on el-
liptic systems with non-homogeneous nonlinearities in the literature. We also
cite [1], [13], [18], [36], [49] as some very recent works on the study of fractional
elliptic systems. We also cite [52] where multiplicity of positive solutions for the
nonhomogeneous Choquard equation has been shown using the Nehari manifold.
Our work is motivated by the work of Tarantello [47] where the author used
the structure of the associated Nehari manifold to obtain the multiplicity of solu-
tions for the following nonhomogeneous Dirichlet problem on bounded domain €2:

—Au=|ul 2u+f inQ u=0ondN.

Concerning the nonhomogeneous system, Wang et. al [48] studied the problem
(P) in the local case s = 1 and obtained partial multiplicity results. In this
paper, we improve their results and establish multiplicity results for f; and fo
satisfying a weaker assumption (1.1) below. We describe the topology of the
Nehari set and use its structure to obtain solutions which are minimizers of
energy functional on its components. We need the following function spaces:
For ¢ = 1,2 we introduce the Banach spaces

Y; = {u € WHP(R™) : /

equipped with the norm

ful, = [ [ |x7 M=t ey + [ sl s

a;(z)|ul? de < —|—oo}

n
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We define the product space Y = Y; x Y5 which is a reflexive Banach space with
the norm

1w, )[[” := llully, +1lvlly,, forall (u,v) €Y.
Throughout this paper, we assume the following condition on a;, for ¢ = 1,2:
(A) a; € C(R™,R), a; > 0 and there exists M; > 0 such that

p{z € R" 1 a; < M;}) < oo.

Then under condition (A) on a;, for i = 1,2, we get ¥; — L"(R™) continuously

for r € [p, pi].
To obtain our result, we assume the following condition on perturbation

terms:

2 -1
(L.1) / (fru+ fov) < Cpy (%) || (w, v)||P24— 1/ (2a-P)
for all (u,v) € Y such that

/ (| s ful D) ]ul® + 28| ™" * [ul ") o] + (|7 * [v]T)]v]) dz =1

o p—1 (2¢—-1)/(29—p) 2 —p
P4 2g—1 p—1/)"

It is easy to see that

and

2n — -1
2q>p<n ,u>>p_1>2p
n p—1

which implies

2 -1
catr-t 4
4pq
So (1.1) implies that
(1.2) / (fru+ fov) < Cp 4l (u, v)||P2a—D/(2a=r)

which we will use more frequently rather than our actual assumption (1.1). The
importance of the assumption (1.1) instead of (1.2) can be felt in Lemma 3.5.
If f1, fo = 0, then we always have a solution for (P) that is the trivial solution.
Now, the main results of this paper go as follows.

THEOREM 1.1. Suppose

2n — 2n —
p(n—p\ _ _p(2n=p)
2 n 2\ n—sp

p € (0,n) and (A) holds true. Let 0 % fi, fo € LP/®P=D(R™) satisfy (1.1) then
(P) has a weak solution which is a local minimum of J on Y. Moreover, if

f1, fo > 0 then this solution is a nonnegative weak solution.
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THEOREM 1.2. Under the hypothesis of Theorem 1.1, (P) has second weak
solution (u1,v1) inY. Also, if f1, fo > 0, then the second solution is nonnegative.

This article is organized as follows: In Section 2, we set up our function
space where our weak solution lies and recall some important results especially
the Hardy—Littlewood—Sobolev inequality. In Section 3, we analyze fibering maps
while defining the Nehari manifold and show that minimization of energy func-
tional on suitable subsets of the Nehari manifold gives us the weak solution
to (P). We study the Palais—Smale sequences in Section 4. Finally, we prove our
main theorem in Section 5.

2. Preliminary results

In this section, we state some important known results which will be used
as tools to prove our main results. The key inequality is the following classical
Hardy-Littlewood—Sobolev inequality [33].

PROPOSITION 2.1 (Hardy-Littlewood-Sobolev inequality). Let t,7 > 1 and
0<p<nuwithl/t+p/n+1/r=2, f € L'(R™) and h € L"(R™). There exists
a sharp constant C(t n u, r) > 0, independent of f,h, such that

f@)h(y)
LA ey < €t e

REMARK 2.2. In general, let f = h = |u|? then by the Hardy—Littlewood—
Sobolev inequality we get that the quantity

/’/ [u(z)]9|u(y Iddy
nJrn T —yle

is finite if |u|? € L*(R™) for some t > 1 satisfying

2
Sy R
t n

LT (RTL) .

Since we will be working in the space W*P(R"), by fractional Sobolev embedding
theorems (refer [17]), we must have gt € [p, p%], where pf = np/(n — sp), i.e

P 2n —p nglj 2n —p -
2 n 2\ n—sp
p{2n— 2n —

q == a and ¢, = P 1.
2 n 2\ n—sp

Here, ¢; and ¢, are known as lower and upper critical exponents. We constrain
our study to the case

2n — 2n —
L (it ISP ety )
2 n 2\ n—sp

The next result is a basic inequality whose proof can be worked out in similar

We define

manner as the proof of Proposition 3.2 in [22, equation (3.3), p. 124].
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LEMMA 2.3. For u,v € L*>"/("=1(R"), we have

Ju()||v(y)]*
// Ty |H dardy
Ju(@) |9 u(y)| // Jo(@)|[v(y)|® Yz
dx d dx d
(// T r_ye W o Ja—ge YY)

where p € (0,n) and q € [qi, qu)-

We now prove following lemma which is a version of the concentration—
compactness principle proved in [15, Lemma 2.18].

LEMMA 2.4. Let n > sp. Assume that {ux} is bounded in Y1 and Yo and it
satisfies

lim sup / |ug|P dz = 0,
Br(y)

k—oc0 ye]Rn

where R > 0 and Br(y) denotes the ball centered at y with radius R. Then
up — 0 strongly in L™(R™) for r € (p,p%), as k — oo.

ProoOF. We prove the result for ¢ = 1, and for ¢ = 2 it follows similarly. Let
€ (p,pk), y € R"® and R > 0. By using the Holder inequality, for each k we get

11— A
”uk”L’"(BR(y)) < ||uk||LP(BR(y)) Huk HLP,§ (Br(y))’

where 1/r = (1 —X)/p+ A/p%. Then

r r(1—
(2.1 /| el o I e

We choose a family of balls { Br(y;)} where their union covers R and are such
that each point of R™ is contained in at most m of such balls (where m is
a prescribed integer). Now, summing (2.1) over this family, we obtain

(I=X)/ \
el gy < sup ( / |ukpdx) sl
L (R") veitn \ ey LPE (Rn)

Using the continuity of the embedding of Y; in LP: (R™) and our hypothesis, we
get ugp — 0 strongly in L"(R™) as k — oc. O

The following is a compactness result for the space Y;, i = 1,2, which will be
used further.

LEMMA 2.5. Suppose (A) holds. Then'Y; is compactly embedded in L™ (R™),
forr € lp,pk) andi=1,2.

PROOF. We prove it for Y7 (for Y it follows analogously). Let {u;} C Y7 be
a bounded sequence. Up to a subsequence, we may assume that u; — ug weakly
in Y7 as k — oco. Then up — up in L] . (R™) as k — oo, for r € [p,p}). We first
prove that up — wug strongly in LP(R™). Suppose & := ||u||Lr®n) and §p — €
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along a subsequence, as k — oo. So, { > |ug||Lr(rn). We claim that for each
€ > 0, there exists R > 0 such that

/ |ug|P dz < e uniformly in k.
R™\Br(0)

If this holds then wyp — wg strongly in LP(R™). Because we already have
uk|BR(0) — Uo| B (0) strongly in LP(Bg(0)), as k — oo,

1/p
£> ||u0||LP(1R") = (”uO”IZ,P(BR(O)) =+ ||u0||]£p(Rn\BR(o)))

2 lim fJukl[zr(8r(0)
2 lim fug[pe@ey — Hm (Juglle @ pa) 2 €~ e

To prove our claim, let us fix € > 0 and choose constants M, C > 0 such that

”uk ||ip7‘(]R”)

2
M > =sup[lu|[y, and C> D
£k wevirvioy  luxlly,

Let 7’ be such that 1/r + 1/r" = 1. Now condition (A) implies for R > 0 large
enough,

e R B0): ) <MD = (i)

Weset A={x € R"\Br(0) : a1(x) > M} and B={z € R"\Bg(0) : a1(z) < M}.
Then, we get

ay(zx) 1 €
Pde < | —|uplPde < — Po< -
Jurde< [ APl < ol < 3

Also using Hélder’s inequality, we get

1/r
[t s < ([ ubrar) ) < Clul @) <5,
B B

Therefore we can write

/ lug|P dx =/ |ug|? dl"—!—/ luglP do < e
R\ BRr(0) A B

which implies uy — ug strongly in LP(R™). Finally, using Lemma 2.4, it follows
that ur — ug strongly in L™(R™), for r € [p, p¥). O

For our convenience, if u, ¢ € W*P(R™), we use the notation (u, ) to denote

s om [ o) vlnle) ~ P H) = 000D o

o =yl
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DEFINITION 2.6. A pair of functions (u,v) € Y is said to be a weak solution

o (P)if
won) + [ arlaulup i de

(v, o) + / ax(@)oloP2¢s dz — o / ORI
n R7l

—y / (2~ * [o]9)olo|t 2y da — B / (]~ * [o]7)ulul 12y da
R Rn

—B (™ * [u]*)yo]v]a 2y da — / (Fré1 + fada) dz = 0,
R R™
for all (¢1,¢02) € Y.

Let us define the energy functional corresponding to (P) as

1 1 _ _
I (u,v) = ~[[(w, 0)[|" = */ (allz|™" s [ul ) ul® + Bl ™" * u]?)[v]?) dz
p 2q Jgn
1
2q
It is clear that weak solutions to (P) are critical points of J. We have the

IRn(ﬁ(\ﬂvl’”IUI‘I)IUI"Jrv(l%‘l”‘>'<Ivlq)lvlf”)dﬂc—/ (fru+ fov) da

n

following symmetric property:

z[** |u qux—// 2)|lo(y ‘dd:/ |7« ju|D)|u|? dx.
[ el < fumyo R ey = [ (il ol

Therefore J can be written as
1
J(u,v) = ’ | (u, v)[|P

1 _ _ _
~ g o tedel luDul® + 28|~  [ul M) [o]* + (a7 * [o|)[0]?) da
Rn

- [ Gt p)de

In the context of the Hardy-Littlewood—Sobolev inequality, i.e. Proposition 2.1,
we get
(2.2) L@V WI 4 00 < ol

. . . |J,‘ — |/‘ L2naq/(2n— /_L)( )
for any u? € L"(R™), r > 1, p € (0,n) and ¢ € [q;, qu]. Using (2.2), Lemma 2.3
and f1, fo € Lq/ (9= 1)(]Rn), we conclude that J is well defined. Moreover, it can
be shown that J € C1(Y,R).

3. Nehari manifold and Fibering map analysis

To find the critical points of J, we constraint our functional J on the Nehari
manifold

N ={(u,v) €Y : (J'(u,v), (u,v)) =0},
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where
(7' (u, ), (u,v)) = || (u, V)7

- /n(a(lfﬂlf“ * Jul )l 4 26877 Jul ) o]+ (o] o] T)]o]?) da

- [ Gt poya

Clearly, every nontrivial weak solution to (P) belongs to N. Denote I(u,v) =
(J'(u,v), (u,v)) and subdivide the set N into three sets: N* = {(u,v) € N :
+(I'(u,v), (u,v)) > 0}, NO = {(u,v) € N : (I'(u,v), (u,v)) = 0}. Here

(I,(uav)a (uav)) = p||(u,v)||”

- 2(1/ (all[" # Jul )l + 28| * [ul ) o] + (||~ * [o]1)]v]7) de
R

— /n(flu—l- fav) du.

Then A0 contains the element (0,0) and Nt UN? and N~ UN? are closed
subsets of Y. In the due course of this paper, we will subsequently give reason
to divide A into above subsets. For (u,v) € Y, we define the fibering map
@: (0,00) = R as

(1) = J(tu, tv) = % I, )P

124 _ _ L
% (a7 s fu ) [ul® + 2B8(]x[ 7" * [ulT) o] + y(Jz| 7 « [v]*) |[v]?) dx
R’n
—t [ (it fo) e
This gives

¢'(t) =t (u, )P

— 2 / (|| ™" s Jul D) ]ul® + 28|~ * [ulT)]o]* + (a7 * v]T)]v]7) da

— /n(f1u+f2v) dz,

¢"(t) = (p— D" 2[|(u, 0)||P
—(2¢- 1)t2q72/ (e | D) ful® 4+ 28 ([ * [u])]v]*
+ (27" o] D)]o]) de.
It is easy to see that (tu,tv) € N if and only if ¢/(¢) = 0, for ¢ > 0, i.e.
N = {(tu,tu) €Y : ¢'(t) = 0}.
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Also, we can check that for (tu,tv) € N, (I'(tu,tv), (tu,tv)) > or < 0 if and
only if ¢”(t) > or < 0 respectively. Therefore, N, N~ and N can also be

written as
NE = {(tu,tv) e N : ¢"(t) 20} and N° = {(tu,tv) € N : ¢"(t) = 0}.
We fix (u,v) € Y and define

K ::K(U7U) = / (f1u+ fQ”U) dx,
L =L(u,v)
:/n (a7 * Jul T [ul? + 2B(|z] 7 * [u|?) |[v]? + (x|~ * [v]9)|v]?) da.

LEMMA 3.1. If fi, fo € LP/®P=D(R™), then J is coercive and bounded from
below on N'. Hence J is bounded from below on N+t and N~.

PrOOF. Let (u,v) € N, then (J'(u,v), (u,v)) =0, i.e.

o)l = [ (et foo) e = Liu),

Using this we obtain

50) = (22wl - (P52) [ (s fov)d

2qp

2q—p>

> u, v)|[|?

<2qp (| (w, v) |
2q

-1
2q

> N (2222 ) e o

2qp

)fl”LP/(P1>(R’")||u||LP(R”) + 12l e @my 0]l Lo &)

2qg —1
- ( 5 )(Sq,l + Sg2) max { || f1ll poso-1 @y | foll Loso-n gn) } >7

where S, ; denotes the best constant for the embedding ¥ — LP(R"™), i = 1, 2.
This implies that .J is coercive and bounded from below on N.

Thus it is natural to consider a minimization problem on A or its subsets.
For fixed (u,v) € Y we define

m(t) = " (u, 0)|”
- tQ‘H/ (el ™" ful D) [ul® + 28(|2| ™"  [ulT)|v]T + v (|| * [o])|v]7) d.

Then ¢'(t) = 0 if and only if m(t) = K. Since p((2n — p)/n) < 2q and
(2n — p)/n > 1, we get p<2q which implies , liin m(t)=—o0. Also }irr(l) m(t)=0
—+o0 —
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and it is easy to check that

to = (<p - 1>||(u,v>||P)” )
(2¢—1)L

is a point of global maximum for m(t). For ¢ > 0 small enough, m(t) > 0.
Altogether, this implies that if we choose K > 0 sufficiently small then m(t) = K
is satisfied in such a way that ¢'(¢) = 0 has two positive solutions t;, t3 such
that 0 < t; < tg < ta. Then, according to the sign of ¢”(¢1) and ¢"(t2), we
decide in which subset (i.e. N*, N =, AN0) they lie. Hence the sets N, A/~ and
N0 contain the point of local maximum, local minimum and point of inflexion
of the fibering maps.

We end this section with the following two results.

LEMMA 3.2. If fi, fo € LP/®=1)(R™) are nonzero and satisfy (1.1), then
NO = {(0,0)}.

PrOOF. To prove that N = {(0,0)}, we need to show that for (u,v) €
Y \ {(0,0)}, ¢(¢t) has no critical point which is a saddle point. Let (u,v) €
Y\ {(0,0)}. From the above analysis, we know that m(¢) has a unique point of
global maximum at ¢y and

- — (p—1)/(29—p)
2q—p p—1 -

! — p(29—1)/(29—p)
m(to) (Qq 1) (L(Qq 1)) Il (w, v)||

From the analysis of the map m(t) done above, we get that if 0 < K < m(to),
then ¢'(t) = 0 has exactly two roots t1, to such that 0 < t; < ¢y < to and if
K < 0then ¢'(t) = 0 has only one root t3 such that t3 > to. Since ¢”(t) = m/(¢),
we get ¢ (t1) > 0, ¢"(t2) < 0 and ¢"(t3) < 0. Hence, if 0 < K < m(tg), then
(tiu, t1v) € Nt (tau,tav) € N~ and if K < 0 then (t3u,tzv) € N~. This
implies {(u,v) € Y : 0 < K < m(t))} NNF # 0 and {(u,v) € Y : K <
0} NN~ # (. As a consequence, N # ). We saw that for any sign of K,
critical point of (t) is either a point of local maximum or local minimum which
implies A = {(0,0)}. It remains to show that 0 < K < m(tq) holds. But this
is clearly implied by condition (1.1) which we have already assumed. O

LEMMA 3.3. Assume fi, fo € LP/(P=1D)(R") satisfy (1.1), then N~ is closed.

PrOOF. Let cl(N ™) be the closure of N~ Since cl(N7) C N~U{(0,0)}, it is
enough to show that (0,0) € N~ or equivalently dist((0,0), N ™) > 0. We denote
(@, 0) = (u,v)/||(u,v)| for (u,v) € N, then ||(u,?)|| = 1. Let us consider the
fibering map ¢(t) corresponding to (@, ?). From the proof of Lemma 3.2, we get
that if K < 0 then ¢'(t) = 0 has exactly one root t3 > to such that (t3u,t30) €
N~. If (tsu, t30) = (u,v) € N7, then t3 = [|(u,v)|. Also, if 0 < K < m(to)
then ¢’'(t) = 0 has exactly two roots t1, to satisfying t; < ty < ¢ such that
(t1a,t10) € N and (tou,t20) € N~. Hence if (tou,t20) = (u,v) € N~ then
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to = ||(u,v)]||. Since to,ts > to, we get ||(u,v)|| > to. Using Lemma 2.3, inequality
(2:2), continuous embedding of Y in L"(R™) for r € [p, pt], 2nq/(2n — 1) € (p, py)
and ||(@,0)]] = 1, we get that
~2 12
(31) L S C(aHuHLanq/(Qn—u)(]Rn) + /}/HUHLIJZ"Q/QW—M)(RTL)
a2 1/2 (1 ~2 1/2
+ Qﬁ(”uHLq?nq/@n*M)(]Rn)) (”’UHLqZ'nq/(Zn—u) (R")) )

~12 ~12 ~ ~ ~
< Ci(allallyd +9lly; + 26I[@ls, [1913,) < Call(@,9)I*4,

where C1,Cy > 0 are constants independent of u and ¥. This implies L is
bounded from above on the unit sphere of Y. Since ||, v]| = 1, from definition
of tg it follows that

1 1/(2¢—p)
p—

> =0.
fo 2 ((Qq —1) sup L(u,v)) o

[l (w,0)ll=1

Therefore, dist((0,0),N ™) = ( i)an {[(w,v)||} = 6 > 0 and this proves the
u,v)eN —

lemma. O

Using Lemma 3.1, we can define the following:
Yt:= inf J(u,v) and Y := inf J(u,v).
(u,v)ENT (u,v)EN—

If the infimum in the above two equations are achieved, then we can show that
they form a weak solution to our problem (P).

LEMMA 3.4. Let (uy,v1) and (uz,vs) be minimizers of J on Nt and N,
respectively. Then (uy,v1) and (ug,ve) are nontrivial weak solutions to (P).

PRrROOF. Let (u1,v1) € N be such that J(uj,v;) = TT and define V :=
{(u,v) € Y : (I'(u,v), (u,v)) > 0}. So, Nt = {(u,v) € V : I(u,v) = 0}. Using
Theorem 4.1.1 of [10] we deduce that there exists a Lagrangian multiplier A € R
such that

J (ur,v1) = X' (ug,v1).

Since (u1,v1) € N, (J'(u1,v1), (u1,v1)) = 0 and (I'(ug,v1), (u1,v1)) > 0. This
implies A = 0. Therefore, (u1,v1) is a nontrivial weak solution to (P). Similarly,
we can prove that if (ug,ve) € N~ is such that J(usg,ve) = T~ then (us,vs) is
also a nontrivial weak solution to (P). O

Our next result is an observation regarding the minimizers T+ and T~

LEMMA 3.5. If 0 # f1, fo € LP/(P=D(R™) satisfies (1.1) then T~ > 0 and
T+ <O0.
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PROOF. Let (u,v) € Y then from the proof of Lemma 3.2, we know that
it f1, fo satisfy (1.1) then K < mf(tg). In this case, if 0 < K < m(ty) then
corresponding to (u,v), ¢'(t) = 0 has exactly two roots ¢; and ts such that
t1 < tg < ta, t1(u,v) € NT and ta(u,v) € N~. Since ¢'(t) = ||(u,v)|[tP~1 —
L2~ — K, tliI(I)1+ ¢'(t) = —K < 0. Also ¢"(t) > 0 for all t € (0,%p). Since t; is
a point of loca—i minimum of ¢(t), ¢; > 0 and t£%1+ o(t) =0, we get ¢(t1) < 0.
Therefore,

0> gD(tl) = J(t1u7t1v) > T+,

Now we prove that T~ > 0. From (3.1), we know that L < Cy||(u,v)||??. This
implies that there exists a constant C3 > 0 which is independent of (u,v) such
that

(Il Cu, w) |72/ ZaP)

Trean = Cs

Now, using this and the given hypothesis, we consider ¢(tg) corresponding to
(u,v) as

th o 1( (p— D)|(u, )P\ @7
o(to) =—|lu,v|P —L - Kty = - ——7"—
(to) =2, 7 1 ey

L (= D@o)P\** o= D))\
2q (2¢g— 1)L (2¢ —1)L
(2 —p)2q+p—1) [ p— 1\ (|[(u,0)|P)?0/ Ca-P)
2qp(2q — 1) 2¢ — 1 Lp/(2a-p)

_K (p = )1/(2“) (I, ) [P) 1/ 2a—»)

2¢ —1 I1/(2¢—p)
o (2a—p)2g+p—D(p— PPN (||(u, v)|[?)*/ CaP)
= 2qp(2q — 1)24/(2a—p) Lp/(2¢—p)

(2¢ —p)(2q+p—1)(p— HP/BaP
>C3
2qp(2q — 1)2(]/(2qu)

) = M (say).

T = inf max J(tu, tv) >

inf to) > M >0,
(u,v)€Y\{(0,0)} T (uw)€Y\{(0,0)} ello) =

which completes the proof. O

4. Palais—Smale analysis

In this section, we study the nature of minimizing sequences for the functional
J on the Nehari manifold. First we prove some lemmas which will assert the
existence of Palais—Smale sequence for the minimizer of J on N. The following
lemma is a consequence of Lemma 3.2.
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LEMMA 4.1. Let 0 # fi, fo € LP/®=D(R") satisfy (1.1). Given (u,v) €
N\ {(0,0)}, there exist ¢ > 0 and a differentiable function J: B((0,0),e) C
Y — Rt := (0, +00) such that $(0,0) = 1, (w1, w2)((u,v) — (w1, ws)) € N and

(4.1) (3’(070)7(1017102))

P(A(wi, wa) + Az(wi,w2)) — qR(wy, we) — / (frwi + faws)

n

(p = Dll(w, 0)[[F = (2¢ = 1) L(u, v) ’
for all (wy,ws2) € B((0,0),¢), where

Aq(wy,we) = (u,wr) +/ ay () [u|P~ 2uw
Rﬂ.

n

Ag(wy,we) = (v, ws) +/ as () [v[P~2vws,

R(wy,ws) = Qa/

(|x|—l‘*|u‘4)\u|q—2uw1+27/ (|x|_“*|v|q)|v\q_21;w2

R
+,8/ ([~ Iul“)lv\q‘vaz+6/ (| o] ) ul "~ uews.
R7L R’ﬂ

PROOF. Fixing a function (u,v) € N, we define the map F: R x Y — R as
follows:

F(t, (w1, w2)) = 7" |[(u,v) — (wy, wa)|

2 Ly 0) — (w,wa)) / (ol —w1) + falv — w3)).

It is easy to see that F' is differentiable. Since F'(1,(0,0)) = (J'(u,v), (u,v)) =0
and Fy(1,(0,0)) = (p — 1)) (u,v) — (wr,wa) [P — (2g — 129> L((u,v) —
(wi,w2)) # 0 by Lemma 3.2, we apply the Implicit Function Theorem at
the point (1,(0,0)) to get the existence of ¢ > 0 and a differentiable function
$: B((0,0),e) C Y — RT such that

$(0,0) =1 and F((wy,ws),S(wy,we)) =0, forall (wy,ws) € B((0,0),¢).
This implies
0= 8P (wy,ws) [ (u,v) — (wi, ws)[[?

= S (wy, w2) L((u,v) — (w1, w2)) = K((u,v) = (w1, w2))
= St 190w w2 (1,0) = (1, )P
= L(S(wr, w2)((u,v) = (w1, w2))) = K ((wr, wa) ((u, v) = (w1, w2)))].
Since S(wy, wz) > 0 we get S(wy, wa)((u, v)— (w1, w2)) € N whenever (wy,ws) €
B((0,0),¢). Finally, (4.15) can be obtained by differentiating

F((wl,wg), %(wth)) = 0
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with respect to (wy, ws). O

Let us define T := inf J(u,v).
(u,v)eEN

LEMMA 4.2. There exists a constant C7 > 0 such that

TS_@WWWW—%—MQ.
4pg?

PROOF. Let (u,?) € Y be the unique solution to the equations given below
(=AU +ay(z)|ufP " u=fi inR"
(=)0 + az(x)[o)P"'0 = f, inR"
SO7 since f17f2 7é 0,
[ i+ po=l@ar >o.

Then, by Lemma 3.2, we know that there exists t; > 0 such that ¢;(@,v) € NT.
Consequently,

1 2¢ — 1

stnan) = - (P i@ + (25 )arna
p_l DI o p(2q_1)p A~
< —( = )®|@ )P + m=—— (@, )|
(=4 )en@an + 2L ayao)
_ (2¢-p)(2qp — 29 — p)
4pg?
Taking C; = t1]|(u, 0)||P we get the result. O

#11(@, )||P < 0.

We recall the following lemma.

LEMMA 4.3 ([46]). Let 0 <O <n,l <r<m<oo and 1/m=1/r—0/n,

then
‘j[ f(y>gﬁ dy
n |z —yl?

where C > 0 is a constant.

< Clfller@ny,
Lm,(Rn)

This implies that the Reisz potential defines a linear and continuous map
from L"(R™) to L™(R™), where r,m are defined in the above theorem.

LEMMA 4.4. For 0 # f1, fo € LP/(®P=D(R™),

inf (cg%qn(u7v)”p@q1>m2qp>__J[

is achieved, where @ = {(u,v) € Y : L(u,v) = 1}. Also, if f1, fa satisfy (1.1),
then 6 > 0.

(fru+ fov) dm) =0

n
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PROOF. Let us define the functional 7: Y — R as

T(u,v) = Cp,q| (u, v)||[PEI~1/ Camr) — / (fru+ f2v) de.

This implies
T(u,v) > Cp | (u, v)||PRe 1/ (a=p)
— (Sq1 + Sq.2) max {|| f1ll o/ ®nys [ f2ll Lor -1 @y I (w, ),
where S, ; denotes the best constant for the embedding ¥ — LP(R"™), i = 1, 2.

Since p(2¢ — 1)/(2¢ — p) > 1, T is coercive. Let {(ug,vi)} C @ be such that
(ug,vg) — (u,v) weakly in Y. Then

lim (frug + fovg)dz = /]Rn(flu+ fav) dz,

k—o0 R

() [P0/ < limin [ (g, ) [P0/ o),
— 00

which implies T'(u,v) < likm inf T'(ug, vg), i.e. T is weakly lower semicontinuous.
— 00
Consider

@2 [ (el e = [ (] )l do

= [ G s el = ) (o~ [ul?) o

2 [ (ol ") el = ) o

Since 2ng/(2n — ) < p%, using Lemma 2.5, we have
(4.3) lup|? — |u|? = 0 in L2/CP=(R™)  as k — oo,
and thus, using Theorem 4.3, we have
(4.4) 2|7 % (Jur]? = [u|?) = 0 in LCVWED) 56 & - 0.
From (4.3), (4.4) and using Holder’s inequality in (4.2), we get
(4.5) A(mw*mmmmwm%é(uwwmmmww as k — 0o,

Similarly, we get

(4.6) /(MWHWMWWMA/(MW*MWWM:%k%w.
R» R"
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It is easy to see that

[ el g onfrde = [ (el fuf)ol? do

R™ R™
= [ (il hal” = ) ol = oo+ [ (] 5 gl = ol o

n R
[ el s o = ol )l d,
Rn
which implies that
(4.7) / (|| ™H * |ug]?)|vg|? dz — / (lz] 7 * |u|)|v]!dx  as k — oo.
n R"L

Thus using (4.5)—(4.7), we get klgr;o L(ug,ux) = L(u,v). Since (ug,v) € Q for
each k, we get L(u,v) = 1 which implies (u,v) € Q. Therefore @ is weakly
sequentially closed subset of Y. Since Y forms a reflexive Banach space, there
exists (ug, vo) € @ such that

igf T(u,v) = T(ug,vo).

Furthermore, it is obvious that if fi, fo satisfy (1.1), then § > T'(ug,vo) > 0.
This establishes the result. O

For (u,v) € Y\ {(0,0)}, we set

(I (u, v)|p)2a=1)/ (2a=p)

G(u,v) = Cpq L(u,v)P=1/(24-p)

— K(u,v).

COROLLARY 4.5. For any p > 0, L(inf;> G(u,v) > pod.
u,v)>p

ProoF. For ¢ > 0, if L(u,v) = 1 for (u,v) € Y then using Lemma 4.4 we
have

G(tu, tv) = t(Cpq(|I(u, v)[7) 21D/ C17P) — K (u,v)) > t6.

This implies for any p > 0, inf G(u,v) > pd 1/24 wwhich completes the proof.[]

(u,v)>p

In the next result, we show the existence of a Palais—Smale sequence for Y.

PROPOSITION 4.6. Let 0 # f1, f» € LP/P=D(R") be such that (1.1) holds.
Then there exists a sequence (ug,vi) C N such that

J(ug,vp) =¥ and ||J (ug,vi)|

y« =0 ask— oo,

vy« denotes the operator norm on the dual of Y, i.e. Y*.

PrOOF. From Lemma 3.1, we already know that J is bounded from below
on N. So by Ekeland’s Variational Principle we get a sequence {(ug,vx)} C N
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such that

1

k’ 1

J(u,v) > J(ug, vg) — z l(up — u,vp — )| for all (u,v) € N.

(4.8) J(uk, Uk) <7T+

By taking k > 0 large enough we have

(29 —p) (2¢ —1) / 1
J =-—" P 7 d T+ —.
(U}C,Uk;) qu ||(’U’kavk)” 2qp n(f1u+f2v) T < + L
This along with Lemma 4.2 gives
(2 — p)(2qp — 2¢ — p)
4. dx > .
(4.9) /n(flukJer’Uk) x> 2pg(2g — 1) Ci >0

Therefore uy, v, # 0 for all k. From (4.8) and definition of T, it is clear that
J(ug,vk) = T < 0as k — oo. Since {(ug,vg)} C N, we get

(410) ||(uk,’l)k)Hp — /n(fl’lLk + fzvk) dx = L.

Using definition of J and (4.8)-(4.10), we get

@ gz (5o ol - (1= 5 ) [ Gt fon)da

1 1 1
> (p - 2q) T (1 - 2q) (Sar + S02)

-max {[| f1ll o/ o-1 @)y | f2ll Loro- @y Hl (ur, o))

This implies {(ug,vg)} is bounded. Now we claim that infy ||(ug, vi)|| > n > 0,
for some constant 1. Suppose not, then, up to a subsequence, ||(ug,v)|| — 0
as k — oo. This implies J(ux,vr) — 0 as k — oo, using (4.11), which is
a contradiction to the first assertion. So there exist constants dy,ds > 0 such
that

(4.12) di < ||(uk, vp)|| < da.

Now we aim to show that ||J'(ug,vi)|ly= — 0 as k — oo. By Lemma 4.1,
for each k we obtain a differentiable function S%: B((0,0),e,) C Y — RT :=
(0, +00) for g > 0 such that 3%(0,0) = 1, S(w1, wa)((ug,vr) — (w1, wa)) € N
for all (wy,ws) € B((0,0),er). Choose 0 < p < e and (hy,hs) € Y such
that ||(h1, ho)|| = 1. Let (w1, wa), := p(h1, ha) then ||(w1,w2),]| = p < e and
(01,02), = (w1, w2),)((ur,vk) — (wi,ws2),) € N for each k. By Taylor’s
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expansion and (4.8), since (61,62), € N we get

(413) 1 ) — (61, 02),ll > T, o) = T((61,62),)
= (J'((01,02),), (ur, — vi) = (61,02) ) + o([| (ur, vi) — (61,02),])
= (1 = Sw((wi, w2),))(J'((01,02) ), (ur — vi))
+ pSk (w1, w2) ) (T (61, 62),), (b1, h2)).-
We observe that

1
})g%; 1061, 02)p = (ur, vi) || = [|(ur, 0x)(35,(0,0), (R, ha)) = (h, ha).

Dividing (4.13) by p and passing to the limit as p — 0 we derive

(" (ur, vr), (b1, ho)) < % (Il (e, v ) 1150, 0)[[y+ + 1)

From (4.15) and (4.13), there exists a constant Co > 0 such that
< &
77 = Dllus vllP — (20 = DL (ug, vr)

15%(0,0)

It remains to show that

(p = Dllug, vell” = (2¢ — 1) L(up, vie) = (I’ (uk, i), (uk, vx))
is bounded away from zero. If possible let, for a subsequence,
(I (ug, o), (uge; v)) | = o(1)
which implies
(P = DIl (u, vi) [I” = (2¢ = 1) L(ug, vx) = o(1),
(2q — P, vi) I” — (2¢ = DK (ug, vx) = o(1).

From (4.13) and (4.14), it follows that there exists a constant dz > 0 such that
L(ug,vg) > ds, for each k. Since (ug,vr) € N, we have

(p — 1)K (ug,vi) — (2¢ — p) L(ug, vi) = o(1)

(4.14)

and (4.14) gives

— L(ug, v) 2D/ Ca=p) — (1),

(2¢—-1)/(29—p)
p—1 »
(2= i)
Using the above along with Corollary 4.5, we obtain

0 <5dgp*1)/(2qu)+1/(2q) < L(uk,vk)(p_l)/(2q_p)G(uk,vk)

2q—-1 B B
< gl ) |7) G = = K (o v L ) /277
2¢—1)/(2q—
<2q—p p—1 ot 00)| (2¢-1)/(29—p)
T p—1\2¢-1

— L(uy, vy) 21D/ 2a=p) — (1)
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which is a contradiction. This proves the claim. Therefore we conclude that
H‘]/(ukavk)HY* —0, ask—0,
which proves our lemma. O

LEMMA 4.7. Let 0 # f1,fo € LP/P=D(R") satisfy (1.1). Given (u,v) €
N7\ {(0,0)}, there exist € > 0 and a differentiable function S~ : B((0,0),e) C
Y — Rt := (0, +00) such that I7(0,0) = 1, S~ (wy, w2)((u,v) — (w1, wz)) € N~
and

(4.15)  ((S7)(0,0), (w1, w2))
p(A(wr, w2) + Az (w1, w2)) — gR(w1,w2) — / (frwy + faws)

n

(p = Dl (u, v)[[P = (2¢ = 1) L(u, v) ’
for all (wy,ws) € B((0,0),¢), where

Aq(wy,we) = (u, wr) +/ ay () [u|P~uw

n

Az (wy,ws) = (v, ws) —l—/ ag(m)|v|p_2vw2

n

and

Rw, ws) ;zza/ (2] * |u]?) ] 2uwy +27/ (2] * |o]) 0] 2vws
Rn

Rn

+B/ (|$|7“*IU|q)|v\q72vw2+ﬁ/ (Jl = % o] T) [u]* ™oy
Rn ]Rn

PROOF. Fix (u,v) € N\ {(0,0)}, then obviously (u,v) € N\ {(0,0)}. Now
arguing similarly as in Lemma 4.1, we obtain the existence of ¢ > 0 and a differ-
entiable function 3~ : B((0,0),e) C Y — R := (0, +00) such that $(0,0) = 1,
S (wr, wa)((u, v) — (w1, ws)) € N. Because (u,v) € N, we have

(1'(u,0). (:0) = g =)ol = (20 =1) [ (frut fov)do <0,

Since I’ and 3~ are both continuous, they will not change sign in a sufficiently
small neighbourhood. So if we take € > 0 small enough then

(I'(S™ (w1, w2) ((u, v) = (w1, w2))), (37 (wr, w2) ((u, v) = (w1, w2))))

= (2¢ = IS (w1, w2)((w, v) = (w1, w2))||”

(2 1)3—(w1,w2)/ (Fi(u—w1) + folv — w)) dz < 0

n

which proves the lemma. O

PROPOSITION 4.8. Let 0 # f1, fo € LP/®=D(R™) be such that (1.1) holds.
Then there exists a sequence (Up, Um) C N~ such that

J(Um,Om) = Y7 and || J (@pmyOm)|ly- =0 as m — oo.
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PrROOF. We note that N~ is closed, by Lemma 3.3. Thus by Ekeland’s
Variational Principle we obtain a sequence {(,, )} in N such that

1

J (WU, 0) < T + o
1

J(u,v) > J (U, On) — Z

By coercivity of J, {Um,0m} forms a bounded sequence in Y. Then using

| (W — w, 0, — )| for all (u,v) € N~

Lemma 4.7 and following the proof of Proposition 4.6 we conclude the result.

Our next result shows that J satisfies the (PS). condition i.e. the Palais—
Smale condition for any ¢ € R.

LEMMA 4.9. Let 0 # f1, fo € LP/®=D(R™) be such that (1.1) holds. Then J
satisfies the (PS), condition. That is, if {(u,vi)} is a sequence in'Y satisfying
(4.16) J(ug,vg) = ¢ and J'(ug,vg) =0, ask — oo,
for some ¢ € R, then {(ug,vr)} has a convergent subsequence.

PROOF. Let {(ug,vk)} be a sequence in Y satisfying (4.16). Using the same
arguments as in Lemma 4.6 (see (4.11)), we can show that {(uy,vi)} is bounded.
There exists (u,v) € Y such that, up to a subsequence, {(ug,vr)} — (u,v)
weakly in Y as k — co. Using the compactness of the embedding ¥ — L"(R"),
for r € [p,p%), i.e. Lemma 2.5, we get (ug,vr) — (u,v) strongly in L"(R™) for
r € (p,pt) as k — oco. From weak continuity of J’ and (4.16) we get J'(u,v) = 0.

We claim that {(ug,vr)} — (u,v) strongly in Y. Since klim J (ug,vi) =0,

—00

we consider
(4.17) or(1) = (uk, (ur, — w)) + (vg, (vp —v))

+ / (arug(up, — u) + azvg(vr —v))

< / / g ()9 up(x )(uka)(I)\uk(y)lqudy
w Jgn |z —y|»
+7/n/n ok ()7 2ok (2) (v, — ) (2 )Ivk(y)lqudy

|z — gy~
g () |7 2o (@) (0r — v) () ug(y)]?
5[ L, E
Jug ()97 2up () (ur — u)(@) i (y)|?
+B/n/n |z —y|~ dxdy)

- [ (hlu =) + fofor = o) o
Since q € (q1,qu), p < 2nq/(2n — p) < p%. So, using Proposition 2.1, we get

(4.18) / " / n (@)l s (@) o — W) @I

|z — yl~
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(2n—p)/(2n)
( [ Gl = e M)

(2n—p)/(2n)
( g P/ 20— u>>
<|

(¢-1)/q
| |2nq/(2n u))

1/q7 (2n—p)/(2n)
‘2”61/(2" m) ]

(2n—p)/(2n)
|uk|2nq/<2n u))

2 Jonp) (2n—p)/(2ng)
( R™

)(2nu)(2q1)/(2nq)

s |2nq/(2n ©) =0

(L
(L1
(
(

as k — oo. Similarly,

p 2y _ p
(4.19) //”’“ z)l () vk — v)(@) |k ()] drdy — 0 ask — oo

I:B—yl“
and
/ / |uk ()] 2uk(|x)(ul;|;U)($)|Uk(y)|q drdy — 0 ask — oco.

Using the hypothesis on f1, fo and Hélder’s inequality, we have
(4.21) / (f1(ur —u) + fa(vy —v))dz -0 as k — oo.

Combining (4.17)—-(4.21), we get

(4.22) ox(1) = (ug, (ug —u)) + (vk, (vp —v)) +/ (aruk(ug —u) + agvg (v —v)).

n

Similarly, since J'(u,v) = 0, we get

o (1) = (u, (ug —w)) + (v, (v —v)) + /n(aluwk — u) + agv(vy —v))

(o, [ ) D
. / ol )(vkyvxxnv(y)wdxdy

|z — gy~

bp [ [ RGO,

|z — yl~
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ro [ [ e O )

|z — yl~

- [ (o =)+ o~ ) d,

Also, reasoning similarly as in (4.18)—(4.21), we get

(4.23) or(1) = (u, (ur, —u)) + (v, (v —v)) + / (arug(ug — u) + agvi (v — v)).
Finally, (4.22) and (4.23) imply that

lim || (ug,vr) — (u,v)||2 =0
k— o0

which proves our claim and consequently ends the proof. O

5. Existence of minimizers in N* and N~

In this section, we show that the minimums are achieved for T and Y.

THEOREM 5.1. Let 0 # f1, fo € LP/®=D(R™) be such that (1.1) holds. Then
T is achieved at a point (ug,vo) € N which is a weak solution to (P).

PRrROOF. From Proposition 4.6, we know that there exists a sequence
{(ur, o)} CN

such that J(ug,vg) — T and ||J'(uk, vg)|y= — 0 as k — co. Let (ug,vo) be the
weak limit of the sequence {(ux,vx)} in Y. Since (ug,vy) satisfies (4.9), we get

(51) /n(fl'LLo + fQ’U()) dx > 0.

Also ||J' (ug, vi)]

y+» — 0 as k — oo implies that
(J'(uo,v0), (¢1,¢2)) =0, for all (¢1,¢2) €Y,
i.e. (up,vg) is a weak solution to (P). In particular (ug,vg) € N. Moreover,
T < J(ug,vo) < hkrgiolgf J(ug,vp) =T
which implies that (ug,vg) is the minimizer for J over A/. O

COROLLARY 5.2. Let (ug,vo) € N be such that T = J(ug,vo), then (ug,vo) €
N and (ug,vo) is a local minimum for J inY.

PROOF. Since (5.1) holds, using Lemma 3.2, we get that there exist t1,t2 > 0
such that (u1,v1) := (tiug, t1ve) € N1 and (taug, t2vg) € N7. We claim that
t1 =1, i.e. (ug,v9) € N*. If t; < 1 then t3 = 1 which implies (ug,v9) € N ™.
Now J(t1ug, t1v0) < J(ug,vo) = Y which is a contradiction to (t1ug, t1v9) € NT.
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To show that (ug,vg) is also a local minimum for J in Y, we first notice that for
each (u,v) € Y with K (u,v) > 0 we have

@—U(wwwqu“

(2¢ = 1)L(u, v) ’

where ¢; is corresponding to (u,v). In particular, if (u,v) € AT then
@—Mmewqu“

(2¢ = 1)L(u,v) '

Using Lemma 4.1, we obtain a differentiable map $: B((0,0),¢) — Rt fore > 0

such that S(wy,ws)((uo,v0) — (w1, w2)) € N whenever |[(wi,wq)] < e. We

J(tu,tv) > J(tyu,tv) whenever 0 <t < (
(52) t1:1<t0:<

choose ¢ > 0 sufficiently small so that

(5.3) 1<<@—mw%ww—mmm»wym“”
(2¢ = 1) L((uo, vo) — (w1, w2))

for every (wy,w2) € B((0,0),e). By Lemma 4.1 we know that

%(’wl,wg)((Uo,Uo) - (wl,wQ)) enN

when (wy,ws) € B((0,0),¢). Also $(wy,ws) = 1 as ||(wy,ws2)|| = 0. So we can
assume (w1, w2)((ug,vo) — (w1, ws2)) € N when (wq,ws2) € B((0,0),¢) and
thus whenever

n (p — DI ((wo, v0) — (w1, w2))||” 1/(29—p)
0<t< ( (2¢ — 1) L((uo, vo) — (w1, ws)) )

we have

J(#{((uo, v0) = (w1, w2))) = J(S(wr, ws)((uo, v0) — (wr,w2))) > J((uo, vo))-

Since (5.2) holds, we can take ¢ = 1 and this gives
J((ug,vo) — (w1, wa)) > J(ug,vg) whenever ||(wy,ws)]| < &

which proves the last assertion. O

PrOOF OF THEOREM 1.1. The proof follows from Theorem 5.1 and Corol-
lary 5.2 except that we need to show that there exists a nonnegative solution if
fi,f2 > 0. Suppose fi, fo > 0 then consider the function (|ugl, |vg]). We know
that there exists t; > 0 such that (¢1|ugl,t1|vo]) € N1 and t;|ugl, t1|ve| > 0. Tt
is easy to see that

([ (w0, vo)[l > [|(Juol, [vo)ll,  L(uo,vo) = L(luol, [vol), K (uo,v0) < K(|uol, [vol)-

If ¢, (t) denotes the fibering map corresponding to (u,v) € Y as introduced
in Section 3, we get @[, 1, 1(1) < @, (1) = 0 since ¢; is the point of local
minimum of @y, | jv,|(t) for

(p — D[ (Juol, |U()|)||P>1/(2qp)
e , tir =1
QM_UM%H%) '
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Necessarily,
J(t1]uol, t1]vol) < J([uol, [vol) < J(uo, vo)
which implies that we can always take ug,vg > 0 while considering the weak

solution (ug, vg) to (P). O

Next we prove that the infimum Y~ is achieved and the minimizer is another
weak solution to problem (P).

THEOREM 5.3. Let 0 # fi, fa € LP/®=D(R™) be such that (1.1) holds, then
there exists (u1,v1) € N~ such that T~ = J(uy,vy).

ProOOF. Using Lemma 4.8, we know that there exists a sequence { (@, 0 )} C
N~ such that

J (U, Om) = Y~ and  J' (U, 0m) — 0, as m — oo.

Applying again Lemma 4.9, we get that there exists (ui,v1) € Y such that, up
to a subsequence, (U, Um) — (u1,v1) strongly in Y as m — oco. This implies

klim J W, On) = J(u1,v1) =Y~ and (u1,v1) € N™.

—00

Therefore, Lemma 3.4 implies that (u,v1) is a weak solution to (P). O
Finally, we prove Theorem 1.2.

PROOF OF THEOREM 1.2. The existence of the second weak solution (uy,vy)
to (P) is asserted by Theorem 5.3. So we only need to show that we can obtain
a nonnegative weak solution if f1, fo > 0. Consider the function (Jus], |v1]), then
there exists t > 0 such that (t2|uq],t2|v1]) € N7. Let

(= Dl(ur, v) P
= ( (24— 1)L{ur, 1) )

then, since (u1,v1) € N, we conclude that

J(ul,vl) = ItI;E%X J(tul,tvl) Z J(tg’u,l,tgvl) Z J(t1|u1|,t1|vl|).
Zto

Therefore it remains true to assume uy,v; > 0 while considering the weak solu-
tion (u1,v1) in case fi, fa > 0. 0
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