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A NOTE ON DIMENSIONAL ENTROPY
FOR AMENABLE GROUP ACTIONS

Dou Dou — RUIFENG ZHANG

ABSTRACT. In this short note, for countably infinite amenable group ac-
tions, we provide topological proofs for the following results: Bowen topo-
logical entropy (dimensional entropy) of the whole space equals the usual
topological entropy along tempered Fglner sequences; the Hausdorff dimen-
sion of an amenable subshift (for certain metric associated to some Fglner
sequence) equals its topological entropy. This answers questions by Zheng
and Chen [10] and Simpson [9].

1. Introduction

Let (X, G) be a G-action topological dynamical system, where X is a compact
Hausdorff space and G a topological group. Throughout this paper, G is always
assumed to be a countably infinite amenable group, i.e. there exists a sequence
of nonempty finite subsets {F,} of G (a Folner sequence) such that

. |F, A gy
hm _— =

for all .
L T 0, forallgeG
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Let A and K be two nonempty finite subsets of G. For § > 0, the set A is
said to be (K, §)-invariant if
|B(4, K)|
Al
where B(A, K), the K-boundary of A, is defined by

B(AK)={geG:KgnA#0and Kgn (G \ A) # 0}.

<6,

Another equivalent condition for the sequence of finite subsets {F,} of G to be
a Fglner sequence is that {F,} becomes more and more invariant, i.e. for any
d > 0 and any finite subset K of G, F,, is (K, J)-invariant for sufficiently large
n. For more information on amenable groups and their actions one may refer to
2, [5], [7)

For the case G = Z, by resembling the definition of Hausdorff dimension,
Bowen [1] introduced a definition of topological entropy on subsets. This def-
inition is also known as dimensional entropy and has plenty of applications to
thermodynamical formulism, fractal geometry, hyperbolic systems, multi-fractal
analysis and so on (see, for example, [3] and [8]).

For the case that G is a general countably infinite amenable group, Bowen’s
dimensional entropy was recently introduced in [10] in the following way.

Let U be a finite open cover of X. For a subset F' of G, denote by Wr(U)
the collection of families U = {Ug}4er with Uy, € U (we also call U a U-word
or a (U, F)-name). For U € Wg(U) we call the integer m(U) = |F| the length
of U and the set F' the domain of U (denoted by dom(U)). For any -word U,
define

X(U) := n g U, ={zr € X :gx €U, for g € dom(U)}.
g€dom(U)

Now let {F},} be a Fglner sequence in G. For Z C X, we say that a collection

of (U, F,)-names A C | Wg, (U) covers Z if |J X(U) D Z. For s > 0, define
n>1 UeA

M(Z,U,N,s,{F,}) = ir/{f{ Z exp(—sm(U))},

UecA

where the infimum is taken over all A C |J Wg,(U) that covers Z. It is
Jj=N

not hard to see that M(-,U,N,s,{F,}) is a finite outer measure on X. As

M(Z,U,N,s,{F,}) increases when N increases, then define

M(ZU,s,{F,})= lim M(Z,U,N,s,{F,})
N —+o00
and

hB

top

U,z {F,}) =inf{s >0: M(Z,U,s,{F,}) =0}
=sup{s >0: M(Z,U,s,{F,}) = +oc}.
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Set
hﬁ)p(z7 {Fn}) = Slellp hg)p(uv Z7 {Fﬂ})v

where U runs over finite open covers of X. We call hf (Z,{F,}) the Bowen topo-
logical entropy or dimensional entropy of Z (w.r.t. the Fglner sequence {F}}).
Recall that a Fglner sequence {F,} in G is said to be tempered if there exists

a constant C' > 0 which is independent of n such that

U F.'F,

k<n

(1.1) < C|F,|, for any n.

In [10], Zheng and Chen proved that for any tempered Fglner sequence {F), }
in G with the increasing condition lirf |F,|/logn = oo, the Bowen topolog-
n—-+0o0

B

top(X; {Fn}) coincides with the usual topological entropy. This

ical entropy h
generalized Bowen'’s classical result in [1] to discrete countable amenable group
actions.

In contrast to Bowen’s original topological proof, Zheng and Chen used tools
in ergodic theory — they employed SMB theorem, Brin—Katok’s formula for
local entropy and variation principle for topological entropy. They also asked in
[10] whether there exists a pure topological proof.

In this note, we will give a direct proof for this result. More precisely, we

will prove the following

THEOREM 1.1 (Main theorem). Let (X, G) be a G-action topological dynam-
ical system where X is a compact Hausdorff space and G is a discrete countable
amenable group, then for any tempered Folner sequence {F,} in G, we have

hﬁ)p(X7 {Fn}) = htop(X7 G)a
where hiop (X, G) is the topological entropy of (X, G) defined through open covers.

The itinerary of our proof uses Simpson’s idea for proving the relations be-
tween entropy and Hausdorff dimension of Z-subshifts (the idea was originally
by Furstenberg [4] and it was also used in Bowen [1]). But there exists essential
difficulty for amenable group actions. The key point is that we need a Vitali
type covering lemma. To this aim we employ a more general covering lemma de-
veloped by Lindenstrauss [6] (for proving the amenable version of the pointwise
ergodic theorem). In Section 2 we will give the detailed proof.

2. Proof of the main theorem

We first recall the covering lemma by Lindenstrauss.

LEMMA 2.1 (Lindenstrauss [6, Corollary 2.7 ]). For anyé € (0,1/100), C >0
and finite D C G, let M € N be sufficiently large (depending only on §,C and D).
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Let F; ; be an array of finite subsets of G wherei=1,...,.M and j=1,..., N,
such that

(a) For everyi, F; .= {F”}j\[:1 satisfies

U FiFix| < ClEixl, fork=2,... N

k'<k
Denote F; . = | F; «.

(b) The finite set sequences F; , satisfy that for every 1 < i < M and every

(14 )| Fik-

UD Flk‘

i’ <1
Assume that A; j is another array of finite subsets of G with F; ;A; ; C F for
some finite subset F' of G. Let A; . = UAi,j and

min |DA,; .|
1<i<M

|F]

o =

Then the collection of subsets of F,
]?:{Fmalgng,lgjgNl andaeAm}

has a subcollection F that is 105'/4-disjoint such that
‘U]-" — §H|F).

We note here that a collection F of finite subsets of G is said to be d-disjoint
if for every A € F there exists an A’ C F such that |A’| > (1 — §)|A| and such
that AN B =0 for every A# B € F.

Now we turn to proving of our main theorem. The proof of the upper bound
is straight-forward and has been shown in Section 4 of [10]. We omit it here.

In the following we will give the proof of the lower bound.

For any € > 0, let 0 < § < min{g,1/100} be small enough such that

(2.1)  —(1—26 —116"%)log(1 — 26 — 116'/%)
— (26 4 116Y*) log(20 + 116'/%) < e.

Let D = {eg} C G and let C > 0 be the constant in the tempered condition
(1.1) for the Fglner sequence {F,}. Let M > 0 be large enough to satisfy the
requirement of Lemma 2.1 corresponding to 4, D and C.

Let U be any finite open cover of X and s > 0 such that M(X,U, s, {F,}) = 0.
We will show hop(G,U) < s and then it follows that

top(X Z/[ {F }) > htOP(G U)
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Since M(X,U,s,{F,}) = Nhril M(X,U,N,s,{F,}) =0, for each i = 1,2, ...,
— 400
there exist 0 < p; and A; C |J Wi, () such that A; covers X and
Jj>pi
> exp(—sm(U)) < 27
UeA,;

As X is compact, we may let each A; be finite. In addition, we let the sequence
{p:} be increasing and

1 .
(oo}
Denote Ao = |J A;. Then
i=1
Z exp(—sm(U)) < 22” =1.
U€cAo i=1

Hence

Z Z exp(—s(m(U1) + ...+ m(Uy)))

k=1Uy,...,.Up€A
oo k
Z ( Z exp(sm(U))> =5 < 0.
1

k= UeAw
Foreachi=1,...,M,let {F,, ,..., Fy, . } = {dom(U) : U € A;} with n;; <
...<mn;n,. Thenlet {F;1,...,F; n,} in Lemma 2.1 be as
{Fi71, ey F’L,Nl} = {Fni)“. . 7F"i,Ni}'

For any € X and sufficiently large n (independent on z), let

A;j={a€F,: F;jaC F, and there exists U € A;
such that dom(U) = F; ; and axz € X(U)}.

We note here that A; ; depends on z. Denote by eq the identity element of G.
For any g € F,,\B(F,,, F; .U{ec}), we have F; ,g C F,,. Hence forall 1 < j < Nj,
F;jg C F,. Since A; covers X, there exists some U € A; which contains gx.
Suppose dom(U) = F; ;. We then have g € A, ;. This implies that

Ai,* O F, \B(anF’L,* U {GG}).

Hence when n is large enough such that F, is (F; . U {eg},d)-invariant for all
1<i<Mand1<j <N,

min |DA; .|
a=2E20 S5
|l
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The first requirement for the array {F;;} in Lemma 2.1 comes from the
tempered condition of {F,,}. To ensure the second requirement, we can make p;
be large enough compared with n;_; n, , for every 2 <i < M.

Now we can apply Lemma 2.1 to the collection of subsets of F},,

.%:{FZ,]QISZSM,lngNZ andaeAm}
to obtain a subcollection F that is 105'/%-disjoint such that
(UF| za-s-d/1R.

For each element in F, we will fix one way to write it as the form F; ja. Denote
by A the collection of a’s such that F; ja occurs in F. The cardinality of Ais no
more than the cardinality of the subcollection F. Since F is 105'/4-disjoint, we
have that

1 1
>, |Fiyal< 1— 1051/4‘Uf‘ < 71001 Pl
quyj(IG]:
Hence, by (2.2),
_ 1 1
A < |F| < |Ful < 8|l

min |F; ;| 1—1051/4

We note that for each a € A, there may exist more than one F; ;’s with F} ja € F.
Denote by n(a) the total number of such Fj ;’s.
We now construct U(z) = {Uy(2)}4er, € Wr, (U), a (U, F,)-name associ-
ated to z, in the following way:
1. For each g that lies in exactly one element of F, say Fj ja, assume that
ar € X(U) for U = {Uy}yer,; € Ai. We then let Uy(z) = Ugg—1.
2. For each g that lies in either F,\|J F or the overlapping part of elements
in F, we choose any U € U that contains gz and then let Uy(z) = U.

Clearly z € X(U(z)) € U and hence {X(U(z))}sex forms a subcover of UF.
In the following we will estimate the cardinality of the subcover {X(U(z))}zex-

Let A = | {U(2)}. An element U = {U,}4er, in A is determined by two

rzeX
parts:

1. the Uy’s for the g’s that lie in exactly one element of F;
2. the Uy’s for the g¢’s that lies in either F), \ |JF or the overlapping part
of elements in F.

The first part corresponds to the choice of F and the choice of the sequence
of Uy,..., Uy with m(Uy) + ... + m(Uy) < |F,|/(1 —106Y%) (here k is the
cardinality of 7). When Uy,..., U} are fixed, if we know A and the number
n(a) for each a € A, F is then determined. Hence the first part of U € A can be

determined by A, {n(a)},.x with Y n(a) = k and the sequence of Uy, ..., Uy
a€A
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with m(Uy) +...+m(Ug) < |F,|/(1 — 106'/4). The second part corresponds to
the choice of U,’s for g in either F, \ |JF or the overlapping part of (J F.

Since |A| < §|F,|, the total number of the choices of A’s is bounded from
L3 Fnl]
above by > (u;”l). Applying the Stirling formula
m=1

n\" 1 1
l=V2mn(2) e, —— < —
" m(e) S T N Tk

we have that

L3 Fnl]

Z (|Fn|> <8|F,| V27| Fyy |€17n | =1l = 181 Fn ] | = 15| Pl
m ) (B = IR v 2m BIE]

( |Fy| )an—L5Fn|J ( |F| )L5Fn|J
|Fnl — []Fnl] |6 Fnl]

<6\F| ‘/27T|Fn|ea\Fn\*Q\Fm—wmlu*aLéanu
" 2B = [O1F)) /2 [0 Ful]

1 (1=8)|Fy|+1 1 5| Fp| 5| F,| L8] Fnl]
1-0 5 L8[ Fnl]

<8|F| \/ 27| Fy | €1 Fnl ¥ Frl= 181 Fnl) ~*L8|Fnl)
T 2 ([Ful — O]Eal]) /27 (0] Fl]

1 1 (1_6)‘Fn| 1 6|Fn|
1-s 1% "\

= Q(|Fn]) - exp((—(1 — 6) log(1 — 6) — dlog 0) | Fnl),

m=1

where

) n
- .n. L pOn— Qg 50— sn) 1
Q=35 \/Qﬂ(n—LénJ)LénJ ¢ '

We can choose n sufficiently large to make Q(|F,|) < exp(e|F,|). Together with
(2.1), we can obtain that the total number of the choices of A’s will not exceed
exp(2¢|Fy,|) when n is large enough.

The total number of the choices of the sequence {n(a)}, 7 is no larger than
(I‘%‘), which can be bounded by exp(e|F,|).

The cardinality of the union of F, \ |JF and the overlapping part of | JF
is no more than (& + §'/4 4 105'/4)|F,,|. Also note that for each g of such case,
U, has # U many choices. Hence the cardinality of A is no more than exp((§ +
116Y4)|F,|log #U) - exp(2¢|Fy|) - exp(g| Fy,|) times the total number of the se-

quences of Uy,..., Uy € Ay, with m(Uy) + ... +m(Uy) < |F,|/(1—105'/4).
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Finally,
N(an)2—S\Fn\/(1—1051/4)
< exp((6 + 116Y4)|F, | log # U) - exp(3¢| F,|)

Z 98| Ful/(1-108"/%)
m(Up)+...4+4m(Ug)<|F,|/(1—-1081/4)

< exp(((8 +116Y*) log # U + 3¢)|F,|)

Y gmstn(Uyetm(UL)
Uy,...,.Ur€EA

< exp(((8 + 116Y*) log # U + 3¢)|F,,|)S.

Letting € tend to 0, it holds that hiop(G,U) < s.

Remark. In [9], Simpson discussed the relation between the entropy and
Hausdorff dimension for Z? subshifts and showed that they are the same for
some “standard metric”. He also asked (Question 5.4 of [9], in part) whether it
also holds for wider classes of groups or semigroups such as an amenable group.
We remark here that the same argument can be applied to show that the entropy
and Hausdorff dimension for amenable subshifts (for some metric associated with
some tempered Fglner sequence) coincide. We can also show this by applying
Theorem 1.1.

Recall that when X is a metric space with metric d, the dimensional entropy
for the system (X, G) can be defined in the following alternative way [10].

For a finite subset F' in G, denote Br(z,¢) := {y € X : d(gz,gy) < e, for
any g € F}. For ZC X, s >0, N € N, {F,} a Fglner sequence in G and ¢ > 0,
define

M(Z,N,e,5,{F,}) =inf »_ exp(—s|F,,|),

where the infimum is taken over all countable families {Br, (v;,€)} such that
z; € X,n; > N and U Br, (wi,€) 2 Z. Then let
i

M(Z,e,8,{F,}) = lim M(Z,N,e,s,{F,}),
N—+o0
M(Z, s,{Fp}) = li_I)%M(Zﬁ,S, {Fn}).

Bowen topological entropy hff)p(Z ,{Fr}) can be equivalently defined as the crit-
ical value of the parameter s, where M(Z, s, {F,}) jumps from +oco to 0.
Let A be a finite set. Consider the left action of G' on the product space

AC = {(zg)geq 1 x4 € A}:

g (rg)gec = (Tgq)geq, forall ¢ € G and (z,)4eq € AC.
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Let X be a closed G-invariant subset of A% (we call such X a subshift). Fix any
tempered Fglner sequence {F,} of G with F; C F, C ... and JF, = G. We

can then define a metric d on A“ by the following: d(x,y) = 1 if = and y are
not equal on F; otherwise d(z,y) = e~ !"»| where n is the maximal number such
that z, = y, for all g € F;,. The Hausdorff measure of X is defined as

ps(X) = g% Hglf 2 diam(E)?,
where £ takes over (open) coverings of X such that diam(F) < ¢ for all E € £.
It is easy to see that the covering £ can be also taken from the cylinders of A%
with the form [w]r, := {x € AY : 2, = w,, for every g € F,,}, w € AY. Hence

w1s(X) = lim inf Z diam(E)?,

1
N—oo &
Eeg

where £ = {[w'|F,, } is taken over countable families of cylinders that cover X
with n; > N. The Hausdorff dimension of X is then defined by

dim(X) =inf{s > 0: ps(X) =0} =sup{s > 0: pus(X) = co}.

It is easy to see that dim(X) = hZ

top (X, {F}) by comparing the definition of

the Bowen topological entropy and Hausdorff dimension. By Theorem 1.1, we
have that dim(X) = hiop(X, G) for the metric d associated with any tempered
Fglner sequence {F,,} of G with F; C F, C ... and JF,, =G.

n
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