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ABSTRACT. Using Mawhin’s coincidence degree theory, we obtain some new
continuation theorems which are designed to have as a natural application
the study of the periodic problem for cyclic feedback type systems. We also
discuss some examples of vector ordinary differential equations with a ¢-
Laplacian operator where our results can be applied. Our main contribution
in this direction is to obtain a continuation theorem for the periodic problem
associated with (¢(u'))’ + Ak(t, u,u’) = 0, under the only assumption that
¢ is a homeomorphism.

1. Introduction

The aim of this paper is to apply Mawhin’s coincidence degree theory in
the study of the periodic boundary value problem for some classes of first order
differential systems of cyclic feedback type. From this point of view, our work
continues the research initiated in [8] and is also partially inspired by the results
in [18] on periodic ODE systems with a ¢-Laplacian differential operator.
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Roughly speaking, by a “cyclic system” we usually mean a first order system
of ordinary differential equations where the time evolution of the j-th component
y;(t) mainly depends upon the pair (y;—1(t),y;(t)). Therefore, the components
are ordered in a cyclic manner, so that we consider n = 0 for a system of n
variables. Accordingly, such systems usually take a form

(L.1) vy =0;(Wi-1,97), F=1....m,

where we agree to interpret yo as y, (cf. [17]). More general models consider
also the case where g; = g;(y;—1,¥;,¥j+1), which is a typical case of a sys-
tem describing nearest neighbour interactions. The term “feedback” usually
refers to a monotonicity assumption of the form 9g;(y,;—-1,y;)/0yj—1 > 0 or
09;(yj—-1,Y;)/0yj—1 < 0, which reflects the fact that the variable y;_; has a posi-
tive or negative effect on the growth of the j-th variable y;. These features ex-
plain the reason why first order differential systems with a cyclic feedback struc-
ture arise in several different contexts, both theoretic and applied. As observed
in [17], such systems naturally appear in the investigation of biological models
(for instance, cellular control systems) as well as in the study of delay-differential
equations or reaction-diffusion equations (after a discretization procedure).

Up to a relabeling of the variables in equation (1.1), namely setting z; :=
Yn+1—i, We get an equivalent system of the form

(12) .’E; :fi(xi,xiﬂ), izl,...,n,

with f; = g; for i +j = n+ 1. In view of the applications that we are going to
present in this article, it will be more convenient for us to consider cyclic systems
of the form (1.2). For many concrete examples, in some of the equations of system
(1.2) there is no dependence of f; upon the i-th variable or such dependence can
be neglected. Two typical examples are the following.

Consider an n-th order differential equation of the form

(1.3) ™ 4tz .. D) =0,

which can be written as

=201, t=1,...,n—1,
(14) j i+1 ) ’
x, = —=h(t,x1,...,2n).
In such a case f;(z;, iy1) = @ipq for i = 1,...,n — 1, so that the first n — 1

equations in the cyclic system (1.2) are strongly simplified. On the other hand,
this example shows that there are cases in which the last equation in (1.2) may
be more complicated than z!, = f,(z,, z1).

In some ODE models for population dynamics it is rather common to en-
counter Kolmogorov systems of the form

(1.5) uw, = w; Ki(uiv1), i=1,...,n=0.
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A typical two-dimensional case is given by the Lotka—Volterra predator-prey equa-
tion

v = ula — bv),

v =v(—c+ du).

Since we are looking for positive solutions, we can perform the change of variable
x;(t) = log(u;(t)) and transform (1.5) to the equivalent cyclic feedback system

z, = Ki(exp(zit1)), i=1,...,n=0,
which is of the form of (1.2) with f; independent on the variable x;. This latter
model suggests the interest to deal also with the non-autonomous counterpart
of system (1.2), by assuming an explicit dependence of some of the coefficients
on the time variable. This situation naturally occurs in the study of some Kol-
mogorov systems, like the Lotka—Volterra one, in which one can consider a sea-
sonal dependence on the coefficients.

In view of the above remarks, we plan to investigate a class of cyclic feedback
systems related to (1.2) which have a simpler form in the first n — 1 components
but, on the other hand, allow to consider a more general dependence for the last
equation, in order to apply our results to equations of the form (1.4) as well.
With this respect, we study a system of the form

zh = ga(ws3),
(€)
xln—l = gn-1(2n),
= h(t,x1,...,Tn),
where throughout the paper we suppose that ¢1,...,g,—1 are continuous func-

tions and h is T-periodic in the t-variable and satisfies the Carathéodory as-
sumptions.

A powerful topological tool to produce existence and multiplicity results of
periodic solutions is Mawhin’s coincidence degree theory, which allows to apply
a topological degree type approach to problems which can be written as an
abstract operator equation of the form Lx = Nz, where L is a linear non-
invertible operator and NN is a nonlinear one acting on a Banach space X. In
order to present the next results, we take

X :=Cr:={ze€C(0,T],R™): z(0) = z(T)},

with the standard sup-norm || - |-
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In the frame of coincidence degree theory, the main existence result for the

periodic problem
() ' = F(t,x),
2(0) = =(T),

where F': [0,T] x R™ — R™ is a Carathéodory vector field, is Mawhin’s continu-
ation theorem (cf. [21, Théoréme 2] or [25, Theorem 4.1]), which reads as follows
(we denote by “degg” the Brouwer degree).
THEOREM 1.1. Let Q C X be an open bounded set and suppose that:
o for each A €10, 1] there is no solution of the problem

' = A\F(t,x),
z(0) = =(T),
with x € 0%

e the averaged map F#: z — (1/T) fOT F(t,z)dt has no zeros on OQNR™
and degg (F#, QN R™,0) # 0.

Then, problem () has a solution in Q.

A second continuation theorem was proposed in [7] and extended to delay-
differential equations (with a different proof) in [1]. It concerns the case in
which the homotopic parameter A is used to modify the original system to an
autonomous one. More precisely, we suppose that there exists a Carathéodory
vector field .# = Z (t,x,\): [0,T] x R™ x [0, 1] — R™ such that

F(t,x,0) = Fy(x), F(t,x,1) = F(t,x).

The corresponding existence result can be stated as follows (cf. [7, Theorem 2]).

THEOREM 1.2. Let 2 C X be an open bounded set and suppose that:
e for each A € [0,1] there is no solution of the problem

= F(t,x, N
2(0) = «(T),
with x € 08;
o degp(Fo, 2NR™,0) # 0.
Then, problem (2) has a solution in Q.
Both these results extend to higher order differential systems of the form
(1.3). In particular, both results and especially Theorem 1.1 have found a great

number of applications to the T-periodic problem associated with the vector
second order differential equation

u’ + g(t,u,u’) =0,
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where g: [0,T] x R? x R? — R9 is a Carathéodory function.

The study of ordinary and partial differential equations involving nonlinear
differential operators (like the p-Laplacian, the curvature or the Minkowski oper-
ators), started in the mid-twentieth century, has shown a tremendous growth in
the last decades. Applications of topological degree methods to these equations
strongly motivated the search of new topological tools, such as the continua-
tion theorems for strongly nonlinear operators (see, for instance, [11] for some
pioneering works in this direction). For the periodic boundary value problem as-
sociated with non-autonomous ODEs, Mandsevich and Mawhin developed in [18]

new continuation theorems for the second order vector nonlinear equation

(1.6) ((u)" + g(t, u,u’) = 0.

New applications were also obtained by the same authors in [19], [20] as well as
by Mawhin in [27]. The two main continuation theorems in [18] extend Theo-
rem 1.1 and Theorem 1.2, respectively, to the above periodic problem, consider-
ing, instead of the linear differential operator u — —u", the strongly nonlinear
operator u — —(¢(u'))’. The approach in [18] requires that ¢: RY — RY is
a homeomorphism with ¢(0) = 0 satisfying some additional technical growth
conditions (compare with (H1) and (H2) in Remark 3.12). These continuation
theorems concern, respectively, the study of the homotopic equations

(1.7) (@(u) + Ag(t,u,u') =0, A €]o,1[,
(in analogy to Theorem 1.1) or
(¢(u) +g(t,u,u', ) =0, A€ 0,1],

with
g(tauava 1) = g(tauav) and §(t,u,v,0) = go(u,v)

(in analogy to Theorem 1.2). As far as we know, it seems that the problem
whether the technical conditions (H1) and (H2) considered in [18]-[20], [27] are
necessary or can be removed has not yet been completely solved. Recently, a dif-
ferent point of view has been considered by Lu and Lu in [16] where, for the
mean curvature operator equation, the authors have applied Mawhin’s continu-
ation Theorem 1.1 directly to the first order system

= ¢~ (x2),

(1.8) n =
zhy = —g(t,z1, 0 (x2)).

To be more precise, we have to remark that in the equation considered in [16] the
function g does not depend on u’ and therefore the treatment can be simplified.
Clearly, the application of Theorem 1.1 to system (1.8) involves the study of the
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parameter-dependent system

'rll = A¢_1(x2)7

xl2 = _)‘g(tu Iy, (ZS_I(‘TQ))?
which, in turns, corresponds to the equation

(d(u'/N) + Ag(t,u, v/ /A) =0, Xe0,1],

A€]0,1],

which looks different from (1.7) and, apparently, more complicated.
If we write equation (1.7) as a first order system in R??, the natural choice
would be that of

Ty = ¢71($2),

(1.9) 1
58,2 = —Ag(t,$1,¢71($2)), A€ ]07 1[

The advantage in dealing with such a system is that we only require that ¢
is a homeomorphism (without the need of other technical conditions on ¢, as
considered in [18]). On the other hand, Theorem 1.1 does not apply directly to
(1.9) and this may represent a motivation to try to extend the classical Mawhin’s
continuation theorem to a form in which the homotopic parameter A appears
only on some components of the differential system. A first aim of the present
paper is to pursue this line of research and, indeed, we will provide a version of
Theorem 1.1 which is suitable for applications to cyclic feedback systems of the
form (%), via a homotopy of the form (1.9), when applied to (1.8). Our proposal
for a new continuation theorem is in any case within the setting of Mawhin’s
coincidence degree theory and it will be presented as a general theorem for
operator equations of coincidence type that mimics at the abstract level some
typical properties of the cyclic systems.

With this respect, the plan of the paper is the following. In Section 2 we
present an application of the theory of coincidence degree in the setting of a sys-
tem of operator equations, namely as coincidence equations involving operators
defined in product spaces. We assume the reader is familiar with the basics
of Mawhin’s coincidence degree, as presented in some classical works like [12],
[23], [25]. In any case, when necessary, we shall recall some crucial properties.
The key ingredient in our proofs is the reduction formula, a basic tool also in
the original applications of the theory (see [21] and also [28], [30] for some recent
developments), which allows to relate a Leray—Schauder type degree in a normed
space with a Brouwer degree in a finite-dimensional space. Accordingly, our main
results in Section 2 are Theorem 2.6, where we perform an abstract homotopy
of the form (1.9), and the subsequent Lemma 2.8, where we provide a precise
formula for the computation of the degree. Such results have an immediate appli-
cation to the periodic problem and therefore in Section 3 we give some existence
theorems of continuation type for system (%) which are analogous to Theorem 1.1
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(see Theorems 3.3 and 3.7). In the same section we produce, as a consequence
of our main results, a continuation theorem for ¢-Laplacian differential systems
of the form (1.6) which involves the study of (1.7). Our contribution for this
kind of equations is Theorem 3.11 which is exactly Manasevich—-Mawhin theorem
[18, Theorem 3.1], with the only difference that with our approach we can avoid
some technical conditions on ¢ which were assumed in [18]. We also provide an
example of a general type of higher dimensional ¢-map where our result can be
applied. In Section 4 we discuss a second type of continuation theorems which
are essentially based on Theorem 1.2. More precisely, we consider the case when
the admissible homotopy transforms a non-autonomous system of the form (%)
into an autonomous one where the coincidence degree can be computed using
the theorems in [1] and [7] (these auxiliary results are recalled in a final appendix
together with a more general version suitable for our applications). Again our
purpose is to show that, when a given system allows an equivalent representation
in the cyclic feedback form, some continuation theorems can be reformulated in
a very effective fashion, thus avoiding some additional technical conditions. Ap-
plications are given again to ¢-Laplacian differential systems of the form (1.6)
and our contribution Theorem 4.6 is precisely Mandsevich-Mawhin theorem [18,
Theorem 4.1] (without extra assumptions on the ¢-operator). Next, in Section 5
we reconsider Hartman—Knobloch theorem, recently extended by Mawhin in [26]
and by Mawhin and Urefia in [31] to p-Laplacian systems, and show that the
arguments in [26], [31] can be effectively applied also to a broader class of differ-
ential operators. Finally, in Section 6 we briefly discuss some possible extensions
to operators which are not defined on the whole space.

We conclude this introductory section presenting a few notation used in the
present paper. In the N-dimensional real Euclidean space RV we denote by
(-, -) the standard inner product and by | - ||z~ the corresponding norm. When
no confusion may occur we shall also use the symbol |- | as a simplified no-
tation for the norm. If we consider a homeomorphism ¢: A — B, we always
implicitly assume that ¢(A) = B. Thus, in particular, for a homeomorphism
¢: RN — RN we suppose that ¢(RY) = RN. In any fixed (finite or infinite
dimensional) normed space, we denote by B(xzg,r) (respectively, Blzg,r]) the
open (respectively, closed) ball of center a point z¢ and radius r > 0. We denote
by “degg” the finite-dimensional Brouwer degree and by “deg;q” the Leray—
Schauder degree in the context of locally compact operators on arbitrary open
not necessarily bounded sets (cf. [32], [33] for a precise definition). Finally, we
denote by “Dp,” the coincidence degree extended to locally compact operators
(for the precise definition, cf. [5], [10] and the reference therein).
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2. Coincidence degree theory in product spaces

Throughout the section, when not otherwise specified, i is a generic index
from 1 ton. Fori=1,...,n, let X;, Z; be real normed linear spaces and let

be a linear Fredholm mapping of index zero, i.e. Im L; is a closed subspace of Z;
and dim(ker L;) = codim(Im L;) are finite. We denote by ker L; = L; *(0) C X;
the kernel of L;, by ImL; C Z; the image of L; and by coker L; = Z;/Im L;
the quotient space of Z; under the equivalence relation w; ~ ws if and only if
wy — we € Im L;. Thus coker L; is a complementary subspace of Im L; in Z;.

From basic results of linear functional analysis, due to the fact that L; is
a Fredholm mapping, there exist linear continuous projections

P X, — kerLZ-, Qz Z; — coker L;

so that
Xi :kerLi@kerPi, Zz :ImLZGBIle

We denote by K;: Im L; — dom L; Nker P; the right inverse of L;, i.e. L;K;(v) =
v for each v € Im L;. Since ker L; and coker L; are finite-dimensional vector
spaces of the same dimension, once an orientation on both spaces is fixed, we
choose a linear orientation-preserving isomorphism J;: coker L; — ker L;.

Let us consider the product spaces

X = HXZ-, 7 = HZ
i=1

with the usual norms.
n

Setting dom L := [] dom L;, we define L: dom L(C X) — Z as
i=1

L(u) := (L1(u1),..., Ln(uy)), w=(u1,...,u,) €domL, withu; € X;.

It is obvious to verify that L is a linear Fredholm mapping of index zero. Next,
we observe that

ker L =L7'(0) = [[ker L; € X and ImL=]]ImL; CZ
i=1 =1

are the kernel of L and the image of L, respectively. Finally, we define the map

K:ImL — dom LN [] ker P; as
i=1

K@) = (K1(v1),...,Kn(vy)), v=(v1,...,0,) €ImL, withv; € Z,.
It is easy to check that K is the right inverse of L.

Let also define P: X — kerL by P(u) := (P1(u1),...,Pu(un)), for u =
(ug,...,up)€X (with u; €X;), Q: Z—coker L by Q(v):=(Q1(v1),-..,Qn(vn)),
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for v = (vi,...,v,) € Z (with v; € Z;), and J: coker L — ker L by J(v) :=
(Ji(v1), ..., JIn(vy)), for v = (vy,...,v,) € coker L (with v; € Z;).

Let N: dom N(C X) — Z be a nonlinear L-completely continuous operator,
namely N and K(Idz — Q)N are continuous, and also QN(B) and K(Idy —
Q)N(B) are relatively compact sets, for each bounded set B C dom N. For
example, N is L-completely continuous when N is continuous, maps bounded
sets to bounded sets and K is a compact linear operator.

We further define N;: dom N — Z; as

N;(u) := (77 o N)(u), wu € dom N,

where 7Z: Z — Z; is the standard projection.

In the sequel, to simplify the notation, we will write Lu and Nu in place of
L(u) and N(u), respectively. The same convention will be used also for other
operators.

Now we consider the coincidence equation

Lu= Nu, u€domLNdomAN,

which can be equivalently written as a system

Liu; = Ni(u1,...,upn), u=(u1,...,u,) € domLNdomN,
1=1

(2.1)

N

From Mawhin’s coincidence degree theory, one can see that system (2.1) is equiv-
alent to the fixed point problem

u=®(u), u€domN,
where ® = &5 : dom N — X is defined as
(2.2) ®(u) := Pu+ JQNu+ K(Idz — Q)Nu, u € domN.
Hence @ is of the form ® = (®q,...,P,), with &;: dom N — X, given by
D, (u) := Pu; + J;QiNju+ K;(Idz, — Qi;)Nju, w= (ug,...,u,) € domN.

Notice that, under the above assumptions, ®: dom N — X is a completely
continuous operator.

As a first step, we state the classical homotopic invariance property of Ma-
whin’s coincidence degree. We present the theory in a slightly simplified version
than the more general one developed in [32], [33] for locally compact operators
(see Remark 2.2 for a more general statement).

We recall that the coincidence degree Dy, (L—N, Q) of L and N in Q is defined
as degrg(Idx — ®,9Q,0), for & = oy as in (2.2).
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LEMMA 2.1 (Homotopic invariance). Let L and N be as above and let @ C
dom N be an open (possibly unbounded) set. Suppose that there exists an L-
completely continuous map N: Q x [0,1] = Z such that

N(u,0) = N(u), N(u,1)= N(u), forallueQ,
where N: Q — Z. Moreover, suppose that the set
S = U {ueQndomL : Lu= N(u,9)}

¥€[0,1]
is a compact subset of Q. Then, the map 9 — Dy (L—N(-,9),Q) is well-defined
and constant on [0,1]. In particular, it holds that

Di(L— N,Q) = D(L - N,Q).

REMARK 2.2. In Lemma 2.1 we have stated the homotopy invariance for an
L-completely continuous map N. We stress that the same conclusion holds for
a continuous map N such that the set S is compact and there exists a bounded
open neighbourhood W of & such that W C Q and (K(Idz — Q)ZV)“OJ]XW is
a compact map.

Let 7¥: X — X; be the standard projection. If Q C X, we define §; :=

7X(Q). We observe that, if Q is open in X, then €; is open in X;, for all

i=1,...,n.

Now we recall the Reduction Formula of the Leray—Schauder degree for lo-
cally compact operators, which is a direct consequence of the Commutativity
property (cf. [32, pp. 26-27] and [33, pp. 148-149]). This property will be crucial

in the proof of a subsequent result (cf. Lemma 2.4).

LEMMA 2.3 (Reduction Formula). Let X be a normed linear space. Let
U C X be an open (possibly unbounded) set. Let W: U — X be a continuous
map such that deg;g(Idx — ¥, U,0) is defined. Let Y C X be a subspace such
that W(U) CY. Then

In the statement, we implicitly identify ¥ with jo W, where j: Y — X is the
(continuous) inclusion.

The following result is an application of Lemma 2.3.

LEMMA 2.4. Let Q C X be an open (possibly unbounded) set. Let L be as
above and N: Q — Z be an L-completely continuous operator. Suppose that Nu,
u=(ug,...,u,) €, has components of the following form:

~

N;(uit1) fori=1,...,n—1,
N, ).
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Assume that

(2.3) Im L; N N; (g1 Nker Litq) € {0z}, foralli=1,...,n—1,
(2.4) Im L, N N,(Q2Ndom L) C {0z, }.

Moreover, assume that {u € QNkerL : Nu = 0z} is a compact subset of 2.
Then

Di(L — N,Q) = degg(N, QNker L, 0),
where N': QNker L — ker L is defined as

N:: (_J1Q1N1|QzﬂkerL27-~-a_ n—lQn—an—llﬂnﬂkean;_JnQnNn‘QﬂkerL)-

PROOF. First of all, we introduce the operator ®: [0, 1] x  — X of the form
OV, u) = 07 (u) = (®Y(u),..., Y (u)), with ®?: Q — X; defined as

&7 (u) := Pau; + JiQiNiuir1 + 9Ki(Idz, — Qi) Niwir1, i=1,...,n—1,
B2 (1) := Potty, + JoQuNyu + 0K, (1dz, — Qu)Nyu.

We stress that @ is the completely continuous operator associated with the co-
incidence equation

Lu = 19]/\\7u, u€ QnNdomL, 9€]0,1],
in the sense that u € € is such that v = &)19(11) for some ¢ € ]0, 1] if and only if
uwe QNndom L and Lu = YNu.
We claim that the set
S:= U {UEQ:u:Eﬂ(u)}
9€[0,1]
is a compact subset of 2.

Let us fix an arbitrary 9 € ]0,1]. If u € Q is such that u = ®”(u), then, in
particular, from the last equation it holds that

Up = Pouy + JnQnJ/\}nu + ﬂKn(IdZn - Qn)j\\[nu’

so that u € QNdom L (u,, € Q,Ndom L,) and L,u, /9 = ]\Afnu From hypothesis
(2.4), we easily obtain that w, € Q, Nker L,, and N,u = 0z, . Next, considering
the (n — 1)-component of the equality u = ®”(u), we can write

Up—1 = Pnflunfl + Jnlenflﬁnflun + 19Kn71(IdZn71 - anl)ﬁnflun»

so that

Up—1
9

Taking into account that u, € Q, Nker L,, hypothesis (2.3) (with i = n — 1)

ensures that

Up_1 € Q1 Ndom L,y and L, = Nn,lun.

Up_1 € Qp_1 NkerL,_; and J/\fn,lun =0z, ,.
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Proceeding in this way (by repeating inductively the same argument), hypothesis
(2.3) ensures that

u; € Q;Nker L; and ]\A]Zuz =0g, foralli=1,...,n—1.
Next, let ¥ = 0. If u € © is such that v = ®°(u), then

w; = P + JiQiNuiq, i=1,....,n—1,
Uy, = Pruy, + JnQnNnu.
We immediately deduce that u; € Q;Nker L; foralli = 1,...,n, and so u; = P;u;.
Therefore, Q;Nju;41 = Oz, for ¢ = 1,...,n — 1, and @, Nyu = Oz,. Then,
Niujp1 € Im L, fori=1,...,n—1, and N,u € Im L,,. Hence, we obtain that
ﬁiuiﬂ elmlL;N Ni(ﬂi+1 N ker Li+1) = {OZ,-}a foralli=1,...,n—1,
Nyu€ImL, NNy (QndomL) = {0z,}.

Then Nu = 0z. By the above observations, we have that S C{ueQnkerlL:
Nu = 0z}. Since the converse inclusion is trivial, we obtain that S = {u €
Qnker L : Nu= 0z}. Therefore, by the hypothesis, Sisa compact subset of €.

The homotopy invariance of the Leray—Schauder degree for locally compact
operators implies that the map ¢ — deg;q(Idx — 51319, Q,0) is well-defined and
constant on [0, 1]. In particular, it holds that

Dy(L — N,Q) = deg;s(Idx — 3',9,0) = degs(Idx — 3°,9,0),

where ®° = Pu + JQ]V: Q — ker L.

Finally, we notice that &)0(9) C ker L and recall that ker L is a finite-
dimensional subspace of X. Therefore, we can apply the Reduction Formula
(i.e. Lemma 2.3 with U = Q, ¥ = ®° and Y = ker L) and we conclude that

degps(Idx — ®°,,0) = degyg(Idker . — P°|ker £, 2 Nker L, 0)
= degg(W,QNkerL,0).

The thesis immediately follows. O

REMARK 2.5. We underline that the same conclusion of Lemma 2.4 holds if
in the statement we replace conditions (2.3) and (2.4) with

]/\\[i(Qi-‘rl ﬂkerLi_,_l) - cokerLi, for all i = 17 e, = 1,

and N, () C coker L,,, respectively.

Combining Lemmas 2.1 and 2.4, we obtain the following result.
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THEOREM 2.6. Let L be as above and let M : dom M(C X) — Z be a non-
linear L-completely continuous operator. Suppose that Mu, u = (u1,...,u,) €
dom M, has components of the following form:

Mi<ui+1), fOTiZl,...,n—l,
Mn(ula cee aun)‘

For ¥ €0,1], consider the following coincidence system:

Liui:Mi(uH—l)v i=1,...,n—-1,

(Z9)
Lyuy, = 9My(uq, ..., uy).

Let Q C dom M be an open (possibly unbounded) set. We define
Sy :={ueQndomL:uis a solution of (Py)}, v €]0,1].

Assume that
(a) ImL; N M;(Qp1Nker Liy1) C {0z}, foralli=1,...,n—1;
(b) there exists a compact set K C Q such that Sy C K, for all 9 €]0,1];
(c) the set So :={u € QNkerL: QMu = 0} is compact.
Then
Dy (L — M, Q) = degg(M, Q2 Nker L, 0),
where M: QN ker L — ker L is defined as

M= (=J1Q1 Mi]a,nker Lys - - -
- n—lQn—an—1|Qnr‘|kcan77JnQnMn|QﬁkerL)~

PRrROOF. For ¥ € [0,1], we define the auxiliary coincidence system

LiuizMi(qu), i:l,...,n—l,

()
Lyu, = 9Mpyu+ (1 —9)Q,M,u

and the set S := {u € QNdomL : u is a solution of («%)}. First of all, we
observe that S = Sy, for all ¥ € ]0,1], namely u is a solution of (<7) if and
only if u is a solution of (). Indeed, if u is a solution of (%), applying
the projection @, to the last equation of (%), we obtain Q,M,u = 0; then
clearly u solves (£y). On the other hand, if u is a solution of (%), applying
the projection @, to the last equation of (£y), we obtain ¥Q,, M,u = 0 (with
9 # 0); then we deduce that u solves (7). Secondly, we notice that

(2.5) S, C So.

Indeed, if w is a solution of (%), then L,u,, = Q,M,u. Hence, u,, € ker L,, and
QnM,u = 0. Therefore, using condition (a), we find that v € ker L and also
QMu = 0. In this manner (2.5) is proved.
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Let M: Q x [0,1] — Z be the continuous homotopy with components

M;(uiv1) fori=1,...,n—1,
IMpu+ (1 —9Q,Myu,

where u = (u1,...,u,) € Q and 9 € [0,1]. We observe that M(u,1) = Mu and
M (u,0) has @, M,u as last component (which is finite-dimensional).
We divide the proof into two steps.

Step 1. We claim that Dy,(L — M, Q) = Dy (L — M(-,0),). We first notice
that, from condition (b) and the above remark, we have S, C I, for all ¥ € ]0, 1].
Recalling also (2.5) together with condition (c), we find that

U {fueQndomL: Lu= Mu,9)} = U Sy

9€[0,1] ¥€[0,1]

is a compact subset of €2, since closed and contained in the compact set K U Sp.
Therefore we can apply Lemma 2.1. The claim is thus proved.

Step 2. We claim that Dy, (L — M( +,0),Q) = degg(M, QNker L,0). We are
going to apply Lemma 2.4 to the L-completely continuous operator N: Q> Z
defined in this way: the components of Nu, u = (u1,...,un) € Q, have the
following form:

Ni(uiJrl) = Mi(’u,iJrl), fori:L...,n—l,
ﬁn(ul, con ) = QM (ug, .. up).

Clearly condition (2.3) of Lemma 2.4 corresponds to condition (a). Moreover,
hypothesis (2.4) is satisfied, since by the definition of N, it holds that N, () C
coker L,, (see also Remark 2.5). Next, we observe that the set {u € QN
ker L: Mu = 0} is a compact subset of 2, since it is closed and contained in
the compact set {u € QNker L : QMu = 0} = Sy (by condition (¢)). Finally,
applying Lemma 2.4, the claim follows.

From Steps 1 and 2 the proof of the theorem is concluded. O

REMARK 2.7. In Theorem 2.6 we define a homotopy ]\A/[/(u,ﬁ) transforming
only the last equation of the systems. We underline that the same result is valid
considering homotopies of the form

Mi(uiﬂ) for i = 1,...,]€— 17
IM;(ur, ... ,u,) fori=k,... ,n.

Anyway, in our presentation we prefer to state the results as in Theorem 2.6 in
order to present a version which is suitable for the application in Section 3.
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The classical Mawhin’s continuation theorem (cf. [22, Proposition 2.1]) deals
with an open and bounded set € such that for each A\ € ]0,1[ the equation
Lu = ANw has no solutions in 992 and, moreover,

(2.6) degp(—JQN |anker 1, 2 Nker L, 0) # 0.

Under these assumptions, there exists a solution u € Q to the coincidence equa-
tion Lu = Nu. Clearly, in the same situation (i.e. when € is open and bounded),
we could state an analogous existence result for the system

L2u1:M2u1 s izl,...,n—l,
(P) (wit1)

Lyun, = Mp(uy, ..., up),
using Theorem 2.6, via the homotopy described in (Zy). In such a case, we
should suppose, instead of (2.6), that

(2.7) degg(M, Q2 Nker L,0) # 0

holds (where M is defined as in Theorem 2.6).

Actually the above new existence result can be stated also for an open and
possibly unbounded set ). Precisely, assuming all the hypotheses of Theorem 2.6
and in addition that (2.7) holds, we can immediately conclude that there exists
a solution u € €2 to the coincidence system (4 ).

In order to make such new existence theorems useful for the applications, we
need first to provide more explicit conditions in order to evaluate the Brouwer
degree associated with the map M. Therefore, we conclude this section with a re-
sult that allows us to compute the degree of a map having the same structure as
M in Theorem 2.6. To this aim, we first introduce the following notation. Keep-
ing for the rest of the section the hypotheses of Theorem 2.6, fori =1,...,n—1,
let us define the maps 7;: ;41 Nker L1 1 — ker L; as

nz(w) = —JZQZM[ZU, w e QiJrl N ker Li+1,
and the map 7, : §~21 — ker L,, as
nn(w) = TLQTLMTL(w707 s 7O)a w e ﬁla

where ) := {wekerL; : (w,0,...,0) € Q}.
We will also assume some additional conditions which simplify the statement
of the next result and which are natural for the applications presented in Section 3
and Section 4. In more detail, in Lemma 2.8 we assume this crucial hypothesis
(hy) dim(ker L;) =d, foralli =1,...,n.
Accordingly, for i = 1,...,n, it is not restrictive to identify ker L; with R?.
Consequently, condition (hy) ensures that dim(coker ;) = d, for alli =1,... n.
Moreover, we also identify coker L; with R?, for all i = 1,...,n. Under this
position, without loss of generality, for all i = 1,...,n, we take J; = Idg« as
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a linear orientation-preserving isomorphism from R? to R%. With this in mind,
in the sequel, by an abuse of notation, we will write —@Q; M; in place of —J;Q;M;.
Under this convention, we state the following result.

LEMMA 2.8. Let L, M and ) be as in Theorem 2.6. Let M: QNker L — ker L
be defined as

M(u) = (771 (u2)a LR nn—l(un)a _JnQnMn|Qﬂker Lu)7 u € QNkerL.

Moreover, assume that the degree degg(M,QNker L,0) is well-defined and sup-
pose that the following conditions hold:

(hy) dim(ker L;) =d, for alli=1,...,n;

(he) Ox, € Q; Nker L;, for alli=2,...,n;

(h3) {w € Qip1Nker Liyy i mi(w) =0x,} = {0x,,,}, foralli=1,...,n—1.
Then

degp(M, Q2 Nker L,0)
n—1

= (=1 degp (1, 1, 0) - [ [ degp (i, Qigr Nker Lif1,0).
i=1
PROOF. Let Q := §~21 x (QaNker Lo) x ... x (Q,Nker L,,) and let : Q > ker L
be defined as

n(u) = (m(uz), . n—1(tn), Mn(u1)), w=(ur,...,u,) € Q.

Notice that, by the definition of the operator M (cf. Theorem 2.6), the map n
is well-defined in Q.

Step 1. We claim that degg (M, Q Nker L,0) = degg(n, §~2, 0).

For the proof of this step we shall make a homotopy which will require the
convexity of the set €;, for ¢ = 2,... n. In this context, adding this additional
assumption is not restrictive, because in view of hypotheses (hy) and (hs), if
necessary, we could replace the sets €; with sufficiently small open balls with
center in 0 and the degree will not change by the excision property.

We introduce the operator M : [0,1] x (2Nker L) — ker L of the form M=
(M, ..., M,), with M;: [0,1] x (Q Nker L) — ker L; defined as

Mi(ﬂ,u) = m(ui_H), i:l,...,n—l,
M, (%, u) := —Qn My (u1, dua, ..., Yuy).
We stress that M is a completely continuous operator.
We claim that the set

S = U {ueQnkerL: M9, ) =0}
9€[0,1]
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is a compact subset of QNker L. Let us fix an arbitrary ¢ € [0, 1]. If u € QNker L
is such that M (9, u) = 0, then

ni(wiz1) = 0, i=1,...,n—1,
—Qn M, (u1, dug, ..., duy,) = 0.

From the first (n— 1) equations and hypothesis (hs), we immediately obtain that
u; = Ox,, for all ¢ = 2,...,n, and hence the last equation reads as follows:

Mn(u1) = —Qn M, (u1,0,...,0) =0x, .
We conclude that
S= {(w,0,...,0) € Q:wekerL1} ={ueQnkerL: Mu=0}

is a compact subset of Q@ Nker L (since degg(M, Q2 Nker L, 0) is well-defined).
The homotopic invariance of the Brouwer degree implies that

9 degg(M(9, -), Q2 Nker L, 0)
is well-defined and constant on [0, 1]. In particular, it holds that

degp(M,QNker L,0) = degB(MV(O, -),QNker L,0) = degg(n, 2Nker L,0).

We observe that n(w) = 0 with w € Q Nker L if and only if w = (w4,0,...,0)
with wy € 4, if and only if n(w) = 0 with w € Q. This in turn implies that

degB (777 QN ker L7 0) = degB (T]a ’{27 O)

and so the claim is proved.

Step 2. Let - Q — ker L be defined as

nu) = (u(ur),m(ug), ..oyt (un)),  w=(u1,...,u,) € Q.

Clearly 7(u) = Pn(u), for all u € Q, where

o 0 - 0 I4
I; 0 -+ 0 0
P = 0 GRandn
: I; 0 O
0O --- 0 I; O

is a permutation matrix with determinant det(P) = (—1)*"*1  where Iy :=
Idga. Therefore, using the definition of the Brouwer degree of a composition of
maps, we obtain

degB ("77 ﬁv 0) = degB (an ﬁa 0) = Slgn(det(P)) degB (777 ﬁa 0)
= (_1)d(n+1) degB(na ﬁa 0)
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Now, the multiplicativity property of the Brouwer degree (cf. [6, Theorem 11.3])
gives

n—1

degp (77, 2, 0) = degg (1, 0, 0) - I T degn (mi, Qi1 Nker Liys,0).
i=1

From Steps 1 and 2, we have
degp (M, Q Nker L,0) = degg(n, 2, 0)

n—1

= (=1 degp (11n, 01, 0) - H degp (1, Qi+1 Nker Li41,0)

i=1

and the lemma follows. U
3. Periodic solutions to cyclic feedback systems:
homotopy to the averaged nonlinearity

In this section we show an application of the theory presented in Section 2
to the T-periodic problem (for T' > 0) associated with the differential system

xl =h(t,x1,...,Tn),

which has been considered in the introduction. Throughout this section, we
assume that, for ¢ = 1,...,n — 1, the maps g;: R™ — R™ are continuous and
h:[0,T] x R™ x ... x R™ — R™ is an L!-Carathéodory function. A T-periodic
solution of (¢) is a vector function = = (z1,...,z,) such that, for every ¢ =
1,...,n, z;: [0,T] = R™ is an absolutely continuous function such that z;(0) =
x;(T) and moreover x(t) satisfies (€) for almost every ¢t € [0,T]. It is a well-
known fact that, if we suppose that R 3 ¢t — h(t, s1,...,8,) is a T-periodic
map, then any T-periodic solution according to our definition can be extended
on the whole real line to an absolutely continuous solution of (%) such that
x(t+T)==z(t) for all t € R.

REMARK 3.1. In order to simplify our presentation, we have confined our-
selves to the case in which the right-hand side of system (%) is defined on the
whole space R™". However, the abstract results in Section 2 are suited to be
applied also to the case in which one or more components of the vector field
in (¥¢) are defined only on some open subsets of the involved Euclidean spaces.
In particular, we will state Lemma 3.2 and the subsequent results by assum-
ing 2 C dom M, where M will be the Nemytskii operator associated to the
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right-hand side of (¢), so that they are applicable to the most general situation.
Clearly, in our simplified setting the hypothesis Q C dom M will be equivalent
to consider as € just an open subset of C([0,T], R™").

In order to enter the setting presented in Section 2 and to write the system
in the form
Lz =Mz, x¢&domL NdomM,

we will adapt to our situation the classical treatment in [23]. For i = 1,...,n,
let X; := C([0,T],R™) be the space of continuous functions z;: [0,7] — R™,
endowed with the sup-norm

T; = max |z;(¢

[Zilloo te[O,}Ig]' ()]s

and let Z; := L'([0,T],R™) be the space of integrable functions z;: [0,T] — R™,
endowed with the norm

T
oo = [ P
In this manner, we have X = C([0,T],R™") and Z = L'([0,T],R™") (with the

standard norms).
Fori=1,...,n, we consider the linear differential operator L;: dom L; — Z;
defined as
(Liw;)(t) := xi(t), t€[0,T],
where dom L; is determined by the functions of X; which are absolutely contin-
uous and satisfy the periodic boundary condition

(3.1) z;(0) = z;(T).

Therefore, L; is a Fredholm map of index zero, ker L; and coker L; are made up
of the constant functions in R™ and

T
0

As projectors P;: X; — ker L; and Q;: Z; — coker L; associated with L;, for
i=1,...,n, we choose the average operators
1 (7
P, = Qix; :i= T/ x;(t) dt.

0
Notice that ker P; is given by the continuous functions with mean value zero.
Next, let K;: Im L; — dom L; N ker P; be the right inverse of L;, which is the
operator that to any function z; € Z; with fOT z;(t) dt = 0 associates the unique
solution z;(t) of

T
0

which clearly satisfies the boundary condition (3.1). Finally, we take the identity
map in R™ as a linear orientation-preserving isomorphism J; : coker L; — ker L;.
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Now we consider as a nonlinear operator M : dom M = X — Z the Nemytskii
operator induced by the functions g; and h, namely the operator M has the
following components:

M;(zi11)(t) = gi(zit1 (1)), t=1,...,n—1,
My (z1,. .., 2,)(t) == h(t,21(t),. .., z,(t)),

where ¢ = (21,...,2,) € dom M and ¢t € [0,7]. From the above hypotheses it
follows that M is an L-completely continuous operator.
Finally, we introduce the averaged vector field h#: R™" — R™ defined by

1 (T
h#(s) :== —/ h(t,s1,...,8n)dt, s=(s1,...,8,) € R™™.
T Jo
We also define g: R™" — R™" as

G(s) := (g1(52), -+ -, gn—1(50), A7 (5)), 5= (51,...,8,) € R™™.

Note that, according to the above positions, it turns out that g = JQM |xer L.

For consistency with the setting described above, we will deal with open
subsets in the space C([0, T'], R™™) of continuous functions, since we have included
the periodic boundary conditions in the domain dom L. On the other hand, we
stress that all the theorems presented in the following (and in Section 4) could be
equivalently stated by considering open sets directly in the space Cr of continuous
and T-periodic functions, as done for the theorems in the introduction.

We are now in a position to state our first result, which is a direct consequence
of Theorem 2.6.

LEMMA 3.2. Let Q C dom M be an open (possibly unbounded) set. Suppose
that the following conditions hold.

(c1) There exists a compact set KK C Q containing all the possible T -periodic
solutions of

for any ¥ €]0,1].
(c2) The set g=1(0) N Q is compact.
Then Dy, (L — M, Q) = (—1)™" degg (g, 2 NR™™,0).

PROOF. According to the above positions, we have

—JiQiM;(si41) = —gi(Si+1),
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for all s;41 € Q11 NkerL;4q,alle=1,...,n—1, and
—JoQnM,(s) = —h#(s), forall s € QNkerL.

In order to apply Theorem 2.6, we have to verify that hypotheses (a)—(c) of that
theorem are satisfied. Clearly (a) holds, since the only constant function with
zero mean value is the null function. On the other hand, (b) and (c) are direct
consequences of (¢1) and (c3), respectively, in the functional analytic setting that
we have introduced at the beginning of the section. Then

Dy (L — M,Q) = degg(—g, QNR™",0)
and thus the conclusion follows. O

From Lemma 3.2 we immediately obtain the following existence result. The
obvious proof is omitted.

THEOREM 3.3. Let Q) C dom M be an open (possibly unbounded) set. Suppose
that (c1) and (c2) hold. If

degg (g, QNR™",0) # 0,
then there exists at least a T-periodic solution of (€) in Q.

Theorem 3.3 relies on the evaluation of the Brouwer degree of g. We show now
how to compute this degree in terms of that relative to h#, via Lemma 2.8. To
this end, given an open set 2 C dom M, we recall the definition of Q; := 7:X (Q2).
We also set Oy := {w € R™: (w,0,...,0) € Q} (which corresponds to the set ;
of Lemma 2.8) and O; := Q; NR™, fori=2,...,n.

Finally, we introduce the map A*: R™ — R™

h*(w) := h¥(w,0,...,0), wcR™.
Then, we have the following result.

PROPOSITION 3.4. Let @ C dom M be an open (possibly unbounded) set.
Suppose that

(c3) 0 €O, for each i =2,.

(ca) ¢i(0) =0, foreachzfl nfl'

(c5) gi(w) # 0 for every w € (’)Z+1 \ {0}, for eachi=1,. —1;
(c) the set (h*)~1(0) N Oy is compact.

Then, degg (g, QNR™™ 0) is well-defined and the following formula holds:

n—1
ngB (@\7 Qn Rmna 0) = (_1)m(n+1) ngB(h*7 017 0) ’ H ngB (gu Oi+17 O)

i=1
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PROOF. As a first step, we observe that degg (g, 2 N R™",0) is well-defined
if condition (cg) holds. Now, using (cs3), (c4) and (cs5), we immediately deduce

710N ={(w,0,...,0) € QANR™: w € (h*)"1(0)}.

Hence (c2) is valid if and only if (cg) is satisfied.

As a second step, we assume that degg(g, 2 N R™",0) is well-defined. Us-
ing the above positions, it is straightforward to check that the assumptions of
Lemma 2.8 are satisfied with dimension d = m in (hy), (hs) and (hs) following
from (c3) and from (cy4), (cs5), respectively. O

From now on, in the next results, we will assume all the hypotheses of Propo-
sition 3.4. In this manner, condition (cg) will ensure that both the degrees
degp (g, 2 NR™",0) and degg(h*, O1,0) are well-defined.

Combining Theorem 3.3 and Proposition 3.4, we obtain the following.

COROLLARY 3.5. Let Q C dom M be an open (possibly unbounded) set. As-
sume (c1), (c3)—(ce). If degg(gi,0it1,0) # 0, for alli = 1,...,n — 1, and
degg (h*,01,0) # 0, then there exists at least a T-periodic solution of (€) in Q.

The above corollary can be further simplified if we assume the following
hypothesis which is rather natural in our framework:
(cx) 0 € Op1 and gilo,,, : Oir1 — gi(Oir1) € R™ is a homeomorphism with
gi(0)=0,foralli=1,...,n—1.
Notice that (c.) implies (c3)—(c5) and, moreover, for every ¢ = 1,...,n — 1,
degg(gi, Oi41,0) = 1 (the sign depending on the fact that g; is an orientation-
preserving or orientation-reversing homeomorphism). As a consequence, the

following result holds.

COROLLARY 3.6. Let Q C dom M be an open (possibly unbounded) set. As-
sume (c1), (c6) and (ci). If degg(h*,01,0) # 0, then there exists at least a T'-
periodic solution of (€) in Q.

From now on we deal with an open and bounded set Q with Q C dom M.
In order to present the previous results in this special case, we need to slightly
modify some of the hypotheses previously introduced. We will only state the
results, omitting the proofs which require only obvious changes in the previous
arguments. The following theorem is a continuation result which is a variant of
Theorem 3.3.

THEOREM 3.7. Let Q be an open and bounded set with Q@ C dom M. Suppose
that the following conditions hold.

(c}) For each ¥ €10,1] there is no T-periodic solution of (¢y) with x € 9.

(ch) g7 H0)n oy = 0.
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If degg (g, ANR™™ 0) # 0, then there exists at least a T-periodic solution of (€)
in Q.

We underline that Proposition 3.4 is still valid in this special framework by
replacing hypothesis (c5) and (cg) with the following ones, respectively.

(ch) gi(w) # 0 for every w € O;41 \ {0}, foreachi=1,...,n — 1.

(cg) (h*)~10)N OO, = 0.
In particular, we recall that condition (c;) guarantees that degg(h*, 01,0) is

well-defined. Then, from Theorem 3.7, together with the modification of Propo-
sition 3.4 described above, we have the next result (analogous to Corollary 3.5).

COROLLARY 3.8. Let ) be an open and bounded set with Q@ C dom M.
Assume (c}), (c3), (ca), (c§) and (cg). If degp(gi, Oit1,0) # 0, for all i =
1,...,n — 1, and degg(h*,01,0) # 0, then there exists at least a T-periodic
solution of (€) in Q.

In the same spirit of Corollary 3.6, introducing the hypothesis

(cl) 0 € ;41 and gi|m: Oit1 — 9i(Oiy1) € R™ is a homeomorphism with
9:(0)=0,foralli=1,...,n—1,

we can state the following.

COROLLARY 3.9. Let Q be an open and bounded set with Q C dom M. As-
sume (c}), (cg) and (c,). If degg(h*,01,0) # 0, then there exists at least a
T-periodic solution of (€) in Q.

We conclude this section by showing a possible application where the hy-
pothesis (c/,) is automatically satisfied. To this end, we consider the periodic
problem associated with the n-th order differential system for u(t) € R™

(32) (1l (2l @))) ) ) F k(tu,. . ul™) =0,

where, for each ¢ = 1,...,n — 1, ¢;: R™ — R™ is a homeomorphism with
©i(0) = 0. Our study generalizes previous investigations in [8] in the scalar case
(m = 1). Equation (3.2) can be equivalently written as a cyclic feedback type
system in R™" of the form

/
n
xh = h(t,x1,...,Tn),

where h(t, 51,52, -.,8n) = —k(t, 51,07 (52), .., 0511 (50))-



706 G. FELTRIN — F. ZANOLIN
Observe that h(t,s1,0,...,0) = —k(t, s1,0,...,0) and hence

T
h*(w) = fT/O k(t,w,0,...,0)dt.

From Corollary 3.9 we directly obtain the following result (the definition of the
open sets O; is the same as above). The obvious proof is omitted.

THEOREM 3.10. Let 2 C C([0,T],R™™) be an open and bounded set such that
0€ O; foralli=2,...,n. Suppose that

(a) for each ¥ €10, 1] there is no T-periodic solutions of

) =y (22),

zh = ¢y (23),

with © € 08);
(b) h*(w) # 0, for every w € 001 and degg(h*, 01,0) # 0.
Then there exists at least a T-periodic solution x(t) of (3.3) in Q.
An important case of system (3.2) is given by the second order ¢-Laplacian
equation
(3.4) (p(u") + k(t,u,u') =0,

where ¢: R™ — R™ is a homeomorphism with ¢(0) = 0 and k: [0,T] x R™ x
R™ — R™ is an L!-Carathéodory function. System (3.4) plays an important
role in several mathematical models and therefore our next goal is to get some
applications to this class of systems. With this respect, it will be convenient to
introduce the following notation. We denote by Ck the space of continuously
differentiable functions w: [0, 7] — R™ satisfying the boundary condition

(3.5) w(0) =u(T), ' (0)=1d/(T).
In this space, we take as a norm

luller := max {{lulloc, u'lloc},

which is equivalent to the more standard norm ||u||eo + ||| co-
We also set

T
As mentioned in the introduction, a relevant continuation theorem for system

1 (T
kE*(w) = —/0 k(t,w,0)dt, weR™.

(3.4), involving the homotopic equation

(3.6) (6(u)" + Ak(t,u,u') =0,
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was achieved by Mandsevich and Mawhin in [18] under some additional hypothe-
ses on the homeomorphism ¢. In this setting, one could observe that equation
(3.4) is equivalent to the first order cyclic system in R?™

I A—1
(37) T (b (:EQ)a
xh = h(t, x1, z2),
where h(t,z1,x2) := —k(t,z1, ¢~ (22)) and, analogously, (3.6) can be written as
I A—1

1
xIQ = )‘h(t7x17 :E2)a

so that the continuation theorem [18, Theorem 3.1] could be derived as a corol-
lary of Theorem 3.10, without any further condition on ¢. However, a deeper
inspection shows that the situation is not so simple. Indeed, in [18] the condi-
tion on the homotopic equation (3.6) requires no solutions on the boundary of an
open and bounded set in the Ch-norm. Due to the fact that this norm is strictly
finer that the sup-norm that we consider for our approach, it seems not obvious
how to include the results in [18] in our setting (except for very special cases
of 2). We propose below a possible way to overcome this difficulty and thus
recover Mandsevich-Mawhin continuation theorem [18, Theorem 3.1], without
additional hypotheses on ¢.

THEOREM 3.11. Let U be an open and bounded set in C3. such that the fol-
lowing conditions hold:

(a) For each A €]0,1] the problem
(¢()) + Nk(t,u,u/) =0, w(0)=u(T), ' (0)=1u(T),

has no solution on OU.
(b) The equation k*(w) = 0 has no solution on OU NR™ and

degg (K™, U NR™,0) # 0.
Then, problem (3.4)—(3.5) has at least a solution in U.

PROOF. If there exists a solution in 0U, we are done. Then, for the rest of
the proof, we assume that problem (3.4)—(3.5) has no solution in OU. We split
our argument into three steps.

Step 1. Compactness. We claim that the set

K= |J {vwel: (@) +Nk(t,u,u') =0}
A€]0,1]

is a compact subset of U. To this end, let (A, u,) € ]0,1] x U be such that
((b(u/n))/ + A k(t, un, u;) =0.
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By assumption, U is bounded, therefore there is a constant r > 0 such that
lullco < r and ||t/|so < 7, for each u € U. Then, from the Carathéodory
conditions we deduce that there exists a measurable function p € L'([0,7]) such
that ||k(t, un(t),ul,(t))||lrm < p(t), for almost every ¢ € [0,T]. We also introduce
the uniformly continuous function R(t) := fot p(&) d¢, for t € [0, T]. The sequence
(ul))n is equicontinuous. Indeed,

t
up(t) = ¢~ (v (t)),  where v, (t) := ¢(uy,(0)) — /\n/o k(& un(§), up(€)) dE,
and v,, is uniformly bounded on [0, T] by the constant
r1 = max {[|¢(2)[em : [|2]lem <7} +R(T).

The uniform continuity of the map ¢~!: R™ — R™ restricted to the closed ball
B[0,71] € R™ implies that for each & > 0 there is a § = d. > 0 such that
671 (2z) — ¢ (y)|lgm < € for all z,y € B[0,r1] with ||z — y|lgm < §. On the
other hand, given § > 0 there is 7 = ns > 0 such that |R(t) — R(s)| < ¢ for all
t,s € [0,T] with |t — s| < n. Thus, given € > 0, we have that

[, (1) = (8) [ = (167" (vn () = &7 (vn () lrm <&
whenever ||v,(t) — vp(s)||grm < §. On the other hand,

M / B(E, wn (€)1 (€)) d

0 (£) — v (8) || = ‘

Rm™
<

[ (e @) i€l e <| [ ote) | = et - R

Thus we conclude that |jul,(t) — ul,(s)|gm < € for |t — s| < n, for every n. The

Ascoli-Arzela theorem guarantees that, up to a subsequence, u, — % € U in the
Ct-norm and we have also A, — PN [0,1]. By the assumption of no solutions
on the boundary, we know that if X € ]0,1] we must have & € U. We study now
separately the case in which X = 0. In this case, by the same computations as
above and the dominated convergence theorem, we find that ¢(u'(t)) = ¢(@'(0))
for all ¢ € [0, 7], so that (recalling that @ € U satisfies (3.5)), @ is constant, that
is u(t) = @ for some @ € U NR™. Finally, the second hypothesis in the theorem
ensures that @ € U. The claim is proved.

Step 2. A special case for the domain. Suppose that there exist two open
bounded sets Uy, Uy € C([0,T],R™) with 0 € Us such that U = {u € C} :
u € U, v € Up}. We write (3.4) as an equivalent first order cyclic system
in R?™ of the form (3.7) with h(t, z1,72) := —k(t, z1, ¢~ (z2)).

In the Banach space X := C([0,T],R?™) we define the set

Q:=U; x d)(UQ) = {Ji = (.731,332) eX :x € Z/{l, ¢71($2) S UQ}

Clearly the set €2 is open and bounded in X.
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With these positions, we can easily check that the first hypothesis of the
theorem implies that system (3.8) has no T-periodic solution x € 92, for any A €
10, 1], actually for any A € ]0, 1], because we have started the proof by assuming
that (3.4) has no solution on the boundary. We are therefore in the setting
of Theorem 3.10 with its first condition satisfied. Also the second condition in
Theorem 3.10 holds, because it follows directly from the second hypothesis of the
present theorem. Then, we can apply Theorem 3.10 and we obtain that there
exists at least a T-periodic solution z(t) = (z1(t), x2(t)) of (3.3) in Q. Actually,
we have x € Q (since we have started our proof by assuming that there are no
solutions on the boundary). Defining u(t) := z1(¢) for ¢ € [0, T], we immediately
conclude that u = x1 € Uy, u' = ¢~ (z2) € Us, then u € U, and u(t) satisfies
(3.4) and (3.5).

Step 3. General case. Let U € Ck be an open and bounded set. From Step 1,
K is a compact subset of /. Therefore, for each point w € K there is an open ball
B(w,ry,) CU, in the Ch-norm, which is a set of the product form as the one in
Step 2. Indeed, u € B(w, 1) if and only if [|[u —w||eo < 7w and ||/ —w'|loo < Tuw.
By a standard compactness argument, we have

¢
KclJu,
a=1
with Y* C U an open (and bounded) set of the form
(3.9) U = {ueCruelf, v e},

where U, Us" C C([0,T],R™) are open (bounded) sets.

We notice that, since degg (k*, U/ NR™,0) # 0, there exists at least a constant
solution in K and therefore at least one of the sets U/ contains an element of
the form w € Y NR™. This in turn means that at least one of the Us* contains
the element 0.

Next, we define the set

)4
Q=[] Q% where Q% := U x ¢(Us).
a=1

Clearly the set ) is open and bounded in X. Moreover, if u € 02 then there
exists at least an index o € {1,...,¢} such that u € 9Q%. From the above
remark, we also have that 0 € ¢(US') for at least an index a € {1,...,¢}.
Finally, arguing as in Step 2, it is easy to check the validity of all the hypothe-
ses of Theorem 3.10 and thus we obtain that there exists at least a T-periodic so-
lution z(t) = (21(t), z2(t)) of (3.3) in Q (actually, z € Q). Defining u(t) := z1(t)
for t € [0,T], we immediately conclude that there is an index o € {1,...,¢} such
that u = 21 € UP, v = ¢ Y(z2) € US. Then u € U, and u(t) satisfies (3.4)
and (3.5). O
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REMARK 3.12. In [18]-][20], Mandsevich and Mawhin consider a class of con-
tinuous functions ¢: R™ — R™ satisfying

(Hl) for every Ii, T2 € Rma gt 7é T2, <¢(1’1) - ¢(1‘2),1‘1 - 1‘2> > 07
(H2) there exists a function a: [0, +o0o[ — [0, +o0[, with a(s) — +oo as s —
+00, such that {(¢(x),z) > a(|z|)|z| for all x € R™.

From these two conditions it follows that the map ¢: R™ — R™ is a homeomor-
phism such that ¢(0) = 0. Clearly our hypotheses cover the case considered in
[18]-[20] and, moreover, it is more general as explained below and in Figure 1.

Under our conditions we can deal with a continuous function built in the
following manner. For ¢ = 1,...,n, let h;: R — R be a homeomorphism such
that h;(0) = 0. Let M € GL,(R) be an invertible matrix in R™*™. The function
¢: R™ — R™ defined as

U1 h(ur)
— M

is a homeomorphism. Figure 1 shows another type of homeomorphism ¢: R? —
R? which does not satisfy conditions (H1) and (H2).

Ficure 1. The figure shows an example of a homeomorphism ¢: R? —
R? which does not satisfy conditions (H1) and (H2). We con-
sider a function ¢ = (¢1, ¢2) defined as ¢1(x,y) = (3z + y*)3/40,
da(x,y) = (sin(2(z — 3°)3) + 2(z — y°)?)/10. We illustrate how the
square [—1,1] x [~1,1] € R? (on the left) is mapped by the function
¢ (figure on the right). For example the points (—1,2), (5,6) do not
satisfy (H1) and the point (—2,—2) does not satisfy (H2).
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4. Periodic solutions to cyclic feedback systems:
homotopy to an autonomous system

In this section we continue the study of the differential system (%) introduced
in Section 3. We keep all the basic assumptions for (¥¢) considered therein, as
well as the abstract framework for the coincidence degree. As an application,
we give a continuation theorem which involves a homotopy between (%) and the
autonomous differential system

where hg: R™ x ... x R™ — R™ is a continuous function. In detail, we consider
an auxiliary function h: [0,T] x R™ x ... x R™ x [0,1] — R™, satisfying the
L'-Carathéodory conditions and such that

h(t,z1,...,2n,1) = h(t,21,...,2n),
(4.1) ~
h(t,:vl, ce ,me) = ho(ﬂ?l,. .. ,an).

Consistently with the previous notation, since M is the Nemytskii operator as-
sociated with h, we denote by M the corresponding operator associated with h.
We also introduce the autonomous vector field

90(s) = (g1(52), .-, gn-1(sn), ho(s)), s=(s1,...,8,) € R™™.

In the next results, when we write Q C dom M (or Q C dom M), we in
fact consider only the case of Q@ C X = C([0,T],R™"). However, in principle,
the same results could be applied (using Theorem A.3) also to a more general
situation, as explained in Remark 3.1 (see also Section 6).

We are now in a position to state our first result, which is a direct consequence
of [7, Theorem 1] and of the homotopic invariance of the coincidence degree
(cf. Lemma 2.1).

LEMMA 4.1. Let Q be an open and bounded set with Q C dom M. Suppose
that the following condition holds.
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(a}) For each X\ € [0,1] there is no T-periodic solution of

xh = h(t,x1,..., T, A),
with x € 0f).
Then Di(L — M, ) = (—=1)™" degg (9o, 2 NR™",0).

From this result the next one follows immediately (see [7, Theorem 2] and
Theorem 1.2 in the introduction).

THEOREM 4.2. Let Q be an open and bounded set with @ C dom M. Suppose
that the following conditions hold.
(a) For each X € [0, 1] there is no T-periodic solution of (€Y) with = € O%.
(b) degg (do, 2 NR™,0) £ 0.
Then there exists at least a T-periodic solution of (€) in Q.

In this manner, we reduce part of our problem to the study of the degree
of go and for this purpose we can take advantage of the conditions considered
in the previous section. We can thus produce results analogous to Corollary 3.8
and Corollary 3.9. With this respect, it is convenient to introduce the function
hg: R™ — R™ defined as

hy(w) :== ho(w,0,...,0), weR™.

The analogue of Corollary 3.9 is the following result, where the open sets O; are
defined as in the previous section.

COROLLARY 4.3. Let Q2 be an open and bounded set with Q C dom M. As-
sume (a}) and also the following conditions
(a5) (hg)™1(0) N OOy = 0;
(a)) 0 € Oiy1 and gilg 7+ Oit1 = 9i(Oiy1) € R™ is a homeomorphism with
9i(0) =0, foralli=1,...,n—1.
If degg(hg, 01,0) # 0, then there exists at least a T-periodic solution of (€)
in Q.

All the results presented in this section can be stated also in the case of an
open possibly unbounded set 2 C dom M. For this aim, one have to follow the
scheme presented in Section 3 and a modification of [1, Theorem 1] for open (not
necessarily bounded) sets, which is discussed in Appendix A. In particular, the
analogue of Theorem 4.2 is the following result (corresponding to Theorem 3.3).
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THEOREM 4.4. Let 2 C dom M be an open (possibly unbounded) set. Suppose
that the following conditions hold.
(a) There exists a compact set K C Q containing all the possible T-periodic
solutions of (€\) for any X € [0,1].
(b) degg(go, QNR™",0) # 0.

Then there exists at least a T-periodic solution of (€) in €.

Now, at this point, we can repeat (almost step by step) the results obtained in
Section 3 for system (3.2). The only difference is that the continuation theorem

will make use of a homotopy leading system (3.3) to an autonomous system of

the form

X, = ho(l‘l, ce ,xn).
In this setting, the analogue of Theorem 3.10 is the next result, where the func-
tion h is defined as in (4.1).

THEOREM 4.5. Let Q C C([0,T],R™™) be an open and bounded set such that
0€O; foralli=2,...,n. Suppose that

(a) for each X € [0,1] there is no T-periodic solutions of

=1 (22),

zh =y (w3),

x{n—l = @;il(zn)a

= h(t,x1,..., 20, A),

n

with x € 082,
(b) h§(w) # 0, for every w € 901 and degg(h§, O1,0) # 0.

Then there exists at least a T-periodic solution z(t) of (3.3) in 2.
The proof is omitted as it is a direct consequence of Corollary 4.3.

As in the final part of Section 3, we propose an application to the second
order ¢-Laplacian equation (3.4). In the present case, instead of equation (3.6),

we consider the system

(4.2) (') + k(t,u,u',\) =0,
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where k: [0,T] x R™ x R™ x [0,1] — R™ is an L!-Carathéodory function such
that

k(tax17x27 1) = k(tazla‘TQ)v k(t7x1ax2a0) = ko(ﬁchl‘g),

with kg: R™ x R™ — R™ an autonomous field.

Now we are in a position to prove the following continuation theorem which
corresponds to [18, Theorem 4.1] (but without any additional assumption on the
homeomorphism ¢).

THEOREM 4.6. LetU be an open and bounded set in C3. such that the following

conditions hold:
(a) For each A € [0, 1] the problem
(G()) +k(t,u,u, \) =0, u(0) =u(T), ' (0)=u(T),
has no solution on OU.
(b) The Brouwer degree degg(ko(-,0),U4 NR™,0) # 0.
Then, problem (3.4)—(3.5) has at least a solution in U.
PROOF. If there exists a solution in OU, we are done. Then, for the rest of the

proof, we assume that problem (3.4)—(3.5) has no solution in 9U. We split our
argument into three steps, which are the same as in the proof of Theorem 3.11.

Step 1. Compactness. The set
K= |J {ueld: (o)) +k(t,u,u’,\) =0}
A€]0,1]

is a compact subset of Y. To check this claim we just repeat (with obvious
changes) the proof of Step 1 of Theorem 3.11.

Step 2. A special case for the domain. Suppose that there exist two open
bounded sets Uy,Us € C([0,T],R™) with 0 € Us such that

U={uelr:uclh,u elb}.

We write (4.2) as an equivalent first order cyclic system in R?™ of the form

= (;571(.%2),

)
xIZ = h(t,ﬂfl,.’lﬁQ,)\),

where h(t, 1,22, ) := —k(t, 21, ¢~ (22), A).
In the Banach space X := C([0, T], R*™) we define the open and bounded set

Q:=U x ¢(Ue) = {z = (z1,22) € X : 31 €U, ¢ '(22) EU}.
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We can now apply Theorem 4.5 (analogously as we applied Theorem 3.10 in
Step 2 in the proof of Theorem 3.11) and obtain the existence of at least a T-
periodic solution (z1(t), z2(t)) € Q of

rh = (b_l(mZ)a

1
xh = h(t,x1,22),

for h(t,z1,22) == —k(t,r1,¢ (x2)). Then, the first component u := x; of such
a solution is a solution of (3.4) with u € Y.

Step 3. General case. Let U € Ck be an open and bounded set. Recalling
Step 1, we know that I is a compact subset of & and we cover it by a finite
number of open sets U as in (3.9). From this point on, the proof follows the
same lines as those of Step 3 in the proof of Theorem 3.11 and we are done. [

5. Periodic solutions to Hartman-type perturbations
of the ¢-Laplacian operator

As an application of the previous continuation results, we propose a further
variant of the Hartman—Knobloch theorem for the T-periodic problem associated
with the vector second order differential equation

(5.1) ((u) + f(t,u) =0,
where f:[0,7] x R™ — R™ is a continuous function and ¢: R™ — R™ is
a homeomorphism with ¢(0) = 0.

A classical result of Hartman [13] guarantees the existence of a solution for
the two-point (Dirichlet) boundary value problem associated with

(5.2) u’ + f(t,u) =0,
by assuming the existence of a constant R > 0 such that
(5.3) (f(t,£),6) <0, foralltel0,T], for all £ € R™ with ||£||gm = R.

Under the same conditions, Knobloch in [14] obtained an existence result for the
periodic problem and with a Lipschitzian f (see also [35], dealing with a continu-
ous f). Both Hartman and Knobloch results apply also to more general systems
of the form

(5.4) u’ + f(t,u,u') =0,

under suitable growth conditions on u' of Bernstein—Nagumo type. For sim-
plicity, we do not pursue our study in this direction and refer to [9], [24] for
interesting surveys and information on this topic.

In [26], Mawhin extended the theorems for equation (5.2) to systems of the
form (5.1) for a p-Laplacian differential operator, namely for ¢(£) = 1, (), where

(5:5) Up(€) = [E[F7%€, i€ R™M\{0},  ,(0) =0,
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for p > 1 (see also [27]). The corresponding results for system (5.4) were gener-
alized to the p-Laplacian operator by Mawhin and Uretia in [31].

We plan now to present a version of Knobloch theorem for system (5.1).
Our result will involve a class of nonlinear differential operators which are not
included in those studied in [18], [27]. In any case, we shall borrow some ar-
guments already developed in [26] and [31] in the case of ¢ = ¢,. Thus our
computations are in debt of those performed in the above quoted papers; indeed
we show that they can be reproduced in our more general setting, by virtue of
the continuation theorems developed in the previous sections.

In the following lemma we obtain an a priori bound for the derivative of the
solution to a parameter-dependent equation of the form

(5.6) () + f(t,u,A) =0,
where £:10,T)xR™x[0,1] — R™ is a continuous function. Using the continuity
of f, for any constant d > 0 we define
Cq = max{|[f(t,§,N|len : t €[0,T], & € B[0,d], A € [0,1]}.
LEMMA 5.1. Let us suppose that

lim (6(€), &) = +oo.

|€]—=+o0
Then, for every d > 0 there exists My > 0 such that ||u'||cc < Mg, whenever u(t)
is a T-periodic solution u(t) of (5.6), for some X\ € [0,1], with |julle < d.
PROOF. Let u(t) be a T-periodic solution of (5.6) with ||u]|e < d. We divide
the proof into two steps.

Step 1. We claim that there exist a point ¢y € [0,7] and a constant Ly > 0
such that ||u/(to)||gm < Lg.
By multiplying equation (5.6) by u(¢) and by integrating in [0, 7], we obtain
T T
- [ o)y i = [ Feu.n).u0) @
and thus
1 [T 17~
[ e @)= 1 [ u. . uw) de < dc.
T Jo T Jo
By the mean value theorem, there exists to € [0, T] such that

(p(u/(t0)),u'(to)) < dCq.

From the hypothesis of the lemma, there exists Ly > 0 such that if ||£||gn > Lg
then (¢(£),&) > dCy. Therefore we conclude that ||u’(to)||rr < Lg.

Step 2. By integrating (5.6) in [to, t], for ¢t € [0,T], we deduce

o (1)) = S(ud (fo)) — / Fls,u(s), A) ds
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and thus
lp(' () llem < [lé(u'(t))llem + TCa.
Next, by defining Ky := sup {||¢(&)||gm : £ € R™, ||¢|lrm < Lq}, we have

lo(u'(t))|lgm < Kq+TCq, forallt e [0,T],
and hence
u/(t) € ¢71(B[0, K4+ TCy)), forallte[0,T)].
Now, it is sufficient to take as My > 0 any real number such that
¢~ (B[0, K4+ TC4)) € B(0, My). O
The following existence result holds.

THEOREM 5.2. Let A: R™\ {0} — ]0,400[ be a continuous function and let

(5.7) o(§) == A()S, if €€ R™\{0},  ¢(0) =0.

Suppose that ¢: R™ — R™ is a homeomorphism. If there exists R > 0 such that
Hartman’s condition (5.3) holds, then there exists at least a T-periodic solution
u(t) of (5.1) such that |u(t)||gm < R for allt € [0,T].

PrOOF. We shall propose two different proofs. The first one is based on
Theorem 4.6 and is partially inspired by the approach introduced by Mawhin
in [26]. The second one will be only sketched and is based on Theorem 3.11,
following the approach in [31].

We introduce a function f(t, &, A) such that

f(tvfal):f(tvg), f(t,f,O)fo, tG [OaT]a EGRma

and

(5-8) (f(t,€,2),€) <0,

for all t € [0,T], all £ € R™ with ||¢||gm = R, for all A € [0,1[. In view of
Hartman’s condition (5.3), a suitable choice of f could be

IIPIEPVIAIEACEPYS

Since ¢: R™ — R™ is a homeomorphism, it follows that |¢p(£)] — +oo as
|€] — +o0. Then, by the structure of ¢ we have chosen, we have that A(£)[¢] —
+00 as |£] = +oo. Hence, (¢(€),€) = A(€)|€]?> — +o0 as €] — +oo. Therefore,
the hypothesis of Lemma 5.1 is satisfied and thus there exists a constant Mz > 0
such that ||u'||e < Mg for any T-periodic solution u(t) of (5.6) (for some A €
[0,1]) such that ||u]|eo < R.

We are going to apply Theorem 4.6 to the set

(5.9) U:={ucCh:||ulle <R, ||t/]|oc < Mg}.
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First, we prove that the T-periodic problem associated with (5.6), for A € [0, 1],
has no solution on OU. As already observed, from Lemma 5.1 we deduce that
every solution u € U satisfies ||u'[|oc < Mp. Therefore, to prove our claim
we have only to verify that if u € U is a T-periodic solution of (5.6) for some
A €10,1], then ||ul|oo < R.

By contradiction, assume that there exists a T-periodic solution u(t) of (5.6)
(for some A € [0, 1[) such that ||u|lcc = R. Then, there exists t* € [0, 7] such that
[[u(t)]
of the map ¢ + |lu(t)||2.., we have that ¢* is a critical point and therefore (by
differentiating) (u’(t*),u(t*)) = 0. Next, we observe that, if u/(t*) = 0, then
o(u/(t*)) = 0, while, if u/(t*) # 0, then (by the particular form of ¢)

(d(u'(£7)), u(t™)) = A(u'(t7)) (u'(£7), u(t")) = 0.
From the equality
% (S (£))u(t)) = = (F(t,u(t), ) u(t)) + (@' (1)), u' (1))
and condition (5.8), we obtain that

d /
S O)ut)| >0

t=t*
We thus have proved that the function v(t) := (¢(u/(¢)), u(t)) is such that v(t*) =
0 and v'(¢*) > 0. We deduce the existence of € > 0 such that

rm = R, with t* a point of maximum for ||u(t)||gm. By the T-periodicity

v(t) <0, forallteltr—et*],

v(t) >0, foralltelth t*+¢l.
Both the above inequalities are meaningful also if ¢t* = 0 or if t* = T, because,
in this case, |u(0)| = [u(T)| = ||u|lec = R and also v(0) = v(T"). More precisely,
if such a situation occurs, we read the first inequality for t* = T and the second
one for t* = 0. The special form of ¢ implies that

(W' (t),u(t)) <0, forallte |t —et"]
(u'(t),u(t)) >0, forallte|t' t"+¢f
Then, since
Yt =2 (a6, (1),
we obtain that ¢ = ¢t* cannot be a maximum point for the function || - ||gm,

a contradiction.
The second hypothesis of Theorem 4.6 follows directly from the fact that

f(t,6,0) = =¢

and, clearly, the degree degp(—Idgm,U NR™,0) is nonzero.
The theorem is thus proved as an application of Theorem 4.6.
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The same theorem can be proved also using Theorem 3.11. We give just
a sketch of the proof. As in [31] we suppose that Hartman’s condition (5.3)
holds with a strict inequality, namely

(5.10)  (f(t,€),&) <0, forallte[0,T], for all £ € R™ with |&||gm = R.

Then, using the same argument as above, we prove that system (5.6) for

f,60) = Af(t,€)
satisfies the following condition: for each A € ]0, 1] there are no (T-periodic)
solutions on the boundary of U (where U is defined as in (5.9)). Moreover,
consistently with the notation in Theorem 3.11, we have

1 (T
E*(w) = —/ ft,w)dt, weR™,
T Jo
and, by (5.10), we obtain (k*(w),w) < 0 for all w € 9B(0, R) = 0UNR™. Hence,
degg (K*,U NR™,0) = degp (—Idgm, U NR™,0) = (—1)™ # 0.

At this point Theorem 3.11 implies the existence of at least a T-periodic solution
of (5.1) with ||ul|ec < R (and also ||t/]|ec < Mg).

Since the result is obtained under the strict inequality (5.10) in Hartman’s
condition, it remains to prove the theorem within the original inequality (5.3).
To achieve this latter step, we approximate the vector field with functions of the
form f(t,€) — &€ (with ¢ — 07) and use the a priori bounds for the solutions.
We skip this part since it has been already fully developed in [31]. O

REMARK 5.3. Obviously any vector p-Laplacian differential operator defined
through a homeomorphism 1), defined as in (5.5) for p > 1, satisfies the assump-
tion of ¢ in Theorem 5.2. On the other hand, it is possible to provide simple
examples of homeomorphisms satisfying (5.7) which do not belong to the class
of the ,-functions considered in (5.5). For instance, the map

(5.11) @(&) := (arctan|¢|)¢, & eR™,

fits well for Theorem 5.2 and is not in the p-Laplacian class.
The homeomorphism defined in (5.11) is a special case of a class of maps of
the form

(5.12) o(§) :==1(lghg, it & e R™\{0},  ¢(0) =0,

with v(s) a positive continuous function defined for s > 0. Such class of operators
is clearly included in that of the form (5.7) and it has been considered in [15] for
the singular case, namely for ¢ defined on an open ball B(0, a) and, consequently,
for y(s) with 0 < s < a < +o0.

A natural question which raises in this context is whether the homeomor-
phisms ¢ of the form (5.7) (and thus, in particular, (5.12)) belong to the class of
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nonlinear operators introduced by Mandsevich and Mawhin in [18] and satisfying
conditions (H1) and (H2) recalled in Remark 3.12. With this respect, we observe
that (H2) is always satisfied, since {¢(z),z) = |¢(z)||z| > a(|z|)|z| for the map
a(s) defined as

a(s) :=min{|p(z)|: |x| = s}, s>0,

and such that a(s) — 400 as s = +o0.

Concerning condition (H1) we claim that the homeomorphisms defined by
(5.12) satisfy this condition. Indeed, for the proof of (H1) we proceed as follows.
First of all, we notice that a homeomorphism of the form (5.12) transforms any
radial line {07 : ¥ > 0} homeomorphically onto itself (where & € S™! is an
arbitrary unit vector). Hence (by the positivity of v) we immediately deduce
that the map ¢: RT — RT defined by ¢(s) := v(s)s for s > 0 and ¢(0) = 0 is an
increasing homeomorphism of R™ onto itself. Then, to conclude, we just repeat
(with minor modifications) the proof already given by Mandsevich and Mawhin
in [18, Example 2.2] for the vector p-Laplacian, that is

(d(x1) — d(22), 21 — T2)

wil)o1? + v (lw2)|wal® = y(J1)) (@1, 22) — Y (lw2]) (21, 22)

(
ol

Y

\
1) * 4+ y(Jz2])|z2]* = y(lz1 )@ o] — y(|22]) ] ||22]
(C(lz1]) = C(z2D) (|21 | = |22]) > 0.

Therefore, we have that (¢(x1) — ¢(x2),x1 — x2) = 0 implies |x1]| = |x2|. Then,

X

either 71 = x5 = 0 or |z1| # 0 and (¢(z1) — ¢(22), 21 — 2) = Y(|21])|21 — 72|?,
so that we conclude again that 1 = z2. Hence (H1) is proved.

On the other hand, we claim that there are homomorphisms ¢ of the form
(5.7) which do not satisfy condition (H1). Before presenting our example, we
first introduce a class of homeomorphisms satisfying (5.7) which strictly includes
the p-Laplacian class.

Let A: S™~1 — R{ be a continuous map, where S™~! = 9B(0,1) is the
(m — 1)-dimensional sphere in the Euclidean space R™. Let also p > 1 be a fixed
real number. We define

(5.13) o(6) = s|“A(|§|)s, ifEe R\ {0}, (0) =0,

which is of the form (5.7) for A(¢) = |£[P72A(¢/[€]). Tt is straightforward
to check that maps of the form (5.13) are one-to-one, surjective and continu-
ous, therefore, by Brouwer invariance of domain theorem, are homeomorphisms
of R™.

We give now an example of a planar homeomorphism of the form (5.13)
which does not satisfy condition (H1). It is not difficult to extend the example
to any dimension m > 2. For simplicity, we restrict to the case p = 2. First of
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all, we observe that, given two nontrivial vectors z; # xo and for v; := x;/|z;]
(i =1,2), we have
(¢(z1) = @(w2), 21 — m2) = (A(v1)71 — A(v2) T2, 71 — T2)
= A(v1) |21 ]* + A(va)|z2]* — (A1) + A(vz)) (21, 22)
= A(v1)|z1]* + A(vz)|z2* — (A(v1) + A(v2)) |21 2] cos B.
The inner product is clearly positive when (z1,22) = 0. We show now how to

find vectors where it can get negative values. We take as A: St — RS‘ any
continuous map such that A(1) = 1 and A(e'™/*) = 6. Then, for the vectors

V2 V2 : 72
I :(1,0), x2:p<2,2>, Wlth = W,

the above formula (with § = 7/4) yields

1
(p(x1) — d(x2), 11 — 22) = 5 <0
This shows the effectiveness of Theorems 3.11 and 4.6 which allow to extend the
Hartman-Knobloch theorem to a broader class of operators not included in [18]

and [27].

6. Concluding remarks

In this paper all the applications of the abstract results to differential systems
have been considered in the context of vector fields which are globally defined
on the Euclidean space R™ (cf. system (%)) or have an inverse that is globally
defined (cf. (3.3)). However, there are some significant cases of maps which have
as their natural domain/image an open (and possibly bounded) subset of R™. In
the one-dimensional case, typical examples in this direction arise from the study
of the mean curvature operator

U
U
1+ (w)?
or of the Minkowski operator
u/
U ——
1—(v)?

which may be described by means of homeomorphisms ¢: I — J, with I = R
and J = ]-1,1[, or I = ]—1,1] and J = R, respectively (see, for instance, [4],
[34] and the references therein). Higher dimensional versions of these operators
are usually studied as well.

As already observed in Remark 3.1 and underlined many times along the
paper, our abstract setting has been devised in order to deal with these general
cases, too. Indeed, all our results in the previous sections could be reformulated
(by suitably adapting the hypotheses) in terms of operators which are not defined
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on the whole space. Instead of discussing again with the needed details all the
theorems and lemmas presented above, we just illustrate how to deal with the

autonomous system
(6.1) (¢(u')) + k(t,u,u') =0,

when ¢ (or 1) and k are not defined on the whole space.

Let A, B,G C R™ be nonempty open connected sets with A, B containing the
zero element Ogm. Let k: [0,T] x G x A — R™ be an L'-Carathéodory function
and let ¢: A — ¢(A) = B be a homeomorphism with ¢(0) = 0.

As before, we deal with the T-periodic problem associated with equation
(6.1). We recall that a T-periodic solution of (6.1) is a continuously differentiable
function u: [0,7] — R™ such that u(0) = w(T") and satisfying
u(t) € G, for all ¢t € [0, T;
uw'(t) € A, for all t € [0,T];

t — ¢(u'(t)) is absolutely continuous;
u(t) satisfies (6.1), for almost every ¢ € [0,7].

Writing equation (6.1) as an equivalent cyclic feedback system in R?*™ in the
class (¢)

u' = ¢ (y),

6.2
(62 Y = —k(t,u, 6 (),

we can enter the setting presented in Section 2 with the choice of X, Z and L
described at the beginning of Section 3 (with n = 2) and with M the Nemytskil
operator associated with the right-hand side of system (6.2). In this case, M
has as a domain the set of continuous pairs of functions (x1,z2) € X such that
x1(t) € G and x5(t) € B for all t € [0,T].

We notice that our semi-abstract results such as Theorem 3.7 or Theorem 4.2
can be restated without changes (in view of the hypothesis @ C dom M, or
Q C dom M , respectively). As a consequence, we can provide versions of Theo-
rem 3.11 and Theorem 4.6 in this more general context. For these versions we
must be careful in the choice of the open and bounded set & C C}. considered in
these theorems. Indeed, we need to check that

UC{ueCt u(t)€g, u(t) € A for all t € R}.

In this framework we could also extend the continuation theorems of Benevieri,
do O and de Medeiros obtained in the one-dimensional case in [3] and in higher
dimension in [2] in the Mandsevich-Mawhin setting. Finally, we refer to [29] for
an exhaustive treatment of second-order differential systems of the form (6.1)
and for a complete panorama of the related research done in the last decades.
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Appendix A. Coincidence degree results for autonomous equations

In this appendix we deal with the T-periodic boundary value problem asso-
ciated with the autonomous equation

(A1) a’ = fo(z),

where fo: A9 — R? is a continuous function defined on the open (and not
necessarily bounded) set Ag C R4,

Let X := C([0,7],R?) be the Banach space of the continuous functions from
[0,T] to R?, endowed with the sup-norm, and let Z := L'([0,T],R9) be the
space of integrable functions from [0, 7] to R?, endowed with the L'-norm. Let
dom L C X be the set of absolutely continuous functions satisfying the periodic
boundary condition z(0) = z(T). We define the linear differential operator
L:dom L — Z as

(La)(t) = 2'(1), te 0,7
which is a Fredholm mapping of index zero. Let

dom My :={z € X : 2(t) € Ay, for all ¢t € [0,77}0.

We define My: dom My — Z as the Nemytskii operator induced by the function
fo(s), namely
(Mou)(t) = fo(u(t)), te€[0,T].

With this position, the T-periodic boundary value problem associated with (A.1)
can be written as an equivalent coincidence equation

(A.2) Lz = Mgz, x € dom L Ndom M.
In this context the following theorem holds.

THEOREM A.l. Let Ay = R%. Let Q C X be an open bounded set. Assume
that there is no u € 90 such that v’ = fo(u). Then

Dy(L — My, Q) = (—1)%degg (fo, QN R?, 0).

The above result was proved by Capietto, Mawhin and Zanolin in [7] using
Mawhin’s coincidence degree and an approximation argument based on Kupka-
Smale theorem. A generalization of Theorem A.1 to the neutral functional dif-
ferential equation % (Dz;) = g(z;) was obtained by Bartsch and Mawhin in [1]
using the topological degree for S'-equivariant maps. The main result in the ar-
ticle of Bartsch and Mawhin (cf. [1, Theorem 1]) concerns a vector field defined
on the whole space, however its proof is based on a “local” result [1, Theorem 2],
which, if adapted to our situation, allows to prove easily the following version of

Theorem A.1.
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THEOREM A.2. Let Q@ C X be an open bounded set with Q@ C dom Mj.
Assume that there is no u € OQ such that v’ = fo(u). Then

Dy (L — My, Q) = (—1)%degg (fo, QN R?, 0).

The next theorem is a generalization of the above results, dealing with an
open (possibly unbounded) set Q C X.

THEOREM A.3. Let Q C dom My be an open (possibly unbounded) set such
that the set of the (T-periodic) solutions of (6.1) in  is a compact subset of 2.
Then

Dy(L — My, Q) = (—1)% degg(fo, 2N R?,0).

PRrROOF. Let K be the set of the (T-periodic) solutions of (6.1) in . We
stress that K is a compact subset of  (by hypothesis). Then, we can find an
open bounded set )y such that X C Qg C cl(20) C Q and so, by the excision,

Dy (L — My, ) = Dy,(L — My, Q).

Since there is no u € 9Qy such that v = fo(u), we apply Theorem A.2 and
get Dy, (L — My, Q) = (—1)?degg(fo, 2 NRZ,0). We conclude observing that
degg (fo, 2 NRY,0) = degg(fo, 2NR? 0) (due to the excision property and the
fact that K C 9 C Q). O
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