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PROPERTIES OF UNIQUE POSITIVE SOLUTIONS
FOR A CLASS OF NONLOCAL SEMILINEAR
ELLIPTIC EQUATIONS

RUITING JIANG — CHENGBO ZHAI

ABSTRACT. We study a class of nonlocal elliptic equations

_M(/Q \u\"’dw)Au — A ()

with the Dirichlet boundary conditions in bounded domain. Under suitable
assumptions on M and the nonlinear term f, the existence and new prop-
erties of a unique positive solutions are obtained via a monotone operator
method and a mixed monotone operator method.

1. Introduction
In this article, we consider the following nonlocal elliptic problem:

—M(/ |ul” dm) Au=Af(z,u) forzeQ,
Q
u(z) =0 for x € 092,

(1.1)

where Q C RY (N > 1) is a smooth and bounded domain, v € (0, 4+00), A > 0 is
a parameter. M : [0,+00) — (0,+00) and f: Q x (0,+00) — [0, +00) are given
functions whose properties will be listed later.
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Over the last few decades, motivated by the richness of methods used to
establish existence of solutions, the nonlinear elliptic equation (1.1) has attracted
attention. For the case M (t) =1, (1.1) becomes

—Au = Af(z,u) forzxeQ,
u(z) =0 for x € 09,

where Q C RY (N > 1) is a smooth and bounded domain and A > 0. After the
pioneering work of Ambrosetti and Rabinowitz [2], there has been a great deal
of interest in the equation above, see e.g. [10], [13]. When A = 1, in [2], the
authors showed the well-known (AR) condition, that is, for some p > 2, H > 0,

0 < pF(x,t) < f(x,t)t, ae x€, |t|>H,

is necessary to obtain the existence of solutions via the variational approach.
Their tool was the very famous mountain pass theorem.

For the case M (t) # 1, there are many results about the existence of solu-
tions obtained by different methods. For example, in [6], [7], [8], the authors
established some results about the existence of positive solutions of (1.1) with
A =1, the techniques used are the following: the fixed point index theory, sub-
and supersolution method and comparison principle.

Another nonlocal elliptic equations are Kirchhoff elliptic problems of the type

—M(JJul?)Au = Af(z,u) for x €,
u(z) =0 for z € 092,

where M is a given function and || - || denotes the usual norm in H}(Q). As
u + M(||u||?)Au has a variational structure, the existence of solutions can be
obtained via variational methods. More details about this class of problems can
be found in [3], [4], [5], [11], [12] and reference therein.

Very recently, by applying the change of variables, it was suggested to trans-
form (1.1) into an ordinary differential equation. Yan and Wang [14] proved
some results on the multiplicity of positive radial solutions of (1.1) by using the
theory of fixed point index. To our knowledge, the existence and multiplicity of
positive solutions have been studied by many authors. But there are few results
reported on the uniqueness and properties of positive solutions. In our setting,
we cannot use the variational method due to the diffusion coefficient M. Unlike
the above mentioned works, motivated by [15] and [16], we will establish the fixed
point of the operator related to (1.1) by two different methods, and then obtain
the existence of a unique positive solution. That is, for any given parameter
A > 0, we obtain the existence and uniqueness of positive solutions. Moreover,
we present some obvious properties of positive solutions to the boundary value
problem dependent on the parameter. That is, the unique positive solution uy
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has the following properties: u) is continuous, strictly increasing in A and

lim [Juy|| = oo, lim |juy| = 0.
A—00 A—0t
2. Preliminaries

We first list some basic notations and concepts in ordered Banach spaces.

Let (X, | - ||) be a real Banach space, and X be partially ordered by a cone
K C X, 0 be the zero element of X. K is called normal if there is a constant
N > 0, such that for x,y € X, § < z <y implies ||z|| < N||y||. For z,y € X,
the notation x ~ y means that there are A\, u > 0 such that Az <y < pzx. For
fixed h > 6 (i.e. h > 6 and h # ), we define a set K, = {x € E : © ~ h}.
Evidently, K, C K. We say that an operator A: X — X is increasing if x < y
implies Az < Ay.

DEFINITION 2.1 (See [9], [16]). An operator A: K x K — K is said to
be mixed monotone if A(x,y) is increasing in x and decreasing in y, i.e. for
u,v; € K, 4 =1,2, up < ug, v1 > vy imply A(ug,v1) < A(ug,v2). An element
x € K is called a fixed point of A if A(z,z) = x.

Our main tools are the following results on operator equations involving
monotone operators and mixed monotone operators.

LEMMA 2.2 (See Theorem 2.1 in [15]). Let K be a normal cone in a real
Banach space X, h > 6. Let A: K — K be an increasing operator satisfying:
(a) there is hy € K}, such that Ahy € Kp;
(b) for any x € K andt € (0,1), there exists p(t) € (t,1) such that A(tz) >
o(t)Ax.
Then:
(1) the operator equation Ax = x has a unique solution x* in Ky;
(2) for any initial point xg € K}, and the sequence x, = Axp_1,n=1,2,...,
we get x, — ¥ as n — 0.

LEMMA 2.3 (See Theorem 2.2 in [15]). Assume that all the conditions of
Lemma 2.1 hold. Let xx (A > 0) denote the unique solution of the operator
equation Ax = Ax. Then we have the following conclusions:

(a) xx is strictly decreasing in X, that is, 0 < A\ < Ao implies x, > X),;

(b) if there exists v € (0,1) such that p(t) > t7 fort € (0,1), then x) is

continuous in A, that is, A — Ao (Ao > 0) implies ||xx — xx,|| = 0

(©) Jim x| =0, Tim ey = oo.

LEMMA 2.4 (See Theorem 2.1 in [16]). Let K be a normal cone of X, A: K X
K — K be a mized monotone operator satisfying:

(A1) there exists h € K with h # 0 such that A(h,h) € Ky;
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(A2) for any u,v € K and t € (0,1), there exists o(t) € (t,1) such that
A(tu, t=v) > o(t)A(u,v).
Then the operator equation A(x,x) = x has a unique solution x* in Ky. More-
over, for any points xo,yo € K, and the sequences

Tn :A(mnfhynfl)? Yn :A(ynflvxnfl)v n:172a---7

we have ||z, —z*|| = 0 and ||y, — z*|| = 0 as n — oc.

LEMMA 2.5 (See Theorem 2.3 in [16]). Assume that the operator A satisfies
the conditions of Lemma 2.4. Let x) denote the unique solution of the nonlinear
eigenvalue equation A(xz,x) = Ax in Kp. Then we have the following conclusions:

(R1) if p(t) > t'/2 for t € (0,1), then xy is strictly decreasing in X, that is,
0 < A1 < Ao implies z, > Tx,;

(Rg) if there exists 3 € (0,1) such that p(t) > t° for t € (0,1), then xy is
continuous in A, that is, A — Ao (Ao > 0) implies ||xx — x5, || = 0;

(R3) if there exists B € (0,1/2) such that p(t) > t° fort € (0,1), then

[zl = 0, ]| = oc.

lim lim
A—0o0 A—0t

3. A monotone operator method for equation (1.1)
Let C(Q) = {u: Q — R|u(z) is continuous on O} with norm ||u| = max |u(z)|,
€

it is easy to see that C'(Q) is a Banach space. Let K = {u € C(Q) : u(z) > 0
for all z € Q}. Obviously, K is a normal cone in C(Q). For simplicity and
convenience, we list some conditions on M, which are necessary to verify our
main results.

(M) M € C([0,+00), (0, +00)) with gg M(t) = My, > 0.

(My) M(t) is strictly decreasing in ¢ and there exists ¢y (0,1) — (1, +00)
such that M(7t) < p1(7)M(¢), 7 € (0,1).

(M}) M € C([0, +0), (0,+00)) and sup M (t) = Ms exists.

>0

(M%) M(¢) is strictly increasing in ¢ and there exists ¢} : (0,1) — (0,1) such

that M(rt) > ¢\ (T)M(t), T € (0,1).
In this part, in order to get the solution of problem (1.1), for u € K, we
define

(Tu)(x)zw | censaum)y, = <a.

where G(z,y) is the Green function for —Au = h in Q. Let g(x) = [, G(x,y) dy,
z € Q. It is easy to see that ¢ > 0. Let K, = {u € C(Q) : u ~ g}. Obviously,
K, C K. Our main results are summarized in the following
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THEOREM 3.1. Suppose that (M;)—(Mz) hold. Assume that f(z,u) € C(Q x
[0,4+00), [0,+00)) and it satisfies:

(f1) f(z,u) is increasing in u, and a = min{f(z,u) : x € Q, u € [0,b]} > 0,
where b = max [, G(x,y) dy;
e
(fy) forx € Q, t € (0,1), there exists py: (0,1) — (0,1) satisfying tp1 (1Y) <
oa(t) such that £(z,tu) > o2(0)f ().
Then:

(a) for any given X > 0, equation (1.1) has a unique positive solution u} in
K

g’
(b) for any given A > 0 and any initial point ug € K, and the sequence

A
un(z) = [ G s,
M(/ |ttp—1]” d:r) @
Q
n=12,...,x €, we have u,, = u} as n — oo;
(c) uy is strictly increasing in A, that is, uy, < uy, for 0 < Ay < Ag;
(@ Jim 3]l = oo, lim_[us | =0.

PrROOF. Obviously, T: K — K. By (Mz) and (f;), one obtains that T is
increasing. Let

go(z) = g(z) = / Gl,y) dy,

then go is continuous on  due to the continuity of G(z,y). On the one hand,
for

/ ‘90‘7 dx > Oa
Q

by (f1), we have

On the other hand, it is easy to get f(z,go(x)) < f(z,b) < ¢ := max f(z,b) >0
e

(Tgo)() = / Gla,y) (s g0(y)) dy > ~2 / Gl y) dy.

M(0)

by (f1) and the boundedness of 2. Then one gets

1
M(/ g0l de
Q

(Tgo)() = ) /Q G (s 90(0) dy < - /Q Glz,y) dy.
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Therefore, T'go C K4. For any u € K and t € (0,1), combining with (Mz) and
(f2), we have

M

(
M( wwg/ny%M»@

@2(75) pa(t)

“a (/WWQ/nyy””@‘wm>

(Tu)(z),

for z € Q. Let o(t) = pa(t) /1 (7). From (f2), t < ¢(t) < 1, that is, ¢(t) € (¢,1).
Then we obtain that T satisfies the conditions of Lemma 2.2. Therefore, by
Lemma 2.3, there exists a unique uj € K, such that Tu} = u}/A. That is,
ATwy = u}. Obviously, u3 is a unique positive solution of equation (1.1) for
given A > 0. Further, by Lemma 2.3 (a), it is easy to check that u} is strictly
increasing in A, that is, u} < uj, for 0 < A1 < Ag; by Lemma 2.3 (b), one has
Jim 3| = oo, lim_Ju3]| = 0.

Obviously, AT also satisfies all the conditions of Lemma 2.2. By Lemma 2.2,
for any initial point vy € K, and the sequence u, = Tu,_1, n = 1,2,..., we
have u, — v} as n — oo. That is,

A
M(/ |tp—1|” dz
Q

as n — oo. O

> 0 G(xay)f(yvun—l(y)) dy - Ui(l‘), T e Q’

Un ()

THEOREM 3.2. Suppose that (My) and (My) hold. Assume that f satisfies
(f;) and
() for x € Q, t € (0,1), there exist p2: (0,1) — (0,1) and B € (0,1)
satisfying %01 (t7) < @o(t) such that f(z,tu) > pa(t) f(x, u).
Then:

(a) for any given A > 0, equation (1.1) has a unique positive solution u%*.
Further, for any given A > 0 and any initial point ug € Ky and the

(/ [ty—1|7 dx

n=12,...,z€Q, we have u, — uy* as n — oo;

Sequence

)/ch ) [y, un—1(y)) dy,

(b) uy* is strictly increasing in A, that is, uy: < u}’ for 0 < A1 < Ag;
(c) uy* is continuous in A, that is, ||uy* —u3[| = 0 as A — Ao (Ao > 0);
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d) i 3l = oo, li )l =0.
(@) Jim [lus*| = oo, Tim_[uy’]

PrOOF. For any v € K and t € (0,1), combining with (M) and (), we
have

g

( 1 210,
. </ u|” dw) Q Glo )iy, ulu)) dy = e1(t7)

(Tu)(x),

for x € Q. Let ¢(t) = p2(t)/p1(t7). Ast € (0,1) and B € (0,1), t¥ < p(t) < 1,
that is ¢(t) € (¢,1). Similarly to the proof of Theorem 3.1, T satisfies the con-
ditions of Lemma 2.2, then we obtain a unique positive solution u}* of equation
(1.1) for given A > 0 and (a), (b), (d). By (f;) and Lemma 2.3 (b), one has that
uy" is continuous in A. O

REMARK 3.3. Functions which satisfy the conditions of Theorem 3.2 can be
found easily. For example, let M (z) = 1/(1 + 22)+1 (x > 0), f(z,u) = zu)/*+2,
where v € (0,1/3). Obviously, M € C([0,+00), (0,400)) is strictly decreasing,
and Ilr;%M(x) = 1. Take o1 (t) = 1/t2, 0o(t) = t7/3, B = 3. Then, for 7 € (0,1),

1 1 1
Mrz) = a7 +1S 3 (1+$2+1> e1(1) M (),

that is, M satisfies (M) and (My). It is easy to check that f(z,u) = zu?/* + 2

is increasing in u with min f(z,u) = 2. For ¢t € (0,1) and 8 = 3y € (0, 1),
€N, u>0

we have t7p; (t7) = 17 < t7/3 = p,(t) and
flatu) = 2(tu)* +2 2 07 (@u?* +2) = pa(t) f (2, w),

that is, f satisfies (f;) and (f;). Therefore, M and f satisfy the conditions of
Theorem 3.2.

4. A mixed monotone operator method for equation (1.1)

In this section, under suitable assumptions on M and f, we will define two
different mixed monotone operators and use a mixed monotone operator method
to establish the existence of unique positive solutions. First, for u,v € K, we
define

Au,v) Gz, y)f(y,v(y) dy, €9,
</ |u7dx> @
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where G(z,y) is the Green function for —Au = h in Q. The functions g and K,
are defined in Section 3. In order to get our main results, we list some conditions

on f:
(f3) f(z,u) is decreasing in u and a = min{f(z,u) : x € Q, u € [0,b]} > 0,
where b = max [, G(x,y) dy;
€N

(fy) for x € Q, t € (0,1), there exist ¢o: (0,1) — (0,1) and 3 > 0 satisfying
tPp1(t7) < pa(t) such that f(z,tu) < f(z,u)/pa(t).

THEOREM 4.1. Assume that (My)—(Mz) and (f3)—(fy) hold. If 8 € (0,1),
then:

(a) for any given X\ > 0, equation (1.1) has a unique positive solution uy in
K, where g = fQ G(z,y)dy, x € Q. Moreover, for any initial points
ug, vg € Ky and two sequences

Up1 = G(z,y) f(y,un(y)) dy,
(e e

o = ( /Q lumm) / G, 9) £ (4, vn(3)) dy,

n=0,1,..., we have ||u, — ur|| = 0, [|[v, —ux|]| = 0 as n = oo.
(b) wy is continuous in A, that is, ||ux — ux,|| = 0 as A = Ag (Ao > 0).

PROOF. Obviously, A: K x K — K. Let us check that A satisfies all as-
sumptions of Lemma 2.4. Firstly, we prove that A is a mixed monotone operator.
Indeed, for u;,v; € K, i = 1,2, with u; > ug, v1 < vy, we have uq(x) > us(x)
and v1(z) < va(x), z € Q. By (Mz) and (f3), one obtains

A(ul,vl

G(z,y)f(y, tvi(y)) dy
E(CDLE
>
_M(/dex

for x € Q. That is, A(u1,v1) > A(ug,v2). Let go(z) = g(w fQ x,y) dy,
then go is continuous on € due to continuity of G(z,y). On the one hand, for
Jo lg0l" dz >0, by (f3), we have

>/Gcc )y, toa(y)) dy = A(ug, va2) (),

A(g0, 90)(z /nyf(y 90(y)) dy = 7775 /Gwy
(/|go|wx)
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On the other hand, it is easy to get that f(z, go(z)) < f(z,¢) < d := max f(z,c) >
z€EQ
0 by (f3) and the boundedness of Q, where ¢ = mnj fQ (z,y) dy. Then one gets

A(g0, 90)(x /Gwy (¥, 90(y dy<M/ny
1
e
Therefore, A(go,g0) C Ky4. For any uw,v € K and ¢t € (0,1), by (Ms) and (f4),
one has
M(/ |tu|” dm) < Lpl(tV)M(/ |u|” dx),
Q Q

fy,t 7 o(y) > @2(t) f(y,v(y).
Then we obtain that

A(tu,t™ / Gla,y)f(y,t o(y)) dy
(/ tu|7da:>

By e

= ( Uu,v)\xr
=y AV,

for x € Q. Let ¢(t) = pa(t)/p1(t7), then by (f;), one has t < t# < ¢(t) < 1 for
t€(0,1) and 8 € (0,1), that is, ¢(t) € (¢,1). Thus A satisfies the conditions of
Lemma 2.4. Therefore, by Lemma 2.5, there exists a unique uy € K, such that

A(ux,un) = ux/A. That is, AMA(uy,uy) = uy. Obviously, uy is a unique positive
solution of equation (1.1) for given A > 0.

Obviously, AA also satisfies all the conditions of Lemma 2.4. By Lemma
2.4, for any initial points ug,vo € K, and two sequences u,y1 = AA(up,vy,),
Unt1 = AA(vn, upn), n=0,1,2,..., we have u,, — uy, and v, — uy as n — oo.
That is,

un+1

(/ |vn|” dx
vn+1

</|u | dx

as n — 0o. Further, combining ¢(t) = p2(t)/p1(t7) and (f1), one has ¢(t) > t°.
Then combining with (Rg) in Lemma 2.5, we get that uy is continuous in A. O

)/Guﬁmwﬂﬂwmx)xEQ

>/mem%uw%mu ved,

THEOREM 4.2. Assume that (My)—(Msz) and (f3)—(fs) hold. If 8 € (0,1/2),
then:
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(a) for any given A > 0, equation (1.1) has a unique positive solution uy in
K, where g = fQ G(z,y)dy, x € Q. Moreover, for any initial points
ug, Vo € Py and two sequences

A

Un+1 =
M</ |vp|” dx
Q
A
Un4+1 =
M(/ |un|7dx) @
Q

n=0,1,..., we have ||u, —ux|| = 0, |[v, —ur|| = 0 as n — oc;
(b) wy is continuous in A, that is, |Jux — ux,|| = 0 as A = Ao (Ao > 0);

) /QG(%y)f(y,un(y))dy,

G(x,y) f(y,vn(y)) dy,

(@) Jim flus]l = oo, Tim_[ux]| =0

(d) wuy is strictly increasing in X, that is, uy, < uy, for 0 < A\ < Ag.

Proor. Conclusions (a) and (b) are a consequence of Theorem 4.1. The
function ¢(t) = 2(t)/p1(t7) is defined in the proof of Theorem 4.1, from (f3),
one has ¢(t) > t#. Since B € (0,1/2), we have ¢(t) > t# > /2, by (Ry) in
Lemma 2.5, uy is strictly increasing in A. By (R3) in Lemma 2.5, it is easy to
check that lim |uy|| = oo, lim |Jux|| = 0. O

A—o0 A0+

In what follows, in order to get the unique positive solution of problem (1.1),
for u,v € K, we define one more operator

where G(z,y) is the Green function for —Au = h in Q. The functions K and K,
are defined in Section 3. In order to get our main results, we list some conditions

on f:
(f5) f(z,u) is decreasing in u and a = min{f(z,u) : x € Q, u € [0,b]} > 0,
where b = max [, G(x,y) dy;
€]

B(u,v)(x) = / G(a.y)f(y,uly))dy, = €T,

(fg) for all z € Q, t € (0,1) and B > 0, there exists py: (0,1) — (0,1)
satisfying ¢! (t7)pa(t) > 7 such that f(z,tu) < f(z,u)/pa(t).

THEOREM 4.3. Assume that (M})—(M}) and (f5)—(fg) hold. If B € (0,1),
then:

(a) for any given A > 0, equation (1.1) has a unique positive solution u) in
K, where g = fQ G(z,y)dy, x € Q. Moreover, for any initial points
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ug, Vg € Ky and two sequences

Uny1 = Gz, y) f(y, unly)) dy,
ey
e </ | da

n=0,1,..., we have ||u, —u\|| =0, |lv, —u\|| = 0 as n = oco.
(b) u) is continuous in A, that is, ||u) —u) [| = 0 as A = Ao (Ao > 0).

) /G 2,9) f (4 vn(9)) dy,

PrOOF. Obviously, B: K x K — K. Let us check that B satisfies all as-
sumptions of Lemma 2.4. Firstly, we prove that B is a mixed monotone operator.
Indeed, for u;,v; € K, i = 1,2, with u; > ug, v1 < vy, we have uq(x) > us(x)
and vy (z) < ve(z), z € Q. By (M’) and (f5), one obtains

 tua (y)) dy
SR
j4°

B(ul,vl

>

( |va]” dx

for z € Q. That is, B(u1,v1) > B(ug,v2). Let

go(z) = g(x) = /Q Gla,y) dy,

f(y,tua(y)) dy = B(uz,v2) (),

then go is continuous on Q due to continuity of G(z,y). On the one hand, by

([

On the other hand, it is easy to get f(z,go(x)) < f(z,b) < ¢ := max f(z,b) >0
€EQ

(f5), we have

B(g0, 90)( G(x, y) dy.

) o G(x’y)f(yagO( ))dy> M2

v (fs) and the boundedness of . Then one gets

Bl g)(a) = — ( 7 de> | censwammy < 57 [ Gy
Q

Therefore, B(go,g0) C K4. For any u,v € P and t € (0,1), by (M5) and (fs),

one has
M</ |t~ | dm) <o </ |v|” dm)
Q ey (t

fy, tu(y)) = @2 (t)f(y, ®))-
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Then we obtain that

B(tu,t v

) / G(a,y) f(y, tuly)) dy

(/ [t~to|" da
> G4 (0)eal) M(/|w) | st utmyay

= @1 (t7)p2(t) B(u, v)(x),

for z € Q. Let o(t) = @} (t7)pa(t), then by (fs), one has t < t# < p(t) < 1 for
t € (0,1) and B € (0,1), that is, ¢(t) € (t,1). Then we obtain that B satisfies
the conditions of Lemma 2.4. Therefore, by Lemma 2.5, there exists a unique
u) € K, such that B(u),u)) = u)\/X. That is, AB(u),u)) = u). It is easy to
check that v/ is a unique positive solution of equation (1.1) for given A > 0.

Obviously, AB also satisfies all the conditions of Lemma 2.4. By Lemma 2.4,
for any points wug,v9 € K, and two sequences uUpt1 = AA(Up, V), Uny1 =
AA(vp, up), n =0, 1, ..., we have u, — v}, and v, — u) as n — oo. That is,

un—i—l

(/ |un|” dx
anrl

(/ | |7 da

as n — oo. Further, combining ¢(t) = ¢} (t7)pa(t) and (fg), one has (t) > tP.

)/Gmyﬂy,vn( W) dy = uh(z), ze,

>/nyf<y,un< y)dy - dh(a), weQ,

Then combining with (Rg) in Lemma 2.5, we get that ) is continuous in A. O

THEOREM 4.4. Assume that (M})—(M}) and (f5)-(fs) hold. If 8 € (0,1/2),
then:
(a) for any given X > 0, equation (1.1) has a unique positive solution u) in
K, where g = fQ G(z,y)dy, x € Q. Moreover, for any initial points
ug, vg € Ky and two sequences

Un1 = / G(z,y) f(y,un(y)) dy,
(/ |vn7dx>

Un+1 =
</ |wn | dz

n=20,1,..., we have ||u, —u\|| =0, ||v, —u\|| = 0 as n = oco.
(b) u) is continuous in A, that is, ||u) —u) [| — 0 as A = Ao (Ao > 0).
(©) Jim [lug| = oo, Tim,_ || = 0.

) /G (2,9) £ (4, vn(y)) dy,

(d) u) is strictly increasing in A, that is, u) < u), for 0 < A;p < Ag.
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ProOF. Conclusions (a)—(b) are a consequence of Theorem 4.3. The function
o(t) = @) (7)p2(t) is defined in the proof of Theorem 4.3, from (f5), one has
©(t) > tP. Since B € (0,1/2), we have @(t) > t# > t'/2 by (Ry) in Lemma 2.5,
u), is strictly increasing in A. By (Rs) in Lemma 2.5, it is easy to check that

li M= li “ = 0. O
Jim u | = oo, Tl =0
REMARK 4.5. When M (t) = 1, equation (1.1) becomes

—Au = Af(z,u) forzxeQ,

(4.1)
u(z) =0 for x € 09,

where Q C RY (N > 1) is a smooth and bounded domain, v € (0, 4+00), A > 0 is
a parameter, f: Q x (0,+00) — [0,4+00). Assume that f satisfies some similar
conditions as in the theorems above, then equation (4.1) has a unique positive
solution in K. Similarly, we can also get some obvious properties of the unique
positive solution depending on the parameter A > 0.

REMARK 4.6. To our knowledge, there are no results on nonlocal semilinear
elliptic equations obtained using our methods: a monotone operator method
and a mixed monotone operator method, and the relation between the unique
positive solution and the parameter has no clear indication.

5. Conclusion

In this paper, we study a class of nonlocal semilinear elliptic equations with

a positive parameter. For any given parameter A > 0, we obtain the existence

and uniqueness of positive solutions. Further, we showed that the unique positive

solution uy has some obvious properties: uy is continuous, strictly increasing in

Aand lim [Juy]| =00, lim |jux]] = 0. Our results are based on some recent
A— 00 A—0t

fixed point theorems for monotone operators or mixed monotone operators in
ordered Banach spaces.
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