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MAYER—-VIETORIS PROPERTY
OF THE FIXED POINT INDEX

HicTOR BARGE — KLAUDIUSZ WOICIK

ABSTRACT. We study a Mayer—Vietoris kind formula for the fixed point in-
dex of maps of ENR triplets f: (X; X1, X2) — (X; X1, X2) having compact
fixed point set. We prove it under some suitable conditions. For instance
when (X; X1, X2) = (E™; E},E™).

We use these results to generalize the Poincaré—Bendixson index formula for
vector fields to continuous maps having a sectorial decomposition, to study
the fixed point index ¢(f,0) of orientation preserving homeomorphisms of
EEL and (E3; Ei, Ei) and the fixed point index in the invariant subspace.

1. Introduction

In this paper we will deal with triplets (X; X3, Xs) where X is an ENR
and X7, Xy are ENR’s closed in X such that X; N X5 is also an ENR and
X = X1 UX,. We will call such triplets (X; X1, X2) ENR triplets and we will
denote Xy := X; N X5. A continuous map f: (X; X1, Xs) — (X; X1, X5) of
a triplet is a continuous map f: X — X satisfying that

Notice that f(Xo) C Xo.
We denote
f1:f|X7Xz*>X17 Z:0,1,2
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Let Fix(f) = {z € X : f(z) = z} be the set of fixed points of f. Assuming that
Fix(f) is compact it follows that the fixed point indices

Z(f,X) and Z(fl,)(l)7 1 :0,1,2,
are well defined. Our goal is to study the following Mayer—Vietoris index formula:

(1.1) i(f, X) +i(fo, Xo) = i(f1, X1) +i(fa2, X2).

If X is compact then (1.1) holds by the Lefschetz—Hopf fixed point theorem and
the Mayer—Vietoris sequence of the triad (X; X1, X2) (see [1, Corollary 2.4]).
The main motivation to study the non-compact case is when

AX—:E‘H7 X_;,_:Ei, X—:Eﬁ,
where E™ denotes the n-dimensional Euclidean space and
EY :={(z1,...,2p) €E" 12, >0} and E" :={(x1,...,2,) € E" : 2z, <0}

We will denote by Eg the intersection EY N E™.

The interest of this case comes from applications to ecological systems ([6],
[11], [16], [26]) where E" is a natural phase space.

Let M be an n-dimensional manifold with non-empty boundary 0M. Assume
that f: (M,0M) — (M,0M) is a continuous map and let fo := flopsr: OM —
OM. If p € OM is an isolated fixed point of f, that is, f(q) # ¢ for all ¢ # p
in a neighbourhood of p in M, then p is an isolated fixed point of fy as well.
A natural problem is to study the relationship between the fixed point indices
i(f,p) and i(fo,p). It follows from [5] that, without further assumptions, the
values i(f,p) and i(fo,p) can be arbitrary integers, with the values unrelated to
each other. It can happen even in the smooth category. For instance, if M = E"
then, given integers r, s € Z, there exists a smooth map f: (E7, Ey) — (EV, EY)
such that the origin 0 is an isolated fixed point of f and

i(f,0)=r and i(fo,0) =s.

However, if f: (M,0M) — (M,0M) is smooth, p € OM is an isolated fixed point
of fand f'(p) —I: T,(0M) — T,(OM) is a non-singular linear transformation
then either i(f,p) = 0 or i(f,p) = i(fo,p) = £1 (see [5], [20], [21]).

The study of the important case M = E? is mostly motivated by ecolog-
ical systems (compare [6], [11], [16], [26], [33], [34]) and is closely related to
permanence theory, where, roughly speaking, conditions for Eg to be a repeller
are studied. From the point of view of biological applications the fact that
0 # w(z) C Ef for some z € EY \ Eg, is understood as a strong violation of
permanence (the ultimate survival of all species).

In this context, a special kind of compact invariant sets S C Ef, the so-called
sets of repelling type (see [11], [33], [34]), are interesting. It turns out that it is
common in biological applications that S is an isolated invariant set in the sense
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of the Conley index theory (i.e. isolated with respect to the entire flow or map
on E7). For instance, in [16], Hofbauer initiated the study of S being a finite
collection of equilibria by means of the standard degree theory. Capietto and
Garay [6] used the fixed point index theory and the Conley index theory. Their
approach, however, only worked for flows induced by vector fields and an special
kind of isolated invariant sets called saturated invariant sets. Both restrictions
were removed and many more Conley-type results were proved in [33], [34].
Generalizations for discrete-time semidynamical systems were presented in [31].

For instance, if S C Ej is an isolated invariant set of a continuous map
[+ (BT, EY) — (BEY, EY) it follows from the results in [31] that

Z(f75) = i(fovs)a

provided W*(S) C EJ and i(f,S) =0, if W*(S) C E¥. In particular, if {0} is
an isolated invariant set of f, then

i(fo,0) if W*(0) C E},

Hh = 0 it W*(0) C Ep.

Let us mention, that it follows from the construction in [29] that for n < 1,
k € Z there exists a homeomorphism f: E? — E? such that {0} is an isolated
invariant set and

i(f,0) =k, i(fo0,0) = n.

The paper is structured as follows: In Section 3, the notion of a trapping set
is introduced and it is proven that if A is a trapping set and K = Fix(f|4) is
compact, then i(f, K) is well defined and agrees with i(f|4, K). This result plays
a key role in the proof of Proposition 3.4, which is the main result of this section
and establishes that if f: (X; X1, X5) — (X; X7, X3) is a continuous map whose
fixed point set is compact and X is a trapping set, then (1.1) holds.

In Section 4, we recall the definition and properties of proper pairs intro-
duced by Srzednicki in [30]. In addition, we introduce the concept of admissible
proper pair with respect to a map f: (X; X1, X2) — (X; X1, X2) and we prove
Theorem 4.4, which establishes that if Fix(f) C int(C \ E) for some admissible
proper pair (C, E) with respect to f, then (1.1) holds.

In Section 5, we study the Brouwer degree of maps

(8™ 8" ) — (8™ smY), n>1.

The main result of this section is Theorem 5.3 which establishes that if fi :=
fl sr and f- = f|s» admit continuous extensions F; and F», respectively, sat-
isfying

Fi(S"\ S c 8™\ S and  Fy(ST\S"Y) C ST\ S"T,
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then
deg(f) + deg(fo) = deg(F1) + deg(F2),
where fo := f|gn-1: 5771 — gL

As a consequence of this result we obtain Proposition 5.4 which establishes
that if f: S™ — S™ is symmetric with respect to S"~!, then f(S"~!) c Sn!
and deg(fo) is congruent to deg(f) modulo 2.

In Section 6, we prove, using the results of Section 5, Theorem 6.1, which
establishes that if f: (E"; EY, E") — (E™; E%, E") is a continuous map whose
fixed point set is compact, then (1.1) holds. In addition, we introduce the concept
of good Euclidean embedding and we see that if f: (X; X, Xs) — (X; X5, Xs)
is a continuous map of a triplet which admits a good Euclidean embedding and
Fix(f) is compact, then (1.1) holds.

Section 7 is devoted to applications of the results of Section 6. In particular
we prove Lemma 7.4 and Corollary 7.6 which generalize to the context of con-
tinuous maps f: E? — E? the classical Poincaré-Bendixson index formula for
vector fields. In addition, we obtain some consequences of these results. For in-
stance, we see that if f: E5 — E? is an orientation preserving homeomorphism
having 0 as its only fixed point, the sequence (i(f™,0))n>0 is well defined and
constant and we obtain some upper-bounds for i(f,0) if f is also area preserving.

In Section 8, we recall the concept of an isolated invariant set of a map and
we prove Proposition 8.1, which is an application of Theorem 6.1 to isolated
invariant sets in the invariant subspace.

In Section 9, we study some applications of Theorem 6.1 to homeomorphisms
f: (B3 FE3,E®) — (E% E%, E?) which are symmetric with respect to to £ and
have the origin as an isolated fixed point.

Finally, in Section 10, we present some open problems.

2. Preliminaries

Throughout the paper we will use some algebraic and differential topology
techniques. We recommend to the reader the book of Spanier [32] for questions
about algebraic topology and [15], [23], [24] as references for differential topology.
Regarding the fixed point index theory we recommend [18]. For the sake of
completeness we will recall the basic definitions of the degree of maps between
smooth manifolds following [24] and for the fixed point index theory we will
follow the exposition presented in [19].

2.1. Degree of maps between manifolds. Let M and N be smooth
orientable manifolds and assume that M is compact and N is connected. Let
f: M — N be a smooth map. Given z € M, we will denote by f'(x) the
differential of the map f in z. A point x € M is called regular if f'(z) is non-
singular. Let y € N, y is said to be a regular value if f~!(y) only contains regular
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points. Notice that from Sard’s Theorem, the set of regular values is dense in N.
Besides, as a consequence of the inverse function theorem, if y is a regular value,
f~1(y) consists of a finite number of points. The Brouwer degree of the map f
is defined to be

deg(f) = sgn(det f'(2)),
z€f~1(y)
where y is a regular value and sgn(det f’(z)) denotes the sign of the determinant
of the Jacobian matrix of f’(x). Notice that the definition does not depend on
the choice of the regular value. Moreover, deg(f) is an invariant of the smooth
homotopy class of f.

The definition of the degree of a smooth map can be extended to continuous
maps in the following way. If f: M — N is a continuous map there exists
a smooth map g: M — N homotopic to f and the Brouwer degree of f is
defined as deg(f) := deg(g).

Notice that the degree of continuous maps is a well-defined integer number
and it is an invariant of the homotopy class of the map. This follows from the
fact that if two smooth maps between smooth manifolds are homotopic they
must be smoothly homotopic.

Let SO = {—1,1}, i.e. S? is the 0-dimensional sphere. For technical reasons
we also have to define the degree of a map f: S° — S°. In this case any point
in S° is going to be considered as a regular value and the degree is defined as
follows:

deg(f) = ) sgn(det f'(x)),

zef~1(y)

where y is any point in S° and

-1 if f(2) #

sgn(det f'(z)) := L i fe) = o

A direct consequence of the definition is that any map f: S — S° has degree
either —1, 0 or 1. Notice that here we use the notation sgn(det f/(z)) to be
in accordance with the higher-dimensional case previously described but it does
not have any meaning in connection with differential topology.

More generally, if J = [a,b] is an interval of the real line and f: 9J — S is
a map, the degree of f is defined as

deg(f) = deg(f o h),

where h: S° — 8J is the map which identifies S° with 0.J preserving the natural
order induced by the real line in S° and 8J, i.e. such that h(—1) = a and
h(1) =b.
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2.2. Fixed point index on the Euclidean space. Let U be an open
subset of E™ and f: U — E™ a continuous map such that Fix(f) is compact.
Choose a compact neighbourhood V' C U of Fix(f) which is a compact smooth
n-manifold with boundary. Define ®: 9V — S"~! as

e f(a)
@) = = f@T

The fixed point index of f in U is defined as
i(f,U) = deg(®).

Notice that, i(f,U) is an integer number, that it does not depend on the choice
of V and that it is an invariant of the homotopy class of f. Notice also that in
the case n = 1, V could be a disjoint union of closed intervals I, ..., I;. In this
case we would define,

k
deg(®) := Y _ deg(®lar,).
i=1

2.3. Fixed point index on ENR’s. Let X be an ENR and f: X — X be
a continuous map satisfying that Fix(f) is compact. Since X is an ENR, it can
be embedded in some E™ in such a way that if e: X — E" is an embedding, there
exists an open set W C E™ such that e(X) C W and a retraction r: W — e(X).
Consider the map ' = eo f or. The fixed point index of f in X is defined as

i(f, X) = i(F, W).

The definition does not depend on the choice of e,W and r. Following this
construction, if f is only defined in an open subset U of X, the index is defined as

Z(fa U) = Z‘(F‘|7‘_1(U)77/._1(17))’
Suppose that X is a compact ENR and H, is the singular homology functor
with rational coefficients. Then H,(X) is of finite type, i.e. H,(X) is finite

dimensional for all n, and zero if n is greater than a certain ng. If f: X — X is
a continuous map, then the Lefschetz number of f is defined as

oo

L(f) = Z(_l)ntr(.f*n)a

n=1
where fu,: H,(X) — H,(X) is the linear map induced from f.
It can be proved that L(f) is an integer and it is obviously an invariant of
the homotopy class of f.
The Lefschetz number and the fixed point index of a continuous self-map
f: X — X of a compact ENR are related through the celebrated Lefschetz—
Hopf Theorem (see [8]).

THEOREM 2.1. Let f: X — X be a continuous self-map of a compact ENR.
Then, L(f) =i(f, X).
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2.4. Isolated sets of fixed points. Consider a continuous map f: U — X,
where X is a compact ENR and assume that Fix(f) is compact. We will say
that a closed subset K C Fix(f) is an isolated set of fixed points if there exists an
open subset U’ of U such that U’ NFix(f) = K. In particular, if K is a singleton
{zo} we will say that x¢ is an isolated fized point.

If K is an isolated set of fixed points we will denote i(f, K) := i(f|v+,U’),
where U’ is any open subset such that U’ NFix(f) = K. As a consequence of the
localization property of the fixed point index this is well defined. Notice that
in general, if U’ is an open subset of the domain of f such that U’ N Fix(f) is
compact we will denote i(f,U’) :=i(f|y/,U’").

3. Trapping sets and the Mayer—Vietoris index formula

In this section we will introduce the concept of a trapping set of a map and
we will see that if (X; X1, X5) is an ENR triplet, f: (X; X1, X5) — (X; X1, Xo2)
is a continuous map having compact fixed point set and X is a trapping set,
then (1.1) holds.

DEFINITION 3.1. Let f: X — X be a continuous map and A a closed subset
of X. We say that A is a trapping set of f if there exists an open neighbourhood
U of Ain X such that f(U) C A.

REMARK 3.2. Notice that if a closed subset A of X is a trapping set of
a continuous map f: X — X, then f(A) C A.

LEMMA 3.3. Assume that (X, A) is a pair of ENR’s and A C X is closed.
Let f: X — X be a continuous map such that Fix(f) is compact. Suppose that
A is a trapping set of f, then K = Fix(f|a) is an isolated set of fized points and

PROOF. Since K agrees with Fix(f) N A, it is compact. Moreover, if U is an
open neighbourhood of A trapped by A (i.e. f(U) C A), then K = Fix(f) N U.
As a consequence, K is an isolated set of fixed points of f. It follows from the
commutativity of the fixed point index that i(f, K) = i(f|a, K) = i(f|a, 4). O

PROPOSITION 3.4. Let (X; X1, X2) be an ENR triplet and f: (X; X1, X2) —
(X; X1, X3) a continuous map having compact fized point set. If X is a trapping
set of f, then (1.1) holds.

ProOOF. Let U be an open neighbourhood of Xy trapped by Xg. Then,
Lemma 3.3 ensures that Fix(f) is the disjoint union of the compact sets

Ky = FlX(f) NXy and K;= FlX(f) N (Xz \ Xo), 1 =1,2.
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As a consequence, the additivity property of the fixed point index ensures that

3

(3.1) i(f, X) =) i}, Ki).

=0

Reasoning in an analogous way with X;, i = 1,2, we get

On the other hand, from the localization property of the fixed point index it
follows that

(3.3) i(f, K;) =i(fi, K;), i=1,2.
Finally, from Lemma 3.3 we obtain that for i = 1,2

(3.4) i(f, Ko) = i(fi, Ko) = i(fo, Ko) = i(fo, Xo)-

Now, the result is straightforward from (3.1)—(3.4). O

4. Proper pairs and the Mayer—Vietoris index formula

In this section we will study (1.1) using the concept of a proper pair intro-
duced by Srzednicki in [30]. In particular we will see that if (X; X7, X5) is an
ENR triplet and f: (X; X, X5) — (X; X1, X3) is a continuous map such that
Fix(f) C int(C'\ E), where (C, E) is what we call an admissible proper pair with
respect to f, then (1.1) holds.

Let C' and E be compact subsets of X, E C C. Following [30], we say that
the pair (C, E) is proper with respect to a continuous map f: X — X if it
satisfies that

CNf(E)ycE, CNf(C)\CCE.

REMARK 4.1. Notice that if A C X is a closed subset such that f(A) C A,
then the pair (C'N A, EN A) is proper with respect to fla: A — A.

For a compact pair (C, E') contained in X, the following conditions are equiv-
alent:
(a) (C,E) is proper with respect to f.
(b) There exists a compact pair (C’, E') in X such that:
(C,E)C (C',E"), f(C)cC', f(E)cE, C\E=C'\FE.

(c) (O, E) satisfies C N f(E) C E and the map f': C/E — C/E, given by

is continuous.
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Let H* be the Alexander—Spanier cohomology functor with rational coeffi-
cients. For (C’, E') we define the transfer homomorphism f* := f(ﬁC}E) : H*(C, E)
— H*(C, E) as the composition

oY B) S a0, B LS HY (O, B),

where the first arrow is the inverse of the isomorphism induced by the inclusion
(C,E) = (C', E') (we use the strong excision property of the Alexander—Spanier
cohomology). The definition of the transfer homomorphism does not depend on
the choice of (C’, E’) in b.

THEOREM 4.2 (Srzednicki). Assume that X is an ENR. If (C,E) is a pair

of compact ENR’s in X, proper with respect to f and
Fix(f)nC\ E Cint(C\ E),
then
i(f,int(C\ B)) = L(f*).

Let (X; X7, X5) be an ENR triplet and f: (X; X, X2) — (X; X3, X2) a con-

tinuous map. Let (C, E) be a proper pair with respect to f. We denote
(CiE) = (CNX,ENX;), i=0,1,2.

DEFINITION 4.3. We say that a proper pair (C, E) is admissible if (C, E),

and (C;, E;) are pairs of compact ENR’s for ¢ = 0,1, 2.

THEOREM 4.4. Let (X;X1,X5) be an ENR triplet and f: (X;X1,Xs5) —
(X;X1,X5) a continuous map. Suppose that there exists an admissible proper
pair (C, E) with respect to f such that Fix(f) C int(C'\ E). Then (1.1) holds.

PROOF. Notice that, since Fix(f) is a closed subset of the compact set C, it
must be compact. It follows from Remark 4.1 that (C;, E;) is a proper pair with
respect to f;, i = 0,1,2. Moreover,

The following diagram, whose rows are the Mayer—Vietoris sequences of the pairs
of excessive triads (E; Ey, Ey) C (C; Cy, Cs) is commutative and, since (C, E) is
an admissible proper pair, all its entries are finite-dimensional vector spaces and
only a finite number of them are non-trivial.

<or —— HY(C,E) —— H(Cy, E1) ® H(Cy, Ey) —— H(Co, Eg) — - -
f(’ic,ml ffcl,El)@f?cz,EyJ lf?co,Em

cor —— HY(C,E) —— HY(C, E1) ® H(Cy, Ey) —— H(Co, Eg) — - -

As a consequence, from [1, Theorem 2.2] we get that

L(ffe.p) + Ly m) = LFle, 5y) + LFic, p)s
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and, hence, Theorem 4.2 ensures that

(4.1) i(f,int(C'\ E)) 4 (fo,int(Co \ Eo))
= (fl,int(Cl \El)) + (fg,th(CQ \ EQ))

The result follows from (4.1) and the localization property of the index.

5. A degree formula for sphere maps
This section is devoted to proving a formula for the degree of maps
fo(S™ 8" = (s, 8, n>1,

which will play a fundamental role in the proof of (1.1) in the Euclidean space.
By S™ we mean the unit sphere centered at the origin of the Euclidean space
E™T1. We will denote

St =8"NEY and S":=S"NE".

The intersection S NS is exactly the unit sphere S n=1 of the Euclidean space
Byt = B x {0}.
Consider S"~! C E™ x {0} and J C [~1,1]. We use the notation
Sy:=85""1xJc E".

Consider the projection 7: S|_; 1) — S™ from the cylinder S|_; 1j onto the sphere
S™ which sends each (p,t) € S[_1,1] to the point in S™ lying on the straight line
joining (p,t) with the point (0,...,0,¢) € E"*L. In particular, we have that

Si = ’/T(S[O,l])v St = ’/T(S[_LO])v

and, if J C (—1,1) is a subinterval, the map 7|s,: S; — 7(Sy) is a diffeomor-
phism.
Let f: (S™, 5" 1) — (8", 8""1) be a continuous map. We denote

f+=1Tf

To prove the formula about the degree we will make use of the following

Si’ f_ = f|Sﬁ and fo = f|Sn—1 : Snil — Snil.

lemma.

LEMMA 5.1. Let f: (S%,8"" 1) — (S™,8" 1) be a continuous map. Then,
there exists a homotopy Hy: (S%,S™ 1) — (8™, 8" 1) such that Hy = f and
Hy is smooth. Moreover, if f(ST) C ST then H can be chosen such that
Hy(S%) C Sy

Proor. It follows from [15, Theorem 3.5] that f can be arbitrarily close
approximated by a smooth map g: (S%,S"') — (S",8""!). Moreover, if
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f(S%) C S% then g can be chosen such that ¢g(S7) C S7. Let W be an e-
neighbourhood of S™ in E"*! and let r: W — S™ be a radial retraction. We
define hy: BTl — Entl by

hi(z) = (1 — 1) f(z) + tg(x).

We can choose g in such a way that it approximates f so closely that h:(x) € W
for each x € S™ and ¢ € [0, 1]. The desired homotopy is H; := r o h,. Notice that
Hy (S~ 1) € 8"~ since hy(x) € E™ x {0} for every z € S" "L and t € [0,1]. O

The following lemma states a smooth version of the formula we are looking
for.

LEMMA 5.2. Let f: (S™,S"71) — (S™, S 1) be a smooth map. Suppose that
f+ and f_ admit smooth extensions Iy and Fy, respectively, satisfying
(5.1) Fi(S™\S" Y cSm\S" ! and Fy(ST\S"TY) ST\ S,
then
(5.2) deg(f) + deg(fo) = deg(F1) + deg(F?).

PROOF. Let g: (S™, 5™ 1) — (S™,S"~1) be a continuous map satisfying that
ifx e W(S[—I/Q,I/Z])a then

(5.3) 9(x) = m(go(p), 1),
where (p,t) is the only point in S[_; /1 /2] such that = = 7(p,t). Then, by Sard’s
Theorem we have that there exists 29 = 7(po,to) € m(S[—1/2,1/2)) a regular value
of g. Then, g~1(x¢) consists of a finite number of points and
deg(g) = Y  sgn(detg/(x)).
z€g~1(@o)

On the other hand, let

U =g "zo) N7(Si1/2121), V=9 "(x0) N7(S1/2,1),
W =g (wo) N7(S[1,-1/2))-
Hence,
deg(g) = Z sgn(det ¢'(x)) + Z sgn(det ¢'(x)) + Z sgn(det ¢'(x)).
zeU zeV zeEW

In addition, (5.3) ensures that po is also a regular value for go, that 7(gg ' (po) x
{to}) agrees with U and that, for z = 7(p,ty) € U,
sgn(det g'(v)) = sgn(det gy (p))-

Therefore,

deg(go) = Y _ sgn(det g'(x)),

xzeU
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and we get that

(5.4)  deg(g) =deg(go) + Y sgn(detg'(z)) + Y sgn(detg'(x)).
zeV zeW

Notice that we can find smooth maps f, ﬁl and ﬁg homotopic to f, F1, and Fy
relative to S™~! respectively and such that f satisfies (5.3),

(5'5) F1|7T(S[—1/2,1]) = f|"T(S[—1/2,1])7 F2|W(5[7171/2]) = f|7f(S[—171/2])

and

(5.6)  Fi(m(S_1,-1/2)) C 7(Sc1,-1/2)),  Fa(m(S1j2.1)) € 7(S(ay2.11)-

Now, f, Fy, and B satisfy (5.3) and, hence, if 2o € 7(S|_1/2,1/2]) is a common
regular value of the three maps, which exists as a consequence of Sard’s Theorem,
then from (5.4), (5.5) and (5.6) it follows that

(5.7) deg(f) = deg(fo) + Z sgn(det f/(x)) + Z sgn(det f(x)),

zeV zeW
(5.8)  deg(F) = deg(fo) + ) _ sen(det f'(x)),
zeV
(5.9)  deg(Fy) = deg(fo) + Y sgn(det f'(x)).
zeW
The result follows from (5.7), (5.8) and (5.9) and the homotopy invariance of the
degree. O

THEOREM 5.3. Let f: (S™, 8" 1) — (S™, 8" 1) be a continuous map. If
Fy and Fy are continuous extensions of fy and f_ respectively, satisfying (5.1),
then (5.2) holds.

PROOF. As a consequence of Lemma 5.2 it will be sufficient to find a smooth
map f (5™, 8" — (8™, 5 1) homotoplc to f as maps of palrs and such
that the corresponding maps f+ and f_ have smooth extensions F; and Fg,
homotopic F; and F» and satisfying the assumption (5.1) of Lemma 5.2.

Let fo: S"~! — S"~1 be a smooth map homotopic to fo. By Lemma 5.1
there exists a smooth map g: (S7,S""!) — (S™,5"!) homotopic to fi:
(87, 8" 1) — (8™, 5" 1) as maps of pairs. Hence, fo and go are homotopic
and, since they are smooth, there exists a smooth homotopy H,: S"~! — g1
such that Hy = fo and Hy = = 9o-

We extend fo to a map f+ ST — 8™ letting

_ ﬂ-(fO(p)a t) if x = ﬂ-(pv t) € 7T(S[O,I/S])y
f+(@) = { m(Hei—2(p), t) if & =7(p,t) € m(Sy3,1/2)),
E(m) ifx e W(S(l/Q,l])a

where g is obtained by rescaling ¢ in the obvious way.
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In a symmetric way, it is possible to extend f:r to S” ending up with a smooth
function f:S™ — S™ homotopic to f. To construct a smooth extension Fj of
f4 such that (5.1) holds we define Fy: m(S[_1/2,1]) — S™ as follows:

P f+(f) if x € 87,

m(fo(p),t) ifx=m(p,t) € 7r(5[71/2,0))

By proceeding in an analogous way as in the construction of f it is possible to
extend F; to a smooth map Fi: S™ — S§™ homotopic to F; and such that

Fy(n(S-1,-1/2)) € 7(S1,-1/2))-
The construction ﬁg is analogous. U
The next result is a nice consequence of Theorem 5.3.

PROPOSITION 5.4. Assume that f: S™ — S™ is a continuous map such that
f = Jo fold, where J: S* — S™ is given by J(n(p,t)) = m(p,—t). Then
F(S™ Y c St and
deg(f) = deg(fo) (mod 2).

PrOOF. We define the extension Fj: S™ — S™ of fi by

fi(x) if z € SY,
Fl(x) = W(fo(p)7t) if x = ﬂ’(p’ t) S 7.[-(‘51(0,71))7
Ds if r = pg,

where pg denotes the south pole of S™.

The extension F5 of f_ is defined in an analogous way. On the other hand,
since f = Jo foJ it follows that deg(Fy) = deg(Fz) and, as a consequence,
Theorem 5.3 ensures that

deg(f) + deg(fo) = 2deg(F1).

6. Mayer—Vietoris index formula for Euclidean spaces

In this section we prove the main results of this note. In particular we will see
that if f: (X; X1, Xo) — (X; X1, X2) is a continuous map with compact fixed
point set and either (X;X;,X5) is (E™; EY, E") or admits a good Euclidean
embedding, then (1.1) holds.

Let f: (E™ E?,E™) — (E™ E}, E™) be a continuous map. We will use the
notation

f+ =f|E1E:L_—>E_T::, f_ :f|E2Ef—>EE fO :f|ESE6L—>E5L

THEOREM 6.1. Suppose f: (E";E},E") — (E"; E},E") is a continuous
map satisfying that Fix(f) is compact. Then (1.1) holds.



656 H. BARGE — K. WOJCIK

PROOF. The case n = 1 is easier and is left to the reader, so we will assume
that n > 2. Since Fix(f) is compact, there exists a metric closed ball B in E™
centered at the origin containing Fix(f) in its interior. Consider

ri: E" — EY and ry: E" — ET,
the natural retractions, and
Ji: BEY — E" and jo: E" — E",
the inclusions. We consider the maps F;: E™ — E™ i = 1,2, given by
Fy:=j10fy o, Fy:=jsof_ors.
The indices of the maps f, Fy, Fy and fy agree with the degree of the maps
®,®;: OB — S"1 i =1,2, and ®g: BN E} — S"~2 is given by

x— f(x) x — Fi(x) x — fo(x)
() = —F = Q@)= T Qolw) =
|z — f()] |z — Fi(z)| [z — fo(z)]|
Notice that, if we denote by 0B and 0B_ the intersections of 0B with E? and
E”, respectively, then ®1|pp, = ®|op,, P2lop_ = Plop_ and ¢ = @|spnEy-
On the other hand, it is clear that the natural radial diffeomorphism from

5"~ onto OB is a diffeomorphism of triplets
h: (S"1 8771, 8" — (0B;0B4,0B_).

It is straightforward to see that the maps ® o h and ®; o h, ¢ = 1,2, satisfy
the assumptions of Theorem 5.3. The result follows by combining these remarks
with the fact that the degree of a composition is the product of the degrees and
that deg(h) = deg(h|gn-2) = 1. O

REMARK 6.2. Notice that, from the proof of Theorem 6.1, it follows that if
[ (E™EY,E") — (E™ ET,EV) is a continuous map and U is a metric open
ball with no fixed points on its boundary, then

i(f,U) +i(fo,UNEY) =i(fy, UNEY) +i(f-,UNE").
An immediate consequence of this fact is that, if 0 is an isolated fixed point of
f then
i(.f,0) +i(fo,0) = i(f+,0) +i(f-,0).

COROLLARY 6.3. Assume that f: (E";EV,E") — (E"; EV,E™) is smooth

and 0 is an isolated fived point. If f§(0) —I: E} — EJ is a non-singular linear

transformation then i(f,0) € {—1,0,1}.

ProOOF. It follows from [5, Theorem 5.1] that i(f+,0) € {0,4(fo,0)}. Then,
it follows from Remark 6.2 that i(f,0) € {0, +i(fo,0)}. The result follows since
i(fo,0) = £1. O
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The remaining part of the section deals with the concept of good Euclidean

embedding.
DEFINITION 6.4. We say that the triplet (X; X7, X2) admits a good Fuclidean
embedding if:
(a) there exists n > 1 and an embedding e: X — E™ such that e(X;) C E7}
and E(Xg) C Eﬁ,
(b) there exists a retraction r: E™ — e(X) such that
r(EY) =e(X1), and r(E")=e(X2).

REMARK 6.5. If the triplet (X; X7, X3) admits a good Euclidean embedding,
it is straightforward from Definition 6.4 that 7|gy is also a retraction onto Xo.
As a consequence, X and X;, ¢ = 0,1,2, are ENR’s being homeomorphic to
retracts of ENR’s.

P B S e(Q)

FIGURE 1. Example of a good Euclidean embedding of a triplet (Q; Q1, Q2)
in E2.

THEOREM 6.6. Let f: (X; X, X2) = (X; X1, Xs) be a continuous map sat-
isfying that Fix(f) is compact and suppose that the triplet (X; X1, X2) admits
a good Euclidean embedding. Then (1.1) holds.

PRrROOF. Since it should not cause any confusion we will identify X and Xj;,
1=0,1,2 with e(X) and e(X;), i = 0, 1,2, respectively.

Let eg: Xo — Ef, e1: X1 — E%, ea: X9 — E” be the respective restrictions
of the embedding e to X;, ¢ = 0,1,2, and ky: E} < E", ky: E" < E™ be the
inclusions. We define

F=ecofor: E" — E".
Notice that Fix(F') = Fix(f) and, as a consequence, it is compact. It follows
from Theorem 6.1 that

i(F, E™) +i(Fo, Ey) = i(Fy, ET) +i(F_, E™).
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On the other hand, from the definition of the fixed point index we have i(F, E™) =
i(F,X) and, since Fy = eg o fo or|gr and Ef = E"=1 x {0}, it follows that
i(Fo, Eg) = i(fo, Xo).

The remaining part of the proof is to see that i(Fy, EV) = i(f1,X1) and
i(F_,E") = i(f2, X2). Let r1: E™ — E7 be the natural retraction. From the
definition of the fixed point index we have

i(Fy, EY) = i(kioFyory, E") =i(kyo(e1o fyor[gr)ory, E™).

Since 7’|E1 ory: E™ — X is a retraction and kj oep: X7 — E™ is an embedding,
it follows that i(Fy, EV) = i(f1,X1). The equality i(F_,E") = i(f1,X1) is
proven in an analogous way. (]

7. Sectorial decomposition — generalization
of the Poincaré—Bendixson index formula

In this section we generalize the Poincaré-Bendixson index formula for vector
fields to the context of continuous maps f: E? — E? whose fixed point set
is compact. In addition we present some applications of this formula and the
previous results to orientation preserving homeomorphisms of Ei satisfying that
Fix(f) = {0}.

We will say that Q C E? is a sector if it is a region bounded by two half-lines
with common starting point (including the half-lines).

REMARK 7.1. Notice that the union of two sectors whose intersection is one
of their boundary half-lines is also a sector.

DEFINITION 7.2. A continuous map f: E? — E? has a sectorial decomposi-
tion {Q1,...,Qp}, p > 2, if there exist different points z1,...,z, € S, counter
clockwise ordered on the circle such that for each ¢ = 1,...,p — 1, Q; is the
sector bounded by the half-lines L; and L;; starting at the origin and passing
through z; and z;11 respectively, @), is the sector bounded by the half-lines z,
and z; and f(Q;) C Q; for each i =1,...,p.

REMARK 7.3. From Definition 7.2 it readily follows that f(L;) C L; for all
1=1,...,p.

LEMMA 7.4. Let f: E*> — E? be a continuous map satisfying that Fix(f) is
compact. If f has a sectorial decomposition {Q1,...,Qp}, then

P
i(£,B%) =1+ i(flq,, Qi) = Y il La).
i=1 i=1
PROOF. It is easy to check that in general, if )1 and Q)2 are two sectors whose

intersection is one of their boundary half-lines L, the triplet (Q1 U Q2; @1, Q2)
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admits a good Euclidean embedding (see Figure 1). Then, from Theorem 6.6 it
follows that

(71) i(f|Q1UQ27Q1 U QQ) + Z(f|L7L) = i(f|Q1’Q1) + i(f|Q2’Q2)~

Now, suppose that f has sectorial decomposition {Q1,...,Q}. Then, if we
consider Q@ = Q1 U...UQp_1, Remark 7.1 and (7.1) together with the induction
argument ensure that

1
(7.2) i(flg,Q) = —pZ:Z (fl,, L Z Flai: Qi)
On the other hand, again from szleorem 6.6 we get
(7.3) i(f, B%) +i(flnot,, Li U Ly) = i(fle. Q) +i(fla,, Qp),
and
(7.4) i(flz,oL,, L1 U Ly) + 1 =i(f|L,, L1) +i(f|L,, Lp)-

Hence, the result follows from (7.2), (7.3) and (7.4).

REMARK 7.5. Assume that a continuous map f: E?> — E? admits a sectorial
decomposition {Q1,...,Q,} and Fix(f) = {0}. Since for each i =1,...,p, L;
may be embedded in R as [0, +00) and easy computation shows that

i(f]L;»0) €{0,1}.
COROLLARY 7.6. Assume that f: E?> — E? admits a sectorial decomposition

{Q1,...,Qp} and Fix(f) = {0}. If we denote by | = card{i € {1,...,p} :
i(f|L;,0) = 1}, then

if, 1—Z+Z
If, in addition i(f|g,,0) € {0,1} for each i = 1,...,p and e = card{i €
{1,...,p} 1 i(f|Q,,0) = 1}, then
(7.5) i(f,0)=1—1+e.

REMARK 7.7. One can think about (7.5) as a kind of Euler characteristic
formula. In the classical Poincaré—Bendixson index formula (see [10, Proposi-
tion 6.32, p. 179] and [17]) the number of sectors would be p = 2n and

Qi+ 0

1 if 4 is even,

0 if 4 is odd,

hence [ = n. The sectors with index 1 are called elliptic sectors and the sectors
with index 0 are called hyperbolic sectors. Hence, the number of hyperbolic
sectors is h = 2n — e. It follows that [ = (e + h)/2, so

‘ +h —h
i(f,0)=1- 5 —|—e:1—|—62 .
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Let U C E? be an open set. A homeomorphism f: U — U is called free
provided whenever D C U is a topological disk such that f(D) N D = (), then
fYD) N fI(D) = O for all i # j. Obviously, the only periodic points of a free
homeomorphism are fixed points.

PROPOSITION 7.8. Let f: Ei — Ei be an orientation preserving homeomor-
phism such that Fix(f) = {0}. Then f|E3_\E§ is a free homeomorphism, and,
hence, f has no other periodic points than the fized point 0 and

i(f",0) =i(f,0), n>0.

PRrROOF. We extend f = (f1, f2) to the homeomorphism F: E? — E? given
by
fz,y) if (z,y) € B,
(fl(xa _y)v_fQ(xa _y)) if (fE,y) GEE

From Theorem 6.1 combined with the fact that i(F},0) = «(F_,0) = i(f,0) it
follows that

Case 1. Assume that i(fp,0) = 0. Then, from (7.6) it follows that
i(F,0) = 2i(f,0),

F(‘rvy) =

so i(F,0) is even. Since F' is an orientation preserving homeomorphism with the
unique fixed point at the origin and i(F,0) # 1, it follows from Theorem 3 in [4]
that F is a free homeomorphism and i(F™,0) = i(F,0) for n > 0, so the result
follows.

Case 2. Either (i(fp,0) = 1 and i(f,0) # 1) or (i(fo,0) = —1 and i(f,0) # 0).
It follows from (7.6) that i(F,0) # 1, so we can use the same arguments as in
the proof of Case 1.

Case 3. i(fp,0) = 1 and i(f,0) = 1. We extend f to a homeomorphism
H: E? — E? such that Fix(H") = {0} for n > 0 and H admits a sectorial
decomposition {Q1, @2, Qs} where

Ql = E-Qi-v
Qx={(z,y) € B : <0, y <0},
Qs ={(z,y) € E? : x>0,y <0}
with rays
Ly ={(z,0) : 2 > 0}, Ly ={(z,0) : z <0}, Ls; ={(0,y):y <0},

and such that ¢((H|L,)™,0) = 0 (n > 0). Observe that such an H must satisfy
i((H|L,)™0) =1 for i = 1,2 and n > 0, since i(fp,0) = 1. To define H,
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consider f; to be the first component of f and let h: (—oc0,0] — (—00,0] be

a homeomorphism such that hr—? h™(z) = —oo for x # 0. We define
n—-—+0o0o
, if (z,y) € B2,
H.y) = f(z,y) if (z,y) € B

(fl(xvo)vh(y)) if (I,y) S Ei

Since H|g, (¢ = 2,3) are in Case 1, then i((H|g,)",0) = i(H|g,,0) for n > 0
and i = 2, 3. It follows from Lemma 7.4 that

i(H,0) =1+4+i(Hy,0)+i(H|g,,0) +i(H|g,,0) — 2 = 2i(H|g,,0) # 1,

since i(H\Ei,O) = 1 and i(H|g,,0) = i(H|g,,0). We can use the arguments
similar to the proof of Case 1.

Case 4. Ifi(fp,0) = —1 and i(f,0) = 0, we are in a dual situation to Case 3.0J

COROLLARY 7.9. Assume that f: E*> — E? is an orientation preserving
homeomorphism of the plane with the origin as its unique fized point. If f has
an invariant sector, then the sequence {i(f™,0)}n>1 is well defined and constant.

If we consider orientation and area preserving homeomorphisms f : Ei — Ei
which have the origin as their unique fixed point, we can obtain upper bounds
for i(f,0) by combining Theorem 6.1 with some results of [25].

PRrROPOSITION 7.10. Let f: Ef_ — Ei be an orientation and area preserving
homeomorphism and Fix(f) = {0}. Then

(a) ifi(fo,0) € {0,—1} then i(f,0) <0,
(b) ifi(fy,0) =1 theni(f,0) < 1.

PROOF. Let F: E> — E? be a homeomorphism defined in the proof of
Proposition 7.8. Since F' is area preserving it follows from [25] that i(F,0) < 1.
Hence the result follows using this fact in (7.6). O

8. Isolated invariant sets in the invariant subspace

The aim of this section is to give an application of Theorem 6.1 to the index
of a continuous map f: (E™; ET,E™) — (E"; E7,E") in an isolated invariant
set. For this purpose we start by recalling some definitions about these sets.

Let (X,d) be a locally compact metric space and f: X — X a continuous
map. The sequence o: Z_ — X is said to be a left solution to f through x if
0(0) =z and f(o(i — 1)) = o(i) for each i € Z_.

Given N C X, by Inv? N, Inv}? N, and Invy N we shall denote, respectively,
the positively invariant, negatively invariant and invariant parts of N relative
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to f, defined by
Invi N={zeX:f(x)eXforallicZ,},
Inv, N={z € X:30:Z_ — N aleft solution to f through z},
Invy N = Invj[ NﬂInva N.

A set S is said to be invariant if f(S) = S. This is easily seen to be equivalent
to S =Invy S. We say that S is an isolated invariant set if it admits a compact
neighbourhood N such that § = Invy N. Such a neighbourhood N is said to be
an isolating neighbourhood of S. If X is an ENR then i(f,S) is defined as the
fixed point index of f on the interior of any isolating neighbourhood of S.

We define the stable and unstable sets of the compact invariant set S by

W*(S, f) ={z € X : lim d(f'(z),5) =0},
71— 00
W*(S, f) ={z € X : 3o aleft solution of f through =
such that lim d(o(—i),5) = 0}.
1—> 00

ProPOSITION 8.1. Let f: (E";E},E") — (E™; E},E") be a continuous
map and S C Ef an isolated invariant set for f such that Fix(f) C S.
(a) If W™(S, f) C EY theni(f,S) =i(fs+,S). Moreover, if W*(S, f) C E¥
then
i(f,8) =i(f+,9) =i(f-,5) =i(fo,9).
(b) If W*(S, f) C E™ theni(fy,S)=0. Moreover, if W*(S, f) C EJ then

i(f,8) = —i(fo, ),  i(fs,5)=0.
(c) If W*(S, f) C E™ and W*(S, f) C E" then i(f,5) = 0.

PROOF. Suppose that W"(S, f) C E%. As a consequence, W*(S, f_) C E}
and it follows from [31, Corollary 6] that i(f_,S) = i(fo,S). Thus, the first part
of (a) follows from this together with Theorem 6.1. If additionally, W*(S, f) C
Ey then i(f-,S) =i(f,S) by symmetry and, hence, (a) holds.

IfWs(S, f) C E™ then W*(S, f1) C EJ and, hence, [31, Corollary 6] ensures
that i(f4,S5) = 0. In order to finish the proof of (a), suppose that W#(S, f) C
E¥. Reasoning in an analogous way we get that

Z(f,S):*Z(fo,S), Z(f:i:aS):O
One can check that (c) follows by combining (a) and (b). O

REMARK 8.2. Let f: (E% E3, E®) — (E* E,E?) be a continuous map
with the origin being an isolated invariant set. Proposition 8.1 together with
[22], [28] sheds some light on the behaviour of the sequence (i(f",0)),>1 in
dimension 3. Suppose that W*(0, f*) C E3 for every n > 1. Hence, item (a) in
Proposition 8.1 ensures that i(f™,0) = i(f{,0) for each n > 1.
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Following [14] we say that the isolated invariant set {0} is a sink provided
there exists an isolating neighbourhood N of 0 such that f(N) C N. On the
other hand, {0} is called a source if there exists an isolating neighbourhood N
such that f(ON)Nint(N) = @ and the forward orbit of every point z € N \ {0}
eventually exits V.

If {0} is neither a sink nor a source with respect to fy and fy is an orientation
preserving homeomorphism, then there exist positive integers r, ¢, such that for
each n > 1 (compare [22])

) ) 1—rq if q|n,
i(f",0) =i(fy,0) = :
1 otherwise.
If fy is an orientation reversing homeomorphism instead of orientation preserving
one can use [28] to get that there are integers 6 € {0, 1,2} and ¢ such that

1-96 if n is odd,

1—6—2q ifniseven.

i(f",0) =i(fg,0) =

If the origin 0 is a source for fo then by [14] there exists an integer d such that
i(f™,0) =i(f,0) =d" for any n > 1.

9. Maps of E? symmetric with respect Ej

In this section we consider continuous maps f: (E*; E3, E®) — (E3 E3, E?)
which are symmetric with respect to E, i.e. f = Jo foJ, where J(z,y,2) =
(z,y,—2).

The following result deals with the fixed point index of isolated fixed points.
Its first part is an application of Theorem 6.1 to the index of an isolated sta-
ble fixed point. The index of stable fixed points has been extensively studied.
For instance, Bonatti and Villadelprat (see [2]) have shown that, in dimension
greater or equal to 3, the index of a stable critical point of a vector field can be
any integer. Dancer and Ortega [7] proved that for any orientation preserving
homeomorphism of the plane such that 0 is an isolated and stable fixed point, the
fixed point index at 0 is equal to 1. The same was proved in [27] for orientation
reversing homeomorphisms. Let us mention that if 0 is a sink, its index is equal
to 1 in any dimension.

PROPOSITION 9.1. Let f: (E*; E3, E®) — (E3 E3, E®) be a continuous map
symmetric with respect to E3 satisfying that the origin is an isolated fived point.
Then

(a) If fo is a homeomorphism and 0 is stable with respect to fo then i(f,0)
s odd.
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(b) If 0 is an isolated fized point of f™ for alln > 1 and fo is an orientation
preserving homeomorphism then there is an integer p € 7\ {0,2} such

that
i(f0,0) +2Z if i(fo,0) # 1,
i(f",0)€{1+2Z if i(fy,0) =1,
p+2Z if i(f5',0) = p.

(¢) If 0 is an isolated fized point of f™ for alln > 1 and fy is an orientation
reversing homeomorphism then for every odd n > 1

(70
o« 1+27 ifi(fy,0) #0.

PrROOF. Observe that if 0 is an isolated fixed point of f™ for some n > 1

then it follows from the proof of Theorem 6.1 that

i(f",0) +i(fg', 0) = 2i(f%,0),
and, as a consequence, i(f™,0) = i(f§,0) (mod 2). The case (a) follows since
i(f0,0) =1 by [7, 27].

We prove (b) and (c). Assume that 0 is an isolated fixed point of f™ for
every n > 1 and let fy be orientation preserving. If i(f,0) # 1 then i(fy,0) is
also different from 1 and, hence, i(f§,0) = i(fo,0) for every n > 1 by [4]. As a
consequence, i(f™,0) = i(fy,0) (mod 2) for n > 1.

If i(fo,0) = 1 then there exists p € Z such that i(fJ,0) € {1,p} forn > 1
([4]). Tt follows from [13] that p = 0 and p = 2 cannot occur as indices of any
iteration if i(fo,0) = 1, hence (2) holds.

If fo is orientation reversing then [13, Theorem 4.2] (compare with [3]) ensures
that for every n odd i(fJ,0) € {—1,0,1} and

Z(fQ,O) if n >0,

(7 0) —
/5,0) —i(fo,0) ifn <0,

which proves (c). O

10. Final remarks and open problems

Throughout the paper we have studied continuous maps f: (X; X1, X5) —
(X;X1,X5) of ENR triplets having compact fixed point set. We saw that the
Mayer—Vietoris formula of the fixed point holds in the following situations:

(1) if X is compact,

2) if Xy is a trapping set,

3) if Fix(f) C int(C \ E) for an admissible proper pair,
4) if (X; X1, X2) = (E™ ET, E™), and

5) if (X; X1, X2) admits a good Euclidean embedding.

A~~~
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However, the general case remains open.

ProOBLEM 10.1. Does the Mayer—Vietoris formula (1.1) hold for general self-
maps f: (X;X1,X2) — (X;X1,X5) of ENR triplets whose fixed point set is
compact?

Let X be an ENR and f: X — X be a continuous map having z( as
an isolated fixed point for all its iterates. The sequence of fixed point in-
dices (¢(f™, z0))n>1 must satisfy the following congruences, known as Dold rela-
tions [9]:

> pu(n/k)i(f*,20) =0 (mod n),

kln
where p denotes the arithmetic Mdbius function which assigns to each natural
number n a value —1, 0, or 1 depending on its prime decomposition. In particular,
s

p(n) = 0 if n has a repeated factor in its prime decomposition and u(n) = (—1)
otherwise, where s is the number of prime factors in its prime decomposition.

PROBLEM 10.2. Determine which integer sequences (ay)r>1 and (bg)r>1 sat-
isfying Dold relations can be realized in such a way that there exists a homeo-
morphism f: E% — E such that 0 is an isolated fixed point for all its iterates
and for each £ > 1

ar =i(f*,0) and by =i(f5,0).
Consider also the analogous question in the smooth category.

Problem 10.2 for odd iterates was recently solved by Graff and Jezierski in
the smooth category [12].

The solution of the following problem could find some applications in math-
ematical ecology.

PrOBLEM 10.3. Suppose that f: (E}, Eg) — (E}, Eg) is a continuous map.
It is known (see [31]) that if S C E{ is an isolated invariant set with respect to
f (in the entire space) then

i(fo,S) if W*(S, f) C ET,

.
“55) 0 it W5(S, f) C Ep.

Does it remain true if S C Ej is an isolated compact set of fixed points of f but
not necessarily isolated as an invariant set?
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