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CONCENTRATION OF GROUND STATE SOLUTIONS
FOR FRACTIONAL HAMILTONIAN SYSTEMS

CESAR TORRES — ZIHENG ZHANG

ABSTRACT. We are concerned with the existence of ground states solutions
to the following fractional Hamiltonian systems:

1D (oo Du(t)) — AL(£)u(t) + VW (t, u(t)) = 0,

(FHS),
u € H*(R,R"),

where a € (1/2,1), t € R, u € R™, A > 0 is a parameter, L € C(R, an)
is a symmetric matrix for all t € R, W € C}(R x R"®,R) and VW (¢, u) is
the gradient of W (¢, u) at u. Assuming that L(t) is a positive semi-definite
symmetric matrix for all ¢ € R, that is, L(t) = 0 is allowed to occur in
some finite interval T of R, W (¢, u) satisfies the Ambrosetti-Rabinowitz
condition and some other reasonable hypotheses, we show that (FHS), has
a ground sate solution which vanishes on R\ T" as A — oo, and converges
tou € H*(R,R™), where u € Ef is a ground state solution of the Dirichlet
BVP for fractional systems on the finite interval T. Recent results are
generalized and significantly improved.

1. Introduction

Fractional differential equations both ordinary and partial ones are applied
in mathematical modeling of processes in physics, mechanics, control theory,
biochemistry, bioengineering and economics. Therefore, the theory of fractional
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differential equations is an area intensively developing during the last decades
[1], [8]. The monographs [13], [16], [19] enclose a review of methods for solv-
ing fractional differential equations, which are an extension of procedures from
differential equations theory.

Recently, also equations including both left and right fractional derivatives
are discussed. Apart from their possible applications, equations with left and
right derivatives are an interesting and new field in fractional differential equa-
tions theory. In this topic, many results are obtained in dealing with the exis-
tence and multiplicity of solutions of nonlinear fractional differential equations
by using techniques of nonlinear analysis, such as fixed point theory (including
Leray—Schauder nonlinear alternative) [2], topological degree theory (including
co-incidence degree theory) [11] and comparison method (including upper and
lower solutions and monotone iterative method) [32] and so on.

It should be noted that critical point theory and variational methods have
also turned out to be very effective tools in determining the existence of solutions
for integer order differential equations. The idea behind them is trying to find
solutions to a given boundary value problem by looking for critical points of
a suitable energy functional defined on an appropriate function space. In the
last 30 years, the critical point theory has become a wonderful tool in studying
the existence of solutions to differential equations with variational structures, we
refer the reader to the books by to Mawhin and Willem [14], Rabinowitz [20],
Schechter [23] and the references therein.

(FHS),, if « = 1 and A = 1, reduces to the following second order Hamilton-
ian systems:

(HS) i — L(tyu + VW (t,u) = 0.

It is well known that the existence of homoclinic solutions to Hamiltonian systems
and their importance in the study of the behavior of dynamical systems have
been recognized since Poincaré [18]. They may be “organizing centers” for the
dynamics in their neighborhood. From their existence one may, under certain
conditions, infer the existence of chaos nearby or the bifurcation behavior of
periodic orbits. During the past two decades, with the works of [17] and [21]
variational methods and critical point theory have been successfully applied to
the study of the existence and multiplicity of homoclinic solutions to (HS).
Assuming that L(¢) and W (¢, u) are independent of ¢ or periodic in ¢, many
authors have studied the existence of homoclinic solutions to (HS), see for in-
stance [3], [4], [21] and the references therein and some more general Hamiltonian
systems are considered in the recent papers [9], [10]. In this case, the existence of
homoclinic solutions can be obtained by going to the limit of periodic solutions
to approximating problems. If L(¢) and W (¢, u) are neither autonomous nor
periodic in ¢, the existence of homoclinic solutions to (HS) is quite different from
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the case of periodic systems, because of the lack of compactness of the Sobolev
embedding, see [4], [17], [22] and the references therein.
Motivated by the above classical works, in [25] the author considered the
following fractional Hamiltonian systems:
D5 (oo D u(t)) + L(t)u(t) = VW (¢, u(t)),

(FHS)
ue H*(R,R),

where a € (1/2,1), t e R, u € R*, L € C(R, an) is a symmetric and positive
definite matrix for all t € R, W € C*(R x R",R) and VW (¢, u) is the gradient of
W (t,u) at u. Assuming that L(t) and W (t,u) satisfy the following hypotheses,
the author showed that (FHS) possesses at least one nontrivial solution via the
Mountain Pass Theorem:

(L) L(¢) is a positive definite symmetric matrix for all ¢ € R and there exists
l € C(R,(0,00)) such that [(t) — oo as |t| — oo and

(1.1) (L(t)u,u) > 1(t)|ul* forallt € R and u € R™.
(W1) W e CH(R x R",R) and there is a constant > 2 such that
0<OW(t,u) < (VW(t,u),u) forallte R andueR™\ {0}.

(W2) |[VW (t,u)| = o(Ju]) as |u| — 0 uniformly with respect to ¢ € R.
(W3) There exists W € C(R™,R) such that

|W (t,u)| + [VW (t,u)| < |[W(u)| for every t € R and u € R™.

(W1) is the so-called Ambrosetti-Rabinowitz condition, which implies that, as
|u| = oo, W(t,u) has superquadratic growth. Inspired by this work, using the
genus properties of critical point theory, in [33] the authors established some
new criterion to guarantee the existence of infinitely many solutions to (FHS)
for the case that W (¢, u) is subquadratic as |u| — oo, where the condition (L) is
also needed to guarantee that the functional corresponding to (FHS) satisfies the
(PS) condition (see [15] where a similar result was obtained). In addition, very
recently, using the fountain theorem, in [31], the authors established the existence
of infinitely many solutions to (FHS) for the case that W (¢, u) is superquadratic
as |u| = oo without the Ambrosetti-Rabinowitz condition. Moreover, recently
in [26] the author firstly discussed the following perturbed fractional Hamiltonian
systems:

D2 (—o Diu(t)) — L(tyu(t) + VW (t,u(t)) = £(2),
u e H*(R,R"),

(PFHS)

where aw € (1/2,1), t e R, u e R*, L € C’(R,R”2) is a symmetric and positive
definite matrix for all t € R, W € C1(R x R",R) and VW (¢, u) is the gradient of
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W (t,u) at u, f € C(R,R") and belongs to L?(R,R"). Under the conditions (L),
(W1)-(W3) and assuming that the L2-norm of f is sufficiently small, he showed
that (PFHS) has at least two nontrivial solutions, this has been generalized in
[31] where the condition (L) is also satisfied.

As is well known, the condition (L) is the so-called coercive condition and
is very restrictive. In fact, for a simple choice like L(t) = 71d,,, condition (1.1)
is not satisfied, where 7 > 0 and Id,, is the n x n identity matrix. Motivated
by this fact, in [34] the authors focused their attention on the case that L(t) is
bounded in the sense that

(L) L € C(R,R™) is a symmetric and positive definite matrix for all ¢ € R
and there are constants 0 < 71 < 79 < oo such that

T |ul? < (L(t)u,u) < mo|ul®> for all (t,u) € R x R™.

If the potential W (¢, u) is assumed to be subquadratic as |u| — +o00, then they
also showed that (FHS) possesses infinitely many solutions. See [30] for a related
result.

Here we must point out, to obtain the existence or multiplicity of solutions
to (FHS) (or (PFHS)), that all the papers mentioned above need the assumption
that the symmetric matrix L(t) is positive definite, see (L) and (L)’. Inspired
by [25], [26], [33], [34], in the present paper we deal with the following fractional
Hamiltonian systems with a parameter:

=D& (—oo D u(t)) — AL(t)u(t) + VW (¢, u(t)) = 0,
u € H(R,R"),

(FHS).

where « € (1/2,1),t € R, u € R®, A > 0 is a parameter, L € C’(R,R”z) is
a symmetric matrix for all t € R, W € CY(R x R",R) and VW (t,u) is the
gradient of W (t,u) at u. Unlike the papers on this problem, we require that
L(t) is a positive semi-definite symmetric matrix for all ¢ € R, that is, L(t) = 0
is allowed to occur in some finite interval T of R. Explicitly,

(£); L € C(R,R"™ ™) is a symmetric matrix for all ¢ € R; there exists a non-
negative continuous function /: R — R and a constant ¢ > 0 such that

(L(t)u,u) 2 1(H)]ul?,

and the set {l < ¢} :={t € R|I(t) < ¢} is nonempty with meas{l < c}
< 1/C2,, where meas{ -} is the Lebesgue measure and C, is the best
Sobolev constant for the embedding of X% into L (R);

(£)2 J =int(I71(0)) is a nonempty finite interval and J = [~1(0);

(£)3 there exists an open interval T C J such that L(t) =0 for all t € T.

In this case, we assume that W € C1(R x R",R") satisfy (W;)—(W3) and
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(Wy) s+ (VIW(t,sq),q)/s°! is strictly increasing for all ¢ # 0 and s > 0,
is given by (Wy).

REMARK 1.1. We note that, under assumption (Wy), there are constants
¢1 > 0 and ¢z > 0 such that (see [25]):

(2) W(tu) = elul’, ul > 1,

(b) W (t,u) < colul?, |u| < 1.
Furthermore, by (a) we obtain that
W(t,u)

|u|— o0 |’U,‘2

(1.2)

= oo uniformly in ¢.

Since W (t, q) can be replaced by W (¢, q¢) — W (¢,0), we may also assume without
loss of generality that W (t,0) = 0 for all ¢.

Now, we are in the position to state our main result.

THEOREM 1.2. Suppose that (L£)1—(L)s, (W1)-(Wy) are satisfied, then there
exists A, > 0 such that for every A > A, (FHS)\ has a ground state solution.

REMARK 1.3. Note that in (£)1—(L£)3, we assume that L(t) is a positive semi-
definite symmetric matrix for all ¢ € R. Therefore, the hypotheses (L) and (L)’
on L(t) are not satisfied. Thus the results in [25], [26], [33], [34] are generalized
and improved significantly.

Moreover, as mentioned above, the coercive condition (L) is used to establish
some compact embedding theorems to guarantee that the (PS) condition (or
other weak compactness conditions) holds, which is the essential step to obtain
the existence of homoclinic solutions to (FHS) via the Mountain Pass Theorem.
In the present paper, we assume that L(t) satisfies (£);—(£)s and could not
obtain some compact embedding theorem. Therefore, the main difficulty is to
adapt some new technique to overcome this issue and test the (PS) condition is
verified, see Lemma 3.10.

Here we must mention the recent works [27], [35]. In fact, in [27], assuming
that L(t) satisfies (£)1—(L)s, the author showed that (FHS), has at least one
nontrivial solution for the case that the potential W (¢, u) satisfies the following
subquadratic assumptions as |u| — oo:

(W5) there exist a constant v € (1,2) and a positive function b € LP(R) with
p € (1,2/(2 — ~y)] such that

VW (t,u)| < b(t)|u|”" for all (t,u € R x R");
(Wg) there exist two constants 1, > 0 such that

[W(t,u)| > nlu|” forall z € T and u € R with |u| < 4.
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Furthermore in [35], the authors have complemented the previous work by con-
sidering the superquadratic potential when |u| — co. They obtained the same
results as in [27].

For a technical reason, we assume that there exists 0 < L < +oco such that
T = [0, L], where T is given by (£)s. For the concentration of solutions we have
the following result.

THEOREM 1.4. Let uy be a solution to problem (FHS), obtained in Theo-
rem 1.2, then uy — 4 strongly in H*(R) as A — oo, where @ is a ground state

solution to the equation

(DfoDfu = VW (t,u), te(0,L),
1.3
(5) u(0) = u(L) = 0.

REMARK 1.5. We recall that, Theorems 1.2 and 1.4 give a positive answer to
the question formulated in [35]. For the proof of Theorems 1.2 and 1.4 we adapt
some ideas from [5], [24], [35].

The remaining part of this paper is organized as follows. Some preliminary
results are presented in Section 2. In Section 3, we accomplish the proof of
Theorem 1.2 and in Section 4 we present the proof of Theorem 1.4.

2. Preliminary results

In this section, for the reader’s convenience, firstly we introduce some basic
definitions of fractional calculus. The Liouville-Weyl fractional integrals of order
0 < a <1 are defined as

@) = /x (@ — &) u(€) d¢

o) ) o
and ) -
(o) = s / (€ — ) Mul€) de.

The Liouville-Weyl fractional derivative of order 0 < « < 1 is defined as the
left-inverse operator of the corresponding Liouville-Weyl fractional integral

d —a
(2.1) —eoDju(x) = e ool ()
and
@ d 11—«

The definitions of (2.1) and (2.2) may be written in an alternative form as follows:

IR = u(z) —u(z =)
—OODru(‘T) - F(l _ Oé) /0 §a+1 dg

and

o« = u(z) —u(z +§)
+Du(z) = T —a) /o gatl de.
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Moreover, recall that the Fourier transform u(w) of u(x) is defined by

o0

u(w) = / e~z da.

—o0

In order to establish the variational structure which enables us to reduce
the existence of solutions to (FHS), to find critical points of the corresponding
functional, it is necessary to construct appropriate function spaces. In what
follows, we introduce some fractional spaces, for more details see [7]. To this
end, denote by LP(R,R™) (2 < p < oo) the Banach spaces of functions on R with
values in R™ under the norms

fuller = ([ |u<t>|Pdt)1/p,

and L (R, R") is the Banach space of essentially bounded functions from R into
R"™ equipped with the norm

|ullso = esssup{|u(t)| : t € R}.

Let 0 < @ < 1and 1< p < oco. The fractional derivative space Ej™" is defined
by the closure of C§°([0, T], R™) with respect to the norm

T T 1/p
2.3)  [uflay = (/ ()P di +/ oD% u(t)[? dt) . forall ue E.
0 0
This space can be characterized by
Ey? = {u e LP([0,T],R") : ¢Df'u € LP([0,T],R™) and u(0) = u(T) = 0}.

Moreover, (Ey"?, || - |la,p) is a reflexive and separable Banach space. Considering
the space Ej"", we have the following results.

PROPOSITION 2.1 ([12]). Let 0 < a« <1 and 1 < p < co. For all u € Ey'?,

we have
«

(2.4) ullr < Tat1) llo D ullLr-
Ifa>1/p and 1/p+1/q =1, then

To—=1/p
(2.5) o < OIS EL lo D¢ ul| o

Due to (2.4), we can consider in Ej°” the following norm:
(2.6) lullap = lloDfull e,
and (2.6) is equivalent to (2.3).

PROPOSITION 2.2 ([12]). Let 0 < o < 1 and 1 < p < oo. Assume that
a>1/p and {ur} — u in Eg°*. Then ui — u in C[0,T], i.e.

lug — ulloo = 0, as k — oo.
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We denote by E* = Eg ’2, this is a Hilbert space with respect to the norm
lulla = ||ulla,2 given by (2.6). For o > 0, define the semi-norm
lulre = [l-co D3l L2
and the norm
(2.7) lullre = (lullfe + lul?=_)'?
and let
12 = CFRE | ",
where C§°(R,R™) denotes the space of infinitely differentiable functions from R
into R™ with vanishing property at infinity.
Now we can define the fractional Sobolev space H*(R,R"™) in terms of the

Fourier transform. Choose 0 < a < 1, define the semi-norm

|ula = [[[w]*u] 2
and the norm

lulla = (lullZz + [ulz)?

and let
(2.8) B =Co®R.EY e
Moreover, we note that a function u € L*(R,R") belongs to I¢_ if and only if

|w|*u € L*(R,R™).
Especially, we have

lulre = [[lwl|u] L2
Therefore, I®_  and H® are equivalent with equivalent semi-norm and norm.
Analogously to I¢_, we introduce IS,. Define the semi-norm

lulre, = |l Dcull 2
and the norm
(2.9) lullze, = (lullZs + uffy )2
and let
1 =Crm e =
Then I and I, are equivalent with equivalent semi-norm and norm, see [7].

Let C(R,R™) denote the space of continuous functions from R into R™. Then
we obtain the following lemma.

LEMMA 2.3 ([25, Theorem 2.1]). If « > 1/2, then H* C C(R,R™) and there
is a constant Coo = Cq oo such that

(2.10) [ulloc = sup u(z)] < Cosllulla-



FRACTIONAL HAMILTONIAN SYSTEMS 631

REMARK 2.4. From Lemma 2.3, we know that if u € H* with 1/2 < o < 1,
then u € LP(R,R™) for all p € [2, 00), since

/R () P der < [ful|22 |2

In what follows, we introduce the fractional space in which we will construct
the variational framework for (FHS),. Let

X — {u c H™ : / [|—ooDffu(t)|” + (L(t)u(t), u(t))] dt < oo}7
R
then X is a reflexive and separable Hilbert space with the inner product
(u,v) xo = /R [(—oo Dfu(t),—o0 D0 (t)) + (L(t)u(t), v(t))] dt

and the corresponding norm is [Jul|%. = (u, u) xa.
For A > 0, we also need the following inner product:

(U, V) xar = / [(CooDfu(t),—oo D{v(t)) + ML(H)u(t), v(t))] dt
R
and the corresponding norm is [[ul|3.., = (u, u) xax.

LEMMA 2.5 ([35]). Suppose L(t) satisfies (L)1 and (L)2, then X* is contin-
uwously embedded in H*.

REMARK 2.6. Under the same conditions of Lemma 2.5, we also obtain

C2 meas{l < c} 1
2.11 2dt < —= ar = — [[ul3an
e [P < SR s = gl

and
C2 meas{l < c} 1
2.12 2< (1 x Yo = (14 = ) ulke
212 ol s (1 =D g, = (14§ )l
for all A > 1/(cC?% meas{l < c}). Furthermore, for every p € (2,00) and A >
1/(cC? meas{l < c}), we have

1
2.1 Pdt < L
@19 [ OP S s e

For more details see [35].

3. Proof of Theorem 1.2

The aim of this section is to prove Theorem 1.2. For this purpose, we are
going to establish the corresponding variational framework to obtain solutions
to (FHS),. Define the functional I: B = X** — R by

By hw-= [ [;|_oonu<t>|2+;<AL<t>u(t>,u<t>>—W(t,uu)) dt

1
=3 ]| % an —/W(t,u(t))dt.
R
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Under the conditions of Theorem 1.2, as usual, we see that I € C1(X%* R),
i.e. I is a continuously Fréchet-differentiable functional defined on X**. More-
over, we have

32 Bwo= [ [CxDiul®). DFv()
+ (AL(t)u(t),v(t)) — (VW (, u(t)),v(t))] dt
for all u, v € X, which yields that

(3.3) I () = [[ul|%un — /]R (YW (L, u(t)), u(t)) di.

REMARK 3.1. We note that Iy has the geometry property of the Mountain
Pass Theorem. In fact, first we prove that there exist p, 8 > 0 such that I)|sp, >
5. By Remark 2.6 and Lemma 2.3, we have

1 1
Julls < g Nolfess Nl < (14 g Jlulfes and full < Coclulo

Therefore

1\ /2
(3.4 e < Coc (14 5) Ml
Now choose ¢ > 0 sufficiently small such that 1/2 — ¢/© > 0. By (Wa),
W (t,u)| = o(|u|?) uniformly in ¢ as |u| — 0, then for all ¢ > 0, there exists
0 > 0 such that
W (t,u(t))| < eu(t)]* whenever |u(t)] < 4.
Let p=0/(Coo(1+1/0)/2) and ||u||xar < p, then

1\ /2
u(t)] < Cue (1 + @> ull xor < 6.

Hence
(3.5) W (t,u(t))] < elu(t)]?, forallteR.

SO, if Hu”)("‘A =p, then

(3 1) = 5 lulBean = | Wit u(e)

1 e 9 1 ey,
> = — = > =-—= = .

Let ¢ € C§°(R,R™) with |||/ xa.» = 1. It remains to prove that there exists
e € X such that |le|| xa.x > pand I)(e) < 0, where p is defined above. Arguing
by contradiction, we may assume that there exists {ox} C R, |ox| — oo such

that Iy (orp) > 0 for all k. Then, we have
I(orp) _ 1 W (t,okep)

3.7 0< = — [ /2270 o) dt.
7 Z 2 e Jowel
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Since |ogp(t)] — oo for ¢ with ¢(t) # 0, and since ||¢||xar = 1, by (1.2) and
Fatou’s Lemma, we have that

W(t, orp)

e lp|?dt — o0 as k — oo.
ok

This contradicts (3.7). So we conclude taking e = o with o large enough.
Now, let us introduce the Nehari’s manifold defined by
Ny = {u e X4\ {0} : (I} (u),u) = 0},
and we note that, for u € N
1
D) = 1)~ 5 () = [ (5 OW e ato),ule) - Wit ute) ) ae.
R

Define
C\ = }/{/lf I,\ (u)

In the following lemmas we assume that (£1)-(L2), (W1)—(W4) hold and
A>0.

LEMMA 3.2. Let Sy = {u € X : ||ul|xar = 1}. For all u € Sy there exists
a unique o, > 0 such that o,u € Ny. Furthermore

Iy(oyu) = r;lgg{],\(au).
PROOF. Let u € Sy be fixed and define h(o) = I)(ou) for ¢ > 0. Then
’ 1 W (t, ou(t
3:8) 1) =G lulfon = [ Wioum)ar=o*(5 - [ G gp),
2 R 2 R 0'2

By (W2),as 0 =0

(3.9) /R W dt — 0
and by (1.2), as 0 — oo,
(3.10) /R M dt — oc.

Consequently, by (W4) and (3.8)—(3.10), there is a unique o, = o(u) > 0 such
that h'(cy,) = 0 and

(3.11) h(oy) = mg())(IA(Uu).
Furthermore o,u € Ny. O

LEMMA 3.3. The set Ny is bounded away from 0. Furthermore, Ny is closed
in XN,
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ProOF. Following Remark 3.1, we can conclude that
1
(3.12) 1) = 5 el + olulBan) a5 u—0.

Therefore there exists v > 0 such that v € N, implies ||u]|xa.x > v. So, N} is
bounded away from 0.

Now we prove that the set Ny is closed in X®*. First, we note that I} maps
bounded sets in X** into bounded sets in X**. In fact, let {u;} be a bounded
sequence in X%*, then by (2.10) and (2.12), there exists K; > 0 such that
[lukllo < K for each k € N. From (W3), there exists 6 > 0 such that, for all
te€Rand |u| <94, [VIV(t,u)| < |ul.

Now, let M; = max{W(u) : |u| < K;} and Ky = max{l,M;/§}. If
lug(t)] < 0, then

VW (t, uk(8)] < lur(t)].

On the other hand, by (W3), if § < |ug(t)| < K, then
— M
VW (ki (£))] < W (un(t)) < My < =5 Jux (1))
Therefore, for all k € Nand t € R
(3.13) VW (t,u(t))] < Ko|uk(t)].

Next, by (3.13), the Holder inequality and (2.11)

K
[ O 0).00) ] < Ko [l @lle]a < G ool
for all o € X**. So, for each p € X

I () = (g ) o — / (VW (¢, un(1)), o(0)) dt

Ko
< o Il3ns + 2 Nkl e < K.

Now we are in position to prove that Ny is closed in X**. Let uj, € Ny be
such that ug — u in X**. Since I} (uy) is bounded, then we infer from

I (ug )ug, — I\ (w)u = (I3 (ug) — I3 (uw), u) — (I3 (ug), uxp —u) — 0, as k — oo,
that I} (u)u = 0. Furthermore, since Ny is bounded away from 0, we have
[ullxer = Hm [lugllxer =v > 0.
k—o00
So u € Ny. O

LEMMA 3.4. There exists k > 0 such that o, > k for all u € Sy, and for
each compact subset W3 C Sy there exists a constant Cyy > 0 such that

oy < Cog  for allu € S)y.
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Proor. For u € Sy, there exists o, > 0 such that o,u € NVy. By Lemma 3.3,
one sees that o, > v > 0. To prove that g, < Cyy for all u € 20 C S, we argue
by contradiction. Suppose that there exist ux € 2 such that o, = 0, — 0.
Since 2 is compact, there exists v € 20 such that u, — v in X and uy(t) —
u(t) almost everywhere on R. Therefore

(314 DO S s - [ 2y
- - [ o) ”k“k|<2)) k(D) dt.

2 Jr o loku(t)
Since |opug(t)] = oo if u(t) # 0, it follows from (1.2), (3.14) and Fatou’s Lemma
that I(opur) = —o0 as k — oo. O

LEMMA 3.5. ¢y > p > 0, where p > 0 is independent of .

PRrROOF. For u € Ny, (W;) and Lemma 3.3, we obtain:

() = In(a) — 5 (I3 (), )

_ (; - 1) el Zon +/R (; (VW (¢, u),u) — W(t,u)) dt

1 1 1 1
> (2—9) ullXan > <2—9> vi=p>0. -

REMARK 3.6. Following [29], by Lemma 3.2 we can get the following char-
acterization:

= fI f I f I
=B D0 = oy ) = B e )

On the other hand, choosing ¢g € C§°(T), there exists a constant € > 0
independent of A, such that
3.15 = f ax I < a3 I < ¢
(3.15) cx ueXlan/\\{o} max A(su) max A(spo) < €.

Now, define the mapping my: Sy — N) by setting my(u) := o,u, where
0. is as in Lemma 3.2 and Sy is the unit sphere in X®*. Furthermore, by
Lemma 3.2 and Proposition 3.1 of [24], m) is a homeomorphism between Sy and
N, and the inverse of m,, is given by
(3.16) myt () = — .
[[ufl xar

Now we shall consider the functional ®y: Sy — R defined by

Py (u) = In(ma(u)).

As in [24], we have the following lemma.
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LEMMA 3.7.
(a) o, € Cl(S,\,R) and

(@ (u),v) = [Ima(w)] xor Iy (ma(w)), v)

for allv € Ty (Sy) = {h € X : (u,h) xar = 0}.

(b) If {un} is a (PS) sequence for ®y then {mx(u,)} is a (PS) sequence for
In. If {u,} C Ny is a bounded (PS) sequence for Iy, then {my*(u,)} is
a (PS) sequence for ®y, where m;*(u) is given by (3.16).

(c) infg, @y = %Af I,. Furthermore, u is a critical point of ®y if and only if

my(u) is a nontrivial critical point of Iy. Furthermore, the corresponding
critical values of ®y and I coincide.

Now, we investigate the minimizing sequence for I}.

LEMMA 3.8. Suppose that (£1)—(L2), (W1)—(Wy) hold and X > 1. If {u,} C

N be a minimizing sequence for I, then {u,} is bounded in X .

ProOOF. Let {u,} C N, such that I)(u,) — ci, as n — oo. Then, by (W)
and (I} (un), un) = 0, we obtain

1 1
(3.17) ex+o(l) = (2 - 9> [N

+ [ (5 W0, n(0) = W00 )

1 1
2> (2 - 0) [t [ 5o -

Therefore, (3.17) implies that {u,} is bounded in X®*. O

Following Lemmas 2.1 and 3.3 in [29], we can show the following version of
the Lions concentration compactness principle.

LEMMA 3.9. Let r >0 and q¢ > 2. Let {u,} € X** be bounded. If

lim sup/ |un (8)|?dt =0,
(y—ry+r)

n—00 ycR
then u, — 0 in LP(R,R™) for any p > 2.

LEMMA 3.10. Under the assumptions of Theorem 1.2, if {u,} C Ny is a se-

quence such that
(3.18) I(un) = cx  and Ii(u,) — 0,

then there ewists A* > 0 such that {u,} has a convergent subsequence in X“*
for all A > A*.
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PROOF. By (3.17) and (3.18) we deduce that {u,} is bounded in X**. Since
XX is a reflexive space, there is a subsequence still called {u,} € X** and
u € X** such that u, — wu. Furthermore, by Remark 2.6 and the Sobolev
Theorem

Up —u in LY

(R) for p € [2,00],

and, we have either {u,} is vanishing, namely

(3.19) lim sup/ [ty ()2 ds = 0

N0 teR J (t—r,t+T)
or non-vanishing, namely, there exist r, 8 > 0 and a sequence {t,,} C R such that
(3.20) lim [ (8)]? ds > f.

00 J (=1t )

We claim that u # 0. By contradiction, we suppose that v = 0. If {u,} is
vanishing, by Lemma 3.9, u,, — 0 in LP(R,R™) for p > 2. So, following the ideas
of the proof of Lemma 3.3 , we deduce that

(3.21) / (VI (£, (£)), tn (£)) dt — 0.
R
Therefore, by (3.21) and (I} (uy), un) = 0, we obtain that

llun|lxar = 0 asn— co.

This contradicts the conclusion of Lemma 3.3.
On the other hand, by (3.15) and (3.17) we have
20
02
Therefore, if {u,} is non-vanishing, then (3.20) implies that |¢,| — oo as n — oo.
Then |(t, —rytn +7)N{t € R:I(t) < ¢}| = 0 as n — oo. So, by the Holder
inequality, we obtain

(3.22) lim sup [|up [|%an < 0.
n—oo

(3.23) u? dt — 0.

/(tn—r,tn—&-t)ﬂ{l<c}
Combining (3.20), (3.22) and (3.23), one has
20

(3.24) =€ > limsup ||uy|/3an > )\climsup/
-2 n—00 n—=00 J(t,—rty+r)n{i>c}

= Aclim sup </ u? () dt
n—o0 (tn—rtn+r)

u? (t) dt) > Aep.

u? () dt

/(tn -7ty +7‘)ﬁ{l<c}
Let

N X 1 20¢,
x — 1MaXx ) )
cC2Z meas{l < c}’ (0 —2)cp
then we obtain that A > A, > 20 &y/((6 — 2)¢B), which contradicts with (3.24).
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To conclude, we need to prove that u — u in X®*. First, we note that the
function (VW (¢, su), su)/60 — W(t, su) is non-decreasing for s > 0. In fact, let
0 < s1 < s, then we have

(VW (¢, s1u), s1u) — OW (¢, s1u)
= (VW (L, s1u), su) + OW (t, sau) — OW (¢, sau) — OW (t, s1u)

= (VW (¢, s1u), syu) — OW (¢, squ) + 6 ( (VW (t,ru),u)dr

S1

(VW (¢, sau), u)
Se—j (53— s1)
2

< (VW (¢, s1u), s1u) — OW (t, sau) + so(VIW (¢, sau), u) — s1 (VW (¢, s1u,u))
(VW (t, squ), sau) — OW (¢, sou).

< (VW (t, s1u), syu) — OW (¢, sou) +

Finally, since u # 0 and Lemma 3.2 there exists o € (0,1] such that ou € N,
then by Fatou’s Lemma, it is easy to check that

ex < In(ou) = In(ou) — %If\(au)cru
(1 1\, ., 1
o (2 — 9) [|w|% o +/R (0 (VW (¢, ou(t)), ou(t)) — W(t,au(t))) dt

(; - ;) ales +/R (; (VW u(t)), u(t)) — W(t,u(t))) dt

<timint { (5 = 3 Yo+ [ (5 (TW 000, unle) = Wit () )}

n— oo

<timsup {(5 = Yl B+ [ (G FW a0 0m(0) = Wit )}

k—o0

n—oo

1
= lim {IA(un) — alf\(un)un} =c).

Hence, [[un||%a.n = [Ju]%a.x in R, from which it follows that u, — u in X**.00

4. Proof of Theorem 1.4

In the following, we study the concentration of solutions for problem (FHS),
as A — oo. Firstly, for technical reason we consider T' = [0, L] and the following
fractional boundary value problem:

m Do Dfu = VW (t,u), te(0,L),
‘ u(0) = u(L) = 0.
Associated to (4.1) we have the functional I: E§ — R given by

I(u) = %/0 |0D?u(t)\2dt—/o Pt u(t)) dt
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and we have that I € C*(Eg,R) with

T T
I’(u)vz/o <ODgu(t),0ng(t)>dt—/o (VW (t,u(t)), v(t)) dt.

The Nehari manifold corresponding to I is defined by N = {u € E§ \ {0} :
I'(u)u =0}, and let ¢ = inf I(u). Furthermore, we can show that

ueN
¢= inf maxI(ow)= inf maxI(ou),
weE§ 0>0 ueé'\{o} >0

and if we follow the ideas of the proof of Theorem 1.2, we can get the following

existence result:

THEOREM 4.1. Suppose that W satisfies (W1)—(W4) with t € [0, L], then
(4.1) has a ground state solution.

Furthermore, under the assumptions (£);—(£)s and (W1)—(W3), we can get
that ¢y < ¢ for A > 0. In fact, by Theorem 4.1, let u € E§ be a ground state
solution of (4.1), then ¢ = I(u). Therefore,

ex < m;a%(h(aﬂ) = m;i(}){[(aﬂ) =1I(u)=c¢ forall A>0.

PROOF OF THEOREM 1.4. We follow the argument in [35]. For any sequence
A — 00, let up = uy, be the critical point of I,, namely ¢y, = I, (ug) and
I3, (ur) = 0 and, by (W), we get

1
exp = Ing(un) = Iy (ug) — 5 I, (ug)ug,

0
11 ) 1
— (5 5 ) loulBeen, + [ 5 (W0 0000, us(0) = Wt (0)]
1 1
> (5 3 )loslen
Therefore, by (3.15),
20
(4.2) sup Huk‘@(mkk < —— ),
E>1 0 —2

where € is independent of ;. Therefore, we may assume that u; — u weakly
in X®*¢ Moreover, by Fatou’s Lemma, we have

/Rl(t)m(t)|2dt §likrgior.}f/Rl(t)|uk(t)|2dt

- S 7Y
<liminf | (L(t)ug(t),ur(t))dt < liminf —=—=

=0.
k—oo  Jr k—ro0 Ak

Thus, @ = 0 almost everywhere in R\ J. Now, for any ¢ € C§°(T,R"™), since
I}, (ux)p =0, it is easy to see that

/0 (0 Dii(t), o Dp(8)) df — / (VW (£, (t)), o (8)) dt = 0,
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that is, u is a solution to (4.1) by the density of C§° (7, R") in E®.
Next, we show that ux — @ strongly in L"(R) for 2 < r < co. Otherwise, by
Lemma 3.9, there exist §, Ry > 0 and t; € R such that

tr+Ro
/ (up — ) dt > 6.
tr—Ro

Moreover, t,, — 00, hence meas{(t; — Ro, tx + Ro) N{l < c¢}} — 0. By the Hélder
inequality, we have

/ |uk — ﬂ|2 dt
(tk—Ro,tr+Ro)N{l<c}

< meas{(tx — Ro,tr + Ro) N {l < c}}|ug — tl[oc — 0.

Consequently,

[k || 3o ZAkc/ g (£)[2 dt
(tk—Ro,tx+Ro)N{l>c}

:Akc/ lun(t) — @(0)|? dt
(tk—Ro,tk+Ro)N{l>c}

— )\kc(/ lug (t) — u(t)|* dt
(tk—Ro,tk+Ro)

- / lug — ﬂ|2dt> +0o(1) = oo,
(tr — Ro,tr+Ro)N{l<c}

which contradicts (4.2).
Now we show that uy — u in X*. Since I}, (ug)ur = I}, (ug)u = 0, we have

(4.3) k], = / (VW (¢, i (1)), g (1)) dt
and
(1.4) (o, = [ (VW (6 (0). (0 .

which implies that
. 2 _ . ~ _ . ~ _ ~112
i ffugfxan, = Hm (ug, @) xao, = lHm (ug, @) xe = [[@xe.
Furthermore, by the weakly semi-continuity of norms, we obtain

5o < Timinf [lug]|%a < Timsup [Jug 5o < [ e
— 00

lim
k— o0 k—o0

So up = win X%, and up, — w in H*(R,R") as k — oo. O
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