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EXISTENCE OF MULTIPLE SOLUTIONS
FOR A QUASILINEAR ELLIPTIC PROBLEM

JORGE Co0S8S10 — SIGIFREDO HERRON — CARLOS VELEZ

ABSTRACT. In this paper we prove the existence of multiple solutions for
a quasilinear elliptic boundary value problem, when the p-derivative at
zero and the p-derivative at infinity of the nonlinearity are greater than
the first eigenvalue of the p-Laplace operator. Our proof uses bifurcation
from infinity and bifurcation from zero to prove the existence of unbounded
branches of positive solutions (resp. of negative solutions). We show the
existence of multiple solutions and we provide qualitative properties of these
solutions.

1. Introduction

In this paper we study the existence of multiple solutions for the quasilinear
elliptic boundary value problem

Apu+ f(u) =0 in Q,

1.1
(L.1) u=20 on 0},

where Q@ ¢ RV, N > 2, is a bounded and smooth domain, 1 < p < 2, and
f: R — R is a nonlinear function such that f(0) = 0 and
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(f1) [f(t) — f(s)] < Cylt — s[P7L, for all s,t € R,

(£2) £,(0) = lim 7(5)/|t}~2 > (o).

(f3) fy(00) = Jm F@O/1tP=2t > M(p),

(fy) there exists a pomtlve number « such that f(a) <0< f(—a),

where Cy := sup |f(s)—f(t)|/|s—t[P~! € R, and \;(p) denotes the first eigenvalue
s#t

of the problem

—Apu = AuP72u in Q,

1.2
(1-2) u=~0 on 0f2.

We call f,,(0) the p-derivative at zero and f,(occ) the p-derivative at infinity.
We point out that under hypotheses (f3) and (f3), both thep-derivatives at zero
and at infinity can be arbitrarily greater than the eigenvalue A1 (p) (in particular,
each one of them can hit a larger eigenvalue of (1.2)).

We prove that problem (1.1) has at least four nontrivial solutions, two of
them are positive and the other two are negative. We also found some upper
and lower bounds for the L*°-norm of these solutions.

THEOREM A. If f satisfies (f1)—(f1) then problem (1.1) has at least four
nontrivial solutions ui, us, v1 and ve. Moreover, the solutions uy and us are
positive in 0, and the solutions vy and vo are negative in . In addition,

[uallpee < o <lurllzee  and vg|[Le < o < flvr|[Le.

REMARKS 1.1. (a) The argument we present below allows to prove a more
general result: if f satisfies (f1)—(f3), and

(f)) there exist numbers o > 0 and & < 0 such that f(«) <0< f(a),

then problem (1.1) has at least four nontrivial solutions w1, us, v1 and vy. More-
over, solutions u; and us are positive on (2, and solutions v; and v, are negative
on 2. In addition,

lugllLe < < luil[z and |lvz|[ze < |a] < [lv1]lpe.

For the sake of simplicity, from now on we assume hypothesis (f;) instead of (f})
(i,e. @ = —a).

(b) We provide an example of a family of functions satisfying hypotheses
(f1)—(f}). Consider the following parameters: for ¢ = 1,2 let us fix M; > 1,
0 < a; < a; < b; and a couple of differentiable functions h;: [a;, b;] — R such
that h;(e;) < 0, hi(a;) = Mihi(p)a?™", hi(b;) = MA1(p)b?~", and h/, is bounded
n (a;,b;). Let us define the continuous functions

Mi)\l(p)tpil ifo<t<a; V th“

gi(t) =
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Let f: R — R be the function given by

g1 (1) if t >0,

FO=\ "0t ie<o

We see that f(0) = 0 and it is not difficult to check that (f3)—(fj) hold (in
particular, taking a; = ay condition (fy) also holds). In order to verify that f
satisfies condition (f;), one can proceed as follows: consider the function W(t) =
(1—t)P=t4tP=1 — 1, for t € [0,1], which has its maximum at the unique critical
point ¢t = 1/2. From this it follows that ¥(¢) > min{¥(0), ¥(1)} = 0. By using
homogeneity arguments, one can establish that

[P =P < s —tfPT, forall s, > 0.

Using this fact and considering different cases for s and ¢, one can finally verify
condition (f1) holds true.

(c) Observe that if p > 2 and f satisfies condition (f1), then f' =0 and f is
a constant function. Hence f cannot satisfy conditions (f2)—(fs). Hypothesis (1),
on the other hand, is needed to prove that branches of solutions to problem (1.3)
(see below) cannot cross the asymptote ||u|/ L~ = a (see Lemma 3.1 in Section 3
below). This is why we assumed 1 < p < 2 from the very beginning.

Our proof of Theorem A uses bifurcation from infinity and bifurcation from
zero, applied to the problem

Apu+Af(u)=0 inQ,

1.3
(13) u=0 on 012,

where A > 0.

Theorem A is an extension to quasilinear equations of a result due to J. Cos-
sio, S. Herrén and C. Vélez (see [5]) for the semilinear case. A key ingredient to
extend the semilinear result to our situation is to prove that for problem (1.3)
there exist unbounded branches of positive solutions (resp. of negative solu-
tions) emanating from the bifurcation points (0o, A1/ f,(o0)) and (0, A1/ f,(c0))
(see Theorem 4.3 and Theorem 4.8 in Section 4 below). Theorem 4.3 is very much
inspired by a corresponding result in the semilinear case due to Ambrosetti and
Hess (see [2] and [3, Section 4.4]), and by [1, Theorem 4.1]. Although our proof
of Theorem 4.3 follows the ideas from [1], [2] and [3] our arguments have several
differences with respect to these references, as will be better explained in Sec-
tion 4. Theorem 4.8, on the other hand, essentially comes from the ideas by Del
Pino and Mangsevich in [9].

The existence of solutions to quasilinear elliptic problems like (1.3) has been
widely investigated. Let us mention, besides [1] and [9], the papers [12], [11]
and [8], the books [14] and [13], and the references therein. A. Ambrosetti et al.
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in [1] showed the existence of an unbounded branch of positive solutions of
problem (1.3) emanating from either zero or infinity when f(u) = uP~! near 0
or near infinity; more precisely, when f € C'(RT ,R) and there exist m > 0,
Moo > 0, and £ > 0 such that

t 1) — 1
im f(t) =m and lim —f( ) — Moo
t—0+ tp—1 t—o0 tp—1l-e

=0.

They used a priori estimates and topological arguments. In [9], M. Del Pino and
R. Mandsevich proved that problem (1.1) has at least one nontrivial solution
when

(1.4) £,0) < Mi(p) < f,(0),

for 1 < p < co. P. Drabek in [11], for p > 2, and S. Fuéik et al. in [14], for p > 1,
focus on the existence of solutions to problem (1.3) in the case when f;(c0) is not
equal to an eigenvalue of —A,. By using topological arguments based on degree
theory, they found conditions that allow to show that problem (1.3) has at least
one solution for A either below A1 (p) or between A1 (p) and Aa(p). In [12], Drabek
et al. study a non-homogeneous version of problem (1.2) when parameter A is
near A1(p). More recently, Del Pezzo and Quaas in [8] generalize the results from
[9] to nonlocal problems involving fractional p-Laplacian operators. Contrary to
conditions in [9], [12], [11], [14], and [8], here the p-derivative at zero and the
p-derivative at infinity are both arbitrarily greater than the first eigenvalue of
the p-Laplace operator.

Regarding quasilinear equations in the radially symmetric case, there has
been a lot of research. We mention some works and refer the reader to references
therein. For instance, J. Cossio and S. Herrén in [4] studied problem (1.1) when
2 is the unit ball in RY and the p-derivative of the nonlinearity at zero is greater
than 1 (p), the j-radial eigenvalue of the p-Laplace operator, and the p-derivative
at infinity is equal to the p-derivative at zero. When p > 2, they showed that
problem (1.1) has 45 — 1 radially symmetric solutions. In such a reference, the
authors used bifurcation theory and the fact that in the radially symmetric case
(1.1) reduces to an ordinary differential equation. J. Cossio, S. Herrén, and C.
Vélez in [6] studied problem (1.1) in the radially symmetric case, when  is the
unit ball in RV and the problem is p-superlinear at the origin with p > N > 2.
They proved that problem (1.1) has infinitely many solutions. The main tool that
they used is the shooting method. M. Del Pino and R. Mandsevich in [9] studied
the existence of multiple nontrivial solutions for a quasilinear boundary value
problem under radial symmetry; they extended the Global Bifurcation Theorem
of P. Rabinowitz (see [21]) and proved the existence of nontrivial solutions for
that kind of problems. In [15], Garcia-Melidn and Sabina de Lis study uniqueness
for quasilinear problems in radially symmetric domains.
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The paper is organized as follows: In Section 2 we recall several known and
important results. Then, in Section 3 we establish some lemmas which will be
used to prove Theorem A. We apply a nonlinear version of the strong maximum
principle due to J.L. Vazquez (see [23]) to prove that if u is a weak solution to
problem (1.3) (see the definition below for the precise meaning), then ||u|| L # a.
We also apply an interpolation theorem due to A. Lé (see Theorem 2.3 below) to
show that the function (u, A) — ||ul|L= is continuous, where (u, \) is a solution
of (1.3) (see Lemma 3.3 below for the precise statement). In Section 4 we prove
Theorem A.

2. Preliminary results

In this section we summarize some important results which we will use to

prove our theorem. From now on we will denote by | - ||L« the norm in L9(Q),
for g € [1,00], and we will denote by | - ||W01,p the norm in the space Wy ?(Q)
given by ||u||W01p = |[Vu|lze. Also, || - ||c1~+ stands for the norm in the Holder

space C17(Q), for v € (0,1), and || - ||o1 stands for the norm in C*(Q).
Let us recall the definition of weak solution to problem (1.3). Given A > 0,
we say a function u € W, ?(Q) solves (1.3) in the weak sense provided that

(2.1) \VulP~2Vu - Vodz = [ Af(u)vdz, for all v e WyP(Q).
Q Q

We recall the following general regularity result, which is going to imply that a
weak solution of (1.3) is essentially bounded (we took this result from [16], more
precisely [16, Theorem 6.2.6], and adapt it to our context).

THEOREM 2.1. Let A > 0 and u € W, *(2) be a weak solution to (1.3). As-
sume that \f(u) € L (Q), and there exist 0 €[1, Np/(N—p)), r€[1, N/(N—p)),
¢>0andae L"(Q), where 1/r+1/r =1, such that a(x) > 0, for almost every
x € Q, and Mu(x) f(u(x)) < clu(z)|” + a(z)|u(z)| for almost every x € Q. Then
u € L®(Q) and ||u||p~ < m, where the constant n > 0 depends on N, p, o, r,

”a”T’f c and ||u||LNP/(N*P)-

In our case, given A > 0, if u is a weak solution of (1.3), hypothesis (f1)
implies that

(22)  IM@| S ACHuP N € Lby(Q) and Auf(u) < ACK|ul?.

Hence, from Theorem 2.1, it follows that u € L>°(Q).

As pointed out by A. Lé in [17], from the results by E. DiBenedetto in [10]
and by G. Lieberman in [18], it follows that there exists v € (0,1) such that the
inverse of the p-Laplace operator

L:=(=A,)"": L™®(Q) = C'7(Q)
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is a well-defined, continuous and compact mapping. Given A > 0, if u is a weak
solution of (1.3), condition (f;) and Theorem 2.1 imply that v € L>®(Q) (as
verified above), and then condition (f;) implies Af(u) € L*°(Q). Thus, u =
L(\f(u)) € CY7Y(Q2). From now on we will use this fact throughout the paper.

The following nonlinear version of the maximum principle, due to J.L. Vaz-
quez (see [23, Theorem 5]) will be useful to prove Lemma 3.1 below. The hy-
pothesis Apyu € L2 _(©2) in the following statement is understood in the sense of
distributions.

THEOREM 2.2. Let u € C'(Q) be such that Apu € L (), u > 0 almost
everywhere in 0, Ayu < &(u) almost everywhere in Q with &: [0,00) — R contin-
uous, nondecreasing, £(0) = 0 and either £(s) = 0 for some s > 0 or &(s) > 0 for
all s >0 but fol (s&(s))"YPds = co. Then if u does not vanish identically on
it is positive everywhere in 2. Moreover, if u € C1(QU {x¢}) for an xo € ON
and u(zo) = 0, then u/OV (xo) > 0, where U is an interior normal at xo.

In order to prove a continuity result (more precisely, Lemma 3.3 below), we
will make use of the following interpolation inequality due to A. Lé (see [17,
Corollary 1.3]).

THEOREM 2.3. There exist constants ¢ > 0 and 0 < 0 < 1 such that, for any
u€ CH @) NWHP(Q), [luler < ellullg? ullfy,-
3. Lemmas

We now establish some auxiliary results needed to prove our theorem in the
next section. From now on we assume f satisfies conditions (f1) to (fs).

LEMMA 3.1. Assume that A > 0 and u is a weak solution of the problem (1.3).
Then ||ul| ,~ # .

PROOF. From Section 2, we already know that u € C*(Q2). We argue by
contradiction: assume ||[ul|,. = a. Since \|f(u)| < AC|ju|?=, it follows that
—Apu=Af(u) € L} (D).

loc

We consider the function o —u € C*(Q), a« —u > 0 in Q.
Ay(a—u) = div(|V(a — ) P2V (a — u)) = —div(|VulP~2Vu) € L} (Q).
Since f(«a) <0, from (f1) we see that
B Apla—u) =Af(u) = Af(a—(a—u)) < ( —(a—wu)) = Af(a)
S Afla=(a—u) = fla)] <

We now apply Theorem 2.2 to get the conclusion. Let us define £: Ry — R

Cyla—ufP~.

by &(s) = )\Cfsp_l. We see that & is continuous, increasing function, such that
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£(0) =0 and

1 1 1 1
—  _ds=c| ———ds=clns]} = +oo.
A (s i CA (s a1y 48 = el = oo

Hence, Theorem 2.2 implies @ —u > 0 in ©, i.e. u < o in Q. Thus [Ju|,. < a,
which contradicts our initial assumption. O

In the proof of Theorem A inequalities (3.2) of the following lemma will
play an important role. These inequalities essentially come from the arguments
leading to regularity results due to [10], [22] and [18].

LEMMA 3.2. For every A > 0 there exist positive constants K1 and Ko de-
pending on ||, N, Cy, p and A, such that, if u € Wol’p(Q) is a weak solution
of (1.3), then

(3.2) lullyor < Ko llullze,
(3.3) lullze < Ko Jullyos.

Moreover, K1 and Ky are bounded if X is bounded.

PROOF. Let u € W,"”(€) be a solution of (1.3). Using the definition of weak
solution and hipothesis (f;) it follows that

(3.4) ”u”;/(}”) = /Q |Vu|P~2Vu - Vude = /Q)\uf(u) dz < |QIACy|ul|} .

Defining K; := (|]QAC;)Y/?, inequality (3.2) follows from (3.4).

Using (2.2) and a boot-strap argument (see, for instance, the proof of Theorem
6.2.6 in [16]) we get that there exists a positive constant K := K(|Q|, N, Cy,p, \),
which is bounded when A is bounded, such that

(3.5) lullee < K {[ul|zro,

where pg = Np/(N —p) is the critical Sobolev exponent. Since WyP(Q) is
continuously embedded in LPO(£2), we see that

(3.6) [uflzro < collullyr,

for a constant ¢ > 0. From (3.5) and (3.6) we get a constant K> > 0 satisfying
inequality (3.3). The proof of Lemma 3.2 is complete. O

Let us define
(3.7) S ={(u,\) € Wy P(Q) x R:u#0and u=(—A,) " (Af(u))}.
We will make use of the next lemma in the proof of Theorem A.

LEMMA 3.3. The function Na: S C WgP(Q) x R — R defined as (u,\) —
lu|l Lo is continuous.
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PROOF. We commence by observing that if (u,\) € Wy (Q) x R is a limit
point of S then v = (—A,)"'(Af(u)), and so ||u| = is well-defined on all S.
Let us take (u, \y), (Un, A\, ) € S such that (v,, Ay, ) — (u,Ay). Let us try to
estimate [Noo(vn, Ay, ) — Noo(u, Ay )|. Observe that

(3.8) [on = ullee = [[L(Av, f(vn)) = L(Awf ()] Lo
= AL PTVL(f (0a)) = A/ CTVL(f (w)) | o
SALPTIIL(f (on) = L ()]s
AT = ATV ()] o=
Let us define
(3.9) u* = L(f(u)) and v," = L(f(vn)).

In order to estimate ||L(f(vn)) — L(f(u))||r~ we make use of Theorem 2.3.
Indeed, since u*, v € CY7(Q) N W, *(Q), by using Theorem 2.3 and Poincaré’s
inequality we see that

(3.10) IL(f(on)) = L(f ()] < IL(f(on)) = L(f (w))]|cr
=lon* —uller < ellon® = ullGl o™ = w [,

with 0 < 8§ < 1. We claim that there exists C' > 0 such that

(3.11) lon® = u*lgifs < C.

To prove (3.11) we first show that there exists M; > 0 such that u,v, € Bgg,
the ball with radius M; centered at the origin in L*°(2). Since v, — w in
WyP(Q), an||W(},p, lvn |l Lo 5 ||u||W01,p, and ||ul/zro are bounded by a constant.
From Lemma 3.2 we have

(3.12) [ulloe < K Jullypr  and [[on|lze < K [Jon ][y,

where K denotes a positive constant. Thus, there exists M; > 0 such that
(3.13) u, v, € By .

Combining (3.13) with the inequalities

(3.14) 1@z~ < Crlluli= and || f@)lle < CrlloalB=
we see that there exists M5 > 0 such that

(3.15) If()lle= < Mz and [f(vn)llz= < Mo,

As we mentioned above, in Section 2, from the regularity results the inverse of
the p-Laplace operator

(3.16) L= (=A,)"": L>®(Q) = C'7(Q)
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is a continuous and compact mapping. An immediate consequence of (3.15) and
(3.16) is that there exists M > 0 such that

(3.17) lu iy <M and  ||v,*|lciv < M.
Now (3.17) implies that there exists C' > 0 such that
(3.18) lvn* — u*||};0w <C,

which proves (3.11). From (3.10), (3.11), and (3.18) we see that

(3.19) IL(f(vn)) — L(f(u))[[Le < C flvn™ — u*HiVOW
Since

E Un * U
(3.20) vt = 7)\1} ) and u* = 7)\}/@71)

and s — s’ is an increasing function, it follows that

(3:21) [IL(f(vn)) = L(F @)z < C Joaho, /P —ud DL,

_ c 1/(p—1) 1/(p—1) |0

= WH%% —uA,, ngv”

_ c 1/(p—1) _ \1/(p=1)y 4 y1/(p—1) o

= WH%(% — Al )+ A (Un — U)HWOLP
C

< D, /1) (”“n||w(}vp|)\i/(p‘” Y-

+ o,

V@=1)jy, — u||W01,p)9.

Because the sequences {||vn||W01p} and {\,, } are bounded, there exists C} such
that

_ _ 2
(3:22) [IL(f(vn)) = L{f(w))llz= < CL(A/ P = XD+ Jlog = ullya0)
From (3.8), (3.22), Ay, — Ay, and v, — u in Wy *(Q) it follows that
(3.23) |Noc ('Una )\vn) - Noo (U7 )‘U)l — 0,

which proves the lemma. O

4. Proof Theorem A

Let f be a function satisfying the hypotheses (f;)—(fy). Because of the
regularity theory recalled in Section 2 above, the problem of finding solutions
u e CY7(Q) to (1.3) is equivalent to find elements u € W, () such that

(4.1) u=(=8p) " (Af(w).

We will prove that there are nontrivial solutions of (4.1) when A = 1, i.e. four
nontrivial solutions of (1.1).
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Let fT: R — R be defined as f*(t) = f(t) for t > 0, and f*(¢t) =0 for t < 0.
Similarly, let f~: R — R be defined as f~(¢) = f(¢) for t <0, and f~(¢) = 0 for
t > 0. We observe that f can be written as

F(t) = fp(o0)tlP~2t + g(t),

where g(t)/[t|P=%t — 0 as [t| — oo, and also
F(t) = £ Ot +3(1),
where g(t)/[t|P~2t — 0 as t — 0. We have the following lemma.
LEMMA 4.1. For every A > 0 and 7 > 0 if u € Wy P(Q) \ {0} satisfies
u=(=8p) " (M (u) +7),

then u € CY(Q), u > 0 on Q and u/OT < 0 (where T denotes the outer unit
normal on 0S).

REMARK 4.2. Taking 7 = 0 in Lemma 4.1, we observe that, if u € Wol’p(Q)
is a solution of

(4.2) w=(=,) " (A f W)

and A > 0, then u > 0 on Q. Thus u satisfies (4.1), i.e. (u,A) € S. In a similar
way, if u € W'() is a nontrivial solution of

(4.3) u=(=4,)" (A (w)
and A > 0, then u < 0 on Q. Thus u satisfies (4.1), i.e. (u,\) € S.

PRrROOF. Using Theorem 2.1, hypothesis (f1), and the well-definition of op-
erator L := (=A,)71: L®(Q) — C17(Q), one can show u € CL7(Q) (as we
proved in Section 2 for the weak solutions of (1.3)). We claim u > 0 on Q: if
u < 0 on a subdomain D C 2, because of the definition of f+, u = (—A,)~ (1)
on D. Since the p-Laplacian operator satisfies the maximum principle (see e.g.
[16, Section 6.4]), u > 0 on D. This contradicts our assumption, and so u > 0
on (.

In order to conclude the proof, we apply again Theorem 2.2: let £: [0, 00) —
R be defined as £(s) = )\Cfspfl. We see that £ is a continuous, increasing
function, such that £(0) = 0 and

1 1
/o (sE(s)in 8 = T

Moreover, A,u < £(u) on . The result follows from Theorem 2.2. O
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4.1. Bifurcation from infinity. We define
St :{(Ua)\)EWol’p(Q)XR:u;éOandu:(

—A,) T AT ()},
ST ={(u,\) e WgP(Q) xR:u+#0and u=(-A N~

)
p) T ()}

As we mentioned above, we use bifurcation theory (see [19], [20], [21] and [3])
to prove Theorem A. Let us recall that, in our framework, (0, A\*) is a bifurca-
tion point from zero for equation u = (—A,) " (\f+(u)) if (0,\*) € ST or,
equivalently, if there exists a sequence {(un,\n)}n in ST which converges to
(0, A*). Also, (0o, A*) or simply \* is a bifurcation point from infinity for equa-
tion u = (—A,) (A fF(u)) if there exists a sequence {(uy, A\p)}n in ST such that
An — A" and HunHWOI,p — 00 as n — oo. Similar definitions apply for equation
w= (~8,) 1A~ ().

First we present an argument using bifurcation from infinity to show the
existence of two one-sign solutions of (1.1). Secondly, we use bifurcation from
zero to show the existence of two additional one-sign solutions. At the end of
this section we include a bifurcation diagram which summarizes the arguments

presented below.
Let us define W, : W, *(Q) x R — Wy (Q) by

s el a0 ()] its 2o

2
E

0 if z=0,

Uiz, A) =

and ¥_ in the same way, changing f by f~. Let us denote i(¥ (-, \),0) the
index of W (-, A) with respect to zero. The following result will be used to prove
the existence of two one-sign solutions for problem (1.1).

THEOREM 4.3. The following assertions hold true.

(a) (0,A1/f}(00)) is the unique bifurcation point from zero for equation
U, (z,\) = 0. Moreover, there exists an unbounded connected compo-
nent T of

I ={(z,A) e WgP(Q) xR: 2z #0 and ¥ (z,)) = 0},

emanating from the trivial solution of W, (z,A) = 0 at (0,A1/f,(00)).
Analogously, (0, A1/ f,,(c0)) is the unique bifurcation point from zero for
equation W_(z,\) = 0. Moreover, there exists an unbounded connected
component I' of

I~ ={(z,\) e W;P(Q) xR:2z#0 and ¥_(z,)\) = 0},

emanating from the trivial solution of ¥_(z,A) =0 at (0, A1/ f,(00)).
(b) (00, A1/ f}(00)) is the unique bifurcation point from infinity for (4.2).
Moreover, there exists an unbounded connected component X1 of ST
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bifurcating from (0o, A1/ f,(00)). Analogously, the point (0o, A1/ f,(0))
is the unique bifurcation point from infinity for equation (4.3). Moreover,
there exists an unbounded connected component X2 of S~ bifurcating

from (00, A1/ f}(0)).

REMARK 4.4. As we mentioned in the introduction above, Theorem 4.3 is
inspired by a corresponding result in the semilinear case due to Ambrosetti and
Hess (see [2] and [3, Section 4.4]), and by Theorem 4.1 in [1] (see also [9]).
The proof we present below closely follows the ideas from [2], [3] and [1], but
our arguments have several differences with respect to these references. First,
as expected, a lot of technicalities arise when trying to adapt the A-approach
from [2] and [3] to the A, nonlinear operator. Second, our hypotheses on f
slightly differ from those in Theorem 4.1 of [1] (ours are a little less restrictive
near infinity) and, in the proof presented in [1], several details are omitted. And
third, our choice of functional spaces is different from both references. For the
sake of completeness we include full details here.

In order to prove Theorem 4.3 we need the following lemmas.

LEMMA 4.5. Let J C R be a compact interval such that Ae := A1/ f,(00) & J.
Then:

(a) There exists r > 0 such that u # (—Ap)~ (A fT(u)) for every X € J and
every u € Wy () with ||u||W01,p >r.

(b) i(¥L(-,A),0) =1 for every A < Aeo.

(c) (00, A1/ f}(00)) ids the only possible bifurcation point from infinity for
equation (4.2).

PROOF. In order to prove a) we argue by contradiction. Assume there exist
a sequence {A\,}, C J and a sequence {uy}, C Wg’p(ﬂ) such that ||unHW01‘p —
400 and

(4.4) = (=) "\ f T (un)) for every n € N.

Because of Lemma 4.1, u,, > 0 for every n. Dividing (4.4) by Hun||W01p we get

An fh(00)uP™1 + A\ng(u
(4.5) _Un (—=A,)t nfp (o0 — g () for every n € N,
[y 2 g L,
n Wo’p HunHWOLP

where g(t)/[t[P~%t — 0 as t — oo. What follows is a standard compactness
argument. Indeed, since {Un/HUnHWOlP}n is a bounded sequence in W, (1),

there exists a subsequence, for which we keep the same notation, v € WO1 P(Q)
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and h € LP(Q) such that

Un % weakly in W2P(Q),
Tl .
I T'n — T strongly in LP(2),
unll i,
wl
(4.6)
L(xs —0(z) ae e,
Tl .
un(ms < h(z) ae x€.
Tl .
0

Now, let us verify uﬁ*1/||un||p’11p — 7 P~ and g(un)/||un||p’11p — 0 weakly in
Wo' Wo'

LP' (), where 1/p+1/p = 1. Let w € LP(Q). Then, from (4.6),

p—1 p—1
U @) 1) ae ze® and AL <ty
||un||W1,p ”unllwlm

0 0

Since h € LP(Q), |h[P~! € LP'(Q). Hence, dominated convergence theorem
implies that

p—1
Un iJ dr — [ 777 'wdr asn — oo.
Q ||un||€V11p
0

Since this holds true for every w € LP(Q), Riesz representation theorem guar-
antees that u2=!/||u, ||p’1 — 777 weakly in L”' (). In order to verify that
0

(un)/||un||p 1 — 0 weakly in L?' (Q), we take € > 0 arbitrary and then, since
g(t)/|t|P—2t 5 O as t — 0o, there exists M. > 0 such that

(4.7) t>M. = |g(t)] <et?P™!.

Given n € N, we observe that

(4.8) /Lﬁ)lwd:ﬂ:/ Q(L;:)lwdx+/ L;i)lwdac.
o unlll it unllg wntar. unlls

Regarding the first integral on the right-hand side of (4.8), from (4.7), Holder
inequality, and the continuity of the embedding, we get

(4.9) ’/ _g(un) wdw’:/ |g(un)‘L|w|d:ﬂ
| > Me ||un|| L funl>nre b [l

ugl—l —1
< 5/| (P W dz < eflw]zr

un>M. [|tn|

p
U,

_Un < Cel|w]) e
Hun\lp

v



544 J. Cossio — S. HERRON — C. VELEZ

With respect to the second integral on the right-hand side of (4.8), we have

(4.10) ‘/ %wd:ﬂ
|un|§Me ||u"| W(}vp
L R e S
funl <M [|Un 1 lun s

Since € > 0 is fixed, ||g[[ze[0,as.) is fixed. The right-hand side of (4.10) tends to
zero as n — 0o, because ||’LLn||W&vP — +o00. Thus, from (4.8)—(4.10), and the fact

that w € LP(Q) is arbitrary, we conclude g(un)/Huanfllp — 0 weakly in L? ().
WO'

We then have that the argument on the right-hand side in (4.5) converges

weakly to Af;(00)7 in LP'(Q), for some X € J. As (—A,)": LY (Q) — Wy *(Q)

is compact, from (4.5) we get a further subsequence {un/||un||W01p }n such that

(4.11) ——— =
”un”WOlP

Un oy Ay (00)ub ™t + Ng(un)
(_AP) 1( £ HU H;D—l )
n Wol,p
= (=) (A (00)D)
as n — oo, strongly in W, *(Q). From (4.6) and (4.11) we conclude
(4.12) (=Ap) ™ (M fy(o0)v) = 7.

Let us denote v, := un/HunHWOl,p for each n. From (4.11) and (4.12), it follows
that v, — T strongly in Wy?(€). Since HunHW&,p = 1 for every n, it follows
T # 0. Therefore (4.12) means A f/(0c0) is an eigenvalue of —A,, and  is an asso-
ciated eigenfunction. This is absurd since 7 > 0 (from (4.6)) and Af,(c0) # A1
(since A € J and A1/ f,(o0) ¢ J). This contradiction completes our proof of (a).

We now prove (b). Let A < Ay. Consider J = [0, \]. For every t € [0,1] we
have t\ € J. From (a) there exists r > 0 such that

u— (=Ap) T (EAf T (u) # 0
for every tA€.J (i.e. for every t€[0,1]) and every ue Wy *(Q) with ||u||W01p >r.
For such an u, taking z = u/||ul[* | , we get
wy'P

z— ”Z”i/(}"’ (A TS (Z/HZHivg»P)) #0

for every z € WyP(Q) such that ||z||W01,p < 1/r. Hence, ¥ (z,t\) # 0 for
every z € Wy (Q) such that 0 < ||Z||W01,p < 1/r. Let us define the homotopy
H: W, P(Q) x [0,1] = Wy *(Q) by H(u,t) = U, (u,t)). Using Leray-Schauder

degree invariance under homotopies, we get

deg(H( 1), Bl/r(o)vo) =deg(H(-,0), Bl/r(o)vo)
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equivalently
deg(\I}-F( ) A)a Bl/7'(0)7 0) = deg([a Bl/r(o)a O) =1.

To prove (c), again we argue by contradiction. Assume there is a bifurcation
point A from oo such that A # Ay. Let J C RT be a compact interval such that
A€ Jand A\, ¢ J. Then, there exists a sequence {(un,\,)} C ST such that
||un||W01,p — 400 and A, € J for large n € N. But this contradicts (a). O

LEMMA 4.6. The following assertions hold true:

(a) Let Moo := A1/ [f,(00). For every A > Ao there exists R > 0 such that
for all 7 >0 and for every positive u € W, P(Q), with ||uHW01,p >R, it
holds that w # (—Ap)"*(AfH(u) + 7).

(b) «(Ty(-,X),0) =0 for all A > Ao

PROOF. In order to prove (a) we argue by contradiction. Actually, our
argument is similar to the one we used above when proving Lemma 4.5 part (a),
but in this case it is more involved because of the 7-term. Assume there exist
{Tn}n C [0,00) and a sequence {u,}, C Wy?(Q) of nonnegative functions such
that ||un||W01p — o0 as n — oo and

(4.13) Uy = (—Ap) 'O f T (u,) +7,)  for every n € N.

Since ft(t) = f}(co)[t|P~2t + g(t), where g(t)/[t|P~2t — 0 as t — +o0, (4.13)
can be written as

(4.14) Un = (=Ap) T (Af}(00)ub ™" + Ag(un) +75) for every n € N.
Let v, = uy,/ ||un||W01,p for every n € N. Then v,, satisfies equation

Tn

(4.15) v, = (~A,)" <Af,;(oo)vg;1 1 lun)

—1 1
HunHﬁ,ol,p HunHﬁ,é,p

> for all n € N.

We may assume (by passing to a subsequence) that either

(i) Tn/”uan_llp —+c>0asn— oo, or
wh

0
(ii) Tn/||un||’v’v_1’1p — 400 as N — 00.
0

Let us consider case (i). Assume first that ¢ = 0. Since ||vn||W01p = 1 for every
n € N, we can suppose (by taking a subsequence) that there exists T € WO1 P(Q)
such that v, — v (weakly) in Wy (Q) and (4.6) holds true. Arguing as in the
proof of Lemma 4.5,

(4.16) Afj(co)vh™t — Af/(c0)v”™"  and _glun) 0 weakly in L” (£),

and, by our assumption that ¢ = 0 in (i),
T’n.

(4.17) — 0 weakly in L” (Q).

—1
el
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Since (—A,)~': LP (Q) — W, P(Q) is a compact operator, it follows from (4.15),
(4.16) and (4.17)

(4.18) v=(=Ap) " (Mp(c0)oP™h) & —Apu = Afy(c0)P

Arguing as we did above after getting (4.12), we get that the nonnegative function

© is also nonzero. Thus, (4.18) provides a contradiction since A > A1 (p)/ f}(00).

We now assume 7,/ |[un ][5t — ¢ >0 as n — co. Let € € (0,Af)(00) — A1).
wy'P

CLAIM 4.7. there exists a weak positive supersolution w € Wol’p(Q) of problem

—Apw =N\ +e)wP™t inQ,

(4.19)
w=0 on 0N.

PROOF OF CLAIM 4.7. Let 7 € (A1 +¢)/, f,,(00)), so that
(4.20) AL+ e <MY < Afp(00).

We show that there exists a large n € N such that

(4.21) /Q<)\f1’,(oo)v£1+)\|g(un) 4 )d)dx /Q)ﬁvﬁ’lqﬂdx,

Junlfas Il
for every ¢ € W,y"*(Q2) such that ¢ > 0. Let n € (0, (fy(o0) —7)/2). Since
g(t)/tP~1 — 0 as t — +oo, there exists M, > 0 such that

g(t)
tp—

(4.22) <n, forallt> M,.

Since A and M,, are fixed, A|lgl|L~po,a,)/l[unll’7, — 0 as n — oco. So, we can
wl
pick a large n, so that ’

=gl zoejo,n,) Tn

(4.23) >

o

-1 —1
ol Tl
Given ¢ € W, P(2) such that ¢ > 0, in order to obtain (4.21) we write

g(un) Tn
-1
HuanVm [[u an

A
/{}( p(o0) - )”““ngn,,))wx

+/ ()\ g(“;’)l b )(bdx
fun<Mp} HunH [|lu nH

+ / A(f)(00) — w-wx
{un <My}

(4.24)

>¢dx — [ vkt dr
Q

.
+/ ﬁqﬁdx s+ I+ I3+ 1y
(

wp>Mp} ||un|
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Observe Is > 0 and I, > 0. From (4.23) we get

I > / € sdr > 0.
{un<Mpn} 2

Regarding I, observe that writing

9(un) _g(un) U£71

-1 —1 —1
hualsly — wh ™ fual? ),
we get
Unp —
(4.25) I, = <)\(f1’)(oo) -7+ )\g(pl)>vﬁ Lo dx.
{un>Mn} un

Using (4.22), (4.25) and our choice of 7, we have

, =
I > / /\(fp(oo)’y>vﬁl¢da: > 0.
{un>Mn} 2

We conclude (4.21) holds true. From (4.15), (4.21) and our choice of 7 (namely,
(4.20)), we get vy, is a supersolution of (4.19) for n € N large, i.e. the following
inequalities hold true in the weak sense

g(un) Tn

—1 -1
el Tunllsh

(4.26) —Apv, = Afy(c0)vh 14X > Mo~ > (A 4e)vk?

for large n. So, for such an n, v, is a supersolution of (4.19). Moreover, since
Uy = un/||un||W01,p, from (4.13) and Lemma 4.1 we conclude v, > 0 on © and
avn/aﬁ < 0 on 0f). This completes the proof of claim. O

Now, for every t > 0 and a positive eigenfunction ¢; corresponding to A1, t¢1
is a subsolution of problem (4.19). Let v, be a positive supersolution of (4.19).
Using that dv, /07 < 0 and ¢, /07 < 0 on & (where 7 denotes the outer
unit normal on 9f2), one can prove there exists ¢ > 0 such that t¢; < v, on Q.
Using standard truncation and penalization techniques (see e.g. [7, Section 3],
[13], the appendix in [15], or Section 4.5 in [16]), it can be proved the existence of
a solution w € Wy P(Q)NL>® (), of problem (4.19), such that ¢ < w < v, in Q.
Thus w is a positive eigenfunction corresponding to the eigenvalue A1 + & # A;.
This is a contradiction that shows case (i) above cannot actually occur.

Let us now consider case (ii). Let 7 be as in (4.20). Arguing as in case i), from
(4.15) it follows that, for n € N sufficiently large, inequality —A,v, > AyvE~!
holds true. Then, the same argument as presented in case i) follows, and we also
get a contradiction. We have completed the proof of part (a).

We now prove (b). Let A > Ay. From (a), taking 7 = ¢, we know
that for every t € [0,1] and every u € W,P(Q) with ||u||W01p > R, u #
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(—=Ap) "' (AfT(u) + t). Using again inversion z = u/||u||12/volp and the homo-
geneity of (—A,)~", we observe that for every ¢ € [0,1] and every z € WyP(Q)
such that 0 < ||z||W5,p < 1/R,
— 2(p—1
(4.27) 2 # (=0 T QRES LGP ,) + 1)
0

WP
Let ¢ € (0,1/R). We now define homotopy H : B-(0) x [0,1] — Wy*(Q) as
I —1 2(p—1) p+ 2
H(z,t) =2z = (=4y) (AIIZIIWE’,p f (Z/IIZIIW(},I,) +1t) for every z #0,

and H(0,t) :== —(—A,)"!(¢). Using the same ideas we used above to prove
part (a) of Lemma 4.5, it can be proved that H is actually continuous, and also
that it is of the form identity — compact.

Using the homotopy invariance property of Leray—Schauder degree, we obtain

deg(H( : 70)7 BE(O)vo) = deg(H( i) 1)a BE(O)v O)

On the other hand, deg(H(-,0), B:(0),0) = deg(¥4(-,\), B:(0),0) and, from
(4.27) and the definition of H,

deg(H(-,1),B:(0),0) = 0. O

PROOF OF THEOREM 4.3. Lemmas 4.5 and 4.6 assert that ¢(U(-,1),0) =1
when A < Ay, and 4(¥4(-,A),0) = 0 when A > M. The fact that these two
local degrees are different allows one to repeat the original arguments used by
P. Rabinowitz to prove his global bifurcation theorem (see [19], [20], and [3,
Sections 4.3 and 4.4]). O

We now prove the existence of two solutions for problem (1.1). Since X7
bifurcates from (0o, A1/ f,'(00)), there exist elements (u,\) € LI such that
||u||W01,p is arbitrarily large and X is near A1/ f,(occ). Hence, because of inequality
(3.2) in Lemma 3.2, there exist elements (u,\) € I such that N (u,\) =
lul| L > . Lemma 3.3 implies that N (Xd) is connected. Thus, Lemma 3.1

implies that

(4.28) Jul|p~ > a for all (u,\) € L.

Because of inequality (3.3) in Lemma 3.2,

(4.29) lllye > (K3) e for all (u,\) € D& N (W *(Q) x [0,2]).

The constant K5 in the previous inequality, technically, depends on \. As it was
pointed out in Lemma 3.2, K is bounded if A is bounded. Since A € [0, 2] in this
case, the constant K5 > 0 can be chosen independent of \. Now we claim that
there exists an element of the form (u;,1) € $L. Let us argue by contradiction.
Assume this is not true. Consider the cylinder

P={(u,A) € WyP(Q) xR: A€ [0,1], [[ullyyrr > (K2)"'a}.
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Hypothesis (fz) implies that A1/f,(c0) < 1. Therefore, from Theorem 4.3 it
follows that int P N X% # 0. Also, since X1 corresponds to the unbounded
connected component 'Y of I't, then int(Wi?(Q) x R\ P) N EL # 0. From
(4.29) and our assumption, 9P N L =0. Thus, OP separates ﬁ, ie.

vi Cint PUint(WeP(Q) x R\ P),

which contradicts the connectedness of ﬁ This contradiction shows there
exists (u1,1) € 2. From Theorem 4.3, uy # 0, ic. (ug,1) € XL C ST. As
mentioned above, this means u; > 0 on  and wu; satisfies (1.1). In a similar
fashion we obtain a negative solution v;. The previous argument shows these
two solutions have L (£2)-norm greater than .

4.2. Bifurcation from zero. First we state the following analogue of The-
orem 4.3.

THEOREM 4.8. There exists an unbounded connected component ES’ of St
so that (0, A1/ f,(0)) belongs to 273' and, if (0,A) € %, then X = A\1/f£,(0). Also,
there exists an unbounded connected component ¥y of S~ such that (0, A1/ f,(0))
in Sy and, if (0,)) € Sy, then A = A1/ f,(0).

REMARK 4.9. This result is essentially an adaptation of Lemma 3.1 in [9]
to our case, and it can be proved either by following the arguments of [9, The-
orem 1.1 and Lemma 3.1] or by using the same ideas we used above to prove
Theorem 4.3.

We now prove the existence of two additional solutions for problem (1.1).
Since (0,A1/f,'(0)) € ﬁ, there exist elements (u,\) € X such that ||u||W01,p
is close to zero and A is near A;/f,(0). Hence, because of inequality (3.3) in
Lemma 3.2, there exist elements (u,\) € 3 such that N (u, A) = |lul|,~ < a.

From Lemma 3.3 it follows that NV () is connected. Thus, Lemma 3.1 implies
that

(4.30) |ullp~ < a for all (u,A) € S
Because of inequality (3.2) in Lemma 3.2,

(4.31) lully» < Ko for all (u,A) € S N (W ™(Q) x [0,2]).

Now we claim that there exists (ug,1) € %. Let us argue by contradiction.
Assume this is not true. Define the cylinder

P ={(u,\) € Wy () x R: A€ [0,1], [lully1s < Kra}.
Hypothesis (f2) implies that \;/f,(0) < 1. Therefore, from Theorem 4.8 it fol-
lows that int PNY{ # 0. Also, the unboundedness of ¥ implies int (W, (Q) x



550 J. Cossio — S. HERRON — C. VELEZ

R\ P) ﬁ% # (. From (4.31) and our assumption, P ﬁEiaL = (). Thus, OP

separates Esr, ie.
SF cint PUint(W2P(Q) x R\ P),

which contradicts the connectedness of ﬂ. This contradiction shows there exists
(ug,1) € SF. From Theorem 4.8, uy # 0, i.e. (ug,1) € F C ST. As mentioned
above, this means uz > 0 on Q and wuy satisfies (1.1).

Arguing in a similar fashion with g, the existence of a negative solu-
tion ve of (1.1) is obtained. From (4.30) (and its analogue for ZT;) we have
l[uz| Lo, lvzllLe < o

We summarize the arguments presented above, in the following bifurcation
diagram of Figure 1.

L 1,p A
I~y T

1
g1

[[u]lL= =

§

Ty

=
Z[]

>

.
7o

FIGURE 1. Bifurcation diagram for problem (1.3).
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