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ON EXTREME VALUES OF NEHARI MANIFOLD METHOD
VIA NONLINEAR RAYLEIGH’S QUOTIENT

YAVDAT ILYASOV

ABSTRACT. We study applicability conditions of the Nehari manifold
method to the equation of the form D, T (u) — ADyF(u) = 0 in a Banach
space W, where A is a real parameter. Our study is based on the develop-
ment of the Rayleigh quotient theory for nonlinear problems. It turns out
that the extreme values of parameter A which define intervals of applicabil-
ity of the Nehari manifold method can be found through the critical values
of the corresponding nonlinear generalized Rayleigh quotient. In the main
part of this paper, we provide general results on this relationship. Theo-
retical results are illustrated by considering several examples of nonlinear
boundary value problems. Furthermore, we demonstrate that the intro-
duced tool of nonlinear generalized Rayleigh quotient can also be applied
to prove new results on the existence of multiple solutions for nonlinear
elliptic equations.

1. Introduction

The Nehari manifold method (NM-method), which was introduced in [28]
and [29], by now is a well-established and useful tool in finding solutions of
equations in variational form. Let us briefly describe it. Assume W is a real
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Banach space, ®,: W — R is a Fréchet-differentiable functional with derivative
D,®) and X € R is a parameter. Consider the equation in variational form

(1.1) D,®x(u) =0, ueW.
The Nehari manifold associated with (1.1) is defined as
Ny:={ue W\O0:D,®,(u)(u) = 0}

Since any solution of (1.1) belongs to N}, a natural idea to solve (1.1) is to
consider the constrained minimization problem

@, (u) = min, u € N,.

Suppose that there exists a local minimizer u of this problem and ®, € C?(U,R)
for some neighbourhood U C W of u. Then by the Lagrange multiplier rule one
has po Dy @ (u) + p1 (D@ (u) + Dy @ (u)(u, - )) = 0 for some pg, g1 such that
lwo| + 1| # 0. Testing this equality by u we obtain g Dy, P (u)(u,u) = 0.
Hence, if Dy, ®x(u)(u,u) # 0, then we have successively pu; = 0, po # 0 and
therefore D, ®,(u) = 0. Thus, one has the following sufficient condition for the
applicability of the NM-method:

(1.2) Dyu®y(u)(u,u) #0 for any u € N)y.

The feasibility of this condition often depends on the parameter A. Thus, we
may expect that there exists the set of extreme values of the NM-method on =
{Amin,i; Amax,i }2; such that the sufficient condition (1.2) is satisfied only for

oo
A € U (Amin,is Amax,i). This brings up the question of how to find these extreme
i=1

values.

In general, this question is related to finding bifurcations for critical points
of family fibering functions @y ,(s) := ®(sv), s € RT, wherev e S:={v e W:
lvllw = 1} and X € R. Indeed, if uy = syvy satisfies (1.1), then doy o, (sx)/ds =
0 and hence syvy € N, whereas condition (1.2) is equivalent to d*¢y ,, (sx)/ds?
# 0. Thus, in general, an extreme value A\* of the NM-method may occur only:
(1) as a bifurcation at zero or at infinity, when sy — 0 or sy — 00 as A = \*, re-
spectively; (2) as a bifurcation at a point (s*, \*,v*), where d?¢gx« = (s*)/ds* =0
and (s}, v}) = (s*,v%), (s3,v3) — (s*,v*) as XA — \*, for some branches of crit-
ical points s} and s3 of ¢y .(s). In fact, when for each v € S the function
®xv(s) may possess at most one critical point in R the extreme values of the
NM-method either do not exist or can be found directly. Essential dependence of
equation (1.1) on the parameter A and the necessity of finding the extreme val-
ues of the NM-method take place when ¢, ,(s) may have more than one critical
point of various types. Nonlinear partial differential equations with such prop-
erty have been studied in a number of papers dealing with the multiplicity of
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solutions (see, e.g. [1]-[3], [15], [30]). Furthermore, to study such problems a gen-
eral approach, the so-called fibering method, had been introduced by Pohozaev
[32], [33]. However, as far as we know, the problem of finding the extreme values
of the NM-method in the general setting has not been given much attention to.
This problem was studied in [17], [18], [20] where a method (the so-called spectral
analysis by the fibering procedure) of finding variational principles correspond-
ing to the extreme values of the NM-method has been introduced. Although
this method has been applied to a number of problems (see, e.g. [8], [12], [13],
[16], [21], [22], [24], [25]), it has certain disadvantages mainly due to its complex-
ity. Difficulties in finding of the extreme values of the NM-method significantly
increase when systems of equations are considered. Actually, in this case the cor-
responding fibering function ¢y (%) := @ (1) is a function of several variables
t € (RT)™ and analysis of its critical points is known to be more complicated
as compared with the fibering function of one variable ¢y ,(s) for the scalar
problem.

The aim of the present paper is to introduce a new approach to this problem.
To specify the principal idea, let us consider equation (1.1) in the particular form

D,T(u) — AD,G(u) = 0.

Let us assume that D, G(u)(u) # 0 for any v € W \ 0. Testing the equation by
u € W and then solving it with respect to A =: R(u) we obtain the following
functional:

DT (u)(u)
" DuGu)(w)’

which is meaningful to call the Rayleigh quotient. Note that u belongs to N, if

(1.3) R(u) wew\o,

and only if it lies on the level set R(u) = A. Using this fact we derive that

1

(L4 Dul(u)(v) = 5mrsey

D2 &y (u)(u,u), for all u € Ny,

which means, in particular, that the sufficient condition (1.2) is satisfied if and
only if D,R(u)(u) # 0. Note also that D,R(u)(u) = dR(tu)/dt|t=1. This
reasoning leads us to the following idea:

The extreme values of the NM-method can be studied by investigation of the
critical values of the fibering Rayleigh quotient r,(t) := R(tu) in RT \ 0, for
ue W\O0.

To implement this idea, we introduce a new approach to generalization of
the Rayleigh quotient that preserves main properties of the original Rayleigh
quotient and allows to analyse the nonlinear problems. Basically this way of
generalization may be described as follows: In general, one may assume that for
every u € W\0 the function r, () has a countable (or finite) set of extreme points
t1(u), t2(u), ... € R\ 0, which determine the mappings ¢;(-): W\ 0 — R*\ 0,
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1=1,2,..., so that we are able to introduce 0-homogeneous functionals
Ai(u) ==y (ti(w), weW\0, i=1,2,...,

which we call the nonlinear generalized Rayleigh quotients. Thus, we arrive to
the main idea of our approach:
The set of the extreme values of the NM-method o can be found by studying
the critical values of the nonlinear generalized Rayleigh quotients (A;(u))52,.
On the whole, application of the Nehari manifold method for a fixed value \
means implementation of the following steps:

(1) verify that the Nehari manifold A, is not emptys;

(2) prove that there exists a minimizing point uy € Ny of problem (2.3);

(3) prove that the minimizing point uy corresponds to a solution of equation
(2.1).

This work is mainly focused on studying conditions under which step (3) is
satisfied. However, some general results on extreme values of A\ for step (1)
will also be obtained. Furthermore, we believe that the introduced category of
nonlinear generalized Rayleigh quotients may be useful not only for determining
the extreme values of the NM-method. Some results confirming this are given
in Section 5.

The literature on the Nehari manifold method is rather extensive and it would
be impossible to provide a reasonably complete references on this. We have
reported only the papers more closely related to the material discussed herein.
A particular topic which we leave out in order to keep this work reasonably short
is the critical point theory and its application in the framework of the Nehari
manifold method (see, e.g. [4], [14], [31], [34], [36], [37]). We do not discuss
applicability conditions for many other constrained minimization methods as for
instance the fibering method [32], [33] or the one employing Pohozaev’s identity
as a constraint [7], [21], [25], [35].

This paper is organized as follows. Section 2 contains preliminaries on the
Nehari manifold method. It should be noted that when we consider a system of
equations the Nehari manifold may be introduced by several ways. We discuss
two main approaches, the so-called vector and scalar Nehari manifold methods.
Section 3 is devoted to the nonlinear generalized Rayleigh quotient and its main
properties. In Section 4, we show how one can find the extreme values of NM-
method for a system of equations with nonlinearity indefinite in sign applying
the NG-Rayleigh quotients theory. In Section 5, using the NG-Raylegh quotients
we prove a result on existence of multiple solutions for an abstract system of
equations and as a consequence therefrom we obtain a new result on existence
of multiple sign-constant solutions for a boundary value problem with a general
convex-concave type nonlinearity and p-Laplacian.
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Notations. We will denote by W = W; x ... x W, the product of real
Banach spaces W; with the norms || - ||w,, ¢ = 1,...,n, and the norm | - || =
- llwy + .-+ - llw, in W. To simplify the notations we write:

o W= (W \0)x...x (W,\0) and R* =RT\0,
o t:=(t1,...,ty) ER",

_ _ n
o 11 := (t1u1,...,toty), ST := (SUL, ..., SUy), <t,ﬂ> = > tyu;, foruw e W,
i=1
teR", seR,
e 1,=(1,...,1)Y and 0, = (0,...,0)T denote the vectors 1 x n and 0 x n
in R™, respectively.
For F € CY(W,R), u,v € W, t € R" we write

VﬁF(i) = (Du1F(H)"~'aDunF(ﬂ))T7

. VuF(ﬂ) = (Du, F(@)(v1), .., Dy, F(@)(vs)) ",
o DgF(u)(v ) >ic1 Do, F(@)(v7),

o V.F(tu) := (0y, F(t),...,0;, F(tu))T,

o V;F(tu)t: (at1 (tu)ty, ... at F(tu)t,)",

. (t u) /0t := (VgF (i), t) = Eat F(tw)t;.
Here D, F(u) denotes the Fréchet derlvatlve with respect to u; € W; and
D, F(u)(v;) denotes the value of D,,,F(u) at v; € W;,i=1,...,n
In the sequel, Q denotes a bounded domain in RY with smooth boundary
o, w .= I/VOLP(Q), 1 < p < 400, is the standard Sobolev space with the norm
|ullw = (J |VulP dz)'/P, p* denotes the critical Sobolev exponent.

2. Preliminaries

In the present paper, we shall deal with the system of equations of the form
(21) VU(I)A(E) = VET(H) — AVHG(Q) =0, weWw,
where W = [] W; is the product of real Banach spaces W;, A € R, T,G €
i=1
CY(W,R) and @, (@) = T(7) — A\G(T). In the case n = 1, we call (2.1) the scalar
problem. We define the vector Nehari manifold associated with (2.1) as follows:

(2.2) Ny ={ueW:Vaz®,(0) T = Vi®r(tu)l;—y, =0},
where W = [ (W; \ 0). The corresponding Nehari manifold problem is
i=1
o — crit,
(2.3) (@)
u e N)\.

We will say that ©w € N, is a critical point of ®, with respect to the Nehari
manifold (a solution of (2.3) for short) if V) has a tangent space Tz(N,) at @
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and V@, (1) h = 0 for all h € Ty(Ny). We denote by d » the global minimization
value in (2.3), i.e. @y := inf{®x (%) : T € Ny}. A solution @€ W of (2.1) is said
to be a ground state if ®, (@) < ®(w) for any solution W € W of (2.1). Thus
a global minimizer @ of (2.3) which satisfies equation (2.1) is a ground state.

The following assumption will be needed throughout the paper: Vz®,(tu) is
a map of class C'!' on (R*)" x W. Notice that this assumption implies that the
constraint functional V®, (%) (%) in (2.3) is a map of class C! on W. Evidently,
any functional &) € CQ(W, R) satisfies this assumption. However, for instance,
the functional ®(u) = [, |u|? dz which is defined on W := LP(Q) where Q C R™
does not belong to C2(LP(),R) if 1 < p < 2 but d®(tu)/dt = ptP~* [, |ul|P dz €
CY (Rt x LP(Q),R).

Let @ € W. Consider the Hessian matrix H(®x (%)) which is defined as

follows:
2

_ 0 _
H(Py\(tu)) = ( <I>,\(tu)> .
00t {1<i,j<n}
To shorten the notation, we write H(®y(a)) := H(PA(tT))
the case @y € C2(W,R), one has

H(PA(7)) = (Di,iuj ‘I)/\(a)(“i’“j)){gi,jgn}'

i=1, - Note that in

Let us prove

LEMMA 2.1. Let A € R. Assume ®y € CY(W,R), V;®,(t7) is a map of
class C1 on (RT)™ x W. Suppose that Ny # 0 and for all @ € Ny

(2.4) det H(® (7)) # 0.

Then Ny is a Cl-manifold of codimension n, W = Tz(Ny) ® R"u for every
u € Ny and any solution of (2.3) satisfies (2.1).

PROOF. Since V;®, € C'((RT)" x W,R"), the vector-valued functional
U(u) := Vg, () (@) is a map of class C' on W. Consider the Jacobian

Jz(¥(@)) = [Dy, ¥ (1) ...D,, ¥(w)], uweW.
Observe
(2.5) Ja(Y(u))aw = Jp(V(tu))al;_, , forallaec R".
Furthermore, for wy € N, there holds
Je(¥(t00)) =1, = H(Pa(W0)) + Va, ®a (o) o = H(PA(Uo))-

This and (2.4) imply that the function Jr(¥(f%p))l;—;, : R* — R™ is bijective
and therefore by (2.5), Jz(¥(u)): W — R™ is a surjective map. Hence by the
implicit function theorem N is a C'-manifold in W which codimension is equal
n so that W = Tg(N,) @ R"u. Clearly, this yields that any solution of (2.3)
satisfies (2.1). O
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Let us mention that the Nehari manifold (2.2) is actually introduced by
means of the vector fibering map @, (@), (¢,u) € (R*)™ x W. But if we use
the scalar fibering map ®,(su), (s,u) € RT x W, we get another kind of Nehari
manifold:

ds

to be further called the scalar Nehari manifold.
The scalar Nehari manifold problem is defined as follows:

(2.6) NY = {u eW\O0,: 4 D) (s1)|s=1 = Dg®,(u)(w) = 0},

) (u) — crit,

2.7
@7 ueN;,

where the definition of a solution is likewise in (2.3). Arguing as above, we have

LEMMA 2.2. Assume ®) € CY (W \ 0,,,R) and d®,(su)/ds is a map of class

C' on R x (W )\ 0,). Suppose that Ny # 0 and for all @€ N3
d
(2.8) s Dz @ (su)()|s=1 # 0.
Then N is a Ct-manifold of codimension 1, W = Tz(Ny)®RT for everyu € N
and any solution of (2.7) satisfies (2.1).

In what follows, we call (2.3) and (2.7) the vector and scalar Nehari manifold
method (NM-method), respectively. Note that Ny C N5.

DEFINITION 2.3. We say that the vector (scalar) NM-method is applicable

in general (applicable for short) to problem (2.1) for a given A € R if condition
(2.4) ((2.8)) is satisfied for each w € N (uw € N¥).

REMARK 2.4. The Nehari manifold method can be applied even if condition
(2.4) is satisfied only in some subset of manifold A,. In such case it makes sense
to speak about local applicability of the Nehari manifold method.

Let us remark that the definition of the Nehari manifold (2.2) ((2.6)) and
condition (2.4) ((2.8)) are invariant in the following sense:

PROPOSITION 2.5. Let 6: (RT)" — (RT)" be C'-map such that
0(1n) = 1n,  det J=(0(T))l7=1, # 0,
where J=(0(T)) is the Jacobian matriz of 6(T). Then

(a) V=®A(0(7)@)|7=1, = 0 if and only if Vi®(tT)];—;, =0,
(b) det H(®A(O(T)TW))|7=1, # 0 if and only if det H(Px(@)) # 0.

PRrOOF. Indeed, we have V=@ (0(7) ) |z=1, = J=(0(T))|lz=1, ViPA(t 1)l
and det H (g z(0(T))|7=1,, = det J=(0(1,,)) det H(Px(w)).
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3. Nonlinear generalized Rayleigh quotient
In the sequel, we always assume:
(A1) DzG(@) (@) # 0 for any @€ W.

In the scalar case of NM-method, this condition is represented as DzG (@) (@) # 0
for any w € W'\ 0.
A central role in the present paper will play the following fibering Rayleigh

quotient:
ralE) = R(E) = guggzggz; e (M), me W,
where
_ . DaT (@) (u)
HO = Dec@@

is the original Rayleigh quotient. To shorten notation, we use the same letter
to designate the scalar fibering Rayleigh quotient rgz(s) = R(s@), s € R*, @
W\ 0,.

Note, since (A;), r(f) in (RT)" x W are well defined. Clearly, T,G €
CY(W,R) implies R(-) € C(W,R) and ry(-) € C((RT)",R) for every @ € W.

From now on we make the assumption:
(Ay) ViT(tw), V;G(tT) are maps of class C' on (RT)" x W.

Observe, that (A1) and (Ag) imply that rz(f) and Vi®,(tw) are maps of class
C'on (RT)™ x W.
We will also need the following assumption:
(As) For every fixed @ € W and @, € (R*)"\ (RT)", there exists
Elilzl rz(t) = rg(a,), where |rz(a,)| < oo.
—an

Note that (A3) entails the existence of a continuation of the fibering Rayleigh
quotient rg(7) := rz(f) to (RT)™ x W such that r4(@, ) := 7g(a@,) for eachw € W
and @, € (RT)™\ (RT)". Notice that in the scalar case of NM-method, (As)
is represented as follows: for every fixed @ € W, there exists llg% rz(s) = 7z(0),
where |77(0)| < co.

Let w € W, &y € (RY)™. If Virg(fy) = 0y, then % is said to be a critical
point of rz(t) and A = rg(tp) is said to be a critical value. We call & € (RT)"
the extreme point of rz(t) if the function r(f) attains at ¢y its local maximum
or minimum on (R*)™.

Let tu € Ny, then we can compute

(3.1) Virg(t) =
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Notice that A = rz(t) for tw € Ny. Thus, if ¢ is a critical point of rz(f) and
tu € Ny, then det H(®r(tw)) = 0 with A\ = rz(f). However, the converse
assertion is not always satisfied. Proceeding from (3.1), we just may conclude
that to have equality Vzrz(¢) = 0, for tu € Ny, the condition 1,, € Ker H(®,(u))
is required.

Our basic assumption is the following:
(R) For uw € Ny, if det H(®x(u)) = 0 then 1,, € Ker H(P(u)).
Lemma 2.1 implies:

COROLLARY 3.1. Assume (A1), (A2) and (R) are satisfied. Let A € R.
Suppose that Ny # 0 and r4(T) does not have critical points in (RT)™ such that
tu € Ny. Then Ny is a Ct-manifold of codimension n, W = Ty(Ny) ® R™u for
every T € Ny and any solution of (2.3) satisfies (2.1).

Proor. Let A € R and @ € N,. To obtain a contradiction, suppose that
det H(®x(u)) = 0. Then (3.1) and (R) imply that the point ¢ = 1,, is a critical
point for rz(t). But 1,,u € N and we get a contradiction. Thus det H (P (u)) #
0 and the proof follows from Lemma 2.1. O

Notice that, in the case of scalar NM-method, assumption (R) is always
satisfied. Indeed, in this case, s@ € Ny if and only if A = rz(s). Moreover, (3.1)
is written as

d 1 d
- TU(S) = A A e o . (
ds Dz G(sw)(sw) ds

Thus, in this case, Corollary 3.1 can be written as follows.

(3.2) Dz @ (su)(n)).

COROLLARY 3.2. Assume (A1), (As) are satisfied. Let X € R. Suppose that
N3 # 0 and the level X is not critical of ry(t) for all @ € W. Then N is
a Ct-manifold of codimension 1, W = Ty(N3) & Ru for every u € N5 and any
solution of (2.7) satisfies (2.1).

In the next propositions we collected some other basic properties of r#(?).

PROPOSITION 3.3. For any @€ W and t € (Rt)" there hold:
(a) rz(t) = X if and only if 0P, (tw)/0t = 0;
(b) if tw € Ny, then A = rg(t).
Furthermore, if 0G(tw)/dt > 0 (dG(tW)/dt < 0) forw € W and t € (RT)",
then:
(c) rg(t) > X if and only if OPA(T
(d) rz(t) < X if and only if OP(t

)/ > 0 (9B (
)/6% <0 (8(1),\(

u
u

PROOF. Observe that
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Thus, to obtain the proof it is sufficient to note that rz(¢f) =: A is nothing else

but the root of the equation
0P, (tw) _ OT(tu) OG(tu)
— — )\ — = (. O
ot ot ot

For the case of scalar fibering Rayleigh quotient, in addition, we have

PROPOSITION 3.4. For@ e W and s > 0 there holds:

(a) swe NY if and only if X = rg(s).
Furthermore, if DgG(s@)(s@) > 0 (DgG(sT)(sT) < 0) forw e W and s € RT,
then:

(b) drz(s)/ds < 0 if and only if d*®y(su)/ds?* < 0 (d*®y(sw)/ds® > 0);

(¢) drz(s)/ds > 0 if and only if d*®,(su)/ds? > 0 (d*®y(su)/ds? < 0).

The proof is evident.

REMARK 3.5. In the case of scalar NM-method, the Nehari manifold can be
defined also as

(3.3) Ni={aeW\0:R@ =\, XeR.

REMARK 3.6. In view of Proposition 2.5, all of the above statements (Propo-
sitions 3.3, 3.4 etc.) still hold after making a change of variable ¢ = (), where
0: (RT)™ — (RT)™ is a C'-map such that the det J=(A(7)) # 0 for all 7 € (RT)".
Furthermore, (R) is satisfied if and only if the same assumption (R) holds after
making a change of variable t = 0(7).

In the present paper, we consider the following nonlinear generalized Rayleigh
quotients (the NG-Rayleigh quotients for short):
@)= inf rg(f), uwe W,
te(R+)™

A@):= sup rgt), we W,
te(®Rt)™

and we restrict our main attention to the extremal values:

(3.4) Amin = inf A(T@), Amax = sup A7),
uew Tew

(35) fon = S AT, A = inf A(@).
uew uew

In the scalar case, similar objects we shall denote as A*(@), A®(@), A%, A3

min’ “‘max>

A58 OA%S | First, note that values (3.4) allow us to obtain conditions when the

min’ “‘max*
Nehari manifold Ay is not empty, i.e. we have:
LEMMA 3.7.
(a) If Amin > —00 (Amax < +00), then Ny =0 for any A < Amin (A > Amax);
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PrOOF. Since R(uw) = A for u € N, (a) is satisfied. (b) holds, because
u € N3 if and only if R(u) = A. O

The level of complexity of the problem of finding the extreme values of NM-
method depends on the number of critical values of the fibering Rayleigh quotient
rz(t). For instance, the simplest are the problems where rz(¢) has no critical
values for all u € W. Indeed, it follows from Corollary 3.1 that in such case
NM-method is applicable to problem (2.1) for all A\. The latter means that the
set of extreme values of NM-method is empty. Let us mention that, in the scalar
case, the absence of critical values of the fibering Rayleigh quotient rz(s) entails
that the corresponding fibering function ®y(s%) has precisely one critical value
(see Figure 1).

(D)\ (Sﬂ)

s =81 s s =81 s

FIGURE 1. r7(s) without critical values and the corresponding fibering func-
tion @y (s@).

The present paper is mainly focused on the next level of complexity of such
problems when r#(t) allows for existence of one critical value. We indicate this
class of problems by the condition:

(S) For all@ € W, r4(%) does not have critical points in (R*)" such that 7 €
N,...@) except points of global minimum or maximum of r(#) on (RT)™.

REMARK 3.8. In the scalar case, since su € N,_(, for any u € W\0,, s >0,
condition (S) can be written as:
(S*) For all @ € W, rg(s) has no critical points in R+ except the points of
global minimum or maximum of rz(s) on R¥.
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We will see in the forthcoming examples that condition (S) could easily be
verified. Typical graphs of function r#(s) satisfying (S) are presented in Figures 2
and 3.

S1 Smax 52

FIGURE 2. rz(s) with a unique critical value in Rt and the corresponding
fibering function @ (s@).

THEOREM 3.9. Assume (A1), (A2) and (A3) hold. Suppose r4(t) satisfies
(R), (S) and X5, < Af... Then for each A € (N, Ah.) the vector Nehari

manifold method is applicable to (2.1) so that if Ny # 0, then Ny is a C*-manifold
of codimension n and any solution of (2.3) satisfies (2.1).

PROOF. Let A\ € (A5, A\h.x) and © € N,. Suppose by contradiction that
det H(®x(u)) = 0. Then by (3.1) and (R) the point ¢ = 1,, is a critical for r(%),

and by (S) the function rz(¢) attains its global minimum or/and maximum at

t = 1,. Assume, for instance, that this is a global minimum point. Since
A > A5 and A = rg(L,) for w € Ny, (3.5) implies
rz(1,) = min rz(€) = A > X, > inf  rg(?).
( ) te(RT)™ ( ) te(R+H)n ( )
Thus we get a contradiction and the proof follows from Lemma 2.1. O

EXAMPLE 3.10. Consider the following problem with convex-concave nonli-

nearity:

—Apu = AulT2u+ [u|"%u in Q,

(3.6)
u=20 on 0},
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where 1 < ¢ < p < < p* and by a solution of (3.6) we mean a weak solution
ueW:= WO1 P(Q). The corresponding Rayleigh quotient is given as

/|Vu|pdx7/|u\7dx
ue W\DO0.

/\u|qu
For u € W\ 0, s > 0, we have

sp_q/|Vu|pdx—s"’_q/|u|7dx
(3.7 ru(s) = .

/\u|q dx

Since this is scalar problem, assumption (R) is satisfied (see (3.2)). Compute
s e [P (st s
75 (s) = .
5 /\u|q dx
Hence, dr,(s)/ds = 0 if and only if

(p—q)sPo! / Vul? de — (y — )70~ / ful” dz = 0.

The only nonzero solution of this equation is
1/(v=p)
@) q) J [Vul? dx

Smax(u) =
~0) [ 1up da

From this we conclude that assumption (S) is satisfied. The substituting smax(w)

into r,,(s) yields the following NG-Rayleigh quotient:

(v=9)/(v—p)
(/|Vu|p da:)
A(u) = supry(s) =

550 (r—a)/(v=p)’
/|u|qd:17 </|u|7 dx)

> (v=9)/(v—p)

where

7p<pq
Cp,qg =

)

p—q
(v=a)/(v=p)
</|Vu|p d:z:>
(p—a)/(v—p)
/|u|qdm </|u"Y dac)

Thus

(3.8) Aax = Cp,q inf cu€eWN\O
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Using Sobolev’s and Holder’s inequalities it is not hard to show that A} .. > 0.
From (3.7) it is easily to see that A(u) = Sif>llg7“u(8) = —oo. Thus, A}, =
sup A(u) = —oo and Theorem 3.9 is applicable with —oo = A%, < Af ..
weW\0
In the case of enhancing condition (S) by introducing additional restrictions,
one should expect to receive more precise estimations of the extreme values of
NM-method. Let us consider the following special case of (S):

(S0) For any @ € W one of the following holds:
(a) rz(%) has no critical point 7 € (R*)™ such that 7u € N, @)
(b) Verg(t) =0, for all € (RT)™.

Typical graphs of the function rz(s) satisfying (S) are given in Figure 3.

I S

r= )\mzn

FIGURE 3. Examples of r7(s) which satisfy (S0).

THEOREM 3.11. Assume (A1), (A2) and (A3) hold. Suppose r(t) satisfies
(R), (S0) and Amin < Ayax (A, < Amax). Then for each A € (Amin, Anax)
(A € (Afin> Amax)) the vector Nehari manifold method is applicable to (2.1) so

that if Ny # 0, then Ny is a Ct-manifold of codimension n and any solution of
(2.3) satisfies (2.1).

PRrROOF. We prove the statement for the case Apin < A The proof in the

case A < Amax is similar. Suppose by contradiction that det H(®,(@)) = 0.
Then (3.1) and (R) yield that ¢ = 1, is a critical point of the function rz(%)
and consequently Vi rg(f)\gzln = 0,,. Hence, (S0) entails that the function r(¥)

identically equals to the constant A in (R™)™ and attains its global minimum and
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maximum at any point ¢ € (RT)". However, the assumption A\ < A%, yields
that
A< AL < sup rg(t) = max rz(t) = R(u) = \
te(R+)n te(®RT)
Thus we get a contradiction and the proof follows from Lemma 2.1. O

REMARK 3.12. Clearly, Amin < AL, and Al < Amax. Thus, if assumptions
(S0) are satisfied and A%, < Af

i max,> then Theorem 3.11 provides a stronger result
than Theorem 3.9.

ExaMpPLE 3.13. Counsider the boundary value problem with nonlinearity in-
definite in sign:

—Apu = AMuP2u+ flu[""?u in Q,

(3.9)
u=0 on 09,

where A € R, 1 < p <~y < p* f € L*®(Q) and by a solution of (3.9) we shall
mean a weak solution u € W := WO1 P(Q). In the case when f may change the
sign in ), the nonlinearity in right-hand side of (3.9) is called indefinite in sign
(cf. [1], [6]). Consider the corresponding Rayleigh quotient

For u € W\ 0, s > 0, we have

/|Vu|p dx /f|u|7 dx
(3.10) ru(s)=4r—F———§"P—

/\u|p dz /|u|p dx

Evidently, assumption (R) is satisfied (see (3.2)). Furthermore, (3.10) implies
that 7,(s) has only extreme point at s =0 or

/|Vu|pdx
if /f|u\'ydﬂc:0, then 7y (s

/|u|p dx

for all s > 0. Thus, condition (S0) is satisfied and one may apply Theorem 3.11.
From (3.10) we have

/|Vu|pdx// |ulP dzx if /f\u|'y dx >0,
A(u) = sup ry

s>0 /f\u|V dx <0,
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and
flu|” dz >0,
A(u) = inf r,(s) =
520 /|Vu|pdx//|u|pdx if /f|u|7dx<0
and thus
/|Vu|p dx
(3.11) Alin = Sup 7:/f|u|7dx§07 ueW\O0,,
/|u|pdx
/|Vu|p dx
(3.12) Af o = inf 7:/f|u|7dx20, ueW\O0
/|u|pdx
Observe, Amin = —00, A%, = +oo if the set {x € Q : f(z) < 0} contains

an open domain up to a subset of Lebesgue measure zero. Thus, in this case,
Theorem 3.11 is applicable with —oo = Apin and A, given by (3.12). On
the other hand, if [, f(z)|u["dz > 0 for all w € W\ 0, then \}; = —oo and
Theorem 3.11 is applicable with —oo = A%, < Apax = +00.

As far as we are aware, the extreme value (3.12) was first discovered by

Ouyang [30], who apparently used a direct reasoning method.

REMARK 3.14. In the present paper, we do not deal with the applicability

of Nehari manifold method at its extreme values like A\* . Anax OF Amin. This

max?

is a subject of another research.

Let us stress that

A°(u) := sup rg(s) < sup rgz(t) =: A(n),

sER+ te(RT)™
and therefore,
(3.13) AZr = inf A°(@) < inf A(W) = AJx-
aew TEW
Similarly,
(314) )‘rgnax < )\max> Amiﬂ S )‘inm’ )‘:ﬂm — Afnfn
Thus (Anun? Afan) — (A:nln? Afn%x) ()‘fmn7 )\fnz;x) = ()‘mil’lv )\:(nax) a‘nd ()\muﬂ Afnax)
C (Afins Amax), that is, the vector NM-method is preferable.

REMARK 3.15. The assumptions (S), (SO) and definition of extreme values
>\mina )\maxa AL A

ins Amax €tc. obviously do not depend on changing variables as in
Remark 3.6.



ON EXTREME VALUES OF NEHARI MANIFOLD METHOD 699

4. Extreme values of the NM-method for system of equations
with nonlinearity indefinite in sign

In this section, we apply the above theory for a system of equations with
nonlinearity indefinite in sign. In the sequel, A\; := Ay, ¢1 := @1, denote the
first eigenpair of the operator —A, in €2, 1 < p < 400 with the zero boundary
conditions. Eigenvalue A1 is known to be positive, simple and isolated, the
corresponding eigenfunction ¢; to be positive and and it can be normalized so
that ||¢1]|w = 1, see [5], [27].

Consider system of equations with indefinite nonlinearity

—Apu = NulP~2u + aflul*2uv/® in Q,
(4.1) —Agv = A7 20 + Bf|ul*v]"?v  in Q,

uloo =0, wlaa =0,
where A € R, 1 < p < 400, 1< g < +00 and

(4.2) a, B> 0, %+§>1, na

*

il <n
p

s}

We suppose
(f1) f e LYQ), where d > p*q*/(p*q* — aq* — Bp*) if p < N or/and ¢ < N,
a/p*+B8/¢* <1l;d=4c0if p< N,q< N and o/p*+ 8/¢* =1;d > 1
ifp>N,q>N.

Furthermore, the function f may change the sign in , i.e. problem (4.1) has
the nonlinearity indefinite in sign. By a solution of (4.1) we shall mean a weak
solution (u,v) € W := Wy P(2) x Wy(Q).

Let us study (4.1) using the vector NM-method. Consider the corresponding
Nehari manifold problem:

D (u,v) — crit,

4.3
(43) (u,v) € Ny,

where
! P — ANu|?) dz 1 v|? = Av|?) de — F(u,v
B(u,0) = [ (Vul? = MuP)dz+ ¢ [(Vol? = Nol?) do — Plao),
and
44) Ay o= {(u,v) e /(|vuv> ~ NulP)dz — aF(u,v) = 0,
/(|Vv|q — ANo|9dz — BF (u,v) = 0}.

Here F(u,v) = [ flu|®[v|? dz and W := (W, P(Q) \ 0) x (W %(Q) \ 0).
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The corresponding vector fibering Rayleigh quotient is given as follows:

t”/|Vu\pd:c+sq/|Vv|quft”‘sﬁ(aJrﬁ)F(u,v)

tp/|u|pd:c+sq/|v|qd:r

for t,s € R* and (u,v) € W. Evidently conditions (A;)-(As) are satisfied.
Consider the Hessian matrix

T(u,w)(t, 8) = R(tu, sv) =

H(PA)(u,v)

_ (p—1)P\(u) — a(a — 1)F(u,v) —afF(u,v)
—afF(u,v) (¢—1)Qx(v) — B(B—1)F(u,v) )

Here we denote

Py (u) :=/|Vu|pdx - )\/|u\p dx, Qa(v) == /|Vv\qu - /\/|v|qda§.
Then, for (u,v) € N\ we have

alp — a)F(u,v) —afF(u,v)
/H((PA)(U, ’U) =
7046F(u,’0) ﬂ(q*/@)F(Uﬂv)

PROPOSITION 4.1. 7(,4)(t, s) satisfies (R) and (S0).

PROOF. Observe that det H(®y)(u,v) = af(pg—pB—qa)F?(u,v) for (u,v) €
Nx. By (4.2), pq — pB8 — qae # 0. Hence det H(®y)(u,v) = 0 for (u,v) € Ny
if and only if F(u,v) = 0. However, H(®)(u,v)1y = 03 if F'(u,v) = 0. Thus,
condition (R) holds.

Observe, for (u,v) € W, t > 0, s > 0 we have

(tp/u|pdm+sq/|v|qd$>

Qx(sv) — Bla + B)F(tu, sv)).
(tp/|u|pdx+sq/|v|qu) “

Thus, if (tou, s0v) ENr, | (t0,50) a0 O7(u,0)(t0, 50)/0t =0, 7y 0y (to, 50)/0s =0
for some tg > 0, sg > 0, then Py(tou) =0, Qx(sov)=0 and F(tou, sov)=0. Hence
we have successively Py(u) =0, Qx(v) =0, F(u,v) = 0 and dr(, ) (t,s)/0t =0,
Or(uv)(t,s)/0s =0 for all t >0, s > 0. Thus, condition (S0) holds. O

T(u, () (pPx(tu) — a(a + B)F(tu, sv)),

7]
ot

T(u, U) (t,s)

0
ds

Let us prove
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LEMMA 4.2. The extreme value A%, of Nehari manifold (4.4) is expressed

X

by the following explicit variational form:

/|Vu|p dx /\Vv|qu
(4.5) Af = inf max : Fu,v) >0

(wv) W /|u|pdx /|v|q dx

PrROOF. We claim that
Vul|Pd Voulld
max{f| Y :177f| vl I} if F(u,v) >0,
Alu,v) = sup 71w (t,s) = [ |ulpdz 7 [ |v|edz

tsERY “+o0 if F(u,v) <0,

and
—00 it F(u,v) >0,

A ) = inf w,v t7 = p q
(w,0) t,;g]RJr ") (t:9) min JIVul dx, J IVl de it F(u,v) <0.
[lulpda ™ [|v]sdz

Let us show, as an example, the first equality. Assume F'(u,v) < 0. Then setting

t =04, s = oP we obtain

/\Vu|pd:r+/\Vv|qufU”‘I(a/”*'B/q*l)F(u,v)

/|u|pdx+/|v|qu

as 0 — +oo, since a/p + /g > 1. Consider now the case F(u,v) > 0. Without
loss of generality, we can suppose that

— 400

This implies that

/|Vu|pdx+7/|Vv\qu /\Vu|pdx
<
/|u|pdx+7/|v|qu /|u|pd;v

for any 7 > 0. Since F(u,v) > 0,

/ |Vul|P dox + s%t~P / |Vo|?dz — t*7PsP (a4 B)F(u,v)

T(u,v)(t7s) =
/ |u|P dx + s%¢P / |v|? dx
/|Vu|p dx
B - —

- /|u|pdx
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for any s > 0 and ¢ > 0. Taking into account that this inequality becomes

equality if s = 0, we get the proof of the assertion and the lemma. O
Observe, that A5, = sup A(u,v) = 400 if the set {z € Q : f(z) < 0}
(u,v)EW

contains an open domain up to a subset of Lebesgue measure zero. Consider

Amin = inf  A(u,v). Simple analysis shows that N\ # 0 as A € (Amin, Aax)
(u,w)EW

(see e.g. [9]). Let us prove

LEMMA 4.3. Assume (4.2), (fl1) are satisfied. Then Amin < A%

rax and for
A € (Amins Aiax), the vector NM-method (4.3) is applicable to (4.1) so that (4.4)

is a Ct-manifold of codimension 2 and any solution of (4.3) satisfies (4.1).

PrOOF. Consider A} := min{\1 ,, A1 4}, A¥ := max{\1 ,, A\1,4}. Clearly,

/|Vu|pdm /|Vv|qd:v
A= inf min

(w,v)ew /\u|pdac /|v\qu

/|Vu|pdx /|Vv|qu
A = inf max

(uv)EW /|u|pdaj /|v\qu

Hence A%, > A% > A,. Observe that

max —

—oo  if there exists (u,v) € W such that F(u,v) > 0,
A if for all (u,v) € W, F(u,v) <O0.

)\min =
Now taking into account that A% . = 400 if F(u,v) <0,
get Amin < AL By Proposition 4.1, conditions (R), (S

max-*

for all (u,v) € W, we
) are satisfied. Thus,
the proof of the lemma follows from Theorem 3.11. O

Note that if f > 0 almost everywhere in 2, then —oo = \* . < Ajax = +00.

Thus, in this case, we can apply Theorem 3.11 with the extreme values A} ;. , Amax
that is (4.3) is applicable to (4.1) for any A € R.

The existence of the solution of (4.3) for A € (Amin, \Y) U (AY, X%,.) follows
from [9], [10]. Herein, we did not study (4.1) using the scalar NM-method.
However, by (3.13), (3.14) we have (A%, , A5 ) C (Amin, Afax)- Thus, the
scalar NM-method is not expected to provide better results than the vector
NM-method (4.3).

The extreme values like (4.5) are not believed to be obtained directly as for
Ouyang’s extreme value (3.12) or applying the spectral analysis by the fibering
procedure [17], [18], [20] as for (3.8). We would like to draw the reader’s atten-

tion to the fact that the extreme value (4.5) has been presented in our paper
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already [9]. However, in that case it was found by applying the same approach
as in the proof of Lemma 4.2.

5. Multiplicity result

Nehari manifold method is often used to prove the existence of multiple
solutions, see e.g. [15], [18], [30]. In this section, we show how to obtain such
type of results in terms of categories of NG-Rayleigh quotient. First we prove a
result on existence of multiple solutions for an abstract system of equations and
as a consequence therefrom we obtain a new result on existence of multiple sign-
constant solutions for a boundary value problem with a general convex-concave
type nonlinearity and p-Laplacian.

We will study (2.1) using the scalar NM-method. In what follows, we always
assume that Dz G(u)(u) > 0 for all w € W\ 0,, so that (A;) is satisfied. De-
note S = {v € W : |v|lw = 1}. We will suppose rz(s) satisfies the following
conditions:

(1) For allm € W\O,, ra(s) has a unique critical point smay (@) € RT which
18 a global mazximum point.

(2) There exists 09 > 0 such that Smax(V) > do for any v € S.

(3) If (Tm) C S is weakly separated from 0, € W, then the set of functions
(r5,, (£)2°_, is bounded in C1[o,T] for any o,T € (0, 00).

(4) For any A € R, 0 < 0 < T < +o0, the set N3 N{o < |jullw < T} is
weakly separated from 0, € W.

Typical graph of the function rz(s) satisfying (1) is presented in Figure 2.
The condition of type (2) is common in study of variational problems, where
fibering functions are used (see eg. [11], [34], [36]). Roughly speaking, this con-
dition, as well as conditions (3) and (4), ensures that the solutions of problem
(2.3) are separated from zero and from each others. In the example below, we
will see that conditions (3) and (4) will be verified by standard methods as a
consequence of Sobolev’s and Holder’s inequalities and the Rellich—Kondrachov
theorem.

Evidently, (1) yields (R), (S) (see (3.2) and Remark 3.8) and that it satisfies
drz(Smax(@))/ds = 0,

d
(5.1) rz(s) >0 & 0< s < Smax(u) and %rg(s) <0 & 8> Smax(T).

ds
Furthermore, it follows that for all w € W \ 0,, there exist limits: rz(s) — 7z(0)
as s = 0 and rz(s) — Fg(o0) as s = 400, where —oco < 77(0), Fz(o0) < +o00.
Introduce

A2

oin = sup max{rz(0),7z(c0)}.
TEW\0n
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Consider X\ .. = inf suprgz(s). Observe, that (1) entails
TeEW\0, s>0

(5.2) Now = sup inf rg(s) < A2,
wew\o,, 5>0

< o},
s=1

> o}_
s=1

Obviously, N3' NN? = 0 and NPT UND? = NS if A < X In view of

max*

Lemma 3.7, N{'' # 0, N9 # 0 if A € (A2, Miaa)- Thus, for A € (A2, M50,

Let us introduce the following sets:

(5.3) NP =NE N {u cW\o0,: (s)

.
ds "
(5.4) NP2 = N3N {ue W\ O, : %TU(S)

min’ “‘max min’ “‘max

one may split minimization problem (2.3) into
(5.5) O} := min {®, (1) : we N,
(5.6) ®2 := min {®) () : we N2},

THEOREM 5.1. Suppose W is a reflexive Banach space, @5 € C1(W\ 0,,,R),
dT(s@)/ds, dG(su)/ds are maps of class C' on R x (W\0,,), DG (@) (@) > 0,
for allw e W\ 0,, (1)—(4) hold and the following conditions are fulfilled:

(a) for all X € R, ®5(u) — 400 as ||ul|lw — oo, we N,

(b) ®x(m), for all A € R and R(w) are sequentially weakly lower semi-

continuous functionals on W.

Assume N2, < \* Then for every A € (A2

min max * min’

Al ax) system of equations (2.1)
has two distinct solutions u},u3 € W\ 0,, such that

@y (s18)/ds? =1 <0, d>®y\(su3)/ds?|s=1 >0, ®x(T3) = D3 < Dy(0).
Furthermore, for X € (A2, /X5, U3 is a ground state of (2.1) and ./\/;’1, ./\/';’2
are C'-manifolds of codimension 1.

PROOF. Since N NNT? =0 and Ny UND? = N3 for A € (A0, M)
any solution of (5.5) or (5.6) is a critical point (local minimizer) of ®y in N7.
Thus, in view of Theorem 3.9, to prove the existence of two distinct solutions
of (2.1), it is sufficient to show that (5.5) and (5.6) for A € (A2, , A%, ) possess

min’ “‘max
minimizers @} € N3, and @3 € NJ?, respectively.
Let A € (A2, ,A\%.) and (@), i = 1,2, be minimizing sequences of (5.5)

and (5.6), respectively.

PROPOSITION 5.2. Fori = 1,2, the minimizing sequence (u',) has a non-zero
limit point u) € W.

PROOF. Let i = 1,2. Observe, (a) implies that (@,,) is bounded in W. Write

Ul = SmUm, where st = ||[@,|lw, %, € S, m = 1,2,... Then (si,) is bounded
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above and we may assume that s¢, — si, ¥, — v} weakly in W as m — oo for

m
some sf > 0 and v}y € W.

Let us show that u) := sivy # 0,, i = 1,2. Consider first minimizing
problem (5.5). In view of (5.1), we have sl > syax(U;n). Then (2) entails
inf,, s}, > dp > 0 for any m = 1,2, ... and thus s} # 0. Consider now minimizing

problem (5.6). Observe, 6?\ <0for e (N2, A

min’ “‘max

). Indeed, let u € N/\S’Z, then
(1) entails rgz(s) < A for every s € (0,1). Consequently by Proposition 3.3,
d®y(su)/ds < 0 for all s € (0,1) and therefore 0 = ®,(0u) > Py(u) > C/I;f\
Assume s2, — 0. Then |[a2,|lw — 0 and @, (w2,
to &Di < 0 and therefore s # 0.

Thus 6 < ||@,|lw < K < +oo, m = 1,2,..., 4 = 1,2, with some 6, K €
(0,00), and assumption (4) entails that ) # 0, i = 1, 2. O

) — 0. However, this contradicts

PROPOSITION 5.3.

d

(5.7) S| <o
d

(5.8) T gz (s) . >0

PROOF. Let i = 1,2. Since (v¢,) is weakly separated from 0,, € W, assump-
tion (3) yields that the set of functions (r§ (¢))ps—; is bounded in C'[o,T] for
any o,T € (0,400). Consequently by the Arzeld—Ascoli compactness criterion

we can assume that
(5.9) s (t) = ¢'(t) in Clo,T], as m — oo for all o, T € (0, 400),
for some limit function ¢* € C(0,4o0). Since s} > 0,

(5.10) rai (t) = R(tsh,0h,) — ' (tsh) = '(t) as m — oo

m

for all ¢ € (0,4+00). Observe that by the weak lower semi-continuity of R

(5.11) rgi (8) = R(su) < liminf R(sw’,), for all s > 0.

w
0 m—o0

This and (5.10) yield that for s > 0
(5.12) ras () < i(s).

Let us show (5.7). Suppose, contrary to our claim, that drg (s)/ds[s=1 > 0.
Then (5.1) entails smax(y) > 1. Since ro1 (s) < A for s € [1,00), m = 1,2,...,
(5.10) implies ¢! (s) < A for s € [1, 00) and consequently by (5.12), ray(s) < Afor
s € [1,00). Hence max (s) =ra (Smax(Wp)) < A. However, by the assumption
A< AL

max

Assertion (5.8) can be handled in a similar way. Indeed, if drgz (s)/ds[s=1 <0,
then (5.1) entails smax(ug) < 1. Since rg2 (s) < A for s € (0,1], m = 1,2...,

< max 753 (s). Thus we get a contradiction.
s>
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max

(5.10), (5.12) yield rz2(s) < A for any s € (0,1]. Hence A < A, < rgggrﬂ%(s) =

rﬂg(smax(ﬂ%)) < )\, which is a contradiction. O
PROPOSITION 5.4. @} and w3 are minimizers of (5.5) and (5.6), respectively.

PRrROOF. By the weak lower semi-continuity of ®, and R we have

(5.13) —o0 < ®x(up) < liminf &5(w,) = oL, i=1,2,
(5.14) —00 < R(u}) < lim inf R(@.) = A, i=1,2.

Note that if R(@)) = A, i = 1,2, then (5.7), (5.8) imply that @) € N3', @2 €
N2, Consequently, in (5.13) are possible only equalities @ (uh) = %, i = 1,2,
that yield the proof of the proposition.

Consider (5.5). Suppose that R(uj) < A. Since (5.7), assumptions A < A\
and (1) entail that there is s; < 1 such that R(s1%}) = A and dR(su})/ds|s=s, <
0. Since R(siu),) > R(siug) = A and R(u),) = A for m = 1,2,..., assump-
tion (1) entails R(su’,) > A\, m = 1,2,..., for all s € (s1,1]. Then by Propo-
sition 3.3, d®,(sul,)/ds > 0, m = 1,2,..., for all s € (s1,1]. Consequently,
@, (517),) < ®x(u),) and by the weak lower semi-continuity of ®, we have

D, (s14) < liminf @y (s1u},) < liminf @, (7,) = L.
m—0o0 m— o0

Notice that s17y € Nf’l. Hence if ®)(s17p) = <f>}\, then s;7 is a minimizer
of (5.5) and we are done. Otherwise, if ®)(s;u}) < C/IS%\, then we obtain a
contradiction and thus R(wg) = \.

Consider (5.6). Suppose contrary to our claim that R(u3) < A. Then
R@3) < A < Moax < R(Smax(ud)3). By (5.8), we have dR(su3)/ds|s=1 > 0.
Hence, assumption (1) yields that there exists s; € (1, Smax(W3)) such that
R(s173) = A and dR(su3)/ds|s=s, > 0, i.e. ;w3 € N3®. On the other hand, by
Proposition 3.3 the inequality R(su3) < A, s € [1,s1), implies d®,(sug)/ds < 0
for s € [1,s1). Consequently, by (5.13) we have

@A(slﬂg) < ‘b,\(ﬂg) < (/I\)i

But for slﬂg e N ;’2, this is impossible. This completes the proof of the propo-
sition. 0

Now let us conclude the proof of the theorem. Since (5.2), Proposition 5.4
and Theorem 3.9 yield w} = u} and u3 = u2 satisfy (2.1). Since (5.7), (5.8),
Proposition 3.4 implies that d2®, (su})/ds?|s=1 < 0, d*®(su3)/ds?|s=1 > 0.

Thus, it remains to show that that w3 is a ground state of (2.1). Assump-
tion (a) and A € (A9, A5, vield that the equation d®,(7u})/dr = 0 has
precisely two solutions Ty < 1 and 7yax = 1 such that

d*®y (1)) /dr?|;=1 <0 and d*®\(ru))/dr?|;=r, .. > 0.
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This and Proposition 3.4 yield that Tminﬂ%\ € Nf’z. Hence
@k(ﬂ}\) > (I)A(Tminﬂ%\) > (,I\)%\ = ‘I’,\(ﬂi)

Since N3 UND? = N3 for A e (A2, this implies that @3 is a minimizer

of the problem @y := min{®, (u) : u € N$Y, ie. W3 is a ground state of (2.1) .00

A*

max)a

9. has been used above only in order to

Ak i) for which N;’l £ (), N;72 # (). In fact, the
above proof of Theorem 5.1 can be easily adapted to other assumptions on the

We emphasize that the value A
allocate the values \ in (A2, .
behaviour of r,(s) at s — 0 and s — oo. In particular, let us assume that for all
v € S there holds

(5.15) r7(s) >0 ass—0 and rg(s) > —oco as s — 0.

Then A2, = 0, A5, = —oo, and now N3' # 0 for all A < X5, Tt is easily

seen that the above proof of the existence of the minimizer @} of (5.5) remains
valid for all A < Af .., provided (5.15) is satisfied. Thus we have

COROLLARY 5.5. Suppose the assumptions of Theorem 5.1 and (5.15) hold.
Then for every A < X:.. there exists a minimizer u of (5.5) which satisfies

(2.1). Furthermore, d?®(suy)/ds?|s=1 < 0 and w}, is the ground state of (2.1)
for X <0.

5.1. Multiplicity nonnegative solutions for problems with a general
convex-concave type nonlinearity. In this subsection, using Theorem 5.1 we
obtain a result on the existence of multiple sign-constant solutions for problems
with a general convex-concave type nonlinearity and p-Laplacian.

Consider the following system of the equations:

(5.16) Ayt = MET 2y + fo(z,@) i Q

uilon =0 i=1,...,n,
where 1 < ¢ < p < +oo, fi: Q x R* — R, i = 1,...,n, are Carathéodory
functions such that f;(z,0,) = 0, fi(z, -) € C*(R™,R) for almost all z € Q,
with primitive F(z,%) so that f;(xz, @) = 0F(z,u)/0u; for almost all x € Q,
uwelR™ i=1,...,n.
We will suppose that f := (f1,..., fn) satisfies the following conditions:

(F1) There exist v1,72 € (p,p*), 11 < 72 and exist g; € L (Q), g; > 0,
j=1,2,s0 that: fori=1,...,n, for allmw € R"\ 0, for all s € R\ 0,

0
0<s D5 filw,s1) < gi(x)]sT" L + go(z)|sT* " ae. in Q,

where ; > p*/(p* —~;), if N >pand 8; > 1,if N<p, j=1,2.



708 Y. ILyasov

(F2) There exist § > p, K1 > 0 such that

0 < 0F(z,u) < Zfi(x,ﬂ)ui, a.e. in Q, |[u| > Kj.

i=1
(F3) For all w € R™\ 0, and for almost all z € {2,

"9 s TS (w, sy
p(S) = - % Sp_q_l

is a monotone function such that p(s) — +o00 as s — +oo.

By a solution of (5.16) we shall mean a weak solution @ € W := (W, (Q))".
Problem (5.16) has a variational form with the Euler-Lagrange functional

(5.17)  By(@) = %/Wﬂ\pdx—/\é/\qux—/F(x,ﬂ) da.

Here Vu := (Vuy,...,Vu,) and |Vul? = Y | |Vu,;[P. Consider the NG-
Rayleigh quotient

/|Vﬂ|p dx—zn:/fi(x,u)ui dx
) = =1

[w|? dx

(5.18) R( . weW\0,

and the corresponding fibering map

sp*Q/\va dx — slqu/fi(x,sﬂ)ui dx
(5.19) ra(s) = =1
/ da

forw € W\ 0,, s > 0. Note that (F1) implies that, for all w € R™\ 0,,

(5.20) 0 < fi(z, 1) < gy (z)[a|"* + gh(x)|u™>" foraa z€Q, i=1,...,n

Here ¢ = g;/(v; — 1), j = 1,2. For w € W and j = 1,2, by Sobolev’s and
Holder’s inequalities one has

. e (0" ;) /0"
(5.21) \ / gi(@)[al da| < Clal 7z£€)n( / gl ()P /@ -mdx) 7

where C' < +oc. Here and in what follows we denote (L¢)" = (L%(Q))", 1 < d <
0o. This implies that @ and r are well defined on W and W'\ 0,,, respectively.

Consider the extreme value

spfq/|VH|p dxfslqu/fi(x,sﬂ)ui dx
(5.22) Amax = inf  sup =1 .

max weEW\0, s>0 / |U‘q dr

We prove
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THEOREM 5.6. Assume 1 < g <p < +oo, fi: QxR* = R, i=1,...,n,
are Carathéodory functions such that fi(z,0,) = 0, fi(z, ) € CHR™R) for
almost all x € Q and (F1)—(F3) hold. Then 0 < X, and for any A < A% ..,
problem (5.16) admits a weak solution i # 0. Furthermore, when X € (0, A%,
problem (5.16) has a second weak solution U3 # 0. Moreover,

(a) d?®y(su})/ds?|s=1 < 0, d®®y\(sT3)/ds?|s=1 > 0, ®x(u3) < O;

(b) if A € (—00,0], then W is a ground state of (5.16);

(c) if A€ (0, N5 x), then W3 is a ground state of (5.16).

? max

PrOOF. We will obtain the proof by applying Theorem 5.1 and Corollary 5.5.
First we verify conditions (1)—(4) of Theorem 5.1.

Claim. (1) holds. Compute
(5.23)

n

(p—q)sP~ 71 / |Val|P de — / 63 (slq Zfi(x,su)ui> dx
S :
—rg(s) = =1 .
ds / a9 do
Clearly, (F1), (5.20) (5.21) yield
/82 <slq Zfl(x,su)m) da/sP~971 =0
s
i=1
as s — 0 for any w € W. Hence by (F3) the equation
/|Vﬂ|pdaj - / % (sl_q Zfl(a:,su)m) da/sP~ 171 =0
i=1

has a unique solution sy, (7) € Rt which is a global maximum point of rg(s).
Thus we get (1).

Claim. (2) holds. Suppose by contradiction that there is a sequence (7,,) C S
such that s, := Smax(Tm) — 0 as m — oo. In view of (5.23), we have

g O ( 1_gv _
(p—q)sk 97t — / 55 (51 1 Zfi(x,svm)vm,i> dzr = 0.
i=1
Now using (F1), (5.20), (5.21) we obtain
T s S A )
where c1,co do not depend on s > 0 and m = 1,2,... However, since ¢ < p <

Y2 < 71, we get a contradiction as s, — 0. Thus, we get (2).

Claim. (3) holds. Assume that (v,,) C S is weakly separated from 0,, € W.
Since (T,,) is bounded in W and W is the reflexive Banach space, we may
assume that v, — Ty weakly in W for some 75 € W. Furthermore, by the
Rellich-Kondrachov theorem ||Ty,||re < C1 < 400 for m=1,2,...,1 <d < p*,
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and T, — 9o in L4(Q) for d < p*. Since (v,,) C S is weakly separated from

0, € W, Ty # 0 and consequently there exists §, > 0 such that [ [v,,|?dz > &
for all m =1,2,... Hence by (F1), (5.20) and (5.21) we have: for any s > 0,

n
IR(sTm)| < 65° <qu +s'74 Z / |fi(x, 5 Tm)Um.i dx) < CosP™1 4 C38771,
i=1

and

a R(sw] <6 (<p ~0 4 - D50 [ U st do
=1

ds
+81_‘1i/ gfz(:v ST )Um.i| dz
P Os ’ ’

§045p*q*1 +C’5572*‘171,
where Cy,...,C5 do not depend on s > 0 and m = 1,2,... Thus we get (2).

Claim. (4) holds. Observe that (5.20) and (5.21) imply

(5.24) ra(s) > sPally, — Crs™ Ul 7y — Cos™ U@l 1y

—a
HUH(Lq)n

for s > 0, w € W\ 0, where C],C}5 do not depend on s > 0. Suppose by
contradiction that there exists ($,,7,,) C N3, A € R such that (7,,) C S,
0 < 8m <T,m=1,2,..., for some ¢,T € (0,+c0) and v,, — 0 weakly in W.
Then, we may assume that T, — 0 in (L?)", (L"*)™ and (L7?)". However, by
(5.24) we have

M-q > oF 4 - /\”Em”((]Lq)" _ _
s - 00 as m — oo
2 T [y + Cil

Em‘ ’(y[l;yl)n
that contradicts to the assumption s, < T, m = 1,2,... Thus (4) also holds.

It is readily seen, (Fy), (5.20), (5.21) imply that (5.19) satisfies condition
(5.15) of Corollary 5.5.

Let us show that conditions (a), (b) of Theorem 5.1 are satisfied. For w € Ny

we have

@A(ﬂ):@ﬂvmp dz—\ @/ 7] dx/(@F(x,u)g fi(:c,u)ui) dz.

Hence (F3) and Sobolev’s inequalities yield

o (0-p) AO—q) |
oa@ 2 o g, - 2D
p q
for ||w|lw > Kj. Since g < p, this implies ®»(w) — +oo as ||u|lw — +oo and
thus condition (a) of Theorem 5.1 is satisfied.
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Clearly, the functionals [ F(z,u)dz, [ fi(z,0@)u; dz, [ [u|? dz are weakly con-
tinuous on W and [ |Va|P dx is a weakly lower semi-continuous functional on W.
This yields that (5.17) and (5.18) satisfy (b) of Theorem 5.1.

Note that (5.24), (F}) and Sobolev’s inequalities yield
Aax > inf sup "ol Elsvi_qﬂw% il

T =150 cs ol

=max {sP79 — 15779 — 38" 79} /e3> 0
>0

for some ¢, ¢z,c3 > 0. Hence A} .. > 0. Thus, all assumptions of Theorem 5.1
and Corollary 5.5 are satisfied. O

Denote |@| = (Jui|,...,|un|). The next corollary on the existence of sign-
constant solutions follows in the standard way.

COROLLARY 5.7. Suppose the assumptions of Theorem 5.6 are satisfied and
F(z,u) = F(z,|ul|) almost everywhere in §2, for anyw € R™. Then, for A < A ..,
system of equations (5.16) admits a pair of non-trivial weak solutions E§’+ >
0, >y~ and for X € (0, \5,,.), system of equations (5.16) has a second pair of
non-trivial weak solutions ﬂi’+ >0, > ﬂi’_. Furthermore, assertions (a)—(c) of

. 1+ -2+
Theorem 5.6 are satisfied for u,~, uwy ™.

In the scalar version of (5.16), this result can be strengthened. Let us consider

—Apu = Au|2u+ f(z,u) in Q,

(5.25)
u|3Q =0.

Consider the extreme value

(5.26) Al ax = Inf sup
vEWNO 5>0 /|u|q dx

THEOREM 5.8. Assume 1 < ¢ < p < 400, f: @ xR —= R is a Carathéodory
function such that f(x,-) € CHR,R), f(z,0) = 0, df(x,s)/0s|s=0 = 0 for
almost all © € Q and (F1)—(F3) (with n = 1) hold. Then 0 < X\.,. and for

any A < X5, problem (5.25) admits a pair of non-trivial weak solutions u}\"" >

X

0> u}\’f. Furthermore, when X € (0, \f..) equation (5.25) has a second pair of

max
. . 2 2,—
non-trivial weak solutions u}\,+ > 02>wuy . Moreover,

(a) d2<1>>\(su§\’i)/d32|821 <0, dQQA(sui’i)/dsﬂS:l >0, @A(ui’i) < 0;

(b) if A € (—00,0], then one of the solutions ui’+ or ui’_ is a ground state
of (5.25);

(c) if A € (0, 4x)s then one of the solutions ui’Jr or u?\’7 is a ground state

of (5.25).
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REMARK 5.9. Similar result on the existence of multiple sign-constant so-
lutions for scalar problems with a general convex-concave type nonlinearity has
been obtained in [2], [3], [26]. However, our assumptions on the function f(x,u)
are different from that of made in [2], [3], [26]. In particular, functions g;, i = 1,2,
may not be bounded from above, which may result in difficulties in applying the
super-sub solution method (cf. [2], [3], [26]). Furthermore, the presence of p-
Laplacian with p # 2 in (5.25) can complicate the application of mountain pass
theorem in order intervals (cf. [26]).

PROOF. In order to obtain sign-constant solutions ui’+ >0 > uy and
u?\”L >0> ui’_, we truncate and reflect f(x,u) as follows:

f(z,u) if +u>0,

+ —
(5.27) F (@) = —f(z,—u) if £u <0.

Let F'*(z,u) denote the primitive of f*(z,u) and consider

1 1
(5.28) ¥ (u) = 5/|Vu|pdx—)\6/\u|q dac—/Fi(x,u) dx.

Clearly, ®F (u) € C*(W\0,R). Furthermore, since f(z,0) = 0, df(z, s)/ds|s—0 =
0, for almost all z € €, % [ F*(x, su) dx is a map of class C* on RT x (W \ 0).
As above in the proof of Theorem 5.6, it can be shown that all the other as-
sumptions of Theorem 5.1 and Corollary 5.5 are also satisfied. Thus there exist
weak solutions uy ™, uy* € Wi (Q) of

~Ayu = Nul"2u + [ (2, 0)

for A < A%,
assume that the minimizers uy ™, uy™ of ®4T 1= min {®] (u) : v € N37}, j =

< and X € (0,\,.), respectively. Since ®F(|u]) = ®F(u) we may

1,2, respectively, are non-negative, whereas the minimizers u}\’_, u?\’_ of @i’_ =
min {®} (u) : u € Ny’}, j = 1,2, respectively, are non-positive. Now taking into

account (5.27) we get that the functions u;’i,ui’i in fact are weak solutions

of the original problem (5.25). Finally, assertions (a)—(c) of Theorem 5.8 follow
from Theorem 5.1 and Corollary 5.5. U
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