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UNIQUENESS OF POSITIVE
AND COMPACTON-TYPE SOLUTIONS
FOR A RESONANT QUASILINEAR PROBLEM

GIOVANNI ANELLO — LucA VILASI

ABSTRACT. We study a one-dimensional p-Laplacian resonant problem
with p-sublinear terms and depending on a positive parameter. By us-
ing quadrature methods we provide the exact number of positive solutions
with respect to p € |0, +00[. Specifically, we prove the existence of a critical
value 1 > 0 such that the problem under examination admits: no positive
solutions and a continuum of nonnegative solutions compactly supported
in [0,1] for p € ]0,u1[; a unique positive solution of compacton-type for
1 = p1; a unique positive solution satisfying Hopf’s boundary condition for
W€ Jpr, Fool.

1. Introduction

We are concerned with the existence of positive solutions to the following
two-point boundary value problem:

—(Ju/ P72 ) = ApuP™ — g 4wt in 0, 1,

Py
() u(0) = u(l) =0,

where 7, s,p € ]1, oo with r < s < p, u €10, +00[ and
o\ P
ho == eny (psin )
p

2010 Mathematics Subject Classification. 34B08, 34B15, 34B18.
Key words and phrases. Quasilinear problem; resonant problem; positive solution; com-
pacton-type solution; uniqueness.

565



566 G. ANELLO — L. VILASI

is the first eigenvalue of the one-dimensional p-Laplacian with Dirichlet boundary
conditions, i.e. the least eigenvalue of the problem

—(|/|P~2u) = MuP~t in ]0, 1],

u(0) = u(1) = 0.

By a positive solution we mean any classical solution v to (P,) satisfying
v(0) = v(1) = 0 and v > 0 in ]0,1]. Among these solutions we are further
interested in the so-called compactons, characterized by satisfying both Dirichlet
and Neumann conditions at the endpoints of the interval.

Our approach relies on quadrature methods and was successfully adopted in
the recent paper [1] to deal with a problem similar to (P,) with p-superlinear and
p-sublinear terms. In that case the competition between the opposite trends of
the nonlinearity resulted in the existence of (at least) three positive solutions and
two distinct curves of compactons (Theorems 2.7 and 2.9 of [1], respectively).
Here the situation is more delicate as the interaction occurs between a p-linear
resonant term and two p-sublinear ones. The interesting fact we found out is
that the presence of the resonance entails the uniqueness of positive solutions.
Indeed one has the following exact description of the set of solutions of (P,)
with respect to p € ]0,4+o00[ (see Theorem 2.3): there exists p3 > 0 such that
(P,) admits no positive solution for x € ]0, f11[; a unique positive non-compacton
solution for p € Jpu1,4+o00[ and a unique compacton for p = py. This represents
the central result of the paper and is proved in the following section together
with two crucial preliminary lemmas.

Before all, let us establish some notations and auxiliary results useful in the
sequel. From now on we denote by F' the primitive of the nonlinearity in (P,)
vanishing at 0, i.e.

def Ap

1
F(t) By 2 forallte [0, +o0].
s

-
For all i € NU{0}, F) stands for the i-th derivative of F' where, as customarily,

FOp Invoking Lemmas 2.1 and 2.2 of [1], one can easily prove the following
properties.
LEMMA 1.1. There exist to,t1,ts € ]0,+00[, with tg > t1 > ta, such that, for
each i =0,1,2, one has
W) FO@W) <0 ifte]0,t],
1.1 .
FO@W) >0 ift ety +ool.

LEMMA 1.2. Let tg be as in Lemma 1.1. Then tg = to(u) has the following
properties:

(a) to is increasing in )0, +oo[;
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(b)
1/(s=r) A\ V)
(1.2) lim ( ! ) to(u) = 1, lim (”) to(u) = 1.

u—0+ \ S p—+oco \ pu

The properties of the following function will be often used in the next com-
putations (cf. [1, Lemma 2.3]).

LEMMA 1.3. Let z,y € |1, +o0[ with © < y. Then, the function
of tY—1
nr) <

tr —1
is strictly increasing in ]0,1[, h(0) =1 and one has

lim h(t) = 2.

t—1 €T

We recall that the classical gamma and beta functions are defined by

def Foo
T'(z) = / t* et dt for all z > 0,
0
det [
B(x,y) = / t* M1 —t)v"tdt forall 2,y >0,
0
and satisfy the well-known relations
[(x)I(y)
1. =——"-" forall
7r
1.4 M)l —2a) = for all 0 1.
(1.4) (2)I(1 —x) pr— orall 0 <z <

We refer the reader to [5], [6], [7], [9], [11] and the references given there for
several classes of two-point boundary value problems attacked through quadra-
ture methods. Resonant problems involving the 1D p-Laplacian and investigated
with different tools can be found in [2]-[4], [8], [10] and the references enclosed.

2. Results

Our approach relies on the careful analysis of some auxiliary functions.

LEMMA 2.1. Let ty € ]0,+00[ be as in Lemma 1.1 and let ¢ [tg, +oo[ - R
be the function defined by
(2.1) Y(o) déf/ (F(o)— F(t))"YPdt for each o > tg.
0

Then, the following facts hold:
: _ _ 1/p /9.
(a) lim_ (o) = (p/(p — 1))/7/2

(b) the equation ¢'(0) = 0 admits a unique solution o1 € |tg, +00[ and one
has: ¥ >0 in]o1,+oo[, ¥' < 0 in Jto, o1[, with lim+ P (o) = —o0.
o—tg
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PROOF. (a) A change of the variable of integration yields
(2.2) Y(o) = U/OI(F(U) — F(ot))™Y?dt = 0p(0) for each o > tg,
where

(o) / (F(o) — F(ot))"V/7 dt.
0
One has

oo = [ (Za-mer-La-ne+la-eo) "

1/t Ap i 1 -1/p
== [ (Z2a-®)-Ea -t P+ -(1-t)"") dt
s (a-m-ta-me e La-ee)
and therefore

1 -1/
v = [ (o) s

1
P
1/p
= () r(0)r() =
P\ P P 2

where we have also used (1.3) and (1.4).
(b) From (2.2) one has
1

(2.3) V(o) = 0¢'(0) + 9lo) = [ (61(0) + bu(o))
0
where
(2.4) 0:(c) = (F(o) — F(ot)) /7,
for each ¢ € [0,1] and ¢ > tg. Since
—1/p
0,(0) = @f (1—tP)o? — g 1—t")o" + % 1- tS)US) ,
704() = = 0 (1 = )7 = (1= )0 + (1= 1)),

we have
(2.5)

00!(0) + 6:(0) = — % (0:(0))P (1 — tr)(<1 - i) 1 :z o — 1 <1 _ f) a’“>.

Moreover, in view of Lemma 1.3, we get

1—1t*
1-P o —u 1-P o" < 1-P o’ —pu 1-P) o
s) 1=t T s T

and, consequently, there exists o1 > o such that

00,(0) + 6,(c) >0 for all o > 5y and ¢t € [0,1].

Hence, on account of (2.3), ¢’ is positive in ]o7, +o0].
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Now, let us exploit Lemma 1.3 again to obtain
Ap(1—=tP)oP —p(1—t")o" + (1 —t°)o?
1—1¢P 1—-1t°
:(1—tr)</\p T of —po" + - O'S)
>(1—=t")(A\po? —po" +0°) > M1 —-t") >0,

for each o > ¢y and ¢ € ]0, 1], where MY Apth — ptl + t§ is a positive constant

in view of Lemma 1.1. As a result,

1 M 1
/(ﬁﬂﬂdtg—gf/(l—ﬂﬂ&wﬂwiﬁ
0 P Jo
M 1
=—— | (1=t")(F(0)— F(ot))~®+D/P gt
P Jo
Moreover, note that

lim (F(o) — F(ot))~P+0/p

T
o—tg

A 1 —(p+1)/p —(p+1)/p
— ( _’p tgtp + © ot — t8t5> > (,u tg) ¢—r(p+1)/p
P T s r

for each ¢ € ]0,1]. Therefore, being r(p 4+ 1)/p > 1, by Fatou’s Lemma, one has

1

lim o¢'(0) = lim o0y (o) dt = —oo0.
ot o—td Jo
Recalling that
. ¥(to)
lim (o) = ,
U—HEOJr 90( ) tO

we infer, using (2.3), that

lim ¢'(0) = lim (0¢'(0) + (o)) = —o0.

U—>tar zf—HﬁUJr
Therefore, from the continuity of ¢, there exists o1 € ]tg, +oo[ such that
Y'(01) = 0. We now show that o; is the unique zero of . To this aim, let
us write the function 1 as

b(o) = / (me(0)) /7 dt,

where

def>\ N _r— 1 s s—
nt(o):?p(l—tp)—g(l—t)o P (1190,
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for all ¢ € [0,1] and for all o € [tg, +o0[. Then, the computation of the first two

derivatives of v leads to

/ _ 1 ! o —1/p—1
vio) === [ o)
: (3 e tr)ar—f’—l) dt,

#=4(1+1) [

2
: <5 P syt TP t’")an) dt
S r

L -1 (STP (1 geyger=2
2 [y (S - - e

— i P (r—p-=-1)(1- tr)ar_p_2> dt.
Now, fix K € [p+1—s,p+1—r[ and put
(2.6) o(o) = o) (o) + K¢/ (o) for all o € [ty, +oo].

Let us show that ¢ is positive in [tg, +0o[. Indeed, if o € [tg, +00[, we have

0> — 5 [N (E s = p - - g

p
ol - Lo —p-1a- mar—p—l) dt
K [t —
=2 [t (S e
P Jo S
i tT)aT—P—1> dt
T

_1 ! o —-1/p—1 E o s 48 O_s—p—l
2 [t (B - p - 1490 1)

Pk —p—1am tT)aH’l) dt
.

and the choice of K forces ¢(o) > 0. At this point, solving (2.6) for ', one has

V(o) = O_LK (/g K=1g(r) dr + L)

to
for all o € [to, +oo[ and for a suitable constant L € R. In view of the positivity
of ¢, ¢ admits exactly one zero in |tg, +00[ and the conclusion is reached. O

The qualitative study of the composition of ¢ with the function u — to(u)

is the content of the next lemma.
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LEMMA 2.2. Let tg € ]0,+00[ be as in Lemma 1.1 and let ¥: |0, +oo[ = R
be the function defined by

def to(p)
(2.7) U(u) = / (=F(pu,t))"YPdt  for each p > 0.
0
Then one has:
lim ¥(u) =0;
(a) Hm, () =0;

(b) Mm W) =p(p/(p—1)""/(2(p = r));

(¢) W is increasing in ]0, +00].

PrROOF. (a) By performing the change of variables t = (su/7)Y/ ("7, we

obtain
to(p) 1 -1/p
(2.8) U(u) = / (“ g A”t?) dt
0 r s p
o/t ()T
"
510/ =t (1) (r=5)/(s=1) \ ~1/p
. / g o (Tr _ oM o)) (H) Tp) ir
0 p r

Thanks to Lemma 1.2, taking the limit as p — 07 the integral in (2.8) tends to
the positive number

1
/ (r" — Ts)fl/” dr

0

and hence the conclusion follows.

(b) After the change of the variable of integration ¢ = (pu/\,r)"/P=") 1 the
function ¥ turns into

D p  pop/ )™ TPt (1)
(2.9 w—() / <_
Ap

0
1 ( » )(S—T)/(P—T) <M>(S_p)/(p_r) S)—l/P
_ (£ = T dr.
s \ Ap r

Then, taking again account of Lemma 1.2, we get

lim WU (2 v r_ py-1/p

i (u)—(A) [ =mirar
= (B) (50 - )
p—r\ N pp 2p—7r) \p—1 ’

(¢) The function ]0, +00[ 3 p + to(p) is of class C, as it can easily be proved

as desired.

by the Implicit Function Theorem. From F'(u,to(x)) = 0 one has

A, 1 1
2.1 A s=P _ Tt r—p _
(2.10) ) + o(p) e o(p) 0
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which implies
_ S _
to(k)* ™ < 2 to(u) 7

and, in turn,
—-p

(2.11) U

to(p)* " —p to(p)" "

s—p r

S

>

s _ —p _ _
i to() T = =L to(0) " = Lo () (s = 1) > 0.
Now, differentiating (2.10) with respect to u, we get

0=2"F

s—p— r—p r—p— r—
to(p)* PG () — p—to()"" lté(ﬂ)‘—‘;to(ﬂ) »

(SsmeVpur pmmvp)mm>%amrmmrp.

Due to (2.11), the above identity implies ¢;(u) > 0 and

d F(NﬁtO(u)’r) _ i & 1 )P _ ﬁ 7\ P
(2.12) W(QWWV>W<p+JMM) — (to(u)7) )

i

= 2P gy ()

r—7p 1 1 o
= to(W)" T () = —to ()T

==Tr‘p(8';]?t0003‘p‘173‘rﬂxu)

T 1
= ) ot )

r— s—Dp s—p—
S G A

r— L 1 —
=1 b ) = ) ) =0

for each 7 € ]0,1[. At this point, performing the change of variable t = to(u)7,

we can write

' ! )\ "L
W) = [ Flutalpr) o ar = [ (= RO g

and, differentiating and using (2.12), we get

which concludes the proof. O

In the light of the previous two lemmas, we can state and prove our main
result:

THEOREM 2.3. There exists pi1 > 0 such that:
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(a) for 0 < p < pi, (P,) admits no positive solutions and a continuum of
nonnegative solutions, compactly supported in [0, 1];

(b) for p= p1, (P,) admits a unique positive compacton-type solution;

(c) for p > pi, (Pu) admits a unique positive solution satisfying Hopf’s
boundary condition.

PRrOOF. It is a known matter that positive solutions u to (P,) are symmetric
with respect to the midpoint of the interval of definition and attain there their
unique global (and local) maximum; denote

def 1
o il = u(3)-

By multiplying both sides of the equation in (P,) by «’ and integrating by parts
from = € ]0,1/2[ to 1/2, we arrive at

p—1
p
If we plug the value x = 0 in the above relation, we deduce that F'(c) > 0 and,

(2.13) [ (2)/” = (o) — Flu(z)).

on account of Lemma 1.1, that o > t,.
Now, being u increasing in ]0, 1/2[, from (2.13) one has

1/p
214 wo) = (S25) (Flo) - Flua)”

p—1
and therefore
x 1/p
[ e - rawn iy = (1)
0 p—1
Putting u(y) = t, we get

(2.15) /0 " Flo) - Py di = (ppl>1/px,

which evaluated at x = 1/2 yields

(2.16) /OU(F(U) — F(t))"Y7Pdt = % (pfl) 1/,).

In the light of these computations we deduce therefore the following fact: if o €
[to, +00[ is a solution to (2.16), then the function u implicitly defined in [0,1/2]
by (2.15) and symmetrically extended to [0, 1] is a positive solution to (P,). As
aresult, problem (P,) admits as many positive solutions as the solutions to (2.16)
(for the unknown o) in [tg, +00][.

Likewise, relation (2.13) tells us that the possible compacton-type solutions
to (P,) correspond to the solutions (for 4) to the equation

(2.17) AtO(M)(—F(u,t))l/p dt = 1<p>1/p.

2\p—1
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Taking all this into account, let us prove first item (b). Being p > r, one has

(2 N e\
2(p—r) \p—1 2\p—-1)

Then due to Lemma 2.2 and the continuity of W, there exists a unique p; > 0
such that

(218) W(jn) = ;(L)/

and so (P,) possesses a unique positive compacton-type solution for p = j.
Now let us pass to (¢). On account of Lemma 2.2 and (2.18),

1 D 1/p
U(p) > 3 (p—l) for any p > p.

Then, by virtue of Lemma 2.1, for y > u; the equation

wo=3()”

will admit exactly one solution in |tg, +oo[ and, equivalently, (P,) will possess
a unique positive solution. Moreover, named u, such a solution, one has o =
|uplloe > to and so, by (2.14),

1/p
u),(0) = (pl F(a)) >0 and, symmetrically, w;,(1) <0,
p—
namely u,, satisfies Hopf’s condition on the boundary, as claimed.

Finally, let us show that (a) is verified as well. Since ¥ is increasing in
10, +o0[ and lim+ U(p) = 0, then for each p € ]0, ui1[ there exists a continuum
pn—0

of nondegenerate compact intervals [a,b] C [0, 1] such that

=t ()

Thus, if [a, b] is any of these intervals, in correspondence to p we find a compacton
solution u,p to (P,) in the interval [a,b]. The zero-extension of u,; to the
whole [0, 1] yields a nonnegative nonzero solution to (P,) in the interval [0, 1]
compactly supported when [a,b] C ]0,1[. Therefore, for u € ]0, u1[ we can de-
termine a continuum of non-negative non-zero solutions, which have compact
support. Finally, observe that for u € ]0, u1[, we have (o) < (p/(p —1))'/?/2
for ¢ > ty, and so no positive solution may exist. O
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