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MULTI-BUMP SOLUTIONS
FOR A CLASS OF KIRCHHOFF TYPE PROBLEMS
WITH CRITICAL GROWTH IN RV
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ABSTRACT. Using variational methods, we establish existence of multi-
bump solutions for a class of Kirchhoff type problems

—(l + b/]RN [VulP d:c) Apu+ AV (z) + Z(x)uP~ = af(u) + wP L

where f is a continuous function, V,Z: RV — R are continuous func-
tions verifying some hypotheses. We show that if the zero set of V has
several isolated connected components 1, ..., such that the interior of
Q; is not empty and 9f2; is smooth, then for A > 0 large enough there
exists, for any non-empty subset I' C {1,...,k}, a bump solution trapped

in a neighbourhood of |J €2;. The results are also new for the case p = 2.
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1. Introduction

In this paper, we are concerned with the existence of multi-bump solutions
of Kirchhoff type problems

1 .
- (1 + b/ —|VulP dw) Apu+ AV (z) + Z(2))uP™! = af(u) +uP
RN P
(11) = RN,
ueWHP(RY), u>0,

where A,u := div(|Vu[P~2Vu) is the p-Laplacian operator, p* = Np/(N — p)
is the so-called Sobolev critical exponent, 2 < p < N, N > 3, b is a positive
constant, A > 0 is a real parameter and f is a continuous function, V, Z: RV — R
are continuous functions with V(z) > 0 for all z € RV, Q = int V=1(0) has k
connected components denoted by Q;, j € {1,...,k}, V"1({0}) = Q and 0Q is
smooth.

For the special case of problems (1.1), i.e. without (AV (z)+ Z(x))u, problem
(1.1) reduces to the following Dirichlet problem of Kirchhoff type:

<1+b/Vu2d1:>Auh(u), x €,
Q

ulaq = 0,

(1.2)

where © c RY is a smooth bounded domain. Such problems are often referred
to as being nonlocal because of the presence of the term [, |[Vu|? dzAu which
implies that the equation in (1.2) is no longer a pointwise identity. This phe-
nomenon provokes some mathematical difficulties, which make the study of such
a class of problems particularly interesting. On the other hand, we have its
physical motivation. Indeed, this problem is a generalization of a model intro-
duced by Kirchhoff [32]. More precisely, Kirchhoff proposed a model given by

0%u oo E [L|ou 2 0%u
(13) pw‘(zﬁu \ |ow dm)é)x?_o’

where p, pg, h, E, L are constants, which extends the classical D’ Alembert’s wave

the equation

equation, by considering the effects of changes in the length of strings during the
vibrations. Equation (1.2) is related to the stationary analogue of problem (1.3).
It received much attention only after Lions [33] proposed an abstract framework
to the problem. Some important and interesting results can be found, for ex-
ample, in [9], [16], [19], [20], [29], [37], [41]. In [9], Arosio and Panizzi studied
the Cauchy-Dirichlet type problem related to (1.3) in the Hadamard sense as
a special case of an abstract second-order Cauchy problem in a Hilbert space.
Ma and Rivera [37] obtained positive solutions of such problems by using varia-
tional methods. Perera and Zhang [41] obtained a nontrivial solution of (1.2) via
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the Yang index and critical group. He and Zou [29] obtained infinitely many so-
lutions by using the local minimum method and the fountain theorem. Recently,
the paper [16] considered (1.2) with concave and convex nonlinearities by using
the Nehari manifold and fibering map methods, and obtained the existence of
multiple positive solutions.

For the case p = 2 and b = 0, problem (1.1) can be rewritten as follows:

—Au+ (A\V(z) + Z(x))u = h(u), =RV,

(1.4)
u€ HYRY), wu>0.

Different approaches have been taken to attack this problem under various hy-
potheses on the potential and the nonlinearity. For example, in the case when
the potential function AV + Z is coercive, Miyagaki [38] proved some existence
results for a positive solution to (1.4). For the case when the function AV + Z
is 1-periodic, Alves et al. [2] showed the existence of positive solutions to (1.4).
If \V + Z is radial, Alves et al. [3] also established the existence of a positive
solution to (1.4). The papers cited above proved only the existence of positive
solutions; the multiplicity of solutions was established in [10]-[12], [14], [15],
[21], [22], [27], [28], [42], [43]. In the case when nonlinearities are assumed to be
subcritical, there have been enormous investigations on problem (1.4). In [28],
by using a Lyapunov—-Schmidt reduction, Floer and Weinstein established the
existence of a standing wave solutions of (1.4). Moreover they showed that u
concentrates near the given non-degenerate critical point of the potential func-
tion. Their methods and results were later generalized by Oh [40] to the higher-
dimensional case and the existence of multi-bump solutions concentrating near
several non-degenerate critical points of the potential function was obtained.
For more results, we refer to Ambrosetti, Badiale and Cingolani [7], Ambrosetti,
Malchiodi and Secchi [8], Cingolani and Lazzo [17], Cingolani and Nolasco [18],
Del Pino and Felmer [21], [22], Ding and Lin [24], Ding and Wei [25] and the
references therein.

Recently, He and Zou [30] considered the following equation:

—(52a+b5/ |Vul? dm)Au—i—V(m)u: flu), xeR3
R3
u€ HY(R3), u>0,

where f is a C' and subcritical function. By using the Ljusternik—Schnirelmann
theory (see [45]) and minimax methods, the author obtained the multiplicity
of positive solutions, which concentrate on the minima of V as € — 0. This
phenomenon of concentration is very interesting for both mathematicians and
physicists. For the nonlinearity with critical growth, Wang, Tian, Xu and Zhang
[44] obtained the multiplicity and concentration of positive solutions by using
the minimax theorems and the Lusternik—Schnirelmann theory.
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In [26], the authors studied problem (1.1) with p = 2, b = 0, Ding and
Tanaka considered problem (1.1) without the critical term and assumed that
« = 1. Supposing that Q has k connected components, the authors showed
that, for this case, problem (1.1) has at least 2¥ — 1 solutions, for large enough
A, establishing the existence of solutions called multi-bumps. The same type of
problems were considered by Alves et al. [6], [4] with critical growth respectively.
Liang and Shi [36] showed the existence of multi-bump solutions for a class of
Kirchhoff type problems by using variational methods.

In the present paper, we show the existence of multi-bump solutions to a class
of Kirchhoff type problems (1.1) for the general case p > 2. We mainly follow
the idea of [26], [30]. However, here we use a different approach in some esti-
mates, because the p-Laplacian is not linear, and some properties that occur for
the 2-Laplacian (Laplacian operator), in our opinion, not necessarily hold for
the general case, p > 2, therefore, a careful analysis is needed. Moreover, our
nonlinearity with critical growth and some arguments developed in [26] cannot
be applied. So, we modify the sets that appear in the minimax arguments ex-
plored in [26]. The arguments developed in this paper are variational, and our
main result completes the study made in [26], in the sense that we are working
with the p-Laplacian and a general class of nonlinearities. As we shall see in the
present paper, problem (1.1) can be viewed as a Schréodinger equation coupled
with a nonlocal term. The competing effect of the nonlocal term with the criti-
cal nonlinearity and the lack of compactness of the embedding of W?(R¥) into
the space L?" (R™) prevent us from using the variational methods in a standard
way. Some new estimates for such Kirchhoff equation involving Palais—Smale
sequences, which are key points to apply this kind of theory, should be reestab-
lished. The Moser iterative method [39] has to be applied trickly. Let us point
out that although the idea was used before for other problems, the adaptation to
the procedure for our problem is not trivial, due to the appearance of the nonlocal
term we must reconsider this problem and need more delicate estimates.

We make the following assumptions on V, Z and f throughout this paper:

(V1) V € C(RYN,R) satisfies V(z) > 0.

(V3) The potential well  := int V~1(0) is a non-empty bounded open set
with smooth boundary 9Q and V~1(0) = Q.

(V3) There exist two positive constants My and M; such that the functions
V and Z verify

(1.5) 0< My <V(z)+ Z(z) forallzeRY,
(1.6) |Z(x)] <My for all 2 € RY.

(V4) The set Q consists of k connected components denoted by Q;, j €
{1,...,k}, satisfying dist(€2;,€;) > 0 for i # j, that is Q@ = Q; U...UQ.
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(f1) There exists p < ¢ < p* such that
t
oy 10

oo [E]271
(f2) Tim £(s)/s7~1 = 0.
(fs) There is 2p < 6 < p* verifying 0 < 0F(s) < sf(s), for all s > 0, where
F(t) = [y f(r)dr.
(f4) The function f(t)/tP~! is increasing for ¢ € [0, +00).
(f5) There are ¢ > 0 and ¢ € (2p, p*) such that h(s) > ¢s*~! for all s > 0.

=m < +00.

Our main results are the following.

THEOREM 1.1. Assume that (V1)—(V4) and (f1)—(f5) hold. Then, for any
non-empty subset T of {1,...,k}, there exist constants o > 0 and \* = \*(a*)
such that, for all a > a* and X > X*, problem (1.1) has a family (uy) of
positive solutions which dependence on « verifies: for any sequence A, — 00,
we can extract a subsequence An; such that uy, converges strongly in Whr(RY)
to a function u which satisfies u(x) = 0 for x ¢ Qr and the restriction ulq, is
a least energy solution of

1 -
—(1+b/ p|Vu|pdx>Apu+Z(x)up_1 =af(u)+u’ "t e jeT,
RN

u > 0, z € Qy,
uloa = 0,
where Qr = J Q.
jer

THEOREM 1.2. Under the assumptions of Theorem 1.1, there exist constants
a* > 0 and \* = X*(«*) such that, for all a > o* and A > \*, problem (1.1) has

at least 28 — 1 positive solutions.

2. Main results

In this section, we outline the variational framework for problem (1.1) and
give some preliminary lemmas. Let us define the space of functions

E, = {u e WHP(RN) V(z)|ulP dx < oo}

RN

endowed with the norm

fulls = ([ 0vaP+ @) + Z(mmumdx)l/p.

For A > 1 it easy to see that (Ej,| - ||) is a Banach space and we have the
following continuous imbedding: Ey — W1P(RN).
We say that u € F) is a weak solution of (1.1) if, for v € E},
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1
/ |Vu|p_2Vqud:c+b</ —|VulP dx) (/ |Vu|p_2Vqudac)
RN RN P RN

—|—/RN()\V(x) + Z(2))|ulP2uv dr = a/RN flu)v d:c—|—/]R uP” ~2up de.

N

The nonnegative weak solutions of problem (1.1) are the critical points of
I: Eyx — R given by

1) = [ (Val? + (V@) + Z(@)lul?) do

D Jr
+b</ 1|Vu|pda?>2—a/ F(u+)doc—i u? da
2\ Jr~v p RN p*Jen T
where F(s) = [ f(7)dr and uy(z) = max{u(z), 0}.

Moreover, let us assume that the set €2 consists of k connected components
denoted by Q;, j € {1,...,k}, satisfying dist(€;,Q;) > 0 for i # j, that is
Q=0 U...UQ.

We also write for an open set K C R,

E\(K) = {u e WhP(K) : /K V(z)|ulP do < oo}

and the norms

1
Julls = ( 09l + W) + Z(x»uw)dx) "
In view of (V3), we have
Miluf < [ (V6P + WV @) + Z@)lul?) da
for all uw € E5(K) and A > 1 or equivalently
Moluly e < |lully g for all u € Ex(K) and A > 1,

. » » p
where My is a positive constant and |uf, x = S |ulP da.
The next result is an immediate consequence of the above considerations.

LEMMA 2.1. There exist 6g,v9 > 0 such that for all open sets K C RN
dollully i < ullf & —woluly  for allu € Ex(K) and A > 1.
We recall the second concentration-compactness principle of Lions [34].

LEMMA 2.2 ([34]). Let {u,} C WHP(RY) be a bounded sequence which weakly
converges to u in LP  (RYN). If {u,} is a subsequence such that |u,|P” — v and
|[Vu,|P — u for some measures v and u, then there are sequences of points
{z,} CRY and {v,} C [0,00) satisfying

(a) v= \u|p + > a, v, v >0,
iel



MULTI-BUMP SOLUTIONS FOR A CLASS OF KIRCHHOFF TYPE PROBLEMS 7

(b) w>|VulP+ > 0, s, i >0,
i€l
© > S,

where I is the index set and S is the best Sobolev constant, i.e.

Sinf{/ |Vu|pdx:/ u|p*da:1},
RN RN

T; € RN, 0z, are Dirac measures at z; and p;,v; are constants.

To finish this section, in what follows, for each j € {1,...,k}, we fix a boun-
ded open subset Q; with smooth boundary such that

(a) Q; C Q;

(b) ST;Q(T%Z 0 for all j # j.

3. Preliminaries

In this section, we adapt for our case some arguments developed in papers
[23] and [26]. Let vp > 0 be the constant given in Lemma 2.1, k > (0 —p)~! > 1,
a > 0 verify af(a) +a? ~' =k 'a? 'y, and f, F: R — R be the functions

o) = /6 o s<e F(s) = / F(r) dr.
k= lygsP~1, if s > a, 0
From now on, we fix a non-empty subset I C {1,...,k} and
B ' , , _J1 forze Oy,
and functions
(3.1) g(x,5) = xr(@)(af(s)+ s 1) + (1= xo(@)) f(s),
(3.2) G(z,s) = /OS g(z,7)dr = xr(2)F(s) + (1 — xr(2))F(s).

Notice that, using (f;)—(fs), it is easy to check that
"1

(g1) g(2,5) = af(s)+ s ~1 = o(sP~1), near the origin, uniformly in z € RY.
(22) g(z,8) < af(s)+s? L forall s >0, zeRN,
(g3) (1) 0 <0G(z,s) < g(z,s)s for each z € Qf, s > 0;
(i) 0 < G(z,s) < k71p~tyys? and 0 < g(z,s)s < k™ lygsP for each
z € RN\ Qf, s> 0.
(g4) The function g(z,s)/sP~! is increasing for s > 0 for each fixed z.
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Moreover, let ®y: E\ — R denote the functional given by

B (1) = E/N(\wp + OV (@) + Z(@)|ul?) da

pJr
b 1 2
+ / —|VulPdz ) — G(z,u) dz.
2\ Je~x p RN

Under conditions (V1), (Va), (f1) and (f2), @5 € C'(E\, R) and its critical points
are nonnegative weak solutions of

(3.3) — <1+b - [Vul? da:) Aput(A\V (2)+Z(2)|uP2u = g(z,u), = cRN.

We remark that f(s) = af(s) + s? ! for s € [0,a] and a critical point uy of
@, (u) is a solution of problem (1.1) if and only if uy(z) < a in RV \ Qf..

4. Behavior of (PS)-sequences and the study of some energy levels

Recall that we say that a sequence (u,,) is a (PS)-sequence at level ¢ ((PS),-
sequence, for short) if ®5(u,) — ¢ and @) (u,) — 0. P, is said to satisfy the
(PS)c-condition if any (PS).-sequence contains a convergent subsequence.

REMARK 4.1. By the definition of the functions f and F, the Palais—Smale
sequences may be assumed to be nonnegative.

The next lemma establishes that all (PS).-sequences are bounded.

LEMMA 4.2. Assume that (V1)—-(V3) and (f1)—(f3) are satisfied. Then there
is a constant M(c) > 0 independent of \ such that, for any (PS).-sequence (u,,)
for @y (u),
(4.1) Dy (un) — ¢,
(4.2) D)\ (u,) — 0 strongly in EX,
Jun|% < M(c) for alln € N.

PRrROOF. It follows from (4.1)—(4.2) that
1
@ (un) — @‘I),)\(Un)un =c+on(1) +enllunl
where £, — 0 as n — oco. From (4.1)-(4.2), (gs) (ii) and Lemma 2.1,

1
Dy (uy) — EQQ(un)un

_ (1 _ ;) /}R (Yl + AV (@) + Z(@)|ual?) da

p

2 5) ([overa) + [ [potemin - o]
- = — = Unp, T - 9\T, Up )Up — T, Un xz
p\2p 6 RN RN 97

> (- ;) [ (9P + OV (@) + 2 o

p
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1
—|—/ [ g(x, up)u, — G($7un)] dx
rV\Qr, L0

1) (Vunl? + AV (2) + Z(2))un[?) 2 — / Gl un) da
RN\QY.

Y

p

v

(
(219_) (IVun|? + AV (z )+Z($))|un\p)d$—k—1pyo/RN lup |P d
=(5-

1 1
3 ) nl = wual) > (5 = 5 Joulunl

This fact implies that

1 1

<p B 9>50||un||§ < e+ on(l) +enfluny.

Therefore
. b (1 1\ )
lim sup [|un, ||5 < >0 3y e

n—oo
From which it follows that there exists M(c) > 0 such that ||u, |} < M(c) for
all n € N. O

Next, for each fixed j € I', let us denote by ¢; the minimax level of the
mountain pass theorem with the functional I;: WO1 P(Q;) = R, given by

2

Ij(u):%/ (Vup+Z(x)|up)dx+g</Q 21)|Vupdx)

J 3

fa/ F(u+)dxfi*/ (uy)P" de.
Q; P Ja,

It is well-known that the critical points of I; are weak solutions of the fol-
lowing problem:

- <1 + b/ |Vul? dx) Au+ Z(x)uP ™ = af(u) +u? L,
(4.3) r ey, jeT,

u >0, x € Qj,

u‘agj =0.
The technique that we shall apply in order to prove Theorem 1.1 includes the
comparison between some energy levels of the functional associated with (1.1)
with the energy levels associated with other auxiliary problems related to (1.1),
as well as the study of the behaviour of some (PS).-sequences. In this regard we
prove the following results.

LEMMA 4.3. There exists a* > 0 such that, for all @ > o, we have

. 1 N/p ;
CJG(O,Qp(k—l—l)S ) forallje{1,... k}.
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PROOF. We fix a nonnegative function ¢; € W, P(Q;) \ {0} for each j €
{1,...,k}. Observe that there exists to ; € (0,+00) such that

¢j < Ij(ta ;) = max I(te;)

and thus, by (f5), we have

2
(4.4) ti,j/ (IV%‘I”+Z(ﬂf)|s0j|p)d$+t§’,’jb</ [Veosl? dw)
Q; .

J J

:a/Q f(ta,jcpj)ta,j@j dx+t§7j/ﬂ |§03|p*dx
; )

J

Za/Q f(ta,j®i)ta,ivi dl”Zagtﬁy,j/Q ;| da.
; _

J

If |tg ;] <1, by (4.4), we have

2
) (WVJ+Z<x)|%|ﬁ>dm+t¢;,jb( / wmdw) > acth, [ ol do
i j j

J
This fact implies that
24 1/(t—p)
| 196l + 2@)lesf) i + b( / |wj|pdx)

Q; Q
toz,j S J J

ag/ lpj|* dx
Q

J

If |tg ;| > 1, by (4.4), one has

2
2, / <|wj|”+z<x>soj|P>dx+ti’jjb( / |wj|pdx) > actt,, / o5l de

J J
This fact implies that

1/(t—2p)

[ weit+ 2@l [ 1verar)

Q Q
ta,j g J J

ag/ lo;|* dz
Q.

J

Using the above limit, we have t,; — 0 as @ — 4-o00. This fact implies that
Ii(ta, ;i) = 0 as o — +oo, whence it follows that there exists a* > 0 such that

1 N/p ,
: S — for all j € {1,... il * 4oo0). O
CJE(O’2p(k 1)8 ) orall j€{l,...,k} and all « € [a*, 4+00)

REMARK 4.4. In particular, Lemma 4.3 implies that
k
(4.5) > e €(0,5N7/(2p)).
j=1

The above result is very important, as we show in the following lemma.
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LEMMA 4.5. Assume that (V1)—(Vs) and (f1)—(fs) are satisfied. For any
A > 1, ®y satisfies the (PS).-condition, for all ¢ € (0,1/2pSN/P), that is any
(PS).-sequence (un) C Ex has a strongly convergent subsequence in Ey.

PROOF. Let (uy,) C E) be a (PS).-sequence, by Lemma 4.2, (u,,) is bounded
in E) and we may assume the following facts:

u, —u weakly in Ey and W?(RY),

u, — u strongly in L2 (RY) for all p € [1,p"),

loc
unP” = v =[ul? 4+ v, v >0,
el
[Vup P —= > |VulP +> 60 piy i > 0.
icl

First, we claim that

(4.6) / g(x, up )y de — g(z,uw)udr as n — oco.

RN RN
In fact, let z; be a singular point of the measures p and v. We define a function
¢ € C°(RY) such that ¢(z) = 1 in B(wy,¢), ¢(z) = 0 in RN \ B(x;,2¢) and
|Vo| < 2/e in RN, Set 9, = u,¢, then {1} is bounded in Ey. Obviously,
(P4 (un), ¥Yn) — 0, ie.

(4.7) - lim [/ U | Vun [P 2V, Ve da
RN

n—oo

—|—b</ 1|Vun|pdx> (/ un|Vun|p2VunV¢dx>}
RN P RN

= lim {/RN |VUn|p¢dz+/RN(/\V(x)+Z(x))\un\p¢dx

n—oo

1 P p )_ }
+b</RNp|Vun dx)(/RN |Vu,|P ¢ d /RN g(x, up)upddx p.

By definition of ¢ and due to strong convergence u, — w in Lj (RN) for p €
[1,p*), one can obtain

flup)updpdr — 0 asn — oo.
RN

From Lemma 4.2 and the Hélder inequality, we have that

(4.8) 0 < lim lim

e—>0n—o0

/ U | Vun P2V, Ve da
]RN

e—+0n—o0

<C'lim lim [t |V, [P V| dz
RN



82 S. LIANG — J. ZHANG

(p—1)/p 1/p
<Clim lim K/ Vun|pdz> </ |unV¢pdx> ]
e—0n—o0 RN RN

. 1/p*
<Clim (/ |u|P dx) =0
=0 B(Ii,QE)
and

(4.9)  lim lim [b(/ 1\vunv’ d;v) (/ un|Vunp_2VunV¢dx)] =0.
e—0n—o0 RN D RN

From inequalities (4.7)—(4.9) and condition (gz2), we get

(410) 0> lim lim { / V|6 da + / V(@) + Z(2))|unlPé dz

e—>0n—o0

1 p P )
—i—b(/RN p|Vun| dm) (/RN |Vun|P o dz

—a/RN f(un)un(bdx—/RN uf’;(bdx}

> lim lim [/ |vun\1’¢d:c—/ ufjgbdx] S —.
RN RN

e—>0n—o0

Combining this with Lemma 2.2, we obtain v; > Sv/ /P" . This result implies that

(I) Vv, = 0 or

(I1) v; > SN/P,
If the second case v; > SN/ holds, for some i € I, then by using Lemma 2.2
and the Holder inequality, we have

= Jim_ () = 5o (@) ) )

n—o00 2p

1 1
= L (Vual? + V(@) + Z(@)un ) der + / L g un) — Gz, un) ) de
2p Jrw RN\ 2P
1 1
> — \Vun|pda7:—/ du
2p Jrw 2p Jrw
1 1 1 - 1
>_— Pdr + —p; > —SuP/P > —gN/p,
29 Jox |VulP dx + 2p,u > QpSVZ > sz

This is impossible. Consequently, v; = 0 for all ¢ € I and hence

(4.11) Up —u in L7

loc

(®Y).

In order to prove (4.6), we will prove that the possible concentration of mass
at infinity. By hypothesis, for any bounded sequence (¢,) C FE), we have
@, (up)pn = 0,(1). Let us choose a special ¢,, for our purposes:

pn () = n(z)un(z),
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where n € C*°(RY) is given by

1 for x € B4(0),

n(x) =
(@) 0 for x € Bg/»(0),

n(x) € [0,1] with Qp C Bg/2(0).

Here and below B%(0) = {z € RY : |z| > R}. Using the above data and
adapting arguments used in [23, Lemma 1.1] one proves that, for each ¢ > 0,
there exists R > 0 such that

(4.12) / (IVun|? + AV (x) + Z(x))|up|P) dx < e
{z€RN:|z|>R}
and
2
(4.13) </ |Vun|pdx> <e,
{z€RN:|z|>R}

for large enough n € N. From (4.11)—(4.13), we obtain (4.6) holds. Thus, from
the Brezis—Lieb lemma [13] and the weak lower semicontinuity of the norm we
have

o(D)[[onl| = (@4 (un), un) = /RN(IVUnI” + WV (@) + Z(2))[un[") dz

b 2
+ (/ |Vu,|P da:) - / g(z,uy,)dx
p RN RN

b 2
>||un—u||’;+u||’;+( / |Vu|1’dx) - [ otewds
p RN RN
et — ull? + o(1)]u]]

since @) (u) = 0. Thus we proved that {u,} strongly converges to u in Ey. This
completes the proof of Lemma 4.5. O

REMARK 4.6. Since @), verifies the mountain pass geometry, the above results
imply the existence of a nontrivial critical point to ®).

Our next step is to study the behavior of a (PS) .-sequence, that is, a se-
quence (u,,) C WHP(RYN) that satisfies

u, C By and M\, — o0, Dy (upn) — ¢, @4 (un)lx, — 0.

LEMMA 4.7. Let a sequence (uy,) be a (PS) oo c-sequence with c€ (0,1/2pS™N/P).
Then, for some subsequence, still denoted by (u,), there exists u € WHP(RY)
such that

Up —u  weakly in Ex and W"P(RY) asn — oo.

Moreover,
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(a) u=0in RN\ Qr and u is a nonnegative solution of

- (1 +5b [Vul|P dm) Apu+ Z(@)|[ulP2u = af (u) + [ulP ~2u
RN
(414) mn e Qj,
u=0 on 08,
for each j € T
(b) [lun —ullx, = 0;
(¢) uy, also satisfies

An /RN V() |u, [Pdz — 0, lewn, — u|‘1;\n7RN\QF — 0,
HUnHI;\nQS — /Q (IVulP + Z(x)|ulP)dz  for all j €T.

PrROOF. Similarly to the proof of Lemma 4.2, we can prove that there exists
M(c) > 0 such that

|un|l} < M(c) foralln eN.

Thus (u,) is a bounded sequence in W?(R™) and, for some subsequence, still
denoted by (u,,), we may assume that for some u € W1P(RY)

Up — U weakly in Ey and WhP(RY),

Up — U strongly in LP (RY) for all p € [1,p"),

loc

un(z) = u(z) ae. in RV,
Using once more similar arguments explored in Lemma 4.5, we get
(4.15) U, — u in Ey.

To show (a), we fix the set Cp, = {x € RN : V(z) > 1/m}. Then

/ |un|pdxgﬁ/ AnV (@) |un|P d
Cm An JrN

m
< . RN(|Vun|P + AV (@) + Z(2))|[un|?) do = —uallf -

The last inequality together with Fatou’s lemma imply

/ |ulPde =0 for all m € N.

m

+o0 _
Thus u(z) =0on |J Cp =RY\Q and we can assert that u|g, € WP () for
m=1

all j€{1,...k}.
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Once we have proved that ®) (u,)e — 0 for p € C5°(Q;) (j € {1,...,k}),
it follows from (4.15) that

0:/ (|Vu|p_2VuV<p+Z(x)|u\p_2u<p)dx

J

1
+b(/ |Vu|pd:v>/ |Vu|p_2VuV<pdx—/ g(x,u)pdz,
RN P Q; Q;

J

showing that u is a solution to (4.14) for each j € T'.
For j € {1,...,k} \ T, setting ¢(x) = u(z), we have

/Q_(|Vu|P + Z(x)|ul?) dx + Z(/Qj [Vul? dx)2 - /Qj Flu)ude = 0.

J

From Lemma 2.1 and the fact that f(s)s < vgs? for all s € R, we have

dollullX 0, < llullX o, = voluly o

§/'(|Vu|p+Z(x)u|p)dx+;;(/Qj |Vu|pdm)2—/ﬂj Fluyudz = 0.

£,

Thus, v =0 in Q; for j € {1,...,k} \ T showing that (a) holds.
For (b), we use [46, Lemma 4.2] to get the following inequality:

1
Jun —aul§ + b</ §|Vun‘p dgs) / |V, |P*Vu, (Vu, — Vu) de
RN RN

- b(/RN %|Vu\p dx) /RN |VulP~2Vu(Vu — Vu,) de
= g ) = Fa) o= [ () = 00—

<P () (1 — 0) — B () (0 — 1),

Since u, — uw in LP(£Y;) and due to assumptions (f;)—(f2), we have

(4.16) [ () = 1) = w)de = 0,(1).

r

On the other hand,

(4.17) @3, (un) (U — w)| < (195, (w3, (lunllx, + llullx,) = on(1).

By inequalities (4.16) and (4.17), we have

o=l + [ () = Fa) o ) 0.
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By a similar argument as in the proof of Lemma 4.3, we obtain
Sollun — ully, <llun —ullf, — volun — ul}

< /RN(|VU" — VulP + AV (2)|u, — ul?) dz
+ /RN\Q,F(f(un) — f(w)(up —u)dz <O0.

Thus (b) is obtained.
Now we show (c). Indeed,

/ AV (2)|un P dx = / AV (@) |uy|P da
RN RN\Qp

:/ AV (@) |uy — ulP de < |lup, —ullf — 0 asn— oo.
RN\QF n

This completes the proof of Lemma 4.7. O

The following lemma plays a fundamental role in the study of solutions to
problem (1.1). We sketch its proof by using some arguments explored in [5]
and [35], which are initiated in the Moser iterative method [39].

LEMMA 4.8. Let uy be a family of positive solutions of (3.3) satisfying
1
sup{®x(ur)} < 5-5™/P.
A>1 2p

Then, there exists Ao > 0 such that |[ux|p~@~yq. < a for A > Ag. In particular,
uy solves the original problem (1.1).

PROOF. In this proof we adapt some arguments developed in Li [35, Theo-
rem 1.11] (see also [1] and [31]). Let (\,,) be a sequence with \,, — oo and define
un(z) = uy, (z). For any R > 0,0 <r < R/2,let n € C®(RY), 0 <n <1 with
n(x) =1if |z| > R and n(x) =0 if || < R—r and |Vn| < 2/r. For each n € N
and p > 0, put

up(z)  if uy(x) < p,

un(z) ==
P if u,(z) > p,

and z,, = npu’,;,(g_l)un, Wp,pn 1= nunug’;l with o0 > 1 to be determined later.

Taking z, , as the test function, we have

0= / (IVun[P2Vu, Va0 + (AV(2) + Z(2)) [unP *unzpn) dz
RN

1
—|—b(/ —|Vu,|? dx) / |Vun|p72Vuanp,n dx —/ g(x,un)2p n de,
RN P RN RN
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i.e.

0= (1 —|—b/ 1Vun|pdx>
RN P

/ (|Vun\pnpugfg_l)—I—p|Vun|p_2VunV77np_1unu§)(fl’_l)
RN

+plo — 1)|Vun|p_2VunVup,nunung_1)_177p) dx

+/ ()\V(I)+Z($))|Un|p7lpu,’jfgfl)dx—/ (@, up)nPupubg Y da.
RN RN

For simplicity, we denote
1
A, =1+ b/ —|Vup|P dz.
RN D

Since u, — u in WHP(RY) with u # 0, we see that a < A, < a* for some

constant a* > 0. Therefore, we can rewrite the above equality as

A, nPuP |, |P de = 9(2, up ) Punu?C Y dz
RN P RN Ps
— pA, N npflunu[z;,(gfl)|vun‘p72vunvn de
R

—pAn(oc— 1)/ Un B VP |V, P2V, Vi, ,, di
RN

pn
- [ OV@ + ZaD s d.

By conditions (f1)—(f2), we have that for any 7 > 0, there exists D, > 0 such that
g(x,s) <75+ Dys? ! for all (x,s) € RN x [0, +00). Since 7 can be sufficiently
small, we have the following inequality:

A, /RN npu’,;fg_l)|Vun\P dx <D, /RN ufl*npu’;fg_l) dx
— pAn/ np_lunugfg_1)|Vun\p_QVunVn dz.
RN
For each 6 > 0, using Young’s inequality, we get
An/ npug(g_l)\VunW de = DT/ uﬁ*npug(g_l) dx
RN ’ RN ’
—|—pAn6/ \Vun|pug(g_l)np dx +pAan/ |un|p|Vn\pu7;(g_1) dx.
RN ’ RN ’
Choosing ¢ € (0,1/p), we have
(4.18) / npug(g*1)|Vun|p dx < C’/ ub’ npugﬁ‘;*l) dz
RN ’ RN ’

+ C/RN |un|p|Vn\pu§1(Z*1) dx.
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On the other hand, by the Sobolev and Holder inequalities we have

(4.19)  |wpn

— o—1
e §C’/}RN |Vw, P de = C/RN IV (nunuj )P de
<Co? / |V |PuPuplo—1) d:v—i—/ nPul eV |V, |P dz ).
. [ o P
Combining (4.18)—(4.19), we have

(4.20) |wp.rn

o< cor(( [ IVaPlu PV [ i),
RN RN

Choosing o = p*/p, by the definition of w,, and (4.20), we rewrite the last
inequality as

. p/p"
([ o

. i o\ P P/
SC(N,p){[/ (nunulF,~P/P)P dx} (/ w dz)
RN ' |z|>R—r

+ [ |Vnp|un|puﬁ*npdx}
RN ’
. . p/p*
scm,p){[ [ Guaziriry dx} it
]RN

b [P de .
RN '

In view of u,, — u in WP(RY), for R large enough, we conclude that

p*—p
p*(|z|>R/2)

. 1 ) .
i*(\glzmz) < m uniformly in n.

l|n

Hence we obtain

p/p” p/p”
( [ ity i) < ([ i)

* C
< C(N,p) / VP fun el d < & / it
RN ’ rpP RN

Pde.

Using Fatou’s lemma in the variable p, we have
2
(4.21) u, € L /P(|z| > R) for R large enough.

Next, if we put o = p*(t — 1)/(pt) with t = p*’/((p* — p)p), then o > 1,
pt/(t — 1) < p*. Now suppose that u, € L= (|z| > R—r) for some o > 1.
Returning to (4.20) and using the Holder inequality with exponent t/(¢t — 1)
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and t, we have

(4.22) |wp.n

1-1/t
posco{| [ Gpuryeal
| >R—r

1/t
. (/ u;p*fp)t daz)
|x|>R—r
1-1
n [RY — (R —r)N]M/t (/ Pt/ (t-1) dx) /t}
( ol>Rr

N/t 1-1/t
<Co? (1 L BY > (/ upot/ (=) dx) :
B (i |z|>R—r

Letting p — +00 in (4.22), we obtain

pbo P RN/t po
pro(aizr) < €O <1+ e )'“n”pat/<t1><|x>zzr>'

If we set x :=p*(t — 1)/(pt), s :=pt/(t — 1), then

(|

o e RN/t\ 1/ (po)
(423)  Junlloyeieior < CYo0V (1+ ) et s(ief -

rpP

Let o = x™ (m =1,2,...), we obtain

—m —m RN/t M/ (po)
||un||xm+13(|w‘ZR) <SOX XX (1+ rP ) ||Un||Xms(|$|ZR*r).

It is clear that p > N/t. Therefore, if we take 7, := 2~ ("D R, then inequality
(4.23) implies

[tnllym+1s(e> Ry < |tnlym+is(ia)>Rorp1)

m . m

St oy " In(1 + 2rGHD)
<(Ci=t X=1 €Xp <Z T Hun||xs,(|a:|zR—r1)
=1

<C|un

p*(lz|=2R/2)"

Letting m — oo in the last inequality, we get ||un Lo (jo)>Rr) < Cltn|p*(|2|>R/2)-
By the convergence of {u,} to u in W?(RY), for any fixed a > 0, there exists
R > 0 such that [[u,| pe(zj>r) < a for all n € N. Therefore, lim wu,(z) =0

|| =00
uniformly in n. O

5. The existence of multi-bump positive solutions

For j € I, we consider the following two functionals:

6.0 L= [ (ValP + Za)uP) de

2

([ Swrae) o [ Fwae L[
- —|Vu X — u)ar — — u X
2\ Ja, p Q; P* Jo, "

J
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and

By j(u) = %//‘(|Vu|p + (W (@) + Z(@))|ul?) da

2 ) o[ Faae L[
= - u i — u)ar — — u Z.
2\Ja,p / p* Jay i

We know that the critical points of the above functions are related with the weak
solutions to the problem

- (1 + b/ |Vul? dm) Apu+ Z(z)uP™t = af(u) +uP "1 in Qj,
RN

(5.2)
u=0 on 0§,
and
_ (1 + b/N IVl dz) Aju+ AV (@) + Z(2))ur !
(5.3) ‘ =af(u)+u’ " in Q]
%Z =0 on 0Q.

It is easy to check that functionals I; and @, ; satisfy the mountain pass geom-
etry. That is,

(i) 1;(0) = @, ,;(0) = 0.

(ii) There exist pg > 0 and p; independent of A > 0 such that
(5.4) [ullo,; < po = Ij(u) >0,
(5.5) [ullo,o; = po = I;j(u) = p1,
(5.6) [ullo.c, < po = P j(u) =
(5.7) [ullo,0; = po = @xj(u) = p1.

Here we use the notation:

= / (Val” + Z(@)ul?) de for u € WP (Q,).

J

(iii) There exists p;(z) € C5°(€);) such that

lej(@)Ixe; = llej(@)llog, =p1,  Paor(e;) =1Li(p;) <O0.
In what follows, we denote by c¢; and c)_ ; the minimax level related to the above

functions defined by

¢ji= nf max Ii(y(t)) and cn;:= inf max ®;(v(t),

where

Aj i={vy € C((0,1], Wy *(2;)) : 7(0)
AAJ = {7 € C([07 1]7 W()L;D(Q;)) : 7(0)

0, I;(»(1)) <0},
0, ®x;(v(1)) <0}
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Moreover, the (PS).-condition implies that there exist two nonnegative functions
w; € WyP(Q;) and wy ; € Wol’p(Q;) satisfying
Ij(wj) =¢; and Ij(w;) =0,
Py j(wxy) =cxny and P j(wy;) =0.
We have the following lemma.

LEMMA 5.1.
(a) 0 < p1 <erjy <cj forallX>0.
(b) ¢ (ex,j, respectively) is a least energy level for I;(u) (®x ;(u), respec-
tively), that is
¢ = inf{T;(u) : u € WP(95)\ {0}, 1) - u = 0},
ey = inf{ @y ;(u) 1 u € WyP(Q)\ {0}, P4 ;(u) - u = 0}.
() ¢j = max I(rw;), cx,; = max I ;(rwx, ).
(d) cxj = ¢ asj— oo.
PrROOF. From (5.7), it is easy to see that ¢y ; > p1. On the other hand, for
any u € Wy (;), we may extend u to & € Wy () by

uw(z) in Qj,

uz) = -
0 inQ\9Q,

we regard WP () C Wol’p(Q;-). Thus we have A; C Ay ; and
5.8 i = inf Dy i (y(t
(5-8) oxg = Inf max @ (v(1))

< i » < i : =¢;.
< inf max 0,,(1(1) < inf max L(5(1)) = ¢

Thus we have (a).

(b)—(c) are standard consequences which can be obtained from the mono-
tonicity of the nonlinearity g(x,s)/sP~! (see Chapter 4 in [45]).

Now we show (d). Using Lemma 4.7, we may extract a subsequence \,, — 00
such that wy ; — uo strongly in Wol’p(Q}), where uy € W,P(2;) is a solution
of (5.1) and @ ;(wx ;) = I;(uo). By the definition of ¢;, we have

limsup ey ; = limsup @ j(wx, ;) > I;j(uo) > ¢;.
A—00 A—r00

Compare with (5.8), we get (iv) and this completes the proof of Lemma 5.1. O

In what follows, let us fix R > 1 such that

(5.9)

1 1
1; (ij>‘ < 36 forall j el

and
|I;(Rw;) —¢;j| >1 forall jel.
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From the definition of ¢;, the equality below is standard:

I;(sRw;) =¢; forall jel,
56[1}1/2};%71] i(sRwj) =c¢; forallj

where the interval [1/R? 1] is chosen conveniently for our purposes.
Reordering the set I', we may consider I' = {1,...,1} (I < k),

R?’

s fec((f] o110) ol )}

bar = inf max P S1s+--581))-
AT YEAL (s1,...,51)€[1/R2 1] A((s1 )

! RL
(5.10) Yo(s1,...,81)(x) = Zszwj(x) for all (s1,...,8) € [ 1} ,

and

REMARK 5.2. As vy € A, A, # 00 and by r is well-defined.
LEMMA 5.3. For any v € A, there exists (t1,...,t;) € [1/R2,1]! such that
Ny, t) (vt t) =0 forall j € {1,... 1}

ProOF. For a given 7y € A,, let us consider the map 7: [I/R%1]'! — R!
defined by

A(s1,--81) = (PA1 (V) (), -+ @A (M (),

where @) ;(7)(7) = @) ;(v(s1,...,8))v(s1,...,8) for all j € I'.
For any (si,...,s;) € O([1/R?,1]"), it follows that

Y(s1y -0y 81) = Y0(S15 .-+, 81),
<I>’>\’j(70(81, .. .781))’)/()(817 .. .,Sl) =0.

From this fact, we have s; ¢ {1/R?% 1} for j € T'. Thus (0,...,0)¢5(0([1/R%,1])).
Hence, it follows from the topological degree that

deg(?, (1%2,1>l,(0,...,0)> = (-1t #0.

Thus, there exists (ti,...,t;) € (1/R2,1)! satisfying

B (Wt 1)) (At ) = 0 for j € {1,...,1}.

This completes the proof of Lemma 5.3. (]
l
In the sequel, the number ¢p = > ¢; is very important in the proof of
j=1

l
Theorem 1.1. Let us analyse the interaction between Y ¢ ;, bar and cr, using
i=1
the fact that cp € (0, SV/?/(2p)) (see Remark 4.4).
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LEMMA 5.4. We have the following facts:

l
(a) Z Cx,j < b)\’p <cr fOT‘ all A > 1.
=1

(b) ®x(v(s1,---,81))<ecr for all \>1, yEA, and (s1,...,5)€0([1/R%,1]}).
PROOF. Since 7 defined in (5.10) belongs to A., we have

byr < o
A= (517“.,;1)12[51(/}%2,1]1 )\(’YO(Sh SZ))

l

= max (sRw;) ci=c¢
 Gres)ElL/R2 ) jzl 2 Z T

Fix (t1,...,t) € [1/R%1]" given in Lemma 5.3 and recall that c, ; is given by

ey = inf{®y;(u) 1w € Wy P() \ {0}, @4 ;(u) - u=0}.

It follows that ®y ;(v(t1,...,t;)) > ¢y for all j € T'. On the other hand,

Oy (u) = Dypvyap(u) + ) P01 (u)

where
1

B = [ (VU OV @)+ Z@) ) de

2
+ b(/ 7|Vu|p da:) — / F(u) dx.
2\ /arM\ap P ARN\QY

If we recall the definition of F(u), we have F(u) < vg|s|P/p. This fact together
with Lemma 2.1 imply that

Caamy )= [ (VU OV @)+ Z@) ) de

b 1 2 ~
+ - —|VulPde ) — F(u)dzx
2\ Jarm\op P ARN\QL

1 1
Sl ey, = voluly pigr) > —dollully gvygy > 0.
Thus
!
Pa(u) =Py prv\qp (u) + Z D01 (u Z D501 (

l

an{qm tu € Ex\ {0}, @) ;(u) - u=0}= ZCM
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From definition of by r, we conclude that

!
bxr > Z Cxj-
=1

This completes the proof of Lemma 5.4 (a).
Since v(s1,...,581) = Yo(s1,--.,51) on I([1/R?,1]!) we have

!
Dy(vo(s1,--.,81)) = le(szwj).

j=1
Moreover, I;(sjRw;) < c; for all j € " and for some jo € I, s, € {1/R?, 1} and
I, (sjoRwjo) < ¢j,/2. Therefore, ®x(yo(s1,...,5)) < cr — ¢, for some € > 0.
This completes the proof of Lemma 5.4 (b). O

COROLLARY 5.5.

(a) bar — cr as A — oo.
(b) bx; is a critical value of @y for large X.

PrROOF. (a) For all A > 1 and for each j we have 0 < ¢y ; < ¢;. Using the
same type of idea as explored in the proof of Lemma 4.7, we can prove that
cx,j — ¢; as A — oo and thus, from Lemma 5.4, by r — cr as A — oo.

(b) By Corollary 5.5 (a) and (4.5), we may choose A large enough such that
brr, cr € (0,SN/?/(2p)). Lemma 4.5 implies that any (PS)
the functional @) has a strongly convergent subsequence in Ey. Employing this

by r-Sequence of
fact, we can use the well-known arguments involving the deformation lemma to

conclude that by r is a critical level of @, for A > 1. O

In order to prove Theorem 1.1, we need to find a positive solution u) for
A large enough, which approaches a least-energy solution in each ©; (j € T)
and vanishes elsewhere as A — oo. To this end, we will prove two lemmas that,
together with the estimates made in the above section, imply that Theorem 1.1
holds.

Hereafter
k 1 1\t -
M:=1+) <—> ¢j,  Buy1(0):={u € Ey:|ulx < M +1}
i A
and we choose
1

5.11 o< <= i i
@1 G iy

We define

DY :={u € Bp41(0) : ||u||/\)RN\Q; < [ Pa0;(u) — ¢ < pforall j € T}
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We also use the notation ®" := {u € Ey : ®y(u) < cr}. We remark that
Dﬁ N @S contains all functions of the form

w;(z) in Qj,
wia) = e
0 in RV \ Qr.

We have the following lemma.
LEMMA 5.6. There exist og > 0 and Ag > 0 independent of A such that
(5.12)  ||[®5\(w)|lx > 00  for Ao > Ag and for all u € (D3 \ DY) N &S

PrOOF. We prove it by contradiction. Suppose that there exist A, — oo
and u, € (D3 \ DX) N ®5T such that |®} (u,)|x — 0. Since u, € Di’:7 thus u,
is bounded in Ey and @), (u,) stays bounded as n — oo. We may assume that
D (un) — ¢ < cr up to a subsequence.

Applying Lemma 4.7, we can extract a subsequence u, — u in WHP(RY)

and
l
(5.13) Jim @y, (un) =D Ij(u) < er,
j=1
(5.14) un = u in WH(RY),
(5.15) / AV (2)|un P dz — 0,
RN
(5.16) [unllx, r¥\Qp = 0.

!
Since cp = Y ¢; and ¢; is the least energy level for I;(u), we have the following
j=1
two possibilities:
(1) Ij(ulg,) = c; for all j € T.
(2) Ljy(ul,,) =0, that is u|g, = 0 for some jo € I'.

If (1) occurs, we have

1/;(|vu|P+Z(:v)IUIp)dff+2(/9 ;VUP’dx)z

p J J

for all j € T'. It follows from (5.13)—(5.16) and together with the fact that
u, € DY for large n which is a contradiction to u, € (D3 \ DY).

If (2) occurs, from (5.14) and (5.15) it follows that |®y ;(u,)—cj,| = ¢, > 3p.
This is also a contraction to u,, € (D/Q\“ \ DY) and we complete the proof. O

The following lemma is the key of the proof of our main result.
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LEMMA 5.7. Let u satisfy (5.11) and let Ay be the constant given in Lem-
ma 5.6. Then for any A > Ao, there exists a solution uy of problem (3.3)
satisfying ux € DY N @S .

PROOF. Assume by contradiction that there are no critical points in D{N®ST.
Since the Palais-Smale condition holds for ®(u) in (0, (aS)N/?/(2p)), there
exists a constant dy > 0 such that [|® (u)|| > d for all w € D{ N @ and, from
Lemma 5.6, we have || @ (u)|| > o for all u € (D3*\ DY) N 5.

Let ¢: Ex — R be a Lipschitz continuous function such that

1 foruEDi“/Q,

p(u) =
0 for u ¢ Di”,

and 0 < p(u) <1 for any u € Ey. For any u € ®f", we define

IR (O
W(u) := —¢( )||<I>’/\(u)||,\q))‘ — Ej.

Here we identify E} and Ey by the Riesz representation theorem. We consider
the deformation flow n: [0,00) X ®{" — & defined by

D Wt ), nOu) = ue oY

dt
Thus 71 has the following properties:
d
(5.17) 2 (0t w) = —p(n(t, w)) |5 (0t w))llx < 0,
d
(5.18) Hdrt] <1 forall t,u,
(5.19) n(t,u) =u forall t >0 and u € O\ D"

Let (81, - -, 81) € A« be a path defined in (5.10). We consider n(t, vo(s1, ..., S1))
for large enough ¢. Since for all (sq,...,s;) € O([1/R?,1]"), vo(s1,---,51) & Di“,
thus we have by (5.19) that

n(t,vo(s1,---,8)) =v0(s1,-..,8) forall (s1,...,8) € 8([1/R2, l]l)

and n(t,vo(s1,...,81)) € Ay for all ¢ > 0.

Since suppo((s1,...,s1)(x)) C Qr for all (s1,...,s) € 9([1/R?1])') and
hence ®x(vo(s1,-..,5)(z)) and ||yo(s1,. .., 5) ()|, etc. do not depend on A >
0. On the other hand, ®x(vo(s1,...,5)(x)) < cp for all (sy,...,s) € [I/R%, 1]
and ®x(vo(s1,-..,51)(z)) = crifand only if s; = 1/R, that is yo(s1,...,5:)(2)|q,
= w; for j € I'. Thus we have

(5.20) mo = max{®, (u) : u € 1 ([1/R?,1]") \ D}

is dependent of A and mg < cr.
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From (5.19), it is easy to see that for any ¢t > 0

||77(O770(817 e ,Sl)) - n(ta’YO(Sla ey Sl))H)\ S t.

Since @y ;(u) € CY(E,) for all j = 1,...,l, and due to assumptions (f;)-(fs),
it is easy to see that for large enough T, there exists a positive number py > 0
which is independent of X such that for all j =1,...,l and ¢t € [0,T],

(5.21) |95 ;(n(t, 0 (51, -+, 50)))|Ix < po-

We claim that for large enough T,

5.22 @ (n(T, < , e — Toi/2},
622) | mex BTl s)(@)) < max{mo, e~ 7op/2)

where my is given in (5.20), 79 = max{og,00/po}. In fact, if yo(s1,...,s)(z) &
DY, then by (5.21) we have ®x(n(T,vo(s1,...,5)(x))) < mg and thus (5.22)
holds. Now we consider the case y(s1, ..., s)(x) € DY, we consider the behavior

of (t) :=n(t,v0(s1,. .., 51))-

We set dy := min{dy, o0} and T = oo/ (2dy). We consider two cases:
(1) 7i(t) € D3/ for all ¢ € [0, T].
2) n(to) € D2 for some to € 10,7
A

When (1) holds, we have ¢(7(t)) = 1 and [|®)(7(t))||x > dy for all t € [0,T).
Thus by (5.17), we have

T
BAGHT)) = 0rGols1-ov50) + [ L0
T
= (snee ) = [l ds

T

~ ~ 1 1

SCF*/ dAdSZCF*dAT:CF*?ToMSCF*iTo,u.
0

When (2) holds, there exists 0 < t; < t5 < T such that

(5.23) i(ty) € ODY,
(5.24) i(ta) € 0D,
(5.25) ii(t) € OD2\ DY for all t € [ty, ).

It follows (5.24) that, for some jo € T,

~ 31 - 3u

17\ eron = 5 o [@ao; (7(t2)) = cjol = o
We only consider the latter case, the former case can be obtained in a similar
way. By (5.23), |®/\)Q;O (M(t1)) — ¢j,| < p. Thus we have

~ - ~ ~ 1
[P0, (1(t2)) = B0 (1(E))] 2 [ Pagy ((t2)) = cjol =1 Pa gy (0(t1)) —cjol = S h.
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On the other hand, by the mean value theorem, there exists ¢’ € (t1,t2) such

‘ha‘
>‘7Qj 77 2 )\,Qv 77 1 )\’Qj l

From (5.18) and (5.21) we have that ty — ¢1 > 1/2pg. Thus we have

(ta —t1).

T
BAGT)) = @r (ol ov50) + [ @G0

T
= By (q0(s1s .y 51)) — / (7)) I|@ (7(5)) | s

<op— / " o(5)) 1B (7(5)) | ds

ty

1
=cr —og(te —t1) =cr — 50011 <cr-— §To,u

and so (5.22) is proved. We recall that 7(T") = n(T,vo(s1,.--,51)) € Ax. Thus
(5.26) bar < @x(7(T)) < max{mo, cr — Top/2}.

However, by Corollary 5.5, we have byt — cr. This is a contradiction with
(5.26), thus ®(u) has a critical point uy € DY for large enough A and we have
completed the proof of Lemma 5.7. O

Now we give the proof of main results.

PrROOF OF THEOREM 1.1. From Lemma 5.7 there exists a family (uy) of
positive solutions to problem (3.3) verifying the following properties:

(I) For fixed p > 0 there exists Ag such that [lu ||y rrx\o < pfor all A > Ag.
Thus, from the proof of Lemma 4.8, for fixed sufficiently small p, we conclude
that |UA|OO7RN\Qi_‘ < a for all A > Ay showing that uy is a positive solution to
problem (1.1).

(IT) Fix A, — oo and p, — 0, the sequence (u,) satisfies

P (ur,) =0 forall n € N,

[ur, lIx, 3\ — 0,
Dy, j(uxr,) > c¢;forall j €T, and
e uy, — uin WIP(RN) with u € W, P(Qr).

The proof of Theorem 1.1 follows. O
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