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ABSTRACT. We consider a class of abstract evolution reaction-diffusion
systems with delay and nonlocal initial data of the form

u'(t) € Au(t) + F(t,us,vy) fort € Ry,

v/(t) € Bu(t) + G(t,ut,ve) fort e Ry,

u(t) = p(u, v)(t) for ¢t € [~71,0],

U(t) = q(u’ ’U)(t) fort € [77—27 OL
where 7, > 0,7 = 1,2, A and B are two m-dissipative operators acting in
two Banach spaces, the perturbations F' and G are continuous, while the
history functions p and ¢ are nonexpansive functions with affine growth.

We prove an existence result of C9-solutions for the above problem and we
give an example to illustrate the effectiveness of our abstract theory.

1. Introduction

Let X,Y be Banach spaces, 71,72 > 0, and let A: D(A) C X ~ X and

B: D(B) CY ~ Y be m-dissipative operators. Our paper is devoted to provide
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an existence result for C%-solutions to the next reaction-diffusion system with
delay and nonlocal initial conditions:

u/

(t) € Au(t) + F(t,us,v¢) for t € Ry,
v'(t) € Bu(t) + G(t, ug,vy) for t € Ry,
u(t) = p(u,v)(t) for t € [-7,0],

(1.1) )
v(t) = q(u,v)(t) for t € [—72,0],

where the perturbations F': R, x C([—1,0]; D(A)) x C([~7,0); D(B)) — X
and G: Ry x C([—71,0]; D(A)) x C([—72,0]; D(B)) — Y are continuous and the
initial data p: Cp([—71,+00); D(A)) x Cp([—72,+00); D(B)) = C([—71,0]; X)
and q: Cp([—71,+00); D(A)) x Cp([—72, +00); D(B)) = C([—72,0];Y) are non-
expansive functions with affine growth.

Partial differential equations with nonlocal initial conditions arise in many
areas of applied mathematics and represent mathematical models of various phe-
nomena. See Deng [18] and McKibben [25]. The study for nonlocal Cauchy
problems without delay was initiated by Byszewski [15] (in the semilinear case),
and subsequently it has been developed by many authors. We mention here
some significant contributions to the field: Aizicovici and Lee [1], Aizicovici and
McKibben [2], Garcia-Falset [21], Garcia-Falset and Reich [22], Cardinali, Pre-
cup and Rubbioni [16] in the single-valued case, Aizicovici and Staicu [3], Paicu
and Vrabie [32], Zhu and Li [43] in the multi-valued case. Nica [31] proved
the existence of the solutions for nonlinear first order differential systems with
nonlocal conditions. These results were extended by Bolojan-Nica, Infante and
Precup [7] to differential systems with nonlinear and nonlocal boundary condi-
tions. For delay evolution equations with local initial conditions see Mitidieri
and Vrabie [26], [27], Necula and Popescu [28], and the references therein. As
far as nonlocal initial conditions are concerned, we mention the papers Burlica
and Rogu [11], Burlicd, Rogu and Vrabie [13], Necula, Popescu and Vrabie [29],
Vrabie [37]-[41], Wang and Zhu [42]. For parabolic systems with nonlinear, non-
local initial conditions we mention the paper of Infante and Maciejewski [24].
Concerning the reaction-diffusion systems without delay see: Burlica [8], Burlica
and Rosu [9], [10], Diaz and Vrabie [19], Necula and Vrabie [30], Rosu [33], [34].
Existence results for reaction-diffusion systems with delay and nonlocal initial
conditions were obtained in Burlica, Rogu and Vrabie [14] for the single-valued
case and by Burlicd and Rogu [12] for the multi-valued case. The present work
complements Burlicd, Rogu and Vrabie [14] by allowing the nonlocal initial con-
straint function p to have affine instead of linear growth with respect to the first
argument and g to obey the same property with respect to its second variable.
Moreover, we allow the unknown functions to have different delays, 71 and 75.
Our general assumptions include reaction-diffusion systems in which one or both



NONLINEAR DELAY SYSTEMS WITH NONLOCAL INITIAL CONDITIONS 373

perturbations are of the form F(t,u(t),v:) or G(¢,us,v(t)). So, the initial non-
local constraint p belongs to a general class of functions including the important
instances below:

(i) p(u,v)(t) = po(u)(t) + ¢(t), t € [=71,0], where ¢ € C([-71,0]; X) and
po: Co([=71,+00); D(A)) = C([~71,0]; X);
(i) p(u,v)(t) = u(t + 27) or p(u,v)(t) = —u(t + 27), t € [—71,0];
(i) p(u,v)(t) = [T ka(s)u(s+t)ds, t € [-71,0], where ky € L' (71, +00; R)
with [ [k (s)| ds = 1.

Similar remarks refer to the nonlocal initial constraint function ¢ and, of
course, we can consider various mixed conditions on the pair (p, q).

Even though our main result is inspired by Vrabie [41], we emphasize that
it cannot be obtained by a direct application of the above mentioned result in
a product space simply because our assumptions lead to a problem essentially
different from that in Vrabie [41]. Finally, the passing from linear to affine growth
is not at all so simple as it seems to be at first glance because in the latter case we
face some real difficulties in obtaining the sharp estimates needed in the proof.

The paper is organized as follows. Section 2 contains the basic background
material on m-dissipative operators and evolution equations. The main existence
result for problem (1.1) is stated in Section 3. Section 4 is devoted to some
auxiliary results while the proof of the main result of this paper is carried out in
Section 5. Finally, Section 6 contains an example to which our abstract theory
does apply but the previous known results do not.

2. Preliminaries

As usual, R, denotes the set of all nonnegative real numbers. Let X be
a real Banach space with the norm || - || and let I be a real interval. We denote
by Cy(I; X) the space of all bounded and continuous functions from I to X,
equipped with the sup-norm || - [|¢, (7,x) = sup{||u(t)|;t € I}. If the interval I
is compact we use the standard notation C(I;X) for the space and || - [|¢(r;x)
for the sup-norm. If Z C X is a closed subset, we denote by Cy(I; Z) the closed
subset in Cy,([; X) consisting of all elements u € Cy(I; X) satisfying u(t) € Z
for each t € I.

We denote by CN’b([aﬁ—oo);X)7 a € R4, the space Cy([a, +00); X) endowed
with the family of seminorms {|| - ||x;k € N, & > a}, ||u|lx = sup{||u(®)|];
t € la,k]}, for each kK € N, k > a, and each u € Cy([a,+0); X). Thus
51)([@, +00); X) is a separated locally convex space and its topology coincides
with the uniform convergence on compacta topology.

Ifr7>0,ueC(—7,+00); X) and ¢t € R, we denote by u;: [-7,0] — X the
delayed function defined as wu;(s) := u(t + s) for each s € [—7,0]. So, if 7 = 0,
we have u;(s) = u(t) for each s € [—7,0], simply because [—7,0] = {0}.
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We assume that the reader is familiar with the theory of m-dissipative oper-
ators and nonlinear evolution equations in Banach spaces. For the sake of clarity
and easy references we recall however some basic concepts and results belonging
to this theory. For more details we refer to Barbu [5] and Vrabie [36]. As far as
differential equations with delay are concerned, we refer to Hale [23].

Let X be a real Banach space with the norm | - ||. As usual, for z,y € X we
denote by [z,y]; the right directional derivative of the norm calculated at z in
the direction y, i.e.,

[yl = lim (||x+hy|| ),

and we remark that |[z,y]4+| < |ly||. For other significant properties of the
mapping (x,y) — [z,y]+, see Barbu [5, Proposition 3.7, p. 103]. A multi-valued
operator A: D(A) C X ~ X is called dissipative if for each z; € D(A) and
y; € Az, i = 1,2, we have [x1 — 22, y2 — y1]4+ > 0. It is called m-dissipative if it
is dissipative, and, in addition, R(I — AA) = X for each A > 0.

Let us consider the evolution equation

(2.1) u'(t) € Au(t) + f(t), t€[ab],

where f € L'(a,b; X). A function u: [a,b] — D(A) is called a C°-solution, or
integral solution of (2.1) on [a,b], if u € C([a,b]; X) and it satisfies

t
u(t) — 2l < |lu(s) — =zl +/ [w(8) =z, f(0) + y]+ db
for each z € D(A), y € Az and a < s <t <b.

THEOREM 2.1. Let A: D(A) C X ~ X be m-dissipative and w > 0 be
such that A+ wl is dissipative. Then, for each &€ € D(A) and f € L'(a,b; X)
there exists a unique C°-solution of (2.1) on [a,b] which satisfies u(a) = £. If
f,g9 € L*(a,b; X) and u,v are two C°-solutions of (2.1) corresponding to f and
g respectively, then

(2.2)  u(t) — o)l < e fu(s) —v(s)| +/ e U=\ £(6) — g(6)] a0

for each a < s <t <b. In particular, if x € D(A) and y € Az, we have

t
(2.3) u(t) — =l < e |Ju(s) — 2| +/ e (=0 £(0) + y|| do
for each a <s<t<b.

See Benilan [6] or Barbu [5, Theorem 4.1, p. 128].

For ¢ € D(A), we denote by u( -, a, &, f) the unique C%-solution of (2.1) which
satisfies the initial condition u(a,a,&, f) = & If {S(t): D(A) — D(A), t > 0}
is the semigroup of nonexpansive mappings generated by A on D(A) via the
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Crandall-Liggett Exponential Formula [17], then S(¢)§ = w(¢,0,£,0) for each
€€ D(A) and t > 0.
The semigroup generated by A is called compact if for each ¢ > 0 the operator

S(t): D(A) — D(A) is compact, i.e., for each bounded set U C D(A), S(¢)(U)
is a relatively compact set in X.

A subset F in L'(a,b; X) is called uniformly integrable if for each & > 0 there
exists 0(g) > 0 such that for each measurable subset E in [a,b] whose Lebesgue
measure p(FE) < §(g) we have

/E 1£(s)llds < <,

uniformly for f € F. We remark that if for some p € (1,+00], F is a bounded
subset in L?(a,b; X), then F is uniformly integrable.
We will need the compactness result below.

THEOREM 2.2. Let A: D(A) C X ~» X be an m-dissipative operator gener-

ating a compact semigroup. Let D C D(A) be a bounded set and F in L (a,b; X)
be an uniformly integrable set. Then, for each ¢ € (a,b), the C°-solutions set

{u(-,a,&, f); (€, f) € DxTF}

is relatively compact in C([c,b]; X). If, in addition, D is relatively compact in X,

then the C°-solutions set is relatively compact even in C([a,b]; X).

See Baras [4] or Vrabie [36, Theorem 2.3.3, p. 47].
We also recall the Tychonoff Fixed Point Theorem.

THEOREM 2.3. Let X be a separated locally convex topological vector space
and C be a nonempty, convex, and closed subset in X. IfT': € — C is continuous
and T'(C) is relatively compact, then it has at least one fixed point, i.e., there
exists £ € C such that T'(§) = €.

See Tychonoff [35] or Edwards [20, Theorem 3.6.1, p. 161].

3. The main result

In order to state our main result we need the following assumptions.

(Ha) The operator A: D(A) C X ~» X is m-dissipative, 0 € D(A), 0 € A0,
D(A) is convex and there exists w > 0 such that A + wI is dissipative.

(Hp) The operator B: D(B) C Y ~ Y is m-dissipative, 0 € D(B), 0 € B0,
D(B) is convex, there exists v > 0 such that B + ~I is dissipative. In

addition, the semigroup generated by B on D(B) is compact.

(Hp) The function F: Ry x C([—71,0]; D(A)) x C([-72,0];D(B)) — X is
continuous and satisfies
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(F1) there exists £ > 0 such that
1Bt u,0) — F(t )] < mase{u = om0 [0~ Tlemom}

for each (t,u,v), (t,u,7) € Ry xC([—71,0]; D(A))xC([—72,0]; D(B));
(F2) there exists m > 0 such that |F(¢,0,0)| < m for each ¢t € R,..
(Hg) The function G: Ry x C([—71,0]; D(A)) x C([—72,0]; D(B)) — Y is
continuous and satisfies
(G1) with £ > 0 and m > 0 given by (F}) and (F3), we have

G (t,u,v)|| < Lmax{||lullo(—r,00:x) [V]lc((=r.01v) } +m

for each (t,u,v) € Ry x C([—71,0]; D( )) x C([~72,0]; D(B));
(Gg) for each T > 0, the family {G(¢, -, -); ¢ € [0,T]} is uniformly
equicontinuous on C([—Tl,O];D(A)) x C([—72,0]; D(B)), i.e., for
each € > 0 there exists n(¢) > 0 such that for each (¢, u,v) and
(t,,7) in [0,T] x C([—71,0]; D(A)) x C([—72,0]; D(B)) satisfying

lu—allo(-r0x) <ne) and  |[v—"0llc(-r,0y) < n(e)
we have |G(t,u,v) — G(t,u,v)|| <e.

(H.) The constants ¢ and ¢ := min{w, v} satisfy the nonresonance condition:
L <0.
(Hp) The function

p: Co([=71,+00); D(A)) x Cy([~72, +00); D(B)) — C([~1,0]; D(A))

satisfies
(p1) there exists a > 0 such that, with m > 0 given by (F3), we have

[p(u, V)l o= 01x) < lullenato)x) +m
for each (u,v) € Cy([—71,+00); D(A)) x Cp([—T2, +00); D(B));
(p2) there exists d > a, where a is given by (p1), such that we have
Ip(u, v) = p(@, V) [ o(1—r 01x) < max{[lu — Ullc(a,ax), [0 = Ollea,am) }

for each (u, v), (u,v) € Cp([—T1,+00); D(A)) X Cp([—T2, +00); D(B)).
(Hy) With a given by (p1) and m given by (F3), the function

¢: Cy([=71, +00); D(A)) x Cp([~72,+00); D(B)) = C([~72,0]; D(B))

satisfies
(q1) for each (u,v) € Cy([—71,+00); D(A)) x Cp([—T2,4+00); D(B)), we
have

lg(u, v)llc(—r01v) < 0llcy@esy) + M
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(a2) for each (u,v), (@,0) € Op([~71,+00); D(A))xC([~72, +00); D(B)),

we have

llq(u, v) — Q(ﬂa@HC([—m,o];y)

< max{||u - ﬂ||Cb([a,+oo);X)7 ||U - 5||C'b([a,+oo);Y)};

(q3) for each bounded set U in Cy,(R; D(A)) and each bounded set V in
Cy(R4; D(B)) which is relatively compact in Cy([a, +00);Y), the
set ¢(U,V) is relatively compact in C([—72,0];Y).

THEOREM 3.1. Let 1, > 0,1=1,2, and let X and Y be real Banach spaces.
If(Ha), (Hp), (Hr), (Hg), (H.), (Hy), and (H,) are satisfied, then (1.1) has at
least one C-solution

(u,v) € Ob([_7-17+oo);M) X Cb([_TQ’ +OO);D(B))7

satisfying

w 1 ¢
||uHCb([7Tl’+OO);X) < Y + [w —/ <€‘*’a -1 * ) - 1} o

1 /
||”ch([—72 too)Y) < m + i +—-]+1] -m.
) 5 v - ¢ v — ¢\ erva —1 v

REMARK 3.2. We emphasize that the nonresonance condition ¢ < § ensures

(3.1)

the existence of global C?-solutions. In fact, one can imagine various types of
growth conditions which in the case of local initial conditions, i.e., p(u,v)(t) :=
P1(t) and q(u,v)(t) = Pa(t) for ¢t € [—7,0], allow us to get global solutions from
local ones via traditional Zorn’s Lemma type arguments. We notice however that
for nonlocal problems, as far as we can see, such kind of maximality arguments
do not work.

REMARK 3.3. It is easy to see that hypotheses (p1), (p2), (q1) and (q2)
ensure that the function p depends only on the restrictions of w and v to [a, d],
while the function ¢ depends only on the restrictions of « and v to [a, +00).

REMARK 3.4. We listed below some important specific cases for the function
g for which hypothesis (Hy) is satisfied:
(a) g(u,v) depends only on v, q(u,v) = go(v), where

qo: Cb([—TQ, +OO); D(B)) — C([—TQ, 0]; D(B))
is a continuous function such that ||go(v) —qo (V) ||c([=rs.01v) < [v=lcy (fa,4-00);v) s
where a > 0 is given by (H,);
(b) q(u,v) = q1(Cu,v), where C': Cy([a, +00); D(A)) = Cy([a, +00); D(A))
is a compact and nonexpansive operator and the function

q1: Cv([—71,400); D(A)) x Cp([—72,+00); D(B)) = C([~72,0]; D(B)),
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is continuous from its domain, endowed with the sup-norm topology on Cy([—71,
+00); X) and the locally convex topology on Cy,([—72, +);Y), to C([—72,0];Y)
and there exist ¢; > 0, i = 1,2, with ¢; + ¢5 < 1 such that

g1 (u,v) = q1 (W, V) lo(—m.01y) < lllu =l ((a,r00);x) + L2llv = Vlloy ([ar400);v)

for each (u,v), (w,v) € Cy,([—71, +0); D(A)) x Cy([—T2, +0); D(B)), where a >0
is given by (H,).

REMARK 3.5. From Theorem 3.1, we can obtain as simple consequences
existence results referring to various systems whose forcing terms are either of the
form F(t,u,v(t)) and G(t, us, v(t)) or of the form F(¢,u(t),v) and G(¢, u(t),vs)
or even of the form F(t,u(t),v(t)) and G(t,u(t),v(t)) and, in each of the cases
considered, p and ¢ are accordingly defined.

4. An auxiliary result

LEMMA 4.1. Let A: D(A) C X ~» X be m-dissipative with 0 € D(A), 0 € A0
and let us assume that there exists w > 0 such that A + wl is dissipative. Let

T >0 and g: Cy([—T,+00); D(A)) — C([—7,0]; D(A)) be such that there exists
a > 0 such that

(4.1) l9(w) = 9(@lc(-r.0:x) < [lu = ey (0. 400):x)
for each u,u € Cy([—7,+00); D(A)). Then, for each h € L*>°(Ry; X) the problem

uw'(t) € Au(t) + h(t) forte Ry,

(4.2)
u(t) = g(u)(t) fort € [-,0],

has a unique C°-solution u" € Cy([—1,+00); D(A)) satisfying

wa

2
(4.3) 14" |y (7, 400):x) < mo + ~[lhll e &, ix),

ewr —1
where mo = ||g(0)||c(j=r,0);x)- Moreover, the mapping h uh is Lipschitz from
L>®(R4; X) to Cp([—7,+00); X) with Lipschitz constant 1/w, i.e.,

~ 1 —
(4.4) [u" = U]y (= o0)ix) < —lh = il x)
for each h,h € L®(Ry; X).

PRrOOF. The existence and uniqueness part and the proof of (4.3) follow the
same lines as in the proof of Lemma 6.1 in Vrabie [41].

So, we will focus our attention only on the proof of (4.4). Let h and h be
arbitrary in L= (R, ; X) and u”, u" be the corresponding C%-solutions of (4.2).
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From (2.2), we deduce

() = u" ()] < e [lg(u")(0) - g(u")(0)]| +/0 e = h(s) — h(s)| ds

—w

—w T 1 —ewt ~
<e “gw") = g e=ro:x) + ” R — hllLoe (mosx)
for each t € Ry. Using (4.1), it follows
h h —wty, h_ 1—e 7
(4.5) [lu®(®) —u" ()] < ™ lu” = ulley(fatoo)ix) + ————lIh = hll L= ry;x)

for each ¢ € Ry. From the nonlocal initial condition and (4.1), we have

h h h h h h
[u" = u"lo-rox) < llg@”) = g(u®)le-ro;x) < [lu” —u" ey (ja,400);) -
As far as ||u —uh | ey ([=7,400);x) is concerned, there are only three possible cases.

Case 1. There exists t € [—7, 0] such that

(4.6) [u® ="y (-7, to0yix) = ([0 (E) — u" (@]

From the above inequality it follows

h h h h h h
[u® = wlley (7 to0)x) = 1u” = wlleq-rox) = 1u” = ulley (fa,+o00):)
and so this case reduces to one of the following two.

Case 2. There exists t € (0, +00) satisfying (4.6). Using (4.5) with ¢ replaced
by t, we get

1— efwf -
———lh=hlle@,ix)-

[0 —u" |G (= rr00)ix) < €7 [0 =u" [0y (= r 4 00)ix) F "

Hence

—wt h h 1- efwf 7

(= e™Iu" = w?lloy(-rto0)x) S ————lIh = hllL~@,;x)
and so (4.4) holds true.

Case 3. There is no point ¢ € [—7,+00) such that (4.6) holds true. Then,
there exists (tx)x in (0,4o00) with limy t;, = 400 such that

lim [Ju” (t) — u" ()l = 0" = 0", (= rtooyix)-

Substituting ¢ by ¢ in (4.5), we deduce

1—e i

lu” (tr) = w" ()| < e flu” = u ey (ortooyix) + 17 = Rl oo (i),

and passing to the limit for k — +o00, we get (4.4). O
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Now, let us consider the system

o(t) forte Ry,
P(t) forteRy,
u(t) = p(u, v)(¢) for t € [—7,0],
v(t) = q(u,v)(t) for ¢t € [—72,0],

(4.7)

where (p,7¢) € L®(R4; X) x L>®(R4;Y).

LEMMA 4.2. [f (HA>7 (HB)7 (pl); (p2) in (Hp) and (ql)} (q2) i (Hq) are
satisfied, then for each (p,v) € L°(Ry;X) x L®(Ry;Y), (4.7) has a unique
CP-solution (u¥,v¥) € Cy([—T1,+00); D(A)) x Cp([~T2, +0); D(B)). In addi-
tion, the mapping (@,1) = (u?,v¥) is Lipschitz continuous from L™= (R, ; X) x
L®(R4;Y) to Cyo([—71, +00); D(A)) x Cp([—72, +0); D(B)), with Lipschitz con-
stant L = 06—, where 6 := min{w, v} > 0, both domain and range being endowed

with the max-norm of the corresponding factors.

PROOF. We rewrite (4.7) as an evolution equation subject to nonlocal initial
conditions in the product space Z = X x Y endowed with the max-norm, i.e.,
[I(w, v)|| :== max{]||ul|l, ||v||}. Namely, let us define A: D(A) C Z ~~ Z by

D(A) = D(A) x D(B),

A(u,v) = (Au, Bv), (u,v) € D(A),
Since A and B are m-~dissipative it follows that A is m-dissipative too. Moreover,
0 € D(A), 0 € A0, and A + 401 is dissipative. Let h: Ry — Z be defined by

h(t) = (p(t),(t)) for each t € R,.
Let us define the function g: Cy ([0, +00); D(A)) — D(A) by

g(u,v) = (p(u,v)(0), ¢(u,v)(0)) ~ for each (u,v) € Cp([0, +00); D(A)).

Let z = (u,v) and let us consider the problem with nonlocal initial condition
Z'(t) € Az(t) + h(t), teRy,
2(0) = g(2)-

Since p and ¢ satisfy (p1) and (p2) in (H,) and respectively (q1) and (q2) in

(4.8)

(Hy), we deduce that the function g satisfies hypothesis (4.1) in Lemma 4.1 with
7 = 0. Accordingly, the non-delay problem (4.8) has a unique C°-solution 2" =
(@,7) € Cy([0,+00); D(A)) and the mapping h + 2" is Lipschitz continuous

from L>°(R; Z) to the space Cy,([0,4+00); D(A)), with Lipschitz constant 6.

Let us define (u,v) € Cp([—71,+0); D(A)) x Cy([—T2, +0); D(B)) by

p(u,v)(t) fort e [—7,0),
u(t) for ¢t € [0, +00),
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q(u,v)(t) fort € [—72,0),

o(t) for t € [0,400).

From Remark 3.3, we deduce that p(u,v) = p(u,v) and q(u,v) = q(u,v). As
a consequence, (u,v) is the unique C°-solution of (4.7). Since h + 2" is Lipschitz
continuous from L>®(R4; Z) to Cy ([0, +00); D(A)), by (p2) in (H,) and (g2) in
(Hy), we easily deduce that the mapping (¢, %) — (u,v) is Lipschitz continuous
from L>®(Ry; X)X L®(Ry;Y) to Cy([—71, +00); D(A)) X Cp([—T2, +00); D(B)),
as claimed. (]

We recall the next result which will be useful in the sequel.

THEOREM 4.3. Let A: D(A) C X ~» X be an m-dissipative operator, with
0 € D(A), 0 € A0, let w > 0 such that A+ wl is dissipative and let T > 0. Let
{fn: Ry x C([-7,0; D(A)) — X; n € N} be a family of continuous functions
satisfying:
(h1) there exists £ € (0,w) such that || f,,(t,x) = fu(t,y)|| < Lz —yllcq-—r0:x)
for each n € N, each t € Ry and z,y € C([—,0]; D(A));
(he) there exists m > 0 such that || fn(£,0)|]| < m for each n € N and each
teRy;
(hs) liTILn fu(t,x) = f(t,x) uniformly for t € Ry (fort in bounded intervals in

R.) and x in bounded subsets in C([—7,0]; D(A)).

Let {gn: Cp([—7,+0); D(A)) — C([-7,0]; D(A)); n € N} be a family of func-
tions satisfying:
(hy) there exists a > 0 such that for eachn € N and u, % € Cy ([T, +00); D(A))
we have ||gn(u) — gn (W)l c(=r0:x) < U — ey ((a,400):x)5 -
(hs) 117?1 gn(u) = g(u) uniformly for w in bounded subsets in Cy,([—7, +00); D(A))
(and g is continuous from Cy(|—7,+0c); D(A)) to C([—7,0]; D(A))).

Let (uy)y be the sequence of C°-solutions of the problem

ul, (t) € Aup(t) + fu(t,un,) forte Ry,

(4.9)
Unp (t) =9n (un)(t) forte [_Tv 0]

Then limu, = u in Cp([—7,+00); X) (in Cy([—7,+0); X)), where u is the
unique CO-solution of the problem

u'(t) € Au(t) + f(t,ur) forte Ry,

u(t) = g(u)(t) fort e [—-7,0].

The existence and uniqueness of C%-solutions of (4.9) were established by
Vrabie [41, Theorem 3.1] in the case in which the initial constraint functions
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have affine growth, i.e., there exists mg > 0 such that

lgn (W)l c(=r0:x) < lulle, @, ;x) + mo,

for each n € N and u € C,([—7,+00); D(A)), and by Burlici and Rosu [11,
Theorem 3.1] in the case mg = 0. For the proof of the continuity result in the
Cy([—7,+0); X) case with my = 0 see Burlicd, Rosu and Vrabie [13]. The
proof in the éb([—T, +00); X) case and mg > 0 is very similar with that of the
preceding one and therefore we do not give details.

5. The proof of Theorem 3.1

We will use a fixed point technique coupled with some compactness argu-
ments. Let (u,v) be arbitrary but fixed in Cy,([—71, +00); D(A)) X Cy, ([~ T2, +00);
D(B)). For the beginning we will prove that the next auxiliary problem

~!

u'(t) € Au(t) + F(t,u;,v¢) for ¢t € Ry,
(5.1) ?’(t) € Bf(i) + G(t,ug,vy) fort € Ry,

u(t) = p(u,v)(t) for t € [-7,0],

o(t) = q(u,0)(t) for t € [-72,0],

has a unique C-solution (@, v) € Cy,([—71, +00); D(A)) x Cy([—72, +00); D(B)).
To do this, we will use Lemma 4.1 and we deduce that the problem

v'(t) € Bo(t) + G(t,ug,vy) fort € Ry,

o(t) = q(u, 0)(t) for t € [—72,0],

has a unique C?-solution v € Cy,([—72, +00); D(B)) satisfying
e

~ 2
(52) ||U||Cb([—T2;+OO);Y) < eva _ 1m + ;HG( : 7“(’)7’0(-))”Cb(R+;Y)'

Now, let us consider the problem
(5.3) u'(t) € Au(t) + F(t,us,v:) fort € Ry,
' u(t) = p(a@,v)(t) for t € [—71,0].

From Theorem 3.1, in Vrabie [41] we deduce that problem (5.3) has at least one
C-solution @ € Cy([—71, +00); D(A)) satisfying

G4 [l o € oot [wwg(emfl ' f;) ¥ 1} m.
Hypotheses (F1) in (Hp) and (p2) in (H,) prove the uniqueness of solution @ of
(5.3). Thus, problem (5.1) has a unique C°-solution (, ).

From (5.2), (5.4) and (Gy), it readily follows that for each pair (u,v) be-
longing to the set Cy([—71,+00); D(A)) x Cy([—T2,+00); D(B)) the pair (4, v),
defined as above, belongs to Cy,([—71, +00); D(A)) x Cp([—T2,+00); D(B)).
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The considerations above show that we can define the operator I' from the
locally convex space Cy([—71,+00); D(A)) x Cp([—72, +00); D(B)) into itself by

(5.5) D(u,0) = (&,3),

where (u,0) is the unique C-solution of (5.1). We will prove that I' satisfies
the hypotheses of the Tychonoff Fixed Point Theorem 2.3 and thus it has at
least one fixed point which is a C%-solution of(5.1). More precisely we will prove
that I’ maps a suitably defined nonempty, closed, bounded and convex subset
€ in Cy([—71,400); D(A)) x Cp([—72, +00); D(B)) into itself, is continuous and
compact. We do this with the help of next lemma.

LEMMA 5.1. Let us assume that (Ha), (Hp), (Hr), (Hg), (H¢), (Hp), and
(Hy) are satisfied and let us consider m > 0 such that

eve m .
Y4 m+— | +m<m,
0

(5.6) et —1
ry < T2,
where
m N w 1 n 4 1
o= — -m
LT w—F~l\ews —1  w ’
(5.7) -
eV n m
ro 1= —.
2 eve — 1m ¥

Let us denote by W := Cp([—71, +00); D(A)) x Cy([—72,4+00); D(B)) and by
(5.8) C:= {(u,v) ew; ||u||Cb([—Tl7+OO)§X) < ”v”Cb([—Tz,-‘rOO);Y) < TQ}'

Then € is nonempty, closed, and conves in Cp([—71, +00); X ) xCh ([—72, +00); V).
In addition, the operator T: W — W defined by (5.5) maps C into itself, is con-
tinuous and T'(C) is relatively compact.

PRrROOF. In view of (H,), we can choose m > 0 such that we have (5.6). Obvi-
ously, € given by (5.8) is a nonempty, closed and convex set in C, ([—71, +00); X)) x
Cy([-72,40);Y). Let us prove that I' maps € into itself. To do this, let
(u,v) € € be arbitrary and (u,v) = I'(u,v). So, v is the unique C%-solution of
the problem

v'(t) € Bu(t) + G(t,us,vy) for t € Ry,
o(t) = q(u,0)(t) for t € [—72,0],

and ¥ is the unique C%-solution of the problem

W(t) € AU(t) + F(t, Uy, o) fort € Ry,
a(t) = p(@,v)(t) for t € [—,0].
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From (5.4), we have

~ m w 1 l
(59) ||u||Cl>([—T1,+oo);X) S 7 + |: (ewa 1 + w) + 1:| M=,

w— w—40

From (Gy), we get

va T
(5.10)  ||G(t, ut,ve)|] < fmax{ry,ra} +m < ﬁ(evi — 1m—|— ?) +m<m

for each t € Ry. Let us remark that, in view of (2.3) in Theorem 2.1 and (5.10),
we obtain

t
[5(t)| < e "3 (0)]| + / e G (s, ug,v5) | ds
0

— o~ m _
< e q(u, )|l ¢ (= 01v) + 7( 1—e )
for each t € Ry. Using (qi1) and (qz2), we deduce that

(5.11) la(u, D)l c((—rs017) < [0lley (fa,+00)5v) + 10

So, for each t € Ry, we have

- vt~ m _
612)  EO] < e [y +m) + (1)
From this inequality we conclude that

~ m m
(5.13) llewatooryy < g + .

Indeed, we distinguish between next two possible cases.
Case 1. There exists t € [a, +00) such that
(5.14) @)1 = 1Vllcy (fa+00)v) -
Setting ¢t = ¢ in (5.12) and recalling that ¢ > a > 0, we deduce (5.13).
Case 2. If there is no t € [a,+00) such that (5.14) holds true, then there
exists (¢, )y in [a,+00) with lim¢,, = +o0o0 and
[9lley(fa,+00)vy = lim [[o(En)]-

Substituting ¢ by ¢, in (5.12) and letting n — 400, we obtain again (5.13).
We prove next that

(5.15) [0l (-2 to0)iv) <72,

where 7o is given by (5.7). If there exists ¢ € [—72,0] such that ||[0(¢)| =
9]¢y ([—72,4-00);v)s from (5.11) and (5.13), we get

e m
m—+ — =7ro.

101l (1= ra,t00)v) < lg(w, D)l (= ras01y) < pr—
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If there exists ¢ > 0 such that [|[0()[| = [|9]lc, ([—rs,+00);v)s Dy (2.3) in Theo-
rem 2.1, we have

— t —
W@ < e [[o(0)] +/ e G (s, us,vs) || ds
0

AN~ m =
S e A/tHv”Cb([—Tg,-i-oo);Y) + 7(1 — € ’yt).

Since t > 0, we get [[0]| ¢, (—rs,400);v) < M/Y < 72

If for each t € [—72,400) we have [[0(t)| < [|U]|c, (=72, +00);v), then there
exists (tp)n in (0, +00) with hyant” = +o0 and [|U]| ¢, (= rs,400)Y) = lirrln [[o(t)]l-
Setting ¢t = t,, in (5.12) and passing to the limit for n — 400, we obtain again
9]¢y ([—ra,400);y) < M/y < 2. From (5.9) and (5.15), it follows that I' maps €
into itself.

In the next step we prove that T is continuous. Let ((uy,v,))n be an arbitrary
sequence in € and let (4, v,) = I'(uy,,v,) for each n € N. So, for each n € N,
Uy, is the unique C%-solution of the problem

U (t) € BU,(t) + G(t, up,, v,,) forte Ry,

(5.16)
Un(t) = q(tn, U ) (t) for t € [—72,0],

while #,, is the unique C%-solution of the problem

(517 @ (t) € Al (t) + F(t,p,,n,) forteR,,
' Un(t) = p(iin, ) (t) for ¢t € [—7,0].

We suppose that

limu, =u in éb([_7-17+oo);X)a
(5.18) " -
limv, =v in Cy([—72,+00);Y).
Then, for each T > 0,

limu,, =u; in C([—7,0]; X),

limv,, =v; in C([-72,0;Y),
uniformly for ¢ € [0,7]. Taking into account that, by (Gs), the family of func-
tions {G(t, -, -);t € [0,T]} is uniformly equicontinuous on C([—71,0]; D(A)) x
C([—72,0]; D(B)), we deduce that

lim G (¢, up,, Un,) = G(t, ug,vy) uniformly for ¢ € [0, 7.

As the sequence ((un,vy))n is bounded in the space Cy([—71, +00); X) X
Cy([—72,400);Y) (see (5.18)), from (G;) we conclude that the family {G(-,
Up s Ung.,);n € N} is uniformly bounded in Ch(R4;Y), and so it is uniformly
integrable in L*(0,k;Y) for each k = 1,2,...



386 M.-D. BURLICA — D. Rosu

On the other hand, since (u,,v,) € C for each n € N, by (q1), it fol-
lows that the set {q(un,vn);n € N} is bounded in C([—72,0];Y). Therefore
{q(un,v,)(0); n € N} is bounded in Y. Since the operator B generates a com-
pact semigroup, from Theorem 2.2 we deduce that the set of solutions {v,,;n € N}
of problem (5.16) is relatively compact in C([0,k];Y") for each k = 1,2,... and
for each 6 € (0,k]. So, {Tn;n € N} is relatively compact in Cy([6, +00); Y) for
each § > 0 and so in Cy([a, +00); Y). Since, by (q3), the set {q(un,7,); n € N}
is relatively compact in C([—72,0];Y), we get that {q(un,v,)(0); n € N} is rela-
tively compact in Y. Now, from the second part in Theorem 2.2, we deduce that
{Un;n € N} is relatively compact in éb(R+; Y). Consequently, by (¢2) in (Hy),
we easily conclude that it is relatively compact in éb([_T 9,+00);Y). Then it
follows that there exists ¥ € Cy,([—T2, +00); D(B)) such that on a subsequence,
at least, we have 1i7an U, =7 in 5’b([—72, +00);Y). Furthermore, we can pass to
the limit for n — 400 in (5.16) and we deduce that v is the unique C°-solution
of the problem

v'(t) € Bu(t) + G(t,ug,vy) fort € Ry,
o(t) = q(u,0)(t) for t € [—72,0].

From Theorem 4.3 (the Cp([—71,400); X) case) with

fult, ) =F(t, -, Un,),
gn(+) =p(-,0n)

for cach n € N, we deduce that there exists @ € Cy([—71, +00); D(A)) such that

the sequence of C%-solutions of (5.17) satisfies lim u,, = @ in Cy,([—71, +00); X),

where % is the unique C°-solution of the problem

u'(t) € Au(t) + F(t,ug,vy) fort € Ry,
u(t) = p(u, v)(t) for t € [—7,0].

Hence lim (@, 0,) = (@,7) in Cy([—71,4+00); X) x Cp([—72,400); Y) and so T is
continugus.

In the next step, we will prove that I'(€) is relatively compact. Let ((un, vn))n
be an arbitrary sequence in € and let (u,,, v,) = I'(uy, vy,) for each n € N. As be-
fore, we deduce that the set {T,;n € N} is relatively compact in Cy([a, +00); V).
By (q3) in (Hg), {q(un,v,); n € N} is relatively compact in C([—72,0];Y),
which means that there exists w € C([—72, 0]; D(B)) such that lim g(un, v,) = w
in C([—72,0];Y). Clearly this shows that {q(un,0,)(0); n € ?\I} is relatively
compact. Reasoning as before, by Theorem 1.7.7, {0,,; n € N} is relatively com-
pact in Cp,([—72,+00); Y). So, there exists o € Cy([—72, +00); D(B)) such that
on a subsequence, at least, we have li}ln Uy, = 0 in éb([—Tz, +00);Y). By virtue
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of Theorem 4.3, it follows that there exists % € Cp,([—71, +00); D(A)) such that
lim @, = @ in Cp([—71,4+00); X) and this completes the proof. O

We continue with the proof of Theorem 3.1.

ProOOF. By Lemma 5.1, it follows that € is a nonempty, convex and closed
subset in a separated local convex space and I': € — € is a continuous oper-
ator, such that I'(C) is relatively compact. So, by the Tychonoff Fixed Point
Theorem 2.3, T has at least one fixed point (u,v) € €, which means that
[(u,v) = (u,v). Clearly, (u,v) is a C%solution of the problem (1.1). Since
llull ey (=71 ,400);x) < 71 in Lemma 5.1, we deduce the first estimate in (3.1),
while the second one follows the very same lines as those in Vrabie [41, Theo-
rem 3.1]. O

6. Application to a reaction-diffusion system in L?(Q2)

Let © be a nonempty, bounded domain in R*, k > 2, with C' boundary %
and let 7, > 0,7=1,2, w,y > 0. We denote by Q1 =Ry xQ, ¥, =R, x X,
Qr, = [-7,0] x 2, i =1,2. Let us consider two maximal-monotone operators
a: D(a) CR ~ R and 8: D(B) C R ~» R satisfying 0 € «(0), 0 € 5(0) and
let F,G: Ry x C([—71,0]; L?(Q)) x C([—72,0]; L3(2)) — L?(Q) be continuous.
Let d > b > 71 > 0, let u;, i = 1,2, be two positive o-finite and complete
measures on [b — 7;, +00) with supp uq C [b — 71,d] and let k;: Ry — R4 be in
L2(Ry; pi, Ry) with ||killp2r, uir,y < 1,8 = 1,2, Also, let W;: R — R with
Wi(0) =0, i = 1,2, be two nonexpansive functions, let C: L*(Q) — R be linear
and continuous and let &;, i = 1,2, be bounded in C([—7;,0]; L%(Q)).

We consider the following reaction-diffusion system:

ou

E(t,x) = Au(t,x) — wu(t,z) + F(t,ue, ve) () in Q4,
%(t7x) = Av(t,z) —yo(t, ) + G(t, ur, vi) (2) in Qy4,
61) {-2%12) € afult, @), oL (1,0) € Blol, ) on ¥y

uwm=A?mwmwu+wmwuwme@H&ww> in Q..

wm:[%@mwwMMWW+aMM@%mm>m@y

where, as usual, A is the Laplace operator in the sense of distributions over €2
and Ou/Jv is the outer normal derivative of u on X.



388 M.-D. BURLICA — D. Rosu

REMARK 6.1. The nonlocal conditions in (6.1) are very general and include
some important specific cases. Namely, let a := b — 71 and let (¢,), be an in-
creasing sequence in [b, +00), let (a, ), be a sequence of positive numbers with

o0
Z ai <1
n=0
and let the kernel ky: [a, +00) — Ry be defined by

ka(s) :=an for s € [ty,tht1) and n =0,1,...

We define the operator C : L?(2) — R by

1

Cz:=— [ 2(y)dy
a Jo "

for each z € L?(Q), and the positive o-finite and complete measure po from B,
the class of Borel measurable subsets in [a, +00) to R, by

p2(E) :=Card ({n € N; t,, € E}).

Here, as usual, Card (S) denotes the cardinal of the set S. Then the nonlocal
condition for v

(t l‘ |Q| ZGHWQ (t+tn,I))/ u(tthn,y)derfg(t)(x), (t,:l?) € QT27
Q
rewrites as
[ee]
u(t,x) = / ka(8)Wo(v(t + s, 2))Cu(t + s,-) dua(s) + &(t)(x),  (t,z) € Qry.
b
Likewise, in the case of the nonlocal condition for u, we may consider a similar

nonlocal condition except that, in this case, one should assume that (¢,), is an
increasing sequence in [a, d] with d > a.

The next theorem, which cannot be obtained from Theorem 3.1 in Burlica,
Rosu and Vrabie [14] and which is the main result concerning system (6.1), is
a consequence of Theorem 3.1.

THEOREM 6.2. Let Q be a nonempty, bounded, open subset in R*, k > 2,
with C! boundary X, let 7; > 0,1 = 1,2, w,y > 0,d >b> 7 > 0 and let
a =0b— 11 be given constants. Let a: D(a) CR ~» R and B: D(8) CR ~ R be
two mazimal monotone operators with 0 € D(a) N D(B), 0 € «(0) N 5(0). Let
F,G: Ry x C([=71,0]; L?(2)) x C([—72,0]; L3(Q)) — L?(Q) be continuous and
let C: L2(2) — R be a linear continuous functional. Let p;, i = 1,2, be two
positive o-finite and complete measures defined on the class of Borel measurable
sets in [a,+00), let k; € L*(Ry; i, Ry), let Wit R — R with W;(0) = 0 and let
& € C([—7,0]; L2(2)), i = 1,2. Let us assume that

(hy) supp 1 C [a,d];
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(he) there exist £ > 0 and m > 0 such that
”F(ta O,O)HLz(Q) <m,
[1F(t,u,v) = F(t,u,0)|| 20
< tmax{|ju =l ¢(-r 01L2(2)): [0 = Vllo-r 01220}
1G(t, u,v)lL2(0) <Cmax{|ullc(—r 05220 Vllo(=r 05220} +m
for each (t,u,v), (t,u,0) € Ry x C([—71,0]; L?(2)) x C([—72,0]; L*(2));
(h3) the family of functions {G(t, -, -); t € Ry} is uniformly equicontinuous
on C([=m1,0]; L*(2)) x C([~72, 0; L*());
(ha) [[killLzyspery <1, 0= 1,25
(hs) [W;(v) — W;(0)| < |v — 7| for eachv,v € R, i =1,2;
(he) [l€illo—m0p:z2(0)) < m fori=1,2;
(h7) [IC]] < 1.

Let us assume also that £ < min{w,~}. Then, (6.1) has at least one C°-solution.

ProOOF. We rewrite system (6.1) in the abstract form (1.1) in X =Y =
L?() and then we apply Theorem 3.1. Let us define A: D(A)C L?(Q2) — L*(Q)
by

ou
D(A) = {u € H%(Q) N HY(Q); ~3, € a(u) on Z+},
Au = Au—wu for u € D(A),

and B: D(B) C L2(Q) — L2(Q) by

D(B) := {v € H?(Q) N HY(Q); —% € B(v) on Z+},
Bv:=Av—~vv for v e D(B).

Since 0 € «(0) and 0 € B(0), it follows that C§°(2) C D(A) and C§°(R2) C

D(B). So, D(A) = D(B) = L*(Q). Next, from Vrabie [36, Theorem 2.8.2,

p. 77] we deduce that A, A+ wl, B and B + ~I are m-dissipative on L(2), 0 €

D(A)NnD(B), 0= A(0) = B(0) and A and B generate compact semigroups. So,

hypotheses (H4) and (Hp) in Theorem 3.1 are satisfied. Further, assumptions

(hs), (h3) and (h7) ensure that F and G satisfy (Hp) and respectively (Hg).
We define the nonlocal initial constraint functions

p: Cu([=71, +00); L2(Q)) x C([~72, +00); L*(Q)) — C([~1,0]; L*(2)),

p(u, v)()(2) = /boo k1(s)Wi(o(t + s, 2))u(t + s, 2) du(s) + & (1) (2)

for each (u,v) € Cp([—71,+00); L2()) x Cp([—72, +00); L?(Q2)), for each t €
[—71,4+00) and for almost every for x €  and

q: Cy([=71, +00); L*()) x Cp([—2, +00); L*(2)) = C([—72, 0]; L*(Q)),
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q(u, v)(8)(x) := /boo ka(s)Wa(v(t + 5,2))Cult + s, - ) dp(s) + &2(t)(x)

for each (u,v) € Cy([—71,+00); L2(2)) X Cp([—72,+0); L?(Q2)), for each t €
[—T2,+00) and for almost every = € . From (hs)-(h7), we deduce that p and

g satisfy (H,) and (Hy). So, Theorem 3.1 applies, wherefrom the conclusion
follows. U
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