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SOLUTIONS TO A NONLINEAR SCHRODINGER EQUATION
WITH PERIODIC POTENTIAL
AND ZERO ON THE BOUNDARY OF THE SPECTRUM

JAROSLAW MEDERSKI

ABSTRACT. We study the following nonlinear Schrédinger equation
—Au+V(z)u = g(z,u) forz € RN,
u(z) = 0 as |z| — oo,
where V: RN — R and g: RN xR — R are periodic in z. We assume that 0
is a right boundary point of the essential spectrum of —A + V. The super-
linear and subcritical term g satisfies a Nehari type monotonicity condition.
We employ a Nehari manifold type technique in a strongly indefitnite set-

ting and obtain the existence of a ground state solution. Moreover, we get
infinitely many geometrically distinct solutions provided that g is odd.

1. Introduction
We are concerned with the following nonlinear Schrédinger equation

—Au+V(z)u = g(z,u) forz € RN,

(1.1)
u(z) =0 as |z| — oo,

where V: RY — R is a periodic potential and g: RY x R — R has superlinear
growth. This equation appears in mathematical physics, e.g. when one studies
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standing waves ®(z,t) = u(g;)efiEt/h

of the time-dependent Schrédinger equa-
tion of the form

0P h?
ot~ 2m

If the potential V is periodic, then (1.1) is of particular interest since it has a wide

ih AD + W (2)® — f(z,||)®.

range of physical applications, e.g. in photonic crystals, where one considers
periodic optical nanostructures (see [18] and references therein). It is well-known
that the spectrum o(—A + V) of —A + V is purely continuous and may contain
gaps, i.e. open intervals free of spectrum (see [21]). When info(—A+V) > 0 or
0 lies in a gap of the spectrum o(—A 4 V') then nonlinear Schrodinger equations
have been widely investigated by many authors (see [8], [20], [1], [7], [26], [13],
[9] and references therein) and nontrivial solutions to (1.1) have been obtained.
Ground state solutions, i.e. nontrivial solutions with the least possible energy,
play an important role in physics and their existence has been studied e.g. in
[14], [18], [24], [15]. If V = 0 then o(—A + V) = [0, 4+00) and the problem has
been investigated in a classical work [6] or in a recent one [2] (see also references
therein). If V' is constant and negative then 0 is an interior point of o(—A + V)
and solutions to (1.1) have been found in [10].

In the present work, we focus on the situation when 0 lies in the spectrum
of —A 4+ V and is the left endpoint of a spectral gap. As far as we know there
are only three papers dealing with this case. In [4] Bartsch and Ding obtained
a nontrivial solution to (1.1) assuming, among others, the following Ambrosetti—
Rabinowitz condition:

(1.2) g(x,u)u > yG(x,u) >0 for some vy >2and all u € R\ {0}, =z € RV,
and a lower bound estimate:
(1.3) G(x,u) > blu|* for some b >0, u>2and allu € R, z € RY,

where G is the primitive of g with respect to u. Applying a generalized linking
theorem due to Kryszewski and Szulkin [13], they proved that there is a solution
in H2_(RY) N LYRYN) for p < t < 2%, where 2* = 2N/(N —2) if N > 3,
and 2 = oo if N = 1,2. If g is odd then the existence of infinitely many
geometrically distinct solutions was obtained as well by means of an abstract
critical point theory involving the (PS)r-attractor concept (see Section 4 in [4]
for details). In [28] Willem and Zou relaxed condition (1.2) and they dealt with
the lack of boundedness of Palais—Smale sequences. The authors developed the
so-called monotonicity trick for strongly indefinite problems and established weak
linking results. Recently Yang, Chen and Ding in [29] considered a Nehari-type
monotone condition (see (G5) below) instead of (1.2) and obtained a solution to
(1.1) using a variant of weak linking due to Schechter and Zou [23]. The lower
bound estimate (1.3) has been assumed so far.
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In this paper, our first aim is to prove the existence of a ground state solution
to (1.1) under the assumption that 0 lies in the spectrum of —A + V and is the
left endpoint of a spectral gap. As far as we know this is the first paper dealing
with ground states in this case. Moreover, neither (1.2) nor (1.3) are assumed.
Namely, throughout the paper we impose the following conditions.

(V) Ve C(RM,R), V is 1-periodic in z;, i = 1,...,N, 0 € o(—=A + V) and

there exists 8 > 0 such that (0,8 No(—A+ V) =0.
(G1) g € C(RN x R,R), g is 1-periodic in z;, i = 1,..., N.
(G2) There are a > 0 and 2 < p < p < 2* such that

lg(z,u)| < a(jul*~' +|uP~?) foralluc R, z € RV,
(G3) There is b > 0 such that
G(x,u) > blu|* forall |u| <1, z € RV,

(G4) G(z,u)/|u|?> — oo uniformly in z as |u| — oc.
(G5) u+ g(x,u)/|ul is strictly increasing on (—o0,0) and (0, 00).
We point out that (G3) and (G4) are substantially weaker than (1.3). Indeed,
take a nonlinearity of the type

g(z,u) = q(z)uln(l + |u\p_2), q(z) > %@n}\t}"q >0,

where ¢: RY — R is continuous and 1-periodic in z;, i = 1,..., N. Observe that
conditions (G1)-(G5) are obeyed with 2 < p = p < 2*, but (1.3) does not hold.
The above nonlinearity has recently attracted attention of many authors since
the Ambrosetti-Rabinowitz condition (1.2) is not satisfied and thus Palais—-Smale
sequences do not have to be bounded (see e.g. [12], [16], [9], [17]).

Assumptions (V), (G1)-(Gb) allow to find a function space Es , (see Sec-
tion 2) on which the energy functional associated to (1.1)
(1.4) J(u) = }/ |Vul? + V(z)u* dz — / G(z,u)dx
is a well-defined C''-map. Moreover, critical points of J correspond to solutions
o (1.1). In order to find ground state solutions we consider the Nehari—Pankov
manifold N C Ej, defined later by (4.1).

Our main results read as follows. For the precise definitions see the next
sections.

THEOREM 1.1. If assumptions (V), (G1)—(G5) are satisfied then (1.1) has
a ground state solution u € N such that J(u) = ijr\lffj > 0. Moreover u €

H2 (RN) N LYRN) for p <t < 2.

Furthermore, we establish the following multiplicity result and we would like
to emphasize that (1.2) is not assumed as opposed to [4].
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THEOREM 1.2. If assumptions (V), (G1)—(G5) are satisfied, g is odd in u,
then (1.1) has infinitely many pairs tu of geometrically distinct solutions in
HZ2 (RN)YNLHRY) for p <t < 2%

loc

The paper is organized as follows. In the next section we formulate a varia-
tional approach to (1.1) and we define a function space Es ,, such that the energy
functional J: E>,, — R associated with (1.1) is a well-defined C'*-map. More-
over, some embeddings results of E5, are established. In Section 3 we recall
the recently obtained critical point theory from [5] which allows to deal with the
underlying geometry of J. Next, in Section 4, we introduce the Nehari-Pankov
manifold A" C E5 ,, on which we minimize J to find a ground state and we prove
Theorem 1.1. Finally, in the last Section 5, the multiplicity result is obtained.

2. Variational setting

Let H'(R") denote the Sobolev space with the norm || - || z1. Let us consider
a functional J: H'(RY) — R given by formula (1.4). We note that J is of
class O and its critical points correspond to solutions to (1.1). By assumption
(V), HY(RY) has the decomposition of the form E+ @ E’ corresponding to the
decomposition of spectrum of ¢(S) into o(S)N[B, o) and (S) N (—o0, 0], where
S := —A + V with domain D(S) = H%(RY). We can define a new norm || - ||
on E* (resp. E') by setting

o= [ IV Vi P o

and
[l = [ VP4 V@ ds
RN

for u™ € ET and v/ € E'. Then |- | g is equivalent to || - |1 on ET and is
weaker than || - |1 on E’ (see [4]). Let E be the completion of H*(RY) with
respect to || - ||g. Then H*(RY) = E+ @ E’ is continuously embedded in E and
E is a Hilbert space with the inner product (u,v) g := (|S|'/?u, |S|"/?v) 12, where
(-, )12 is the usual inner product in L2(R"). Note that J can be written as
follows

1 1
\ﬂw=§NMW%—wwa—/’G@mﬂx=;wwz—nm,
]RN
where )
zww:ww@+/ G, u) de
2 RN

for any u = ut +u' € ET @ E’. We do not know if J has critical points in
H'(RY). Moreover, I is not defined on E owing to our assumptions on g(x,u).
Therefore we are going to define a space Fs, such that there are continuous
embeddings H*(RY) C E,,, C E, I is well-defined on E, ,, and J admits critical
points on Es ;.
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2.1. Function space. Let (P : L?(RY) — L?(R"))\cr denote the spec-
tral family of S. Let L' := Py(L*(RY)) and LT := (id — Py)(L*(RY)). Then
we have the orthogonal decomposition L?(RY) = L* @ L’ and then Et =
HY RMYN LT, EB' = HY(RY)N L' (see [21], [19]). Moreover,

(o9}
= [ dPsal,

— 00
where here and in the sequel, |- | denotes the usual norm in L¥(RY) for any
k> 1
Let us assume that 2 < v < pu. By LV#(RY) := LV(RY) + L*(RY) we denote
the Banach space of all functions of the form v = v; + vy, where v; € L¥(RY)
and vy € L*(RY), endowed with the following norm

[v|y, = inf{|v1]y + |v2|u] v = v1 + v2}.

By [3, Proposition 2.5] the infimum in |- |, , is attained. Moreover, there is
a continuous embedding

LYRN) ¢ L+ (RY)
for any v <t < p and, if v = p then norms | - |, , and | - |, are equivalent. Let
B, ,, and Ej, be the completions of £’ with respect to the norms

-l = (0% + 112,012 and - = (1 15 + 1 22,
respectively. Thus we have the following continuous embeddings
!/ / /!
ECE,CFE,, 6 CE.

Space £, has been introduced in [4] and note that, if v = y then Fj, , = F], and
the norms |||, and [ - ||, are equivalent. In our setting, space £, , with v = 2
plays an important role because of superlinear growth conditions (G3) and (G4)
(cf. Lemma 4.1). The following somewhat surprising observation is crucial for
continuous embeddings of £}, , into L'(RY) (see Lemma 2.2).

Lemmva 2.1. Ej, = E, and norms || - ||y, || - |l are equivalent for any
2<v < pu <28,

PROOF. Note that it is enough to show the inclusion Ej, , C Ej,. Letu € Ej, ,
and we proceed as follows.
Step 1. For any y € RN, r > 0 and € > 0 we have u € H?(B(y,r)) and

(2.1) lullt2(Bey,r) < cllulLzBy,rte) + 1SulL2(By,r+e))

for some constant ¢ > 0 depending on 7 and ¢.
Indeed, similarly as in proof of [4, Lemma 2.1], take a sequence (uy,)neny C E’
such that ||u, — ull,,, — 0 as n — oco. Note that E' C L' C D(S) = H*(R")
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because the spectrum of S is bounded below. Since

0
St =)= [ N dIPs (e — wn)l

0
<a / | Py(tt — )} =~ — 3,
«

where a < info(S) < 0, then Su, is a Cauchy sequence in L?(RY). Since
up — u in LY#(RY) then, by [3][Prop. 2.14], u,, — u in L*(f2) for any bounded
and measurable 2 C RY hence the convergence holds in L?*(Q) as well. In view
of the Calderon-Zygmund inequality (see [11, Theorem 9.11]) there is a constant
¢ > 0 such that

tun = um | g2(Byry) < c(ltn = Um|L2(By,rre)) + 1S Un = Um)|L2(B(y,r+e)))-

Thus v € H?(B(y,r)) and again by the Calderon—Zygmund inequality (2.1)
holds.
Step 2.

(2.2) uwe L¥ (RY).
In view of [3, Proposition 2.5] there are u; € LY(RY) and uy € L*(RY) such

2
v

that v = uy + uz and |u] TH,2>« = w12 + |U2|i where
Vlye = (f{[v1]E + [v2]5| v = v1 + v2, v1 € LY(RY), vy € LHRN)})1F
defines a family of equivalent norms on L"*(RY) for k > 1 (see also [3, Propo-
sition 2.4]). Observe that from (2.1), for any y € RY, r >0 and & > 0
[ul L2+ (By.ry) S e1(lulzByrie)) +15UlL2 (B, r1e)))
<a(lule e + U2l Byr+e) T 1SulL2By,r+e))
<ca(|urlpv By rte) T [U2lLnByrre) + 1SUlL2(By.r+e))s

for some constants ¢, ca > 0 depending on r and . Therefore

/ |u|2* dx < c3 (|u1|3*_”/ |ur|” dx
B(y,r) B(y,r+e)

+ |u2|,2j—ﬂ/ ug|* dz + |su|§*—2/ |Su|2dx)
B(y,r+¢) B(y,r+e¢)

for some constant c3 > 0. For any 7 > 0 there is € > 0 and a covering of RY by
balls {B(y,7)}yey, where Y C RY such that each point of RV is contained in
at most N + 1 balls B(y,r + €). Therefore

/RN [ul*" de < (N+)es(lualy +luzliy +1Sul3’) = (N +1)es(|jul}, o0 +1Sul3).

Since norms | - |, 0+ and | - |, .1 = | - |, are equivalent, then u € L (RN).

Step 3. u € E,(RY).
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Indeed, since u € L"*(RY) then by [3, Proposition 2.3] we obtain
w € LY(Q,) NLH(QS), where Q, := {z € RN | |u(z)| > 1}

has finite Lebesgue measure. Since v € L? (€2,) then by the interpolation in-
equality we get u € L*(Q,). Hence u € L¥(RY) and u € E,(RY). O

From (2.1) and (2.2) or by [4, Lemma 2.1] we infer the following embeddings.

LEMMA 2.2. If2 <v < pu < 2* then E,’,’# embeds continuously into H2

loc

and L*(RN) for p <t < 2%, and compactly into Lt (RN) for 2 <t < 2*.

loc

(RY)

Observe that we obtain continuous embeddings
H'RY)CE,,=E*®E,, CE
where F, ,, is endowed with the norm
lull = (la* 1% + 117,02 for u=u +u' € EX 0 B .

Since | - |,,,, is uniformly convex (see [3, Proposition 2.6]), then E, , is reflexive
and bounded sequences in F, , are relatively weakly compact. In view of the
Sobolev embeddings, Lemma 2.2 holds also for £, , and J: E, , — R given by
(1.4) is a well-defined C'-map. Moreover, from Lemma 2.1 and [4, Corollary 2.3]
we get that a solution to (1.1) in E,, , vanishes at infinity.

COROLLARY 2.3. Ifu € E,,, solves (1.1) then u(z) — 0 as |z| = oco.

3. Abstract setting

In this section we are going recall the recent abstract result obtained in [5]
which seems to be appropriate in dealing with the geometry and the regularity
of energy functional 7.

For the purpose of this section we assume that X is an arbitrary reflexive
Banach space with norm || - || such that X = X+ @ X', Xt X’ are closed
subspaces of X and X* N X’ = {0}. If u € X then there is the unique decom-
position u = u™ + u’ where vt € X* and v’ € X’. We may also assume that
lull* = [[ut]|? + ||«/||>. In order to ensure that a unit sphere in X+

Sti={ue X ||u| =1}

is a C'-submanifold of X+, we assume that X+ is a Hilbert space with the
scalar product (-,-) such that (u,u) = ||Jul|? for any u € X*. In addition to the
norm topology we need the topology 7 on X which is the product of the norm
topology in X+ and the weak topology in X’. In particular, u, Tsu provided
that u;f — u™ and u), — u'.

We define the following Nehari-Pankov manifold (cf. [18])

Ni={ue X\ X" |J (u(u) =0, J(u)(h')=0for any b’ € X'}.



762 J. MEDERSKI

We say that J satisfies the (PS)7 -condition in N if every (PS).-sequence in N/
has a subsequence which converges in 7:

up €N, J'(up) =0, T(up) > ¢ = up TiueX along a subsequence.
THEOREM 3.1 (see [5]). Let J € C1(X,R) be a map of the form
1
(3.1) J(w) = 5llut” = I(u)

for anyu =ut +u' € XT @ X' such that:
(J1) I(u) > I(0) =0 for any u € X and, I is T -sequentially lower semicon-

tinuous, i.e. if Uy, Z, ug then liminf I'(u,) > I(ug).
n—oo

(J2) If uy, T up and I(up) — I(ug) then u, — up.

(J3) If u € N then J(u) > J(tu+ ') for any t > 0, b’ € X’ such that
tu+h' # u.

(J4) 0 < inf J(u).

ueXt, ||ul|=r
(J5) luT|| + I(u) = oo as ||u|| — co.
(J6) I(tnun)/t2 — oo if t, — 0o and uf — ug for some ud # 0 as n — oo.
Then:
(a) ¢ == ijr\l/fj > 0 and there exists a (PS)c-sequence (up)nen C N, i.e.

J(un) — ¢ and J'(u,) — 0 as n — oo. If J satisfies the (PS)7 -
condition in N then c is achieved by a critical point of J .

(b) There is a homeomorphism n: ST — N such that n=t(u) = u™ /|ju™||,
n(u) is the unique mazimum of J on RYu® X' foru € N and J o
n: ST — R is of class C*. Moreover, a sequence (u,) C ST is a Palais—
Smale sequence for J on if and only if n(u,) C N is a Palais—Smale
sequence for J, and u € ST is a critical point of J on if and only if
n(u) is a critical point of J.

Proof of Theorem 3.1 is based on the Ekeland’s variational applied to a map
Jon: ST — R. Some steps of the proof are enlisted in (b) since they play
a crucial role in Section 5 (see [5], cf. [25]).

4. Ground state solutions

We are going to look for critical points of J: Fy, — R on the following
Nehari—Pankov manifold

(41) Ni={ue By, \Ey, | J'(u)(u) =0, J'(u)(h') =0 for any b’ € Ey ,}.

The idea to consider a Nehari-type manifold for indefinite problems was firstly
observed by Pankov in [18]. If J € C?(E>,,R) and under some additional as-
sumptions, N is a C'-submanifold of Fs , (see [18], [25]). However we assume
only that J is of C'-class and N does not have to be a C'-submanifold of Es .
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In order to find a minimizing Palais—Smale sequence we need to check assump-
tions (J1)-(J6) of Theorem 3.1 by setting X+ := E* and X' := Ej ,. Firstly
observe that the following inequality holds.

LEMMA 4.1. There is a constant ¢ > 0 such that for any u € Ey ,

(4.2) G(x,u)dz > cmin{|ul3 ,, |ul5 ,}.
RN '

PrOOF. Note that by (G2) and (G5) we know that G(z,u) > 0 if u # 0.
Therefore (G3) and (G4) imply that there is ¥’ > 0 such that

(4.3) G u) > ¥ minf[uf?, [ul"}

for all u € R and z € RY. Then we infer that for u € Es ,

Glowdo > ([ oo [ jupds) =0 Guxa.  + oo ).
RN Qy Q¢
where y denoted the characteristic function and Q,, := {z € RY | |u(z)| > 1} is
bounded. In view of [3, Proposition 2.4])
]2 .00 = inf{max{|ui|2, [uz],} | v =us +uz, uy € L*RY), uy € LH(RY)}

defines a norm on L?#(RY) equivalent with |- |5 ,.
Observe that if |uxq, |2 > |uxa: |, then

luxa, |5 + luxas |l = (max{luxe, |2, uxes [ })? = [ul3 .0
and if luxa,|2 < [uxoc |, then

luxa, 3 + luxag |l > (max{|uxq, |2, [uxag | })" > [ulh

2,p,00°"
Therefore
y G(x,u)dz > b min{|ul3 , o, uly, oo} > cmin{|ul3 ,, [ulf ,},
R
for some constant ¢ > 0. O

The following lemma shows that (J4)—(J6) hold for 7.
LEMMA 4.2. The following conditions hold:

(a) 0< inf J(u).

weEt, ||u||=r
(b) |lut| 4+ I(u) = oo as |lu]| = oco.
(¢) I(tpun)/t2 — oo if ulf — ug for some uf # 0 and t,, — oo as n — oo.

PROOF. (a) If u € E* then, by (G2),
1 95 @ a
JI(u) = S llulle — ;|U|’,i -l
Since E7 is continuously embedded in L*(RY) and in LP(RY) then

1
J(w) = gllulE = Crllulll + [lul)



764 J. MEDERSKI

for some constant C; > 0. Thus we get the inequality in (a).
(b) Suppose that ||u,| — 0o as n — oo and (||u;} || g)nen is bounded. Then
(Ju; |2, ) nen is bounded and

[ 13,0 = lunll + lupl3 . — 00 as n— oo,

If along a subsequence ||u/,

(luy, || E)nen is bounded. Then |ul,|2,, — oo and, by (4.2), I(u,) — oo as n — oo.
(c) Suppose that, up to a subsequence, I(t,u,)/t? is bounded, u;}; — ug for
some uf € ET\ {0} and ¢, — oo as n — oo. Note that by (4.2)

|z — oo then obviously I(u,) — oco. Assume that

I(thu,) _ 1 . -

—z 2 llenlls + emin{lunl3 60 unlb )
n

and then (||u],

uj, — up in By, and u},(x) = uf(z) almost everywhere on R™. If the Lebesgue

measure || > 0, where Q := {z € RY | uf (x) + u)(z) # 0}, then by (G4) and

Fatou’s lemma
G(z,t
/ 7@’ ntin) dr — oo.
A

2,u)nen is bounded. In view of Lemma 2.2 we may assume that

Thus we obtain that I(¢,u,)/t2 — oo which is a contradiction. Therefore |2] = 0
and u) = —ug almost everywhere on RY. Since (uf,ul)r = 0 then uj = 0.
The obtained contradiction implies that I(t,uy,)/t2 — oo. O

We recall that u,, —— uo provided that u} — ug in E+ and v/, — u/, in By,
(see Section 3).

LEMMA 4.3. The following conditions hold:

(a) I(u) >0 for anyu € Es,, and I is T -sequentially lower semicontinuous.

(b) If u, N ug and I(uy,) — I(ug) then u, — up.

(c) If u € N then J(u) > J(tu+ h') for anyt > 0, h' € Ey , such that
tu+h' # u.

PRrOOF. (a) Let u, N up. Since Es ,, is compactly embedded in LZ (RY),

loc

then we may assume that u, — wug in L2 _(RY) and u,(z) — u(z) almost
everywhere in RY. In view of the Fatou’s lemma and the weakly sequentially
lower semicontinuity of the map E' 3 v/ — |[u/||%/2 € R, we get linn_1>i£f I(u,) >
I(ug).

(b) Let w, T u and I(un) — I(ug). Since E' > u' — ||u/||%/2 € R is
weakly sequentially lower semicontinuous and F,, > u fRN G(z,u)dx € R is
T-sequentially lower semicontinuous, then nh_}n;@ |ul 1% = ||lu||% and

(4.4) lim G(z,up)dx = G(z,up) du.

n—oo RN RN
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Note that, along a subsequence,
2 2 2
e = wolls = lunll = lluolls — 2(wy — uo, up) e — 0.
Hence u,, = u;t +u!, = up = ug +uf in E. Thus we need to show that u/, — uf in
L2#(RN). Since Es ,, is compactly embedded in L% (RY), then we may assume

loc
that u,(z) — ug(x) almost everywhere in RY. Observe that

d

1
(4.5) G(z,un) — Gz, up — ug) dx = / / —G(x, up — up + tug) dt de
RN RN 0 dt

1
=/ / 9(%, un — ug + tug)ug dz dt.
0 RN

Thus by (G2) for any Q C RY
/Q lg(@, up — ug + tug)ug| de < alu, —up + tu0|ﬁ*1|uoxg|u

+ alu, — ug + tuo|§71|U0XQ|p

In view of Lemma 2.2 we obtain that (u,, — ug + tug)nen is bounded in L*(RY)
and in LP(RY). Therefore, for any & > 0, there is § > 0 such that, for any
with the Lebesgue measure || < §, we have

/ lg(z, upn, — up + tug)ug| de < e
Q

for any n € N. Thus (g(x, u, —ug+tug)up)nen is uniformly integrable. Moreover,
for any € > 0 there is Q ¢ RY, || < +o0, such that for any n € N

/ lg(, wpn — ug + tug)ug| dz < e.
RN\Q

Hence a family (g(x, %, — uo + tug)uo)nen is tight over RY.
Since g(u, — uo + tug)ug — g(tug)ug almost everywhere in RV, then in view
of the Vitali convergence theorem g(x, tug)ug is integrable and
/ g(x, up — up + tug)ug de — g(z, tug)ug dx
RN RN
as n — co. By (4.5) we obtain

1
G(z,upn) — Gz, up —ug) dz — / / g(x, tug)ug da dt = G(z,up) dz
RN o Jr¥ RN

as n — oco. Taking into account (4.4) we get

lim G(z,up —ug)de =0

n—oo RN

and by (4.2) we have u,, — ug in L>*(RY™). Hence u/, — uj in L>*(RY).
(c) Let u € N. Note that for any ¢ > 0 and b’ € Fj ,
2 —1

J(tu+h) = TJ(u) = T||u+||2 + I(u) — I(tu+H).
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Since u € N and J'(u)(u) = |lu™||? — I'(u)(u), then for u # tu + b’

T(tu+ k) — T(w) = I'(u) (t2 - LI th’) b I(w) = I(tu+ 1)

1 2
= —§\|h’||2E +/]RN g(m,u)( 5 u—|—th’> + G(z,u) — G(z,tu+ 1) dz < 0,

where the last inequality follows from [24, Lemma 2.2]. O

Since E* C HY(RY) and H'(R") is not compactly embedded in L*(RY) and
LP(RY), then we do not know if J satisfies (PS)7 -condition in N (see Section
3, cf. [5]). Moreover, Palais-Smale sequences do not have to be bounded since
we do not assume (1.2) (cf. [12]). However the boundedness is attainable on N.

LEMMA 4.4. J is coercive on N, i.e. J(u) — 0o as |Jul]| = oo, u € N.

PROOF. Suppose that |Ju,| — oo as n — oo, u, € N and J(un) < 1

for some constant ¢; > 0. Let v, = uy/||uy||. Since Es, is reflexive and

2
loc

compactly embedded in L _(R™) then, up to a subsequence, v, — v in Es,
and v, (z) — v(z) almost everywhere in RY. Moreover, there is a sequence

(Yn)nen C RY such that

n—oo

(4.6) lim inf/ [v;f|? dz > 0.
B(yn,1)

Otherwise, in view of Lions lemma (see [27, Lemm 1.21]) we get that v;7 — 0 in
LYRYN) for 2 < t < 2*. By (G2) we get

G(z,sv))dr — 0 for any s > 0.
RN

Let us fix s > 0. Hence, by Lemma 4.3(c),
; : T 12
(4.7 c1 > limsup J (uy,) > limsup J (sv,, ) = — limsup |jv, ||°.
n—00 n— 00 2 n—r00
By (4.2) and in view of Theorem 3.1(a) we have
1
5

If liminf |u, |2, = 0 then, up to a subsequence, |uy|2, — 0 and for sufficiently
n—oo

Huj;”2 - ”u;z”QE) - cmin{|un|g’u, ‘un|§,u} > J(un) 2 Cinf 1= ijr\l/.fj > 0.

large n,
20wf 7 2 g 7 + llup % + 2¢ine + 2cmin{[ug |3 ., [unls .}
> [l I? + lupll % + lunl3 = llual®.
If lim inf |u, |, > O then there is ¢z € (0, 1) such that, for sufficiently large n,
n—oo
20w I? = llug 17 + llup | % + 2¢ine + 2cmin{[ug 3 ., [unls .}

> ca(luf 7 + llun [ + unl3 ) = collunll®.
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Therefore, passing to a subsequence if necessary, cg := ian |lvF]|? > 0 and, by
ne

(4.7), ¢1 > s%c3/2 for any s > 0. The obtained contradiction shows that (4.6)
holds. Then we may assume that (y,) € Z" and

liminf/ |o,f 1> de >0
B(yn,r)

n—oo

for some 7 > 1. Since J and N are invariant under translations of the form
u s u(- —k), k € ZY, then we may assume that v;} — vt in L2 (RY) and

v # 0. Note that if v(x) # 0 then u,(z) = v, (z)|lu,| — oo and, by (G4),
G, un(z)) _ G, un(z)) >
= vp(x)]* = 00 asn — occ.
Tl ey )

Therefore by Fatou’s lemma

Jwn) 1o o / Gz, un(z))
= —([|v —||v - ———dx - —o0.
Thus we get a contradiction and we conclude the coercivity. O

PROOF OF THEOREM 1.1. In view of Theorem 3.1(a) cinf = ijr\lffj > 0 and

there exists a (PS),,,.-sequence (up)neny C N, L.e. J(up) = cing and J'(u,) — 0
as n — oo. By Lemma 4.4 we get that (u)nen is bounded and after passing to
a subsequence u,, — u in Ey ,,. Then there is a sequence (y,,) € RY such that

(4.8) lim inf lu |2 dx > 0.
nTreo B(yn,l)

Otherwise, in view of Lions lemma (see [27, Lemma 1.21]), v, — 0 in L}(RY)
for 2 <t < 2*. By (G2) we obtain

o 1P = ")) + [ gt wa)ut do =0
RN
as n — oo. Hence
1
PR T < T + +12 _
0 < Cing nh_>ngo T (un) < nlgr;() 5 |lus |2 =0

and we get a contradiction. Therefore (4.8) holds and we may assume that there
is a sequence (y,,) € Z" such that

(4.9) lim inf lut |2 dox > 0

"7 JB(ynr)
for some 7 > 1. Since ||un (- +yn)|| = ||unl, then there is u € Es ,, such that, up
to a subsequence, u, (- +yn) = win Es ,, uy (2 +yn) = u(x) almost everywhere
on RN and v} (- +y,) = u™ in LE _(RY). By (4.9) we get u™ # 0 and then
u # 0. Since J and N are invariant under translations of the form u — u(- +y),
y € ZN, then J'(u) = 0. Observe that u € A/, and by (G2) and (G5)

S0 U+ )Y+ ) = G, + ) 2 0.
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Therefore, in view of the Fatou’s lemma,
Cinf = lim j(un( +yn))
n—oo

= lim (j(un(. +Yn)) — %j'(un(- + Yn) ) Un (- +yn)) > J(u).

n—o0

Thus we get J(u) = cing. Since u € Ej ), is a solution to (1.1), then by Corol-
lary 2.3 we get u(z) — 0 as |z| — oo. O

5. Multiple solutions
Note that if u € F» ,, is a critical point of J then the orbit under the action of
ZN, O(u) :={u(- — k) | k € ZN} consists of critical points. Two critical points
u1,us € Es,, are said to be geometrically distinct if O(uq) N O(uz) = 0. In view
of Theorem 3.1(b) we know that ¥ := J on: ST — R is a C' map. Observe
that in order to prove Theorem 1.2 it is enough to show that ¥ has infinitely
many geometrically distinct critical points (see Theorem 3.1(b)). The following

lemma is crucial in the consideration of the multiplicity of critical points (cf. [24,
Lemma 2.14]).

LEMMA 5.1. Let d > cipe. If (ul), (u2) C ¥ := {u € ST | ¥(u) < d} are
two Palais—Smale sequences for W, then either ||ul —u2|| — 0 as n — oo or
(5.1)  limsup |ju} — u?||

n—oo
> p(d) inf{[Jur — ual| [ ¥'(u1) = ' (uz) =0, us # us € ST},

where p(d) > 0 depends on d but not on the particular choice of Palais—Smale
sequences.

PrOOF. Let (ul), (u2) C ¥ := {u € S* | ¥(u) < d} be two Palais-Smale
sequences for W. Let us consider two cases.

Case 1. |n(ul)™ —n(u?)*|, — 0 and |n(u))™ —n(u)*|, — 0. Observe that
by (G2)
In(ug,) ™ = n(up) "
=" (n(ug,)) (n(un) " = n(uz) ™) = T (n(uz)) (n(uy)* = n(uz) )
+ /RN (9(@,n(uy,)) = gz, n(up)))(n(uy) ™ = n(up)™) dz
< T (n(un)(n(un)™ = n(un)™) = T (n(u7,)) (n(un) ™ = n(u;) )
+a(n(uy) [+ In(up) 7Y - n(un) ™ = n(un)
n )

pn—1
+a(ln(uy) [+ In()[571) - [n(up) ™ = n(u) .

(
(
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By Theorem 3.1(b) we know that (n(ul))nen and (n(u?))nen are Palais—Smale
sequences for J and, by Lemma 4.4, they are bounded in Es»,. Since Es, is
continuously embedded in L¥(RY) and in LP(RY), then

In(un)™ = nup) ¥l — 0.

Observe that, if u = u* + v’ € N then inequality J(u) > cint implies that

(5.2) lu]] > max{v2ciu, [|v'| £}.
Therefore, similarly as in [24, Lemma 2.13], we infer that
1+ 1+
1.2y n(uy,) _ n(uy,) 2 N+ 2\+

Thus ||ul —u2| — 0.

Case 2. [n(ul)t™ —n(u2)™|, » 0or |n(ul)™ —n(u2)™|, » 0.
In view of Lions lemma [27, Lemma 1.21] there is a sequence (y,,) € Z" and
r > 1 such that

(5.3) lim inf/ In(ul)t —n(u?)*?dz > 0.
B(yn,r)

n—o0
Then we may assume that, up to a subsequence,
n(up)(- +yn) =1, n(ul)(c +ya) Sv2 in By,
n(un) " (- +yn) o, nwh)t (- +ya) —od in Li (RY)
and [|[n(ul)T (- +yn)| = a1, [[n(2)T (- +yn)|| = o for some ay, ag > /2¢is.
From (5.3) we infer that vy # vy and thus vy # va. Since n, n=t, J', (J on)’

are equivariant with respect to Z-action, then J’(v;) = J'(v2) = 0. Observe
that if v; # 0 and vy # 0 then vy, vo € N and

lim inf |y, — up | = liminf [|(up, —ug) (- + )|
1Y+ .

= lim inf ”(“?)Jr( + Yn) n(u “+yn) H
noo (| n(ul) T (- +ya)ll - [n(u2)* (- +va ||
+ +

> ||u >min{II 1H’Ilv2 II} H
ar @ ar ' oaz J|]of] ||v I
2Cin — -

> X2 [ (vr) = (w),

where s(d) := sup{|lu™||| v € N, J(u) < d}. By Theorem 3.1, n=!(vy1), n=1(v3)
are critical points of U and we get (5.1). Note that if v; = 0 or v2 = 0 then,
similarly as above, we show that

and again (5.1) holds. O
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PROOF OF THEOREM 1.2. Let g be odd. In view of Theorem 3.1(b) we get
that n is equivariant with respect to the Z~-action given by u — u(- — k) for
k € ZN. Moreover, J is even and n is odd. Therefore ¥ is even and invariant
with respect to the Z~-action. Let F be the set of geometrically distinct critical
points of ¥ and assume that F is finite. Then, similarly as in [24, Lemma 2.13],
we show that

inf{|lug — ual| | ¥'(u1) = ¥ (ug) =0, ug #ug € ST} > 0.

The obtained discreteness of Palais—-Smale sequences in Lemma 5.1 allows us to
repeat the following arguments: Lemmas 2.15, 2.16 and proof of Theorem 1.2
from [24]. In fact, we show that for any k¥ € N there is u € St such that
U'(u) = 0 and ¥(u) = ¢, where c; := inf{d € R | 7(¥9) > k} and v denotes
the usual Krasnosel’skil genus (see [22]). Moreover, ¢, < cgy1 for any k € Z
and thus we get the contradiction (see [24] for detailed arguments). In view of
Theorem 3.1(b) we obtain the existence of infinitely many geometrically distinct
solutions to (1.1). O
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