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ON PROPERTIES OF SOLUTIONS
FOR A FUNCTIONAL EQUATION

ZEQING L1u — SHIN MIN KANG

ABSTRACT. This paper studies properties of solutions for a functional equa-
tion arising in dynamic programming of multistage decision processes. Us-
ing the Banach fixed point theorem and the Mann iterative methods, we
prove the existence and uniqueness of solutions and convergence of se-
quences generated by the Mann iterative methods for the functional equa-
tion in the Banach spaces BC(S) and B(S) and the complete metric space
BB(S), and discuss behaviors of solutions for the functional equation in
the complete metric space BB(S). Four examples illustrating the results
presented in this paper are also provided.

1. Introduction

In the past decades, the existence of solutions for some classes of functional
equations arising in dynamic programming in the complete metric space BB(S)
has been discussed by several authors, see, for instance, [1]-[15] and the references
quoted therein. Bellman [1], Bhakta and Choudhury [4], Liu and Kang [8], [9],
Liu et al. [12] and Liu et al. [15] studied the existence of solutions for the
functional equations

(1.1) fz) = ylgjt; max{u(x,y), f(a(z,y))}, forallze S,
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and

(1.2) flx) = ylgjg max{u(z,y),v(x,u)f(a(z,y))}, forallze S

in the complete metric space BB(S). Liu et al. [12] and Liu and Ume [11]
obtained the existence, uniqueness and iterative approximations of solutions for
the functional equations

(1.3) f(z) :Z,lelg max{u(z,y), f(a(z,y))}, forall z e S,
(1.4) flz) = ogjg opt{u(x,y), f(a(z,y))}, forallzes,

in the complete metric space BB(S), where opt stands for the sup or inf. How-
ever, relatively little is known about the existence of continuous bounded solu-
tions and bounded solutions for the functional equations (1.1)—(1.4).

The aim of this paper is to introduce and study a more general functional
equation arising in dynamic programming of multistage decision processes

flz)=A ;gg opt{p(z,y), u(z,y) f(a(z,y))}

(1.5) ]
+ (1 =) infopt{g(z,y), v(z,y) [ (b(z,y))}, forallz €5,

where A € [0, 1] is a constant,  and y stand for the state and decision vectors,
respectively, a and b denote the transformations of the processes, and f(x) is the
optimal return function with initial state z. It is clear that the functional equa-
tion (1.5) includes the functional equations (1.1)—(1.4) as special cases. Based
on the Banach fixed point theorem, the Mann iterative methods and some tech-
niques in nonlinear analysis, we provide sufficient conditions which guarantee
the existence, uniqueness and iterative approximations of continuous bounded
solutions, bounded solutions and solutions for the functional equation (1.5) in
the Banach spaces BC(S) and B(S) and the complete metric space BB(S),
respectively, and prove some error estimates between the sequences generated
by the Mann iterative methods and these solutions. Furthermore, we deduce
properties of solutions for the functional equation (1.5) in the complete metric
space BB(S). Four example illustrating the results presented in this paper are
included. Our results extend, improve and unify the corresponding results in [4],
[6], [8], [9], [11], [12] and [15].

2. Preliminaries

In this section we introduce some notation and preliminary lemmas.
Throughout this paper, (X, || -|) and (Y, || - ||') denote real Banach spaces,
S C X and D C Y stand for the state space and decision space, respectively,
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N is the set of all positive integers, Ny = {0}UN, R = (—o0, +o0), RT = [0, +00)
and R~ = (—o00,0]. Define

®; ={p: p:RT — RT is nondecreasing},

o, = {(%w) RCRINSR SN Zw(cp"(t)) < 400 and ¥(t) > 0 for all ¢ > O},

n=0
B(S)={h:h:S — R is bounded},
BC(S) ={h: h € B(S) is continuous},
BB(S) ={h: h: S — R is bounded on each bounded subsets of S}.

Clearly, (B(S),] - |l1) and (BC(S), || - |1) are Banach spaces with the norm
[IR|l1 = sup |h(x)|. For each k € N and f,g € BB(S), put
zeS

de(h,g) = swp{[h(z) — g(@) : 2 € BOK},  dlhg) =Y o — 20

where B(0,k) = {x : x € S and ||z|| < k}. Obviously, {di}ren is a countable
family of pseudometrics in BB(S). A sequence {zy}ren in BB(S) is said to
converge to a point © € BB(S) if di(zp,z) — 0 as n — oo and {zy }nen is
a Cauchy sequence if di(z,,xm) — 0 as n,m — oo for each k € N. It is clear
that (BB(S),d) is a complete metric space.

LEMMA 2.1 ([9]). Let E be a set, p and ¢: E — R be mappings. If opt p(y)
yeE

and opt q(y) are bounded, then
yeE

opt p(y) — opt q(y)| < sup |p(y) — q(v)|-
yeE yeE yeE

LEMMA 2.2 ([11]). Let o, 8,7 and 6 be in R. Then

|opt{a, B} — opt{y,0}| < max{|a —~|, |8 — 4|}

3. Properties of solutions for the functional equation (1.5)

Now we derive the existence, uniqueness and iterative approximations of
continuous bounded solutions and bounded solutions for the functional equation
(1.5) in the Banach spaces BC(S) and B(S), respectively.

THEOREM 3.1. Let A € [0,1] and o € (0,1) be constants. Assume that S is
compact, p,q,u,v:S X D = R and a,b: S x D — S satisfy that
(C1) p and q are bounded in S X D;

(C2)  sup  max{|u(z,y)| |v(z,y)|} <o
(z,y)€SXD
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(03) fOT each (I07g) €S X {U,U,p,q,a, b}7

lim g(x,y) = g(xo,y) wuniformly fory € D.

T—rTo

Then the functional equation (1.5) possesses a unique continuous bounded solu-
tion w € BC(S) such that

(C4) for each wyg € BC(S), the Mann iterative sequence {wy tnen, defined by
B1) wna(o) = (1 aun(o) +an (A sup opt (). (. ) (o, )}
+(1) jnf opt{a(z. ), o, (o) ).
for all (z,n) € S x Ny and

(3.2) {an}tnen, € [0,1] and Zan = 400
n=0

converges to w and has the error estimate:

M=

(1—a) a;
i=0 ‘

(3.3) Jwni1 —wly <e lwo — w1, for all n € Ny.

PROOF. Define a mapping H: BC(S) — BC(S) by
(3.4)  Hh(z) = A sup opt{p(z,y), u(z,y)h(a(z, y))}
+ (1 =) inf opt{g(z,y), v(z, y)h(b(z,y))},

for all (z,h) € S x BC(S).

Firstly, we show that H is a self mapping in BC(S). Let (zg,h) € Sx BC(S)
and € > 0. In light of (C1), (C3) and the compactness of S, we infer that there
exist constants M > 1, § > 0 and J; > 0 such that

(3.5) sup  max{|h(z)], |p(x,y)l, lq(x,y)|} < M;
(z,y)€SXD

€
(36) max{|r(:c,y) - T(l‘o,y)| SRS {U,U,p,q}} < ma
for all (x,y) € S x D with ||z — x| < J;

(3.7) |h(z1) — h(z2)| < for all x1, x5 € S with ||z1 — z2|| < d1;

€
2M’

(3.8)  max{||t(z,y) — t(xo,y)| : t € {a,b}} < b1,
for all (x,y) € S x D with ||z — zo|| <.
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In terms of (C2), (3.4)—(3.8), Lemmas 2.1 and 2.2, we know that

|Hh(x) — Hh(zo)| = Azgg opt{p(,y), u(z,y)h(a(z,y))}
+ (1= ylgg opt{q(,y),v(x,y)h(b(z,y))}

- sgg opt{p(xo,y), u(xo,y)h(a(zo,y))}

= (1= 2) inf opt{g(zo, y), v(z0, y)(b(z0,y))}
< A;gg |opt{p(z,y), u(z,y)h(a(x,y))} — opt{p(z0, y), u(xo,y)h(a(xo,y))}|
+(1=N) sup |opt{q(z,y), v(z,y)h(b(z,y))}
— opt{a(zo,y), v(zo, y)h(b(zo,y))}|
< /\EEB max{[p(z, y) — p(zo,y)|, [u(z,y)h(a(z, y)) — u(zo, y)h(a(zo,y))[}

+ (1 =) sup max{|q(z,y) — q(xo, )|,
[o(z,y)h(b(z,y)) —v(zo,y)h(b(zo,y))|}

€
< )\ sup max {, |h(a(z, y)||u(z,y) — u(zo, y)]
yeD 2M

T Ju(zo,9)[h(a(z, ) — h(a(zo, y>>|}

1= ) sup mas { 52 (b)) oG 9) = o(o0.)

T Jo(ao, ) |R(b(z, ) — h<b<xo,y>>|}

S 9 9

3 S S
—I—(l—)\)max{W,MW—FMW}—E,

for all x € S with ||z — o] < § and

[Hh(z)| =

A Sgg opt{p(z,y), u(x,y)h(a(z,y))}

+ (1= a6 opt{a(a, ). ol )b )|

<A sup |opt{p(x, y), u(z,y)h(a(z,y))}|

+ (1= sup lopt{q(x,y),v(z,y)h(b(z,y))}|
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< Aslelg max{|p(z,y)|, |u(z,y)||h(a(z,y))|}
+(1=X) sup max{|q(z, )|, [o(z, y)[[P(b(z, y))[}
<Amax{M,aM}+ (1 — A\)max{M,aM} = M,

for all x € S, which yield that Hh is continuous and bounded in S. That is, H
maps BC(S) into BC(S).

Secondly, we show that H is a contraction mapping in BC(S). Notice that
(3.4), Lemmas 2.1 and 2.2 ensure that

|Hh(z) — Hg(z)| = Asgg opt{p(z,y), u(z,y)h(a(z,y))}
+ (1= A) inf opt{g(x,y), v(z, y)h(b(z, y))}
- sup opt{p(z, y), u(z,y)g(a(z, y))}
— (1= 4) inflopt{g(2, ), v(,y)g(b(z,y))}
<A sup lopt{p(z,y), u(z, y)h(a(z,y))}
— opt{p(z,y), u(z, y)g(a(z,y))}|
+ (1= sup lopt{q(z,y), v(z,y)h(b(z,y))}
—opt{q(z,y),v(z,y)g(b(x,y))}|
< Asgg{IU(%y)Hh(a(z,y)) = g(a(z,y))}
+(1=X) sgg{lv(m,y)llh(b(%y)) — g(b(z,y))}
<Aallh =gy + (1 = Nallh = glly = allh - g]|1,
for all z € S, h,g € BC(S), which means that
(3.9) [Hh — Hglly < allh—gl[1, forall h,g € BC(S),

that is, H is a contraction mapping in BC(S). Thus the Banach fixed point the-

orem guarantees that H has a unique fixed point w € BC(S), which is a unique

continuous bounded solution of the functional equation (1.5) in BC(S).
Thirdly, we show (C4). Note that, for all x € S,

(3.10) w(x) = Asgg opt{p(z, y), u(z,y)wa(z,y))}

+ (1 =) yigg opt{q(z,y), v(x, y)w(b(z,y))}.

By virtue of (3.1), (3.4), (3,9) and (3.10), we derive that

[wny1(z) —w(@)| = |(1 = an)wn (@) + an (A sup opt{p(z, y), u(z,y)wn(alz, y))}
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(1= ) inf opt{g(a. ). v(z,y)wa(bla. )} ) ()|

< (1 = an)wn(z) — w(z)[ + an A;‘lelg opt{p(, y), u(z,y)wn(a(z, y))}

+ (1 =) inf opt{g(z,y), v(, y)wn(b(,y))}

- sup opt{p(z, y), u(z,y)w(a(z, y))}

— (1=4) nfopt{g(z,y), v(z, y)w(b(z, y))}
< (1= an)|wn(z) = w(@)| + an|Hwp(z) — Hw(z)]
<1 = an)llwn = wl + analwn(z) —w(z)] < (1= (1 = a)an)|wn — w1,
for all (x,n) € S x Ny, which implies that
[wnir —wlly < (1= (1= a)an)l|lwn —wl

—(1-0) 3 o
§e_(1_a)a"||wn _ le <e * i=0a

wo — wl|1,

for all n € Ny, which together with (3.3) gives that the Mann iterative sequence
{wn }nen, converges to w. This completes the proof. O

As in the proof of Theorem 3.1, we infer immediately the following result.

THEOREM 3.2. Let A € [0,1] and o € (0,1) be constants. Assume that
p,q,u,v:S x D — R and a,b:S x D — S satisfy (C1) and (C2). Then the
functional equation (1.5) possesses a unique bounded solution w € B(S) and for
each wy € B(S), the Mann iterative sequence {wy}nen, defined by (3.1) and
(3.2) converges to w and satisfies (C4).

Now we give two examples as applications of Theorems 3.1 and 3.2.

ExampLE 3.3. Consider the functional equation

(3.11) f(x) = A sup Opt{ a! COS($2y3)f(x4 + y2)}

yeR+ zy? oyt +3 T \at 4y

2% absin(2%y?) [ 2? + 15z + o2
1— ) inf opt
T )yle%wOp {x2+y2’ 226 + 33 f( x2 +y? >}’

for all x € [1, 20].
Let X =Y =R,S5=[1,20], D=R*,a=5/6,\€[0,1],p,q,u,v: SxD — R
and a,b: S x D — S be defined by

ot o af
p(z,y) = ﬁyg? q(z,y) = W7
cos(z%y?) 2% sin(2°y?)
u(z,y) = 13 v(z,y) = T250 448
zh 4 92 2 4 15z + 12
a(z,y) = ma b(z,y) = Wa
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for all (z,y) € S x D. Clearly, the conditions of Theorem 3.1 hold. It follows
from Theorem 3.1 that the functional equation (3.11) has a unique continuous
bounded solution w € BC(S), and for each wy € BC(S), the Mann iterative
sequence {wy, }rnen, defined by

1 1
wnta(e) = (1 NG E (—1)”sinn)wn(x) Tt (CDremn

4 2.3 4, .2
8 ()\ sup opt{ x 3’cos4(xy)wn<m3+y2>}
yeR+ r+y? oyt 43 r°+y

6 6 i (B2 2 2
(- A) inf opt{ T xsm(a:y)wn(x —|—15x—|—y>}),

yER+ T2+ y2 7 946 + y3 x2 + y2

for all (z,n) € [1,20] x Ny and «a,, = 1/4/5n+ 6 + (=1)"sinn, for all n € Ny
converges to w and has the error estimate:

n

[lwnt1 —wljy <e = im0 VEIFSHEDT s gy —qp||y,  for all n € N.

o=

ExAMPLE 3.4. Consider the functional equation

7,4 1
(3.12) f(z) =X sup opt oyt (T4 ms) o+l (2P +adyB+y?
vers 7Tyt Tt tyt+2 w2y +1

3 3,12 coxd (1249 3,4
+ (1 —A) inf opt a —;y 2,a:y c;)s2(a:y )f 493y ;
yeR~ (x+1)3+y da3y?+1 xt|y|+1

forallz € RT. Let X =Y =R, S =R", D =R, a=23/4, )\ € [0,1],
p,q,u,v:S x D — R and a,b: S x D — S be defined by

Tyt +1In (1 + T;sys) 24y
p(z,y) = Tyt 1 ) q(z,y) = m,
u(z,y) = 2953127?:17 o(z,y) = M,

2 +yt+2 4392 + 1

2+ 23y8 4 o2 23y
a(z,y) = W? b(x,y) = m7

for all (z,y) € S x D. Obviously, the conditions of Theorem 3.2 hold. Thus
Theorem 3.2 means that the functional equation (3.12) has a unique bounded
solution w € B(S), and for any wy € BC(S), the Mann iterative sequence
{wn }nen, defined by

_(i_ n?+3n+1
Wnt1(2) n3 +4n?2 —3n+ 4+ In(n + 3) wn ()
n?+3n+1
+n3+4n273n+4+1n(n+3)
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2Ty +1In (1 + ﬁ) zy? 41 25+ 23y 4y
X Asu[iopt Tl o 4+2wn 521 ]
y€eR Y rery T

3 3,2 coaB (27,9 3,4
#-) inf ope { i Tes ), (L),

yeR- (x+1)3+y2"  4a3y? +1 ity +1

for all (z,n) € Rt x Ny and

n?+3n+1
nd3 +4n2 —3n+4+In(n+3)’

oy, = for all n € Ny

converges to w and has the error estimate:

n

15 i243i41

lwnt1 — w1 < e 1 iSo PHUTSSIHATINGHS) |lwo — w|ly, for all n € Ny.

Next we study the behaviors of solutions and iterative approximations for
the functional equation (1.5) in the complete metric space BB(S).

THEOREM 3.5. Let A € [0,1] and o € (0,1) be constants and (3.2) hold.
Assume that p,q,u,v: S x D — R and a,b: S x D — S satisfy that

(C5) p and q are bounded on B(0,k) x D, for all k € N;

(C6) sup max{|u(z,y)|, |[v(z,y)|} < a, for al k € N;
(z,9)€B(0,k)x D
(C7) sup max{||a(z,y)|, |b(z,y)||} < k, for all k € N.

(z,y)€B(0,k)x D
Then the functional equation (1.5) possesses a unique solution w € BB(S) such
that

(C8) for each wy € BB(S), the Mann iterative sequence {wy }nen, defined by

(3.13)  wpi1(z) = (1 — an)wn(x) + o (A Sgg opt{p(z,y), u(z,y)wn(a(z,y))}

+(1—A) inf 0pt{q(:6>y),v(w,y)wn(b(a:,y))}),
for all (z,k,n) € B(0,k) x N x Ny, converges to w and has the error
estimate:

—(1—«
(3.14) d(wpt1,w) < e (e

it

(27

di,(wo,w), for all (k,n) € N x Ng.

PROOF. Define a mapping H: BB(S) — BB(S) by
(3.15)  Hh(x) = Asup opt{p(z, y), u(z, y)h(a(z, y))}

+ (1 =) ylgg opt{q(z,y), v(x,y)h(b(x,y))},



122 7Z. Liu — S.M. KaANG

for all (x,k,h) € B(0,k) x N x BB(S). Put (k,h) € Nx BB(S). It follows from
(C5) and (C7) that there exists v > 0 such that

sup — max{[p(z,y)l, lg(z,y)], |h(alz,y)], |h(b(z,y))[} <7,
(z,y)€B(0,k)xD

which together with (C6), (3.15) and Lemma 2.1 yields that

[Hh(z)| = A;)é)lt) sup{p(z,y), u(z, y)h(a(z, y))}

+ (1 =) inf opt{g(z,y), v(z, y)h(b(z,y))}
S Asup max{|p(z, y)|, |u(z, y)||h(a(z,y))[}
ye
+(1=X) sup max{|q(z,y)|, [v(z, y)|[h(b(z,y))|}
y
S )\max{% Oé’}/} + (1 - >‘) max{’}/a Ck’}/} =7,
for all (z,k,h) € B(0,k) x N x BB(S), which means that H is a self mapping

in BB(S).
On account of (3.15), (C6), (C7), Lemmas 2.1 and 2.2, we derive that

|Hh(z) — Hg(x)| = |A sup opt{p(x,y), u(z,y)h(a(z,y))}
+ (1= yilel]g opt{q(z,y),v(x,y)h(b(z,y))}

- A Slelg Opt{p(l‘a y)? U(Z‘, y)g(a(m, y))}

-(1=X ylgg opt{q(z,y),v(x,y)g(b(x,y))}
< /\SEE |opt{p(z,y), u(x,y)h(a(z,y))} — opt{p(z,y), u(x,y)g(a(x,y))}|
+(1=X) sup lopt{q(z, y), v(x,y)h(b(z,y))}

—opt{q(z,y),v(z,y)g(b(z,y))}|
<A Sgg{lu(% yllh(a(z,y)) — gla(z,y))[}

+ (=2 Sgg{\v(% Y b(x, y)) — g(b(z, y))[}

<Aadi(h, g) + (1 = Aady(h, g) = adi(h, g),
for all (z,k, h,g) € B(0,k) x N x BB(S) x BB(S), which yields that

(3.16) dip(Hh,Hg) < adi(h,g), forall (k,h,g) € Nx BB(S) x BB(S).
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For zy = 0 € BB(S), put
(3.17) zp(z) = )\Stelg opt{p(z, y), u(z,y)zn_1(a(z,y))}
+ (1 =) infopt{g(z,y), v(z, y) 21 (b))},

for all (z,n) € S x N. In view of (3.15), (3.16) and (3.17), we obtain that

n+m—1 n+m—1
dk(znazn-&-m ~ Z dk Z“Z'H_l Z dk sz 1;HZ1)
i=n
n+m—1 n+m—1 an
< Z ady(zi—1,2;) < Z a'dy(z0,21) < T dy (20, 21),
i=n i=n

for all (k,n, m) € N x Ny x N, which implies that {z, } nen, is a Cauchy sequence
in BB(S). Consequently, there exists some w € BB(S) such that {2z }nen,
converges to w. Notice that (3.16) ensures that

di(w, Hw) < dg(w, 2n11) + dg (Hzp, Hw) < dg(w, 2n41) + adg (25, w) = 0,

for all k € N as n — oo, that is, dg(w, Hw) = 0, for all k € N, which yields that

o0

1 di(w, Hw)
H = _—— =
d(w, Hw) Z 2k 14 di(w, Hw) =0,

that is, w = Hw.
Suppose that there exists ¢ € BB(S) \ {w} with ¢ = Ht. It follows that
di, (w, t) > 0 for some kg € N. In terms of (3.16), we see that

0 < dpy(w,t) = dpy (Hw, Ht) < adp, (w, 1) < di, (w, 1),

which is impossible. Hence the mapping H has a unique fixed point w € BB(S),
which is a unique solution of the functional equation (1.5) in BB(S).

Finally, we show that (C8) holds. Using (3.13), (3.15), (3.16) and Lemma 2.1,
we infer that

i () — w(a)] = ](1 o) (@) + o (A;ggopt{pu,y),u(x,y>wn<a<x,y>>}

(L) g opt{a(e.): (o) 0z )} ) ()

< (1 = an)wn(z) = w(z)]
+ an

A Sgg opt{p(z,y), u(z,y)wn(alz,y))}
+ (1 - )‘) ylgf) Opt{Q(x? y)’ U(l‘, y)wn(b(xa y))}
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< (1 — ap)di(wp, w) + andi(Hw,, Hw)
< (1 — (1 - a)an)dk(wn7w)7

for all (x,k,n) € B(0,k) x N x Ny, which yields that

—(1—-a) i Qg
di(wny1,w) < e~ =D g (1w, w) < e =0 dg (wo, w),

for all (k,n) € N x Ny, which together with (3.2) yields that {wy, }nen, converges
to w. This completes the proof. O

REMARK 3.6. Theorem 3.5 extends and improves Theorems 3.4 and 3.5
in [5]. The example below shows that Theorem 3.5 extends substantially Theo-
rems 3.4 and 3.5 in [5].

ExampLE 3.7. Consider the functional equation
2 7y0sin® (2%y7)  cos®(z%y?) F 2972 sin(2%y*)
zlys+2 7 2+In(2?y?+2) 8y2+1
21 —V/224+1  sin(a?y) <x2y3 cos(a?3y6)>}
9) ’

(22—y%)24+1 " 3+cos” (zty |zy3|+1

(3.18) f(x)=Asupopt
yeR

1— ) inf opt
+( );IEIROP{

forallz e R. Put X =Y =5S=D=R, A€ [0,1] and a =2/(2+1n2). Let
p,q,u,v:S x D — R and a,b: S x D — S be defined by

 21TySsin® (2%y7) Ve T
p(z,y) = T2 q(z,y) = m,
w(,y) = cos® (zy?) o(e.y) = sin(z2y)
’ 2+ In(a?y? +2)’ ’ 3+ cos”(z4y?)’
29y? sin(x5y! x2y3 cos(z3ys
a(x’ y) = —()’ b(x’ y) = —())

8y +1 lzy3| + 1
for all (z,y) € S x D. Tt is clear that the conditions of Theorem 3.5 hold. It
follows from Theorem 3.5 that the functional equation (3.18) possesses a unique
solution w € BB(S), and for each wy € BB(S), the Mann iterative sequence

{wn }nen, defined by

_ VAn A+ 243+ (-1)" wn () + vn?+1+2—(=1)"
V2 ¥ 14+VAn+2+5 V2 +1+Van+2+5
. (}\ wupopt {x17y64si;19($5y7) | cos5(g2c4g2/3) ) (w9y2gsi;1(m5y4)> }
yeD x4yb 4 2 2 4+ In(2?y? + 2) 8y? + 1
2% — Vr®2 11 sin(22y) (x2y3 cos(x3y6)) })

(22 —y3)2+1"3+ cos7(x4y9)wn lzy3| + 1

Wn+1 (33)

1— ) inf opt
+ ( )yuelDOp{
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for all (x,k,n) € B(0,k) x N x Ny and

VR +142—(-1)"
VP 1+VIn+ 245

, forall n € Ny

converges to w and has the error estimate:

_yin2 V24142 (—1)¢
2+n2 - - _ -
di(Wpt1,w) < e =0 ViR VIR ) (o, w),  for all (k,n) € N x Nj.

But Theorems 3.4, 3.5 in [5] are unapplicable for the functional equation (3.18).

THEOREM 3.8. Let A € [0,1] and B € (0,1] be constants and (¢,v)) € Pa.
Assume that p,q,u,v: S x D =R, a,b: 5 x D — S and ¢: S — S satisfy that:

@) s max{lp(zy)l oI} < (2], for all k€ N;
(z,y)€B(0,k)x D
(C10) sup max{|u(z,y)|, |lv(z,y)|} <1, for all k € N;
(z,y)€B(0,k)x D
(C11) maX{ sup [le(x)ll,  sup  max{[la(z, y)[l, [b(z, I} } < e(lz]),
z€B(0,k) (z,y)€B(0,k)xD
for all k € N.

Then the functional equation (1.5) possesses a solution w € BB(S) such that

(C12) for each wy € BB(S) with |wo(x)| < ¥(||z]]), for all (z,k) € B(0,k)xN,
the iterative sequence {wy fnen, defined by

(319) wn+1(a:) = (1 - 6)wn(c(x))

+5(A sup opt (1), ) (a.1))}

+(1=) jnf opt{a(e. ), o, (o) ).

for all (z,k,n) € B(0,k) x N x Ny, converges to w and

dinw) < S W@ R)), for all (k,n) € N x N

1

<

(C13) fw(z)| < iiﬁ(@"(llxll)), for all (v, k) € B(0,k) x N;

(C14) ILm w(z,) = 0, for all (xg,k) € B(0,k) x N, {yn}nen C D with z,, €
{C(:Enfl)a a(xnfla yn>7 b(xnfhyn)}; fO’f’ alln € N;
(C15) w is a unique solution of the functional equation (1.5) relative to (C14).

PrOOF. Now we show that

(3.20) o(t) <t, forallt>D0.
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Suppose that there exists some tg > 0 such that ¢(tg) > to > 0. Observe that
> (9™ (to)) < 400 and (p, 1) € Py. It follows that
n=0

0 < (to) < e(p(to)) < ... <P(" Hto)) < (" (to)), foralln €N,

which implies that nh_}n;o (™ (to)) = ¥(to) > 0, which yields that niol/)((p”(to))
= 400, which is absurd. Hence (3.20) holds.

Define a mapping H: BB(S) — BB(S) by
(3.21) Hh(z) = AMAh(x)+(1-\)Bh(z), for all (z,k, h) € B(0,k)xNxBB(S),
where, for all (x,k,h) € B(0,k) x N x BB(S),
Ah(z) = sup opt{p(z,y), u(z,y)h(a(z,y))},

(3.22) /
Bh(z) = ylg]g opt{q(z,y),v(x,y)h(b(x,y))}.

It follows from (p, 1) € ®5 and (3.20) that (C9) and (C11) imply (C5) and (C7),
respectively. Similar to the proof of Theorem 3.5, by (C10) we deduce that the
mapping H maps BB(S) into BB(S) and satisfies that

dr(Hh,Hg) < dg(h,g), for all (k, h,g) € Nx BB(S) x BB(S),

which means that, for all (h,g) € BB(S) x BB(S5),

oo

1 dy(Hh,Hy) — 1 di(hg)
.23) d(Hh,Hg) 7,—< A StV A—
(3:23) d(Hh, Hy) Z2k 1+ d(Hh, H) kz_:zk Trdithg) ~ “Un9)

=1 =

that is, the mapping H is nonexpansive in BB(S). Now we show that for each
n € Ny

(3.24) lwn ()] < Z¢ (Ilz]))), for all (z,k) € B(0,k) x N.

It is clear that (3.24) holds for n = 0. Assume that (3.24) holds for some n € Np.
In view of (C9), (C11), (C12), (3.19), (p,¢) € ®o and Lemma 2.1, we derive
that

a0 =1 = By etw)) + 5 (X sp opt{ptie ).t a1}
#1201 opt{a(o.), oo (o)} )
< (1= Ao + 5 (s lopt{p(e. ). o) (e )

#1105 Opt{q(x,y),v(%y)wn(b(%y))}I)
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~8) 2 U@ (@)

=0

n ﬂ(A sup e [p(z. ). (o) s . )

+ (1= A) sup max{[q(z, y)|, [v(z, y)|[wn (b(z, y))l})

yeD

fﬂ)ZdJ(sﬁjH(Hxll))

+ B(A sup max {w(nx), ¢(<Pj(||a(x7y)ll))}

i=0

(- ) sup max{wwn),
yeD =0

w0} )

n

= 8)Y_ (e (llz]) + B( A max {w(llx), Z?/J(W“(Ilwll))}
§=0 §=0

+ =Ny max {w(lal), 3 o+ el

Jj=0

= B) Y (" (Il=[1))
j=0
iJrl n+1 n+1

(Zw (2 +(1-2) 3 w(e ||w||) Zw (21,

j=0
for all (z,k,n) € B(0,k) x N x Ny, that is, (3.24) holds for n + 1. Consequently
(3.24) holds for each n € Ny.
Let € > 0, k,n,p € N and 29 € B(0,k). It follows from (3.22) that there
exist ¥, yo, 2, 20 € D with

Awyip—1(z0) — 27 e < opt{p(w0, ), u(z0, Y)Wnip-1(a(zo,y))},
(3.25) Awn_1(w0) — 272 < opt{p( ) w(zo, yo)wn—1(a(xo, yo))}s
(20, 90), u(0, Yo)wn-+p-1(alzo, y0))},
(

Zo, Yo
Awn-i—p—l(mO) > Opt{p Yo
Awy—1(z0) = opt{p(z0,y), u(z0, y)wn-1(a(zo,y))}

Zo,

and
Bwyp—1(x0) + 27 e > opt{q(z0, 2), v(20, 2)wnip—1(b(z0,2))},
Bw,,_1(x0) + 27 e > opt{q(xo, 20), v(20, 20)wn_1(b(0, 20))},
Buwnip—1(x0) < opt{q(zo, 20), v(20, 20) wn+p—1(b(0, 20))},
Buwy,—1(z0) < opt{q(zo, 2), v(zo, 2)wn-1(b(z0, 2))}.

(3.26)
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Combining (C10), (3.25) and (3.26) and using Lemma 2.2, we gain that

Awpyp_1(x0) — Awp—1(x0)
< opt{p(zo, y), w(z0, Y)Wn+p-1(a(zo,y))}
— opt{p(0, ), ulxo, y)wn—1(alzo, y))} +2 "¢
<lu(zo, y)|[wnip-1(a(zo,y)) — wn-1(a(zo,y))| + 27"
<fwnip-1(a(zo,y)) — wn—1(a(zo, y))| +27 "¢

Awnip_1(z0) — Awp_1(z0)
> opt{p(z0, Yo), w(To, Yo)Wn+p-1(a(zo,y0))}
— opt{p(wo,Yo), u(z0, yo)wn-1(a(ro,y0))} —
= [u(zo, yo)llwn+p—1(alzo, yo)) — wn-— 1(a($0,y0))\ —-27%
(

- \wn+p—1(a($07yo)) — wp—1(a(wo,y0))| —

vV

v

Bwyip—1(x0) — Bwy—1(w0)
> opt{q(zo, 2), v(0, 2)Wn p—1(b(20, 2))}
— opt{g(zo, 2),v(x0, 2)wn—1(b(x0,2))} =27 e
— |v(@o, 2)|[wntp—1(b(w0, 2)) = wp—1(b(wo, 2))] = 27"
— |wnip-1(b(w0, 2)) = wn_1(b(wo, 2))] =27

AV,

and

Bwyyp—1(xo) — Bwp—1(z0)
< opt{q(zo, 20), V(w0 20)Wn+p—1(b(20, 20)) }
— opt{q(z0, 20), v(20, 20)wn—1(b(w0, 20))} + 27
< [v(0, 20)|[wn+p—1(b(wo, 20)) — wn—1(b(x0, 20))| + 27 e

< fwnip-1(b(20, 20)) — wn—1(b(x0, 20))| + 27 e
which imply that
(3.27)  |Awnqp-1(z0) — Awn—1(z0)|

< max{|wn+p_1(a(xo,y)) - wn—l(a(Ian))|a

|wWn+p-1(a(z0,50)) — wa—1(a(zo, yo))[} +27 ¢

(3.28) | Bwnip—1(20) — Bwn_1(z0)]
< max{|wy, 1 p_1(b(w0, 2)) — wn_1(b(x0, 2))|,
|’wn+p,1(b(1’0, Zo)) - wnfl(b(x()v ZO))|} + 2_1
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In light of (3.19), (3.21), (3.22), (3.27) and (3.28), we infer that

(3:29)  |wn4p(wo) — wn(zo)| = |(1 = B)wnp-1(c(z0)) + B(AAWp4p—1(20)
+ (1 = A)Bwnyp-1(20)) — (1 = Blwn—1(c(z0))
— ﬁ()\Awn,1(x0) + (1 = A)Bwy—1(x0))|
<(1 = B)|wntp-1(c(x0)) — wn—1(c(x0))]
+ B(MAwn g p—1(20) — Awp 1 (z0)]
+ (1 = A)|[Bwnip-1(20) — Bwn—1(z0))
< (1 = B)|wntp-1(c(x0)) — wn-1(c(z0))]
+ B(Amax{|wy1p-1(a(zo,y)) — wn-1(a(zo,y))|,
|wn4p—1(alzo,y0)) — wn—1(alzo,y0))|} + 27 Xe
+ (1 = A) max{|wn4p—1(b(20, 2)) — wn—1(b(z0, 2))],
|wn4p—1(b(20, 20)) — wn—1(b(x0, 20))|} + 27 (1 = N)e)
< max{|wn4p-1(c(zo) (c(z0))l;
[Wn+p-1(al@o,y)) — wn-1(alzo,y))|,
[Wntp—1(a(zo,Y0)) — wn—1(a(zo,yo))l,
|wh4p—1(b(
(

|wn+p—1 (b

xo
) Wn—1\C(To

z)) Wn— (($07 ))'7
20)) — wp—1(b (130720))|}+2716

= [wpyp-1(21) — wn—1(21)| +27

o,
o,

for some Y1 € {y,y07Z,ZO} and x1 € {C(xo)va(x()vyl)ab(anyl)}' Slmllarlyv we
get that for each i € {1,... ,n} there exist y; € D and x; € {c(x;—1), a(zi—1,¥:),
b(x;—1,v;)} satisfying

[Witp—1(21) = Wn—1(21)] < [Wnip—2(w2) — wp—2(22)| + 272
(3.30) |t p2(2) = wn_a(x2)| < [Wnip—3(23) — wn_z(x3)| + 2%,

[wpt1(Tn—1) — w1 (Tn-1)] < [wp(Tn) — wo(2y)| +27 "¢

Next we show that {wy, }nen, is a Cauchy sequence in (BB(S), d). According
to (p, 1) € ®q, (C10), (3.24), (3.29) and (3.30), we gain that

P
|wntp(20) = wa(wo)| < [wp(xn) —wo(wa)| +e < Z () + ¢ (llznll) + €

p
<DV R) U R) Fe < Y bl

3=0 j=n—1
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which means that di(wpip,wn) < > (7 (k)) + €, taking ¢ — 0T in the
Jj=n—1
above inequality, we infer that

n+p

(3.31) (W pwn) < D P! (K)).

j=n—1

Observe that > (" (t)) < 400 for each ¢ > 0. Thus (3.31) guarantees that

n=0
{wn }nen, is a Cauchy sequence in (BB(S),d) and it converges to some w €

BB(S). Letting p — oo in (3.31), we know immediately that

& (W, w Z (! (k)), forall (k,n) € NxN.

jnl

In terms of (3.23), we see that
d(Hw,w) < d(Hw, Hw,)+d(wp+1, w) < d(w, wy)+d(wp41,w) — 0 as n — oo,

which yields that Hw = w, that is, the functional equation (1.5) possesses a so-
lution w € BB(S).

Next we show (C13). Let (z,k) € B(0,k) x N. Using (C10), (3.24) and
(p, 1) € @y, we conclude that

[w(@)] < w(@) —wn (2)[+]wn(2)] < di(w, wy +Z¢ (1)) —>Z¢ (l[1))
7=0

as n — 0o, that is, (C13) holds.

Next we show (C14). Given (zg,k) € B(0,k) x N and {y, }nen C D with
zn € {c(xn-1),a(Tn-1,Yn), b(zn_1,yn)} for each n € N. It follows from (C11),
(3.20) and (¢, ) € @5 that

[znll < max{l|a(@n—1, yn) [l [b(@n—1, yn)l, [le(zn 1)}
S @(lzn-all) < ... < @"(lzoll) < ™ (k) <k,

for all n € N, which together with (3.24) implies that

2n
< dp(wow) + 30 (l2a]) < du(wow) + 3 0 () - 0
j=0 Jj=n

as n — 0o, which yields that lim w(z,) = 0.
n— oo
Finally, we show (C15). Suppose that the functional equation (1.5) has
another solution h € BB(S) that satisfies (C14).
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Given (g, k) € B(0,k) x N and € > 0. It follows from (3.22) that there exist
Y, Yo, 2, 20 € D with

Aw(xg) — 27 "e < opt{p(z0,y), u(zo, y)w(a(zo,y))},
Ah(zo) — 27" < opt{p(x0, yo), u(wo, yo)h(a(zo, y0))},
Aw(zo) = opt{p(z0,yo), u(zo, yo)w(a(zo, yo))},
Ah(zo) = opt{p(z0,y), u(zo,y)h(a(zo,y))},
Bw(zg) + 27 e > opt{q(z0, 2), v(20, 2)Wntp—1(b(z0,2))},
Bh(zo) + 2~ "¢ > opt{g(zo, 20), v(x0, 20) h(b(x0, 20)) },
Bw(zg) < opt{q(xo, 20),v(T0, 20)Wn+p—1(b(z0, 20)) },
Bh(zo) < opt{q(zo, 2), v(z0, 2)h(b(z0, 2))},
which together with (C10), (3.21) and (3.22) yield that
|w(zg) — h(zo)| = |AAw(x0) + (1 — N\)Bw(zg) — AMAh(2z) — (1 — A)Bh(xo)|
< MAw(zo) — Ah(zo)| + (1 = A)|[Bw(zo) — Bh(zo)|
<Amax{lu(zo,y)|lw(a(zo,y)) — h(alzo, y))l,
u(zo, yo)[Jw(a(zo, yo)) — h(a(zo, yo))[} + 27 e
(12 max{ o, 2 b))~ ROz )>|,
[v(zo, 20)|[w(b(x0, 20)) — A(b(w0, 20))} +27 (1 = A)e
< max{|w(a(zo,y)) — h(a(zo,y))|, |w(a(zo, yo)) — h(a(xovyo)ﬂ
[w(b(x0, 2)) — h(b(x0, 2))|, [w(b(xo, 20)) — h(b(xo, 20))[} +27
=|w(zy) — h(z1)| +27 1
for some z1 € {a(zo,y1),b(x0,91)} and y1 € {y,v0, 2, 20}, that is,
(3.52) ) ~ hzo)] < o) — han)] +27"

Proceeding in this way, we get that for each n € N\ {1}, there exist z; €
{a(zi—1,9:),b(zi—1,9:)} and y; € D, i € {2,... ,n}, satisfying

(3.33)

lw(@n—1) = A(zn-1)| < [w(zn) = hlzn)| + 27"
Using (3.32) and (3.33), we infer that |w(zo)—h(xo)| < |w(zy)—h(z,)|+e — € as
n — 0o, letting e — 07 in the above inequality, we derive that w(zg) = h(xq).0

REMARK 3.9. Theorem 3.8 generalizes and unifies Theorems 3.4 and 3.5
in [4], Theorem 3.5 in [6], Corollaries 2.2 and 2.3 in [8], Theorem 3.5 in [9],
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Corollaries 3.1, 3.3 and 3.4 in [11], Theorems 2.3 and 2.4 in [12], Theorem 3.4
n [15]. The example below shows that Theorem 3.8 extends properly the corre-
sponding results in [4], [6], [8], [9], [11], [12] and [15].

ExAMPLE 3.10. Consider the functional equation

(3:34) f(x) = Asupopt {W sin(e = y%) () s (5““ Chker) )}

yeR x2y? 4+ 1 4 4 cos?(xPy7)
28 arctan” (259°) 29 sin?(z2y*)
1 —)) inf opt (2%t _—
+ ( );relRop { e e @y f 111 )

for all z € RT. Let A € [0,1], 8 € (0,1, X =Y =R, S =R"*, D =R. Let
p,q,u,v:SxD = R,a,b:SxD — S, c: S — Sand p,1 : Rt — RT be defined by

2992 sin (28 — y°)

28 arctan” (25y°)

p(zay): x2y2+1 , q(agy) — x+y2+1 ,
u(z,y) = sin®(Vry?), v(z,y) = cos’(z%y"),
a(z,y) = zln (14 1) b(z,y) = a0 sin’(2%y*)
T T cosY(@5yT) TS i1
.2
sin® \/z
= fi 11 S x D
C(x) 5+ 2COS(I9 — 87 + 306 — x — 1), or a (1’,y) c X ,
t
p(t) = 3 W(t) = 36t for all t € RT.

For any wy € BB(S) with |wo(z)| < 9 (||z]), for all (x,k) € B(0,k) x N, define
the iterative sequence {wy, }nen, by

sin? \/x )

n =(1- n
wn+1(r) = (1 = Bw <5+2cos(x9—8x7+3x6—x—1)
9,2 (8 _ o6 zln(1+ —L1
O S P G =2

yeD z2y2 +1 4 + cos?(x®y7)
8 (75,3 6 oin2(,2, 4
) 2% arctan” (x°y?) 5/ 9 4 2 sin®(x?y*)
1—X) inf opt -_—
* )ylgDOp { st +1l 0 @7y Jwn 2% +yS+1 ’

for all (z,k,n) € B(0,k)xNxNy. Obviously, the conditions of Theorem 3.4 hold.
It follows from Theorem 3.4 that the functional equation (3.34) has a unique
solution w € BB(S) satisfying (C12)—(C15). In particular, the iterative sequence
{wn }nen, converges to w. However, Theorems 3.4 and 3.5 in [4], Theorem 3.5
in [6], Corollaries 2.2 and 2.3 in [8], Theorem 3.5 in [9], Corollaries 3.1, 3.3 and 3.4
n [11], Theorems 2.3 and 2.4 in [12], Theorem 3.4 in [15] are not applicable for
the functional equation (3.34).
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