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ABSTRACT. In this work we use the theory of exterior spaces to construct
a C‘g—completion and a C'(l]—completion of a dynamical system. If X is a flow,
we construct canonical maps X — C%(X) and X — C}(X) and when
these maps are homeomorphisms we have the class of Og-complete and
C’(l)—complete flows, respectively. In this study we find out many relations
between the topological properties of the completions and the dynamical
properties of a given flow. In the case of a complete flow this gives inter-
esting relations between the topological properties (separability properties,
compactness, convergence of nets, etc.) and dynamical properties (periodic
points, omega limits, attractors, repulsors, etc.).

1. Introduction

Some origins of dynamical system and flow theory can be established with
the pioneering work of H. Poincaré [19], [20] in the late XIX century studied the
topological properties of solutions of autonomous ordinary differential equations.
We can also mention the work of A.M. Lyapunov [15] who developed his theory
of stability of a motion (solution) of a system of n first order ordinary differential
equations. While much of Poincaré’s work analyzed the global properties of the
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system, Lyapunov’s work looks at the local stability of a dynamical system.
The theory of dynamical systems reached a great development with the work
of G.D. Birkhoff [2], who may be considered as the founder of this theory. He
established two main lines: the topological theory and the ergodic theory.

This paper develops some new ideas in the topological theory of dynami-
cal systems based in the theory of exterior spaces. A new construction, “the
Co-completion of a flow”, will be introduced in this work. On the one hand,
using this construction we can clarify the relations between some topological
properties of the Cyp-completion of a flow (separation, local compactness, local
path-connectedness, etc.) and dynamical properties of the flow (relations be-
tween critical points, periodic points, omega limits, attractors, etc). On the
other hand, many known results of the class of T5 compact flows in which all
periodic points are critical can be applied to the completion of a flow X to obtain
nice dynamical properties of the original flow X.

Previously, the authors have developed some results on proper homotopy
theory and exterior homotopy theory to classify non compact spaces and to
study the shape of a compact metric space, see [5], [8], [9]. The objective here is
to apply some of the insights from that study to construct a completion of a flow
using exterior spaces.

Firstly, for an exterior space X we can construct the limit space L(X) and the
end space 7o(X). Next, the limit space and the end space are used to construct
the completion Cy(X). This construction can be considered as a generalization
of the Freudenthal compactification given in [7].

Secondly, we introduce a hybrid structure called exterior flow, that mixes the
notions of dynamical system and exterior space. In particular, we can consider
the limit space, the end space and the completion of an exterior flow. In the
approach given in this paper, the main key to establishing a connection between
dynamical systems and exterior flows is the notion of absorbing open region (or
r-exterior subset). Given a flow on space X, an open set F is said to be r-exterior
if for every x € X there is 79 € R such that r -« € E for r > ry9. The space X
together with the family of r-exterior open subsets is an exterior flow, which is
denoted by XT.

Finally, we can get the limit space, the end space and the completion of
a flow X by applying these constructions, already developed for exterior spaces,
to the exterior flow X*.

An exterior space X is said Cy-complete if the natural transformation X —
Co(X) is an isomorphism. For a Co-complete exterior space X the limit space
L(X) is isomorphic to the end space 7o(X) and there is a class of nets (mp-¢(X)-
nets) which have at least one limit point in L(X). Moreover, the limit space
L(X) can be considered as a global “weak attractor” of the exterior space X.
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In Section 3 we have constructed and studied the completion of an exterior
space. We have given some characterizations, see Theorems 3.24, 3.28, of Cy-
completeness for general exterior spaces and for locally path-connected exterior
spaces. We have also proved that if X is a locally path-connected exterior space
which is first countable at infinity, then Co(X) is Cp-complete.

An interesting class of Hausdorff compact Cy-complete spaces is given in
Theorem 3.29. We have proved that if X is a Hausdorff compact space and D
is a closed totally disconnected subspace (a Stone space), the externology e(X)
of open neighborhoods of D determines a Cy-complete exterior space.

In Theorem 3.30 we have given conditions to ensure that the limit space
L(Cy(X)) and the completion C(X) are Hausdorff spaces. Under the conditions
given in Theorem 3.34, one has that L(Cy(X)) and Cy(X) are compact exterior
spaces.

We have proved the following result, which is a generalization of the Freuden-
thal compactification (see Theorem 3.35): Suppose that X is a locally path-
connected, connected, Hausdorff exterior space such that the complement of an
exterior open subset is compact. If for every z € X \ L(X) there is a closed
neighborhood F such that X \ F is exterior, then Cy(X) is a Hausdorff compact
exterior space and L(X) is a closed subspace.

The completion construction developed for exterior spaces can be applied
to r-exterior flows. In Section 5 we will prove that the Cy-completion of an
r-exterior flow has a canonical induced structure of an r-exterior flow, more-
over, this Cp-completion has as limit flow its set of critical points which is also
a minimal weak attractor.

As a consequence of these facts, the class of Cy-complete r-exterior flows
has very interesting properties: The limit flow agrees with the end flow which
is the set of critical points and this limit is a global weak attractor. When, in
addition, the r-exterior flow is locally path-connected, this limit subflow has the
topology of a Hausdorff totally disconnected space. If a Cy-complete r-exterior
flow is also T3, we have that the limit space agrees with the omega limit of all
the flow which, under these conditions, is the unique minimal global attractor.
We remark that for the class of Hausdorff compact Cp-complete r-exterior flows
we have the additional property that the limit has the topology of a profinite
space.

In Section 6, we consider two full embeddings of the category of flows to the
category of r-exterior flows denoted by X — X* and X — X!. This permits
us to construct the Cgf-completion and the Ch-completion of a flow and the
corresponding classes of C’g—complete and C’(l)—complete flows. These classes of
flows have nice properties; for instance, the limit of a Hausdorff compact C'g—
complete (C}-complete) flow is the closed subset of critical points which agree
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with the set of periodic points and it is the minimal global attractor (repulsor).
Moreover, in this case, this limit is a Stone space. For example, for compact
metrizable flows, we have proved the following result (Theorem 6.15): Let X be
a locally path-connected, compact metric flow. Then, X is a C’g—complete flow
if and only if C(X) = Qr(X) and C(X) is a Stone space.

Here C'(X) is the set of critical points and Q" (X)) is the global w*-limit of X.
Notation and definitions can be seen in Section 2.2.

Note that for a flow X with non-empty w*-limits, Qf(X) is the minimal
closed global attractor. Therefore, in the context of Theorem 6.15, the set of
critical points of the flow is a minimal closed global attractor.

We point out that a slight modification of the externologies considered in
this paper taking as new exterior open subsets those open subsets F such that
for every x € X, there are r € R and U an open neighborhood at x with
(r,00) - U C E, will permit us to introduce new limit flows, end flows and
completions. The techniques developed in this paper together with the new
constructions will allow us to analyze stability properties of global attractors.

We remark that one of the tools used to study the topology of (stable) at-
tractors is the shape theory and their associated algebraic invariants, see for
instance [22], [17], [18], [23], [24]. We emphasize the fact that for flows on ANR
spaces, the externologies considered in this paper are resolutions of the limit in
the sense of shape theory. Therefore, many of the results obtained in all recent
developments on the study of the properties of (un)stable attractors by means of
shape theory can be related to other analogues given via the theory of exterior
spaces.

2. Preliminaries on exterior spaces and dynamical systems

2.1. The category of proper and exterior spaces. A continuous map
f: X — Y is said to be proper if for every closed compact subset K of Y, f~1(K)
is a compact subset of X. The category of topological spaces and the subcategory
of spaces and proper maps will be denoted by Top and P, respectively. This
last category and its corresponding proper homotopy category are very useful
for the study of non compact spaces. Nevertheless, one has the problem that
P does not have enough limits and colimits and then we can not develop the
usual homotopy constructions like loops, homotopy limits and colimits, et cetera.
An answer to this problem is given by the notion of exterior space. The new
category of exterior spaces and maps is complete and cocomplete and contains
as a full subcategory the category of spaces and proper maps, see [8], [9]. For
more properties and applications of exterior and proper homotopy categories we
refer the reader to [10], [5], [3], [12], [13] and for a survey of proper homotopy
to [21].
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DEFINITION 2.1. Let (X, t) be a topological space, where X is the subjacent
set and t its topology. An externology on (X, t) is a non empty collection & (also
denoted by £(X)) of open subsets which is closed under finite intersections and
such that if F € ¢, U € t and E C U then U € . The members of ¢ are called
exterior open subsets. A subfamily B C ¢ is said to be a base for ¢ if for every
E € ¢ there is B € B such that B C E.

An exterior space (X, ¢e,t) consists of a space (X, t) together with an exter-
nology e.

A map f: (X,e,t) = (X', &',t') is said to be an exterior map if it is conti-
nuous and f~1(E) € ¢, forall E € €.

The category of exterior spaces and exterior maps will be denoted by E. Given
a space (X, tx), we can always consider the trivial exterior space taking e = { X}
or the total exterior space if one takes ¢ = tx. In this paper, we shall use the
exterior space of real numbers (R, r), where r is the externology determined by
the externology base {(n,+00) | n € Z}. An important example of externology
on a given topological space X is the one constituted by the complements of
all closed-compact subsets of X, that will be called the cocompact externology
and usually written as e°(X). The category of spaces and proper maps can be
considered as a full subcategory of the category of exterior spaces via the full
embedding (-)¢: P — E. The functor ()€ carries a space X to the exterior
space X ¢ which is provided with the topology of X and the externology £°(X).
A map f: X — Y is carried to the exterior map f€: X¢ — Y given by f¢ = f.
It is easy to check that a continuous map f: X — Y is proper if and only if
f =7 X¢— Y€ is exterior.

An important role in this paper will be played by the following construction
(-)x(+): Let (X,e(X),tx) be an exterior space, (Y, ty) a topological space and
for y € Y we denote by (ty), the family of open neighbourhoods of Y at y. We
consider on X x Y the product topology txxy and the externology (X xY)
given by those E € txxy such that for each y € Y there exists U, € (ty), and
TY € ¢(X) such that TY x U, C E. This exterior space will be denoted by X xY
in order to avoid a possible confusion with the natural product externology. This
construction gives a functor

(-)X(:): Ex Top — E.

When Y is a compact space, we have that F is an exterior open subset of X XY if
and only if it is an open subset and there exists G € £(X) such that G xY C E.
Furthermore, if Y is a compact space and (X ) = £°(X), then ¢(X XY") coincides
with €¢(X x Y') the externology of the complements of closed-compact subsets
of X x Y. We also note that if Y is a discrete space, then F is an exterior open
subset of X XY if and only if it is open and for each y € Y there is TY € ¢(X)
such that 7Y x {y} C E.
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This bar construction provides a natural way to define exterior homotopy
in E. Indeed, if I = [0,1] denotes the closed unit interval, given exterior maps
f,9: X — Y, it is said that f is exterior homotopic to g if there exists an
exterior map H: X xI — Y (called exterior homotopy) such that H(z,0) = f(x)
and H(z,1) = g(z), for all x € X. The corresponding homotopy category of
exterior spaces will be denoted by wE. Similarly, the usual homotopy category
of topological spaces will be denoted by n#Top.

2.2. Dynamical systems and (2-limits. Next we recall some elementary
concepts about dynamical systems; for more complete descriptions and proper-
ties we refer the reader to [1].

DEFINITION 2.2. A dynamical system (or a flow) on a topological space X
is a continuous map ¢: RxX — X, ¢(t,p) =t - p, such that

(a) ©(0,p) =p, for all p € X;

(b) p(t, o(s,p)) = @(t+s,p), for all pe X, for all ¢,s € R.

A flow on X will be denoted by (X, ) and when no confusion is possible, we
use X for short.

For a subset A C X, we denote inv(A) ={pe A|R-pC A}
DEFINITION 2.3. A subset S of a flow X is said to be invariant if inv(S) = S.

Given a flow ¢: RxX — X one has a subgroup {¢;: X — X | t € R} of
homeomorphisms, ¢:(p) = ¢(t,p), and a family of motions {p?: R — X | p €
X}, P (t) = ¢(t,p).

DEFINITION 2.4. Given two flows ¢: RxX — X, ¢: RxY — Y, a flow
morphism f: (X, ) — (Y,) is a continuous map f: X — Y such that f(r-p) =
r - f(p) for every r € R and for every p € X.

We note that if S C X is invariant, S has a flow structure and the inclusion
is a flow morphism.

We denote by F the category of flows and flows morphisms.

We recall some basic fundamental examples:

(1) X = R with the action ¢: R x X — X, o(r,s) =r+s.

(2) X=8'={2€C||z|] =1} with p: Rx X — X, ¢(r, ) = > 2.

(3) X = {0} with the trivial action ¢: R x X — X given by ¢(r,0) = 0.

In all these cases, the flows have only one trajectory.

DEFINITION 2.5. For a flow X, the w”-limit set (or right-limit set, or positive
limit set) of a point p € X is given as follows:

w'(p) = {q € X | 3 a net ts — +o0 such that t5-p — ¢}.
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If A denotes the closure of a subset A of a topological space, we note that
the subset w”(p) admits the alternative definition:
W (p) = ([t +o0) - p
>0

which has the advantage of showing that w*(p) is closed.

DEFINITION 2.6. The QF-limit set of a flow X is the following invariant subset

r(X) = {J v ()
peX
Now we introduce the basic notions of critical, periodic and r-Poisson stable
points.

DEFINITION 2.7. Let X be a flow. A point x € X is said to be a critical
point (or a rest point, or an equilibrium point) if for every r € R, r -z = z. We
denote by C'(X) the invariant subset of critical points of X.

DEFINITION 2.8. Let X be a flow. A point z € X is said to be periodic if
there is r € R, r # 0 such that - 2 = 2. We denote by P(X) the invariant
subset of periodic points of X.

It is clear that a critical point is a periodic point. Then C(X) C P(X).

If z € X is a periodic point but not critical, then there exists a real number
r # 0 such that r - x = x and r is called a period of x. The smallest positive
period rq of x is called the fundamental period of x. Further if r € R is such that
r-x = x, then there is z € Z such that r = zrg.

DEFINITION 2.9. Let (X, ¢) be a flow. A point z € X is said to be r-Poisson
stable if there is a net t5 — +oo such that ¢t5 -2 — z; that is, z € w"(z). We will
denote by P*(X) the invariant subset of r-Poisson stable points of X.

The reader can easily check that P(X) C P*(X) C Q" (X).

DEFINITION 2.10. Let (X, ¢) be a flow and M C X be an invariant subspace.
The subset A,x(M) = {z € X | w"(z) N M # 0} is called the region of weak
attraction of M. If A,-(M) is a neighbourhood of M, M is said to be a weak
attractor, and if we also have that A,-(M) = X, M is said to be a global weak
attractor. The subset A,(M) = {z € X | w"(z) # 0, w"(z) C M} is called
the region of attraction of M. If A.(M) is a neighbourhood of M, M is said to
be an attractor, and if we also have that A.(M) = X, M is said to be a global
attractor.

The notions above can be dualized to obtain the notion of the w!-limit (1 for
‘left’) set of a point p, the Q- limit of X, 1-Poisson stable points, repulsors et
cetera.
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3. The completion of an exterior space

3.1. End space and limit space of an exterior space. In this section
we will deal with special limits for a given exterior space. We assume that the
reader is familiarized with this particular categorical construction. However, for
a definition and main properties of limits (of inverse systems of spaces) we refer
the reader to [4]. A more detailed and complete study of some notions given in
this subsection can be seen in [11].

Given an exterior space X = (X, e(X)), its externology (X) can be seen as
an inverse system of spaces, then we define the limit space of (X,e(X)) as the
topological space L(X) = lime(X).

Note that for each E’ € e(X) the canonical map lime(X) — E’ is continuous
and factorizes as lime(X) — (| E — E’. Therefore the canonical map

lime(X)— () Eis continuciless.()(())n the other side, by the universal property
of the inversieggfgem, the family of maps (| E — E’, E' € ¢(X) induces
a continuous map () FE — lime(X). TEhEi;()i(rilplies that the canonical map
lime(X)—» N lg’eies(};) homeomorphism.

Eee(X)

We recall that for a topological space Y, mo(Y) denotes the set of path-
components of Y and we have a canonical map go: Y — mo(Y) which induces
a quotient topology on m(Y). We remark that if Y is locally path-connected
then 7 (Y) is a discrete space.

DEFINITION 3.1. Given an exterior space X = (X, (X)) the limit space of X
is the topological subspace

L(X)=lime(X)= () E.
Eece(X)

The end space of X is the inverse limit

7o(X) = limmee(X) = EéIEI(IIX)W()(E)

provided with the inverse limit topology of the spaces mo(E).

Note that an end point a € 7o(X) can be represented by a = (Cg)pec(x),
where Cg is a path-component of E and if E C E', Cg C Cg. In this paper
the canonical maps associated to the limit inverse construction will be denoted
by 10: 7o(X) — mo(E) (if necessary by no,z) given by no((Cr/)pree(x)) = CE-
If E C E’, we denote by nE,: mo(E) — m(E’) the natural induced map.

We note that our notion of end point for exterior spaces described by using
path-components generalizes the notion of ideal point introduced by Kerékjar-
t6 [14] for surfaces and by Freudenthal [7] for more general spaces.
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DEFINITION 3.2. Given an exterior space X = (X, e(X)), the bar-limit space

of X is the topological subspace
L(X) = Eg?x) E = EEQX) E.

REMARK 3.3. We note that if an externology ¢(X) satisfies the additional
condition @) € (X)), then e(X) is a filter of open subsets. The usual notion of the
set of cluster points of a filter can also be considered for externologies. In this
way, we can say that L(X) is the set of cluster points of the externolgy e(X).

We note that L(X), L(X) also have natural structures of exterior space with
the relative externologies. The relative externology on L(X) is trivial, but this
fact is not necessarily true on L(X).

It is interesting to observe that if X is an exterior space and X is locally path-
connected, 7o(X) is a prodiscrete space. On the other hand, given any exterior
space (X,e(X)), we have a canonical continuous map eg: L(X) — 7o(X) and
a canonical inclusion L(X) — L(X).

DEFINITION 3.4. Given an exterior space X = (X,e(X)), an end point a €
7o(X) is said to be eg-representable if there is p € L(X) such that eg(p) = a.
Notice that the map eq: L(X) — 7o(X) induce an eq-decomposition

Lx)= || Lyx)
a€wo(X)
where L(X) = ey *(a). This subset will be called the eg-component of the end
a € Ty (X)

If we denote by egL(X) the subset of representable end points, it is clear

that
LX) = || LX)
a€eoL(X)

ExXAMPLE 3.5. Let M: R — (0,1) be an increasing continuous map such
that t_l}r_nooM(t) = 0 and 75_li_sn_ﬂooM(t) = 1 and take A = {?™ |t € R}, B =
{M(t)e** | t € R}. Consider X = AU B C C provided with the relative
topology (observe that X is not locally connected). On the topological space X
the flow p: R x X — X is given by @(r, e>™t) = 2™ 0 - o(r, M(t)e?™t) =
M(r + )™+ Tt is clear that this flow has two trajectories A, B. If for
each natural number n we denote B, = {M(t)e* " | t > n}, we can take
the externology (X) = {E € tx | 3n such that AU B,, C E}. Since A, B,
are path-connected, it follows that mo(A U B,) = {A, B,,}. Therefore, one can
check that 7o(X) = {*4,*p}. For this example we have L(X) = A, the eg-
decomposition LSA = A, LSB = (). This means that *p is not ep-representable.
Note that B,, = E,, is connected. This implies that if we take the set of connected
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components of an exterior open subset instead of the set of path-components,
the corresponding inverse limit will have only one point.

REMARK 3.6. From the definition of eg-representable end it follows that
eo: L(X) — 7(X) is surjective if and only if all end points are ep-representable.

PROPOSITION 3.7. Let X be an exterior space and consider the natural trans-
formation eg: L(X) — 7o(X). Then, the following conditions are equivalent:
(a) eg: L(X) — 7o(X) is injective.
(b) For every xz,x’ € L(X),x # 2/, there is E € ¢(X) and C, C' path-
components of E such that x € C, 2’ € C' and CNC' = 0.
(c) For every x € L(X), (| Cg(z) = {z}, where Cg(z) denotes the
Ece(X
path-component of x in 5.( :
Given an exterior space X = (X,e(X)) and E € ¢(X), a subset W C E
is said to be go-saturated if g;'(qo(W)) = W; that is, W is a union of path-
components of E.

PROPOSITION 3.8. Let X be an exterior space and suppose that the natural
transformation eq: L(X) — 7o(X) is a bijection. If for every x € L(X), x € U,
U open in X, there is E € (X)) and W qo-saturated open subset in E such that
x €W CU, then eg: L(X) — 7o(X) is an open map. Therefore, under these
conditions, eg: L(X) — o(X) is a homeomorphism.

PROOF. Suppose that z € L(X) and x € U, where U is open in X. By
hypothesis, there is F € ¢(X) and W gp-saturated open subset in E such that
x € W C U. Then eg(x) € eo(W N L(X)) C eo(U N L(X)). Since W is go-
saturated, eq(W N L(X)) = 1y (go(W)) is an open subset of 7g(X). O

An interesting property of 7o(X) is given in the next result, whose proof
is contained in Theorem 3.17 of [11]. By a locally locally compact at infinity
exterior space we mean an exterior space such that for every E € ¢(X), there is
E' € e(X) with E C E and E’ compact.

PROPOSITION 3.9. Let X = (X,e(X)) be an exterior space and suppose
that X is locally path-connected and locally compact at infinity. Then, 7o(X) is
a profinite compact space.

On the other hand, if X, Y are exterior spaces, and f: X — Y is an exterior
map, then f induces continuous maps L(f): L(X) — L(Y), #o(f): %o(X) —
7o(Y). It is not difficult to check that L preserves exterior homotopies and 7
is invariant by exterior homotopy:

LEMMA 3.10. Suppose that X and Y are exterior spaces and f,g: X — Y
exterior maps.
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(a) If H: XXI — Y is an exterior homotopy from f to g, then L(H) =
Hlpxyxr: L(XXI) = L(X) x I — L(Y) is a homotopy from L(f)
to L(g).

(b) If f is exterior homotopic to g, then To(f) = 7o(g).

As a consequence of this lemma one has:
ProprosITION 3.11. The functors L,7y: E — Top induce functors
L: 7E — 7n'Top, 7o: TE — Top.

3.2. The functor Cy: E — E. In this section, we develop the main con-
struction of this paper: the completion of an exterior space. Later, we will apply
this technique to construct some completions of flows.

Given an exterior space X = (X,2(X)), we can take the following push-out
square

€o

LX) — 7(X)

— X U ®o(X)
Po L(X)
where L(X) — X is the canonical inclusion and pg: X — X |J 7o(X) and
L(X)
ing: o(X) = X |J #(X) are the canonical continuous maps of the push-out.
L(X)

We can consider the push-out topology: V C X |J 7o(X) is open if pal(V)
L(X)

is open in X and iny* (V) is open in 7o(X).
EXAMPLE 3.12. For (R, r) we have: L(X) = 0, the topology of X |J 7o(X)

L(X)
is the disjoint sum of R and {co}.

In order to have a good relation between the neighbourhoods of an end
point and its corresponding family of path-components, we reduce the family of
open subsets of the push-out topology to a new family Gy. Recall that for each

E
l%

70(X) —= mo(E)

E € ¢(X) we have the canonical maps:

Then, given W C X |J 7o(X), W € Gy if and only if it satisfies:
L(X)

(a) pg (W) is open in X, ing ' (W) is open in 7o(X), and
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(b) for each a € iny ' (W) there is E € £(X) and there is G an open in m(E)
such that a € 7,1 (G) C ing '(W), ¢ (G) C py *(W).

PROPOSITION 3.13. Given an exterior space (X,e(X)), then the family Go
of subsets of X Ur(xy To(X) is a topology. Moreover, ing: 7o(X) — ing(7o(X))
is a homeomorphism.

PrOOF. Consider a family of subsets W; € Gj. Since
P’ (UWz) =UJro '),
i i

one has that pgl ( U Wi) is open in X and in a similar way ina1 ( U Wl) is open
in ﬁ'o(X)

Suppose that a € iny ' (Wj,), then there is £ € (X) and G open in mo(E)
such that a € 7y '(G) C ing'(W;,) C ingl(UWi), 4% (G) € pyt (W) C

g ( U Wl) Therefore [JW; is in Go.

Now suppose that W, Wy are Go. Since py ' (WiNWa) = py t(W1)Npy * (W7),
one has that py ' (W) N Wy) is open in X and similarly ing ' (W; N W) is open
in 7p(X). Suppose that a € ingl(Wl N W3). Then there are Ey, Fy € (X)
and G open in my(F;), G2 open in my(Es) such that a € n5 ' (G1) C ing ' (W1),
4y (G1) C pgt(Wh), a € 15 (Ga) C ing (Wa), g5 (Ga) C py ' (Wa). If E =
E1 N E; € £(X), we can consider the continuous maps ng : mo(E) — mo(E1),
ng,: mo(E) = mo(Es) and G = (ng,)"'(G1) N (ng,) ' (G2). This G satisfies
a€ny(G) Cing ' (Wi N W), ¢o 1 (G) C py (W1 N Wa). Therefore Wy N W is
in Gg.

We also note that if G'is open in mo(E), then ing(n; *(G)) = (po(gg *(G)) U
ing(ny *(G))) N ing(#o(X)). This implies that ing: 7o(X) — ing(#o(X)) is
a homeomorphism. O

We note that the topology Gy is coarser than the push-out topology. For

instance, one has:

EXAMPLE 3.14. For X = (R,r), X |J #o(X) with the topology Gy is home-
L(X)
omorphic to (0, 1] with the usual topology.

Compare this example with the Example 3.12. With the new coarser topology
Go, a neighbourhood at 1, which corresponds to oo, always contains a represen-
tative path-component of the end point.

If V is a go-saturated open subset in F | E € ¢(X), denote

Wo(V) = po(V) Uing(ng ' (go(V)))-
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It is easy to check that py ' (Wo(V)) =V and ing ' (Wo(V)) = 15 *(q0(V)), then
by construction Wy (V') € Co(X). As a consequence of this fact, one has:

LEMMA 3.15. If V is a qo-saturated open subset in E, E € £(X), then Wy(V)
is in Go. In particular, for V.= E one has that Wo(E) = po(E) Uing(7o(X)) is
in Go and py ' (Wo(E)) = E, ing ' (Wo(E)) = #o(X).

We consider the family {Wy(E) | E € e(X)}. Then if E4, By € ¢(X), one can
check that Wo(E1) NWo(Es) = Wo(E1NEs). Now if U is in Gy and U D Wy(E),
then py *(U) D py ' (Wo(E)) = E. This implies that py ' (U) € £(X) and we have
that Wo(py ' (U)) = U. As a consequence:

LEMMA 3.16. The family {Wyo(E) | E € &(X)} is an externology in the
topological space (X U 7o(X), QO).
L(X)
DEFINITION 3.17. The push-out X |J 7o(X) with the topology Gy and the
L(X)
externology {Wy(E) | E € ¢(X)} has the structure of an exterior space that will
be called the Cy-completion of X and it will be denoted by Cp(X).

In the following examples, we analyze the completion functor for trivial and
total externologies.

EXAMPLE 3.18. Suppose that (X,{X}) is a trivial exterior space. Then
L(X) = X, 7o(X) = mo(X). Therefore, Co(X) = mo(X) (notice that we have
the quotient topology and the trivial externology).

EXAMPLE 3.19. Suppose that X is a total exterior space £(X) = tx. Then
L(X) = ®7 ﬁ—O(X) = (Z) Therefore, Co(X) =X.

From the properties of the push-out construction one can easily check:
LEMMA 3.20. If X is an exterior space, then L(Co(X)) 2 ing(7o(X)).

PROPOSITION 3.21. The construction Co: E — E is a functor and there is
a canonical transformation po: idg — Cp.

PROOF. Given an exterior map f: X — Y, we have to prove that C’o(f):
Co(X) = Cy(Y) is exterior. Suppose that W is open in Co(Y"). Then, pgl(W) is
open in Y, ing * (W) is open in 7o (Y") and for each b € iny* (W) there is E € £(Y)
and G open in mo(E) such that b € 75 (G) C ing (W), ¢ (G) C py * (W).

To see that (Co(f)) =1 (W) is open in Co(X), we note that py ' ((Co(f)) (W
— £ py (W) i open in X and ing '((Co(£)) ™ (W) = (Ro(f))~"(ing" (W
is open in 7y (X); moreover, for each a € ing ' ((Co(f)) ™" (W)) there is E € £(Y)
and G open in mo(E) such that 7o(f)(a) € 75 (G) C ing (W) and ¢;*(G)
Py (W).



510 J.M. GARciA CALCINES — L.J. HERNANDEZ PARICIO — M.T. RivAS RODRIGUEZ

If we take fH(E) € e(X) and (mo(f|s-1(s))) " H(G) open in mo(f~(E)),
then one has that a € nal(wo(ﬂf_l(E))’l(G)) C ing ' ((Co(f))"H(W)) and
5 ((70(Jy-209)) G € (ol 1) OV)). v

This implies that (Co(f))~1(W) is open in Cy(X). Therefore Co(f) is a con-
tinuous map.

To see that Cy(f) is exterior it suffices to check that (Co(f))~ (Wo(E)) D
Wo(f~Y(E)) for each E € e(X).

To see that py is a natural transformation, we note that py ' (Wo(E)) = E.O

DEFINITION 3.22. An exterior space X is said to be Cy-complete if the cano-
nical map pg: X — C'O(X ) is an isomorphism in E. An exterior space is said to
be CZ-complete if Cy(X) is Co-complete.

THEOREM 3.23. The functor Cy: E|ég
to the inclusion functor In: Bl _complete — Elez.

-complete - E‘C’g—complctc (& leﬂ ad]omt

complete*

PROOF. Firstly, we observe that if X € E is C3-complete, one has that Cp(X)
is Cy-complete. Now take X C3-complete and Y Co-complete. If f: Co(X) — Y
is a map in E, then we have an induced map fpg: X — Y. Andif g: X - Y
is a map in E, then (pJ ) *Co(g): Co(X) — Co(Y) = Y is a map such that
(p¥)~'Co(g)p¥ = g. The adjuntion above is a consequence of this bijective
correspondence. O

THEOREM 3.24. An exterior space X is Cy-complete if and only if the ca-
nonical map L(X) — 7o(X) is bijective and satisfies the following condition: If
x € LX),z e U, U open in X, then there are E € e(X) and W a qo-saturated
open subset in E such that x € W C U.

PROOF. We are going to prove that X is Cy-complete by using Proposi-
tion 3.8. Firstly, it is easy to check that pg: X — Co(X) is bijective and exterior.
Now, if U is open in X and UNL(X) = ( it is clear that po(U) is open in Cp(X).
If UNL(X) # 0, then if a € ing ' (po(U)), there is a unique = € L(X) such that
x € U and po(x) = a. By hypothesis conditions, there are F € ¢(X) and W
go-saturated open subset in E such that € W C U. This implies that go(WW)
verifies that 1, ' (go(W)) C ing 'po(U) and g5 qo(W) = W C U = py 'po(U).
Therefore po(U) is open in Cy(X) and py is an exterior homeomorphism. We
also remark that if £ € ¢(X), then po(E) = Wy(E) is also exterior. This implies
that pg: X — C‘O(X ) is an isomorphism in E. Thus we have obtained that X is
Cy-complete. The converse is plain to check. O

DEFINITION 3.25. An exterior space X = (X, (X)) is said to be first count-
able at infinity if £(X) has a countable base Ey D E; D Es...

Note that if an exterior space X is first countable at infinity, then Co(X) is
first countable at infinity.



A COMPLETION CONSTRUCTION FOR CONTINUOUS DYNAMICAL SYSTEMS 511

THEOREM 3.26. Let X be a locally path-connected exterior space and suppose
that X is first countable at infinity. Then, Co(X) is Co-complete.
PROOF. Recall that L(Co(X)) = (| Wy(E) = ing(#o(X)). Notice that

Eee(X)
if C' is a path-component of E, C is open in X. We consider Wy(C) = po(C) U

ing(ny ' (¢0(C))). Let Ey D E; D Es... be a countable base of the externology
£(X). To prove that there is a path from x € po(C) to b € ny*(qo(C)), we can
take points z,, € E,, C E and paths «,, from z,, to x,,4+1 to construct an exterior
map a: [0,00) = X ([0, 00) with the cocompact externolgy) and an induced map
(poar)’: [0,1] 22 [0, 00) U {oo} — Co(X) which is a path from x to b in Wy (C).
This implies that Wy(C) is path-connected. Then mo(E) — mo(Wo(E)) verifies
that the path-component of Wy(E) that contains C' also contains Wy (C') and it
is surjective. Since X is locally path-connected we have that ing (1, ' (qo(C)))
is open and closed in ing(7o(X)). This implies that the path-components of
ing(7o(X)) are singletons. Thus we obtain that mo(E) — mo(Wp(E)) is injective.
Since for every E, mo(E) — mo(Wo(E)) is a bijection, we have that 7o(X) —
#0(Co(X)) is bijective. We also have the commutative diagram

Since 7o(X) — L(Co(X)), and 7to(X) — 7o(Co(X)) are bijective, it follows that
L(Co(X)) — 70(Co(X)) is a continuous bijection. By the definition of topology
and externology in Cy(X) it is easy to check that Cy(X) satisfies the condition
given in Theorem 3.24. Then, it follows that C(X) is Co-complete. O

DEFINITION 3.27. A net z5 in an exterior space (X,e(X)) is said to be
an €(X)-net if for every E € (X)) there is §y such that for every § > 4y, x5 € E.
A net x5 is said to be a mp-e(X)-net if for every E € (X) there is a path-
component C of F and there is §y such that for every § > g, x5 € C.

THEOREM 3.28. Let X be a locally path-connected exterior space and for
x € L(X) and E € e(X) denote Cg(x) the path-component of x in E. Then, X
is Co-complete if and only if X satisfies the following conditions:
(a) foreveryxe L(X) and U € (tx),, there is E€e(X) such that Cg(z)CU,
(b) for every x,y € L(X), = # y, there is E € &(X) such that Cg(z) N
Cely) =0,
(¢c) if x5 is a mp-e(X)-net, then there is x € L(X) such that xs — x.

PrROOF. If X is a Cp-complete exterior space, it is easy to check (a)-(c).
Conversely, if X verifies (a)—(c), to prove that X is Cy-complete, we have that



512 J.M. GARciA CALCINES — L.J. HERNANDEZ PARICIO — M.T. RivAS RODRIGUEZ

condition (a) and the fact that X is locally path-connected imply the correspond-
ing condition given in Theorem 3.24. Then, it suffices to check that the canonical
continuous map eg: L(X) — 7(X) is a bijection. Suppose that a € 7o(X) and
a={g'n¥(a) | E € e(X)}. Take x5 € q; *(nf(a)), then 2 is a mo-e(X)-net.
By (c), there is © € L(X) such that g — z. It is easy to check that ep(x) = a.
This implies that eg: L(X) — 7o(X) is surjective. We can also see that (b)
implies that eg is injective. O

An interesting class of Hausdorff compact Co-complete spaces are given in
the following result:

THEOREM 3.29. Suppose that X is a locally path-connected compact Haus-
dorff space and D C X s a closed totally disconnected subspace. Taking e(X) =
{U|DcCU, UEctx}, then one has X is Co-complete.

PRrROOF. In order to apply Theorem 3.28, we are going to check that condi-
tions (a)—(c) are satisfied:

(a) fx € D C U = E, it is obvious that Cy(z) C U.

(b) Under these topological conditions, given an open U such that D C U,
there is an open V such that D C V C Cl(V) C U, where CI(V) = V. Now if

x € L(X) = D one has that ()| Cy(x)= () Cl(Cy(z)) C D. Since the
Uce(X) Uee(X)
inverse limit of continua is a continuum, we have that (| Cy(z) is a connected
Uee(X)
subset of D. Taking into account that D is totally disconnected, one has that

N C¥(x) = {z}. This implies condition (b).
Uee(X)
(c) Suppose that x5 is a mp-(X)-net. From the definition of mg-£(X)-net,

for each U € ¢(X) there is a path-component Cy and §y such that x5 € Cy for

§ > 0y. This implies that the family {Cl(Cy)} satisfies the finite intersection

property. Since X is compact, we have that (| Cl(Cy) = () Cy is non empty. It
U U

is easy to check that if z € (Cy C D, we have that x5 — x. O
U

THEOREM 3.30. Let X be a locally path-connected exterior space.

(a) If z,2' € L(Co(X)), © # ', then there are open subsets W, W' in
Co(X) such that x € W, o' € W' and W NW' = 0. In particular, we
have that 7o(X) =2 L(Co(X)) is a Hausdorff space.

(b) If X is a Hausdorff space and for every x € X \ L(X) there is a closed
neighborhood F at x such that X \ F is exterior, then Co(X) is a Haus-
dorff space. In this case L(X) is a closed subset of X.

PRrROOF. (a) If z # 2/, x = ing(a), 2’ = ing(a’), then there is F € £(X)
such that ng(a) # no(a’). If C = g (no(a)), C" = g5 * (no(a)), since X is locally
path-connected we have that C, C’ are open and C N C’ = (). This implies that
x € Wo(C), 2’ € Wp(C") and Wy (C) N Wy(C') = 0.
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(b) We can complete the cases analyzed in (a) as follows: If  # 2’ and
{z,2'} N L(Cy(X)) = 0, then = = po(F),2’ = po(z’). Now by the hypothesis
of (b) we can construct open subsets U, U’ of X such that z € U, &' € U/,
UnNnU =0, (UUU')NL(X) = 0. This implies that the open subsets po(U),
po(U’) separate x, x’.

In the case & L(Co(X)) and 2’ € L(Co(X)), then x = po(Z) and T ¢ L(X).
By hypothesis, there is a closed neighbourhood F at Z such that X \ F' is exterior.
Then, po(int F) and Wy(X \ F) separate z, z’. O

ProproOSITION 3.31. Let X be an exterior space.

(a) Ifzs is a mo-e(X)-net, then there is x € L(Co(X)) such that po(z;s) — .

(b) Suppose that X is locally path-connected. If xs is a mo-e(X)-net, then
there is a unique x € L(Co(X)) such that po(xs) — .

PROOF. (a) Suppose that x; is a mg-£(X)-net, then for each E € ¢(X), there
is a path-component Cg of E and dg such that for every § > dg, x5 € Cg.
If is easy to check that if B/ C E, then Cg C Cg. This implies that a =
(CE)pee(x) € To(X). ]

Take x = ing(a) € ing(7p(X)) = L(Co(X)) and suppose that W is an open
neighbourhood at x in Cy(X). Then there is E € £(X) and an open G of
mo(E) such that ¢y ' (G) C pg (W) and a € 1y '(G) C ing ' (W). This implies
that Cg C qal(G) C pgl(W), therefore po(xs5) € W for every § > . Then
po(zs) — .

(b) Now we suppose that that X is locally path-connected and po(z5) — =,
po(ws) — o, 2,2’ € L(Co(X)). If x # 2', by (a) of Theorem 3.30, z, ' can be
separated by disjoint open subsets W, W’. This fact contradicts that po(xs) — =,
po(zs) — 2'. O

REMARK 3.32. There are Cy-complete locally path-connected exterior spa-
ces X having a mg-£(X )-net x5 such that there is y € X\ L(X) such that x5 — y.
Nevertheless, there is a unique z € L(X) with x5 — .

REMARK 3.33. It is remarkable that if X is a Cp-complete exterior space,
one has that L(X) is a “weak attractor” of X in the sense that every m-¢(X)-
net x5 has a limit point in L(X). If X is also locally path-connected, then
x5 may have different limit points, but there is a unique limit point in L(X).
If, in addition, X is Hausdorff, then L(X) is closed and every mp-¢(X)-net has
a unique limit point in X. Then L(X) is an “attractor” in the sense that every
mo-(X)-net s has a unique limit point and this limit point is in L(X). In this
case, since L(X) = L(Co(X)) = #o(X), one has that L(X) is a Hausdorff, totally
disconnected space (a prodiscrete space).

Next we analyze the compactness properties of completions:
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THEOREM 3.34. Let X be an exterior space. Suppose that for every E €
e(X), there is E' € e(X) such that E' C E and the image of mo(E’) — mo(E) is
finite. Then,

(a) L(Co(X)) is compact.

(b) Denote no, g(7o(X)) the image of nog: 7o(X) — mo(E). If for every

Eece(X), X\ U C’) is compact, then Co(X) is compact.
Ceno,e(7o(X))

PROOF. (a) The hypothesis condition implies that 7o(X) is a profinite space
(i.e. an inverse limit of finite discrete spaces). Since a profinite space is compact
and L(Cy(X)) = ing(7o(X)), we have that L(Cy(X)) is compact.

(b) Take an open covering {W; | i € I} of Cy(X). For each = € L(Co(X)),
there is W, such that x € W, . By the definition of the topology Gy, there is
E, € &(X) and G, open in mo(E,) such that x € Wy(qy ' (Gx)) € W;,. Since
L(Cy(X)) is compact, there is a finite set {x1,..., 2} such that L(Cy(X)) C
Wo(gg (Gay)) U+~ UWo(gy (Gay)). Take E = E,, N...NE,, €e(X) and G,
the inverse image of G, via the map mo(E) — mo(Ey,). Then, one has

L(Co(X)) € Wolgy () U UWolgy (Gl)) C Wiy U U,

Since by hypothesis X \ (qo_l(G’l.l) U...U qo_l(G;.k)) is a closed compact subset
of X we have that po(X \ (¢ ' (G%,)U...U qo_l(G;k))) is compact. Taking into
account that

Co(X)=(Wo(gy ' (G, ))U. . .UWo(gg ' (G7,)))Upo(X \ (g (G5, )U- . Ugg ' (GF,))

the finite family {W;, ..., W;, } together with a finite family covering of po(X'\
(g9 (G U...Uqy ' (GL,))) give a finite subcovering of the space Co(X). O

THEOREM 3.35. Suppose that X is a locally path-connected, connected, Haus-
dorff exterior space and e(X) C €°(X). If for every x € X\L(X) there is a closed
neighbourhood F such that X \ F is exterior, then Co(X) is a Hausdorff compact
space and L(X) is a closed subspace.

PROOF. Firstly we see that, under these conditions, we also have that if K
is a closed compact subset of X contained in X \ L(X), then X \ K € ¢(X).
Indeed, for each x € K there is a closed compact neighbourhood F, at x such
that X \ F, € e(X). Since K is compact, there is a finite subset {x1,..., 2%}
such that K C F,, U...UF,,. This implies that X\ K D X\ F,; N...NX\ Fy,
and therefore X \ K € ¢(X). Notice that we also have proved that if K is a
closed compact subset of X \ L(X), there is a closed compact K’ = F,, U...UF,,
(X \ K’ € (X)) such that K C int(K").

Now, given E; € ¢(X), we are going to prove that there is Fy € ¢(X) such
that Cl(E2) C int(E4). Notice that the condition e(X) C €°(X) implies that the
frontier Fr(FE;) is a closed compact contained in X \ L(X). By the argument
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above, there is K’ such that Fr(F;) C int(K’) and taking E» = E; \ K’ € ¢(X),
we have that Cl(E;) C Ej.

Suppose that C5 is a path-component of Fs and C; is the path-component
of E; such that Cy C Cy. If Cy NFr(F2) = 0, consider x; € C; and a path
a: [0,1] — C1 C E; such that a(0) = z1, (1) = x5 € Cy. Note that a=1(Ey) =
a~1(Cl(Ey)) is a non-empty open and closed subset of [0,1]. This implies that
a~1(Ey) = [0,1]; that is, ([0, 1]) C Ea. Thus one has that z; € Cy and C; = Cb.
Since C is a closed subset of E; and Cl(E2) C Ej, one has that C; is an open
and closed subset of X, contradicting the fact that X is connected. Then we

have that C1NFr(Es) # 0. Since Fr(E;) ¢ |J  C and Fr(Es) is compact, we
Cemo(Er)
obtain that there is a finite number of components having non empty intersection

with Fr(Es). This implies that the image of mo(F2) — mo(F1) is finite.
We note that Im(7(X) — mo(E1)) C Im(mo(E2) — mo(E1)) is a finite set.
On the other hand, suppose that E € ¢(X) and C € mo(E). It is easy to
check that C' € Im(7o(X) — mo(E)) if and only if for every E’ € ¢(X) such that
E' C E, CNE'# (. Using this characterization, the fact that (X) is closed by
finite intersections and the images above are finite, it follows that there exists
Es € e(X) such that E5 C Eq, Im(7(X) — 7mo(E1)) = Im(mo(Es) — mo(E1))

and B3 C U C. Since X \ E3 is compact and U C is open,
Ceno, By (Fo(X)) Ceno, By (Fo(X))
we have that X \ U C’) is compact.

C€no, gy (70(X))
Now applying Theorems 3.30 and 3.34 one has that C’O(X ) is a Hausdorff
compact space and L(Cy(X)) is a closed subspace. O

COROLLARY 3.36. Suppose that X is a locally compact, locally path-connec-
ted, connected, Hausdorff space and £(X) = e°(X). Then L(X) = 0, 7o(X) =
F(X) is the space of Freudenthal ends of X and Co(X) is a Hausdorff compact
space.

REMARK 3.37. We point out that, with the hypothesis of the corollary above,
the underlying topological space of Cy (X) is exactly the Freudenthal compacti-
fication of X, see [7].

4. The category of r-exterior flows

In this section we are going to consider the exterior space R* = (R,r). We
recall (see subsection 2.1) that r is the following externology:

r = {U | is open and there is n € N such that (n,+o00) C U}.

The exterior space R” plays an important role in the definition of r-exterior flow
below. Such notion mixes the structures of dynamical system and exterior space
(see [6], [11]):
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DEFINITION 4.1. Let M be an exterior space, My denote the subjacent topo-
logical space and Mg denote the set M provided with the discrete topology. An
r-exterior flow is a continuous flow ¢: Rx My — My such that ¢: R*x Mg — M
is exterior and for any t € R, Fy: MXI — M, Fy(x,s) = ¢(ts,x), s € I, x € M,
is also exterior.

An r-ezterior flow morphism of r-exterior flows is a flow morphism f: M —
N such that f is exterior. We will denote by E*F the category of r-exterior flows

and r-exterior flow morphisms.

Given an r-exterior flow (M, ¢) € E*F, one also has a flow (Mg, ¢) € F. This

gives a forgetful functor
()t: EF > F.

Now given a continuous flow X = (X, ), an open N € tx is said to be
r-exterior if for any & € X there is T € r such that o(T* x {z}) C N. It
is easy to check that the family of r-exterior subsets of X is an externology,
denoted by €"(X), which gives an exterior space X* = (X,e"(X)) such that
p: R"xXgq — X" is exterior and Fy: X*'xI — X, Fi(z,s) = ¢(ts,x), is also
exterior for every t € R. Therefore (X*, ¢) is an r-exterior flow which is said to
be the r-exterior flow associated to X. When there is no possibility of confusion,
(X*, @) will be briefly denoted by X*. Then we have a functor

(\)': F - E'F.

The category of flows can be considered as a full subcategory of the category
of exterior flows:

PROPOSITION 4.2. The functor (-)*: F — E'F is left adjoint to the functor
()e: E'F — F. Moreover, (-)¢ ()" = id and F can be considered as a full
subcategory of E*F wia (-)F.

4.1. End spaces and limit spaces of an exterior flow. In Section 3.1
we have defined the end and limit spaces of an exterior space. In particular,
since any r-exterior flow X is an exterior space, we can consider the end space
70(X) and the limit space L(X). Notice that one has the following properties:

PROPOSITION 4.3. Suppose that X = (X, ¢) is an r-exterior flow. Then
(a) The space L(X) is invariant.

(b) There is a trivial flow structure induced on 7o(X).

PrOOF. (a) We have that L(X) = (] FE. Note that for any s € R,

Eece(X)
vs(F) € e(X) if and only if F € ¢(X). Then

e (LX) =po( ) E)= () w(B)= (] E=LX).

Eece(X) Eece(X) Eece(X)
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(b) For any s € R, consider the exterior homotopy
Fy: XXI — X, Fy(z,t) = p(ts, x),
from idx to ps. By Lemma 3.10, it follows that id = 7rg(ps). O
As a consequence of this result, one has functors L, 7g: E'F — F.
PROPOSITION 4.4. The functors L,7g: E'F — F induce functors
L: 7E'F — «F, io: TE'F — F,
where the homotopy categories are constructed in a canonical way.

4.2. The end point of a trajectory and the induced decompositions
of an exterior flow. For an r-exterior flow X, one has that each trajectory
has an end point given as follows: Given p € X and FE € (X)), there is TP € r
such that TP - p C E. We can suppose that TP is path-connected and therefore
so is TP - p; this way there is a unique path-component w?(p, E') of E such that
TP -p C Wd(p, E) C E. This gives maps

W(,E): X »7m(E) and wl: X — 7o(X)

r

such that the following diagram commutes:

o

L(X) —— 7o (X)

These maps permit us to divide a flow in simpler subflows.

DEFINITION 4.5. Let X be an r-exterior flow. We will consider X&a) =
(w?)71(a), a € #o(X). The invariant space X?r,a) will be called the w?-basin at
a € Ty (X)

The map w? induces the following partition of X in simpler flows

X= ] XGq
aeﬁ'o(X)

that will be called respectively, the wl-decomposition of the r-exterior flow X.
It is important to note that the map w? needs not be continuous.

DEFINITION 4.6. Let X be an r-exterior flow. An end point a € 7o(X) is

said to be wl-representable if there is p € X such that wl(p) = a. Denote by

0

Wy

(X) the space of w-representable end points.

Since the wl-decomposition of X is compatible with the eg-decomposition of
the limit subspace, we have a canonical map egL(X) — w?(X).
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5. The completion of an r-exterior flow

In this section, we use the completion functor Cy: E — E given in Subsec-
tion 3.2 to construct the completion functor Cy: E*F — E*F.

Given an r-exterior flow X = (X, ), we can take the following diagram
in the category of topological spaces Top, where the front and back faces are
push-outs in Top

eo

wle /

idxeq

7o (X)

R x L(X) R X 7p(X) ino
X £ X U #o(X)
LX)
® e i
e g0
R x X ———Rx (X Lg()WO(X))

Therefore, considering such push-out topologies, there is an induced continuous

Qo: R x (X U 7'r0(X)> - X U 7o (X
L(X) L(X)
In order to prove that ¢¢ is continuous with the topology Gy we introduce

map

some notation and study some properties:
Given S C X and t € R, denote by St = {qe€ S|st-qe S, 0<s<1}. We
note that if S; C So, then S} C S5.

LEMMA 5.1. Suppose that U is an open subset in a flow X andt € R. Then:

(a) Ut is an open subset of X.

(b) If A is a path-component of U, B is a path-component of U and A C B,
then A C Bt.

PROOF. (a) Suppose that ¢ € U?; then for each 0 < s < 1 there are W (s) €
(tj0,1)s and V(s) € (tx), such that W(s)t - V(s) C U. Since [0, 1] is compact,
we can find V' € (tx), such that for all 0 < s’ <1, ¢t -V C U. This implies
that V C Ut. Therefore U? is open.

(b) If ¢ € A, then g € ([0,1]¢)- ¢ C U and ([0, 1]¢) - ¢ is path-connected. Then
we have that ([0, 1]¢) - ¢ C B. This implies that A C B". O

LEMMA 5.2. Suppose that f: X — Y is a morphism of R-sets. If B C Y,
then f~1(B") = (f~1(B))".
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PROOF. Just take into account that f(st-x) = st- f(x). O

PROPOSITION 5.3. Let X = (X, ) be an r-exterior flow. Then, @o induces
on Co(X) an r-exterior flow structure; that is:

(a) The map ¢o: R x Co(X) — Co(X) is continuous (with the topology Go),
(b) the map @o: R*xCo(X)g — Co(X) is exterior, and
(¢) for any t € R, Fy: Co(X)xI — Co(X), Fy(x,s) = @o(ts,z), s€ I, z €

Co(X), is also exterior.

PRrROOF. (a) Firstly, recall that if f: X — Y is an exterior map, by Propo-
sition 3.21, Co(f) is a continuous map (in fact is an exterior map). In par-
ticular, given X = (X, ) an r-exterior flow, since ¢; is an exterior map and
(¢0)¢: = Co(y:), one has that (¢g); is a continuous map.

We observe that if Y is a topological space and there is a set action ¢: R X
Y — Y such that each ¢; is continuous and ¢ is continuous on {0} x Y, then ¢
is continuous. Therefore, in our case it suffices to check that the action @gp: R x
Co(X) — Co(X) is continuous on {0} x Cy(X); that is, if 0-y =y € W with W
an open subset of C’O(X), then there exist § > 0 and an open W’ containing y
such that [—4§,0] - W' C W.

Before proving the continuity we analyze some previous properties:

Suppose that W C Cy(X) is open and take ¢t € R. By Lemma 5.2, (py ' (W))*
= py H(W?). We also have that ing ' (W?) = (ing*(W))* = iny " (W) since the
action on 7o (X) is trivial.

We know that ing (W) is open in 7o(X) and for each a € ing'(W?) =
ing (W) there is E € ¢(X) and G open in m(E) such that a € ny'(G) C
ing'(W), ¢;'(G) C py'(W). Taking E* and (ngt)’lG, one has that a €
o H(MENTI@) < ing (W), ¢gH((E)1G) C (py*(W))!. This implies that
Wt is also open. Now, taking the definition of W?, one has that, for any ¢ > 0,
[—t,t] - (WENW—t) Cc W.

Now to prove that ¢ is continuous at (0,y) we distinguish two cases:

Case 1. Suppose that y € W C Co(X) with y = po(x) and = € py ' (W).
Then, there are ¢ > 0 and U € (tx), such that [—e,e] - U C py '(W). This
implies that y € W& N W~¢ and therefore [—¢,e] - (WENW™=¢) C W.

Case 2. Otherwise, y & po(X), so y € ing(7p(X)) (y is not eg-representable).
In this case we have that for any ¢t > 0, y € W' and [—¢,t] - W' N W) C W.

The proof of (b) and (c) is a routine checking,. O

DEFINITION 5.4. Given an r-exterior flow X = (X, ), the r-exterior flow
Co(X) = (Co(X), @o) is called the Co-completion of X.

Taking into account that for all E € (X), po(E) C Wo(E) the following
result holds:
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PROPOSITION 5.5. The construction Cy: E*F — E'F is a functor and the
canonical map py: X — C’O(X) induces a natural transformation.

Notice that R with the usual order is a directed set. Then, if X is a flow,
¢”: R — X is a net of the space X, for each x € X.

THEOREM 5.6. Let X € E'F be an r-exterior flow. Then:

(a) For any x € X, ¢® is a my-(X)-net.
(b) For anyx€ X, po®—w?(x) in Co(X) (W0(x) is identified to ing(wl(x))

).
(¢) If X is locally path-connected and poe®™ — a, pop® — b, a,b € 7p(X) C
Co(X), then a = b.

PRrROOF. (a) Given E € ¢(X), since ¢ is exterior, there is ng € R such that
©*([ng,0)) C E. As [ng,00) is path-connected, there is a path-component Cg
of E such that ¢*([ng,00)) C Cg. This implies that ¢® is a mp-¢(X)-net.

(b) Notice that w)(z) = (Cg)pes(x)- If ing(wy(z)) € W and W is open,
there are E € ¢(X) and G open in mo(E) such that g5 *(G) C py (W) and
W(z) € 17[;}3((}') Cing'(W). Then ¢*([ng,00)) C Cr C ¢; *(G) C py (W) and
therefore pop®([ng,00)) C W.

(¢) Since X is locally path-connected, by Theorem 3.30 we have that 7o (X) is
a Hausdorff space. This implies that poe* has a unique limit within ing (7o (X)) =
L(Co(X). O

If we apply the theorem above to a Cy-complete r-exterior flow, we obtain
the next result:

THEOREM 5.7. Let X € E'F be a Cy-complete r-exterior flow. Then,

(a) For any x € X, ¢® — ey 'wl(x) and therefore ey 'wl(x) € w¥(x).

(b) If X is Hausdorff, then w"(x) = {eg'wl(z)} and C(X) = P(X) =
Or(X).

PROOF. (a) By Theorem 5.6, pop® — ing(w2(x)), so ¢® — py ting(wd(z)) =

ey (W(x)).

(b) Using the convergence properties of nets and subnets and the fact that
X is Hausdorff, one has w*(z) = {eg'wd(z)}. Since w*(x) is invariant, it follows
that Q*(X) C C(X). Obviously, one has that C(X) C P(X) C Q*(X). There-
fore, it follows that C(X) = P(X) = Q*(X). Taking into account that the set
of critical points in a Hausdorff flow is closed, it is not difficult to check that
C(X)=P(X)=0r(X). O

Taking into account the definition of global weak attractor and global attrac-
tor, see Definition 2.10, the following is obtained:

COROLLARY 5.8. Let X € E'F be a Cy-complete r-exterior flow. Then:
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(a) L(X) is a global weak attractor of X and L(X) = C(X).
(b) If X is Hausdorff, then L(X) is the unique minimal global attractor of
X and L(X) = O (X).

PROOF. (a) By (a) of Theorem 5.7, we have that for every x € X, eg'w?(x) €
w"(x), so w(x) N L(X) # 0. Thus, L(X) is a global weak attractor. It is clear
that C(X) C L(X). Since X is Co-complete, one has that L(X) = 7o(X) as
flows. Taking into account that the action on 7o(X) is trivial, it follows that
every point of L(X) is critical. We conclude L(X) = C(X).

(b) Assume that M C L(X) is a global weak attractor. If x € L(X)\ M,

since X is T7 and x is critical, we have that

wr(@) = [ [t:+o0) -z = {a} = {z}.
>0
This contradicts the minimality of M. On the other hand, we have that L(X) =
C(X) c P(X) Cc O(X). But by Theorem 5.7, w®(z) = {w%(z)} C L(X),
implying that L(X) = C(X) = Q"(X). Finally, since in a Hausdorff flow the set
of critical points C'(X) is closed, one has that L(X) = Qr(X). O

6. Ends, limits and completions of a flow via exterior flows

Recall that we have considered the functor (-)*: F — E'F, the forgetful
functor (-)¢: E'F — F, the functors L, 7p: E'F — F, and L,Cy: E'F — E'F.
Therefore we can consider the composites:

L*:=L(- ), wg=dwo()", L= (}L(-)", C5:=(-)eCol )"
to obtain functors L*, 75, L ,Cs: F — F.

In this way, given a flow X, we have the end (trivial) flow 7§(X) = 7o(X"),
the limit flow L*(X) = L(X¥), the bar-limit flow L*(X) = L(XT) and the
completion flow C5(X) = (Co(X™))s.

It is interesting to consider the following equivalence of categories: Given
any flow ¢: R x X — X one can consider the reversed flow ¢': Rx X — X
defined by ¢'(r,z) = p(—r,x), for every (r,z) € R x X.

The correspondence (X, ¢) — (X, ¢’) gives rise to a functor (-): F — F
which is an equivalence of categories and verifies (-)'(-)" = id. Using the com-
posites

L= (YLr(), wy=()75(), L =()T'(-), Cy=()Cy(-),
we obtain the new functors L!, ﬁé,fl, Cl:F - F.

DEFINITION 6.1. A flow X is said to be C%-complete (Ch-complete) if the
canonical map po: X — C§(X) (C}(X)) is a homeomorphism. A flow is said
(CEY2-complete ((C})2-complete) if C5(X) (CA(X)) is C5-complete (Ch-complete).
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We remark that in this definition we denote (po)¢ by po. In fact, for a flow X,
one has that py: X* — é()(Xr) is an isomorphism in E'F if and only if pg =
(po)t: X — C5(X) is a flow homeomorphism in F.

For the following results we will use some previous properties whose proofs
are given in Theorem 6.3, Lemma 6.11 and Corollary 6.14 of [11], respectively.

PROPOSITION 6.2. Let X be a flow and suppose that X is a T1-space. Then
P(X) = L7 (X).

PROPOSITION 6.3. Let X be a flow and suppose that X is a locally compact

regular space. If x ¢ Q*(X), then there exists V, € (tx), such that X \ V, is
r-exterior.

PROPOSITION 6.4. Let X be a flow. If X is a locally compact T5 space, then
L*(X) = P(X), L' (X) = O*(X) and
L'(X)=PX)CP'(X)cQ"(X)c(X)=1L

r

(X).
Then the following result holds:

THEOREM 6.5. Let X be a C’g—complete flow. Then:

(a) L*(X) is a global weak attractor of X and L*(X) = C(X).

(b) If X is Ty, then L*(X) is a minimal global weak attractor of X and
L"(X)=P(X).

(¢) If X is Ty, then L*(X) is the unique minimal global attractor of X and
LX) = Qv (X).

(d) If X is locally compact and Ty, then L*(X) = Qr(Co(X)) = L (X).

PrOOF. (a) It follows from (a) of Corollary 5.8.
(b) Suppose that M C L*(X) is a global weak attractor. Take z € L*(X);
since X is T1 and x is critical, we have that w"(z) = {z} and therefore z € M.
By Proposition 6.2 one has that L*(X) = P(X).

(c) follows from (b) of Corollary 5.8 and (d) is a consequence of Proposi-

tion 6.4. O

THEOREM 6.6. Let X be a locally path-connected, locally compact Ty flow.
Then, L*(X) = Q¥ (X) if and only if C5(X) is a Ty flow.

PRrROOF. In order to apply Theorem 3.30, take z € X\ L*(X). Since L*(X)
Qr(X) by Theorem 6.5, we have that « € Qr(X). By Proposition 6.3, there is
V, € (tx), such that X \ V, is r-exterior. It follows that CZ(X) is a T flow.

Conversely, suppose that C§(X) = Co(X*) is a T flow. By Theorem 6.5,
L(Co(X™)) = P(Co(X™). We also have that C(Co(X™)) C P(Co(X*) and in this
case, since P(Co(X*) = L(Co(XT)) = #p(X) has a trivial action, we have that
P(Co(XT) C C(Cy(X)). Therefore L(Co(XT)) = P(Co(X*) = C(Co(XT)).
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We also have that C(Cg(X)) is a closed space because C§(X) is Tp. This

implies that
L*(X) = pg ' (L(C5(X))) = pg  (C(C(X)))

is also closed. Now suppose QF(X) \ L*(X) # 0, then there are ¢* and y €
OF(X)\ L(X™) such that ¢®(ts) — y, ts — +oo. This implies that py(©™*(ts)) —
po(y) and po(p*(ts)) — wl(z) and wl(z) # po(y). Then CF(X) is not T, which
is a contradiction. Therefore, L*(X) = Q*(X). Finally, taking into account that
L*(X) is closed we have that L*(X) = Qr(X). O

DEFINITION 6.7. A flow X is said to be Lagrange stable if for every x € X
the semi-trajectory [0, 00) - = is contained in a compact subspace.

COROLLARY 6.8. Let X be a locally path-connected, locally compact Ts flow
and suppose that X is Lagrange stable. Then, L*(X) is the minimal closed global
attractor if and only if C5(X) is a Ty flow.

PROOF. Since X is Lagrange stable, we have that for every x € X, w*(x) # 0.

If M is a closed global attractor, then Q"(X) C M and Q"(X) C M = M.
Therefore the unique minimal global closed attractor of X is Q7(X). Now it

suffices to apply the result given in Theorem 6.6. (]

THEOREM 6.9. Let X be a locally path-connected, locally compact Ty flow
satisfying that X* is first countable at infinity. Then, L*(X) = Q*(X) if and
only if C§(X) is a Ty C5-complete flow.

PRrROOF. It follows from Theorem 6.6 and Theorem 3.26. O

THEOREM 6.10. Let X be a locally compact, locally path-connected, connected
Ty flow and e(X¥) C €9(X). Then, L*(X) = P(X) = Q*(X) if and only if C5(X)
is a Ty compact flow.

ProoF. It is a consequence of Proposition 6.3 and Theorems 3.35 and 6.6.]

THEOREM 6.11. Let X be a second countable, locally compact, locally path-
connected, connected Ty flow and (X*) C €°(X). Then, L*(X) = P(X) =
Qr(X) if and only if C5(X) is a Ty compact C§-complete flow.

PROOF. Suppose L*(X) = P(X) = Qr(X). Taking into account that X \
L*(X) is also second countable and Proposition 6.3, one can find an increasing
sequence K, of compacts with X \ K,, € ¢(X") which covers X \ L*(X). We
have that X \ K, is an exterior countable base of ¢(X™). Now, we just have to
use Theorems 6.10 and 6.9. O

COROLLARY 6.12. Let X be a locally path-connected, connected, compact
metric flow. Then, L*(X) = Qr(X) (L*(X) is the minimal global attractor) if
and only if C5(X) is a Ty compact C§-complete flow.
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Proor. Note that for a compact space, T5 is equivalent to Ty, and for a met-
ric space, second countable is equivalent to Lindel6f. We also have that a com-
pact space is a Lindelof space. Therefore, under these hypothesis we can apply
Theorem 6.11. O

DEFINITION 6.13. A topological space X is said to be a Stone space if X is
Hausdorff, compact and totally disconnected.

LEMMA 6.14. Let X be a Ty compact flow. If L*(X) = Q¥ (X), then
(XN ={U|L"(X)CU, Uetx}.

PRrOOF. We always have that ¢"(X) C {U | L"(X) Cc U, U € tx}. In our
case, since L*(X) = QF(X), by Proposition 6.3, we have that if K is a closed
compact subset and K N L*(X) = 0, then X \ K € e"(X). Taking into account
that X is compact, if L*(X) C U € tx, then X \ U is compact and therefore
U € e (X). O

THEOREM 6.15. Let X be a locally path-connected, compact metric flow.
Then, X is a C§-complete flow if and only if C(X) = Q*(X) (i.e. C(X) is the
minimal global attractor) and C(X) is a Stone space.

PROOF. Suppose that X is a C'(‘)'—complete. By Theorems 6.6 and 6.5, it
follows that C(X) = L*(X) = Qr(X) and, by Lemma 6.14, ¢(X*) = {U |
L(X)CcU,U € tx}. Now since X is Ty, one has that X" is locally compact
at infinity, that is, for any E € ¢(X*) there is E’ € ¢(X¥) such that £’ C E.
Applying Proposition 3.9, we obtain that C(X) = L*(X) = #§(X) is a profinite
compact space; that is, a Stone space. The converse follows from Lemma 6.14
and Theorem 3.29. O

REMARK 6.16. We also have a similar version of the results above simply by
= —1
using the functors C}, L', L' and the notion of repulsor.

EXAMPLE 6.17. For a Morse function [16] f: M — R, where M is a compact
T» Riemannian manifold, one has that the opposite of the gradient of f induces
a flow with a finite number of critical points. In this case, we have that M is
locally path-connected and the flow is r-locally compact at infinity. Then we
have that L*(X) = C(X) = L}(X) is a finite set and X is a C§-complete and
Cl-complete flow.

7. More completion functors for flows

The authors think that it could be interesting to complete the study presented
in this paper with other possible completions. We suggest to work with r-exterior
flows and the following functors:

(a) The functor Wy: E'F — E'F.
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Let (X,e(X)) be an exterior flow. Notice that we have the following natural
transformation w?(X) — 7o(X). Taking the push-out square

r

€o

LX) —— w2(X)

k il’l()
X

—— X U wl(X)
Po L(X)
and taking similar topologies and externologies we obtain the completion WO(X )
and a canonical transformation Wy(X) — Co(X).
The authors think that the study of this new completion and the possible
relations between Wy-completions and Co-completions will give interesting prop-

erties and results.

(b) The functor C': E*F — E'F.

Given an exterior space (X,e(X)), for every E € ¢(X) one can take the set
of connected components of E instead of the set of path-connected components
of E. This gives a different notion of end point and the corresponding comple-
tion functor. Using these new constructions some of the above results can be
reformulated removing the condition of being first countable at infinity.

(¢) The functors 50,62 E'F — E'F.

In these cases, for an exterior space (X,e(X)) and for every E € £(X) one
can take the set of connected components of E and the set of path-connected
components of E. We can take the bar-limit functor and the corresponding end
points to construct new completion functors in order to obtain new results about
global attractors.
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