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ABSTRACT. Suppose that S is a left amenable semitopological semigroup.
We prove that if S = {T} : ¢ € S} is a uniformly k-Lipschitzian semigroup
on a bounded closed and convex subset C' of a Hilbert space and k <
V2, then the set of fixed points of S is a Holder continuous retract of C.
This gives a qualitative complement to the Ishihara—Takahashi fixed point
existence theorem.

1. Introduction

Let C be a nonempty bounded closed and convex subset of a Banach space X.
A mapping T: C' — C is said to be nonexpansive if

[Tz =Tyl < [l -yl

for z,y € C. The study of the structure of the fixed-point set Fix T'= {z € C :
Tz = z} was initiated by R. Bruck (cf. [3], [4]) who proved that if T has a fixed
point in every nonempty closed convex subset of C' which is invariant under 7',
and C is convex and weakly compact or separable, then Fix T is a nonexpansive
retract of C' (i.e. there exists a nonexpansive mapping R: C' — Fix T such that
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Rpix 7 = I). Notice that the set of fixed points of a k-Lipschitz mapping can
be very irregular for any k& > 1. Indeed, let F' be a nonempty closed subset of
C,ze F, e >0, and define

Tr =z +edist(z, F)(z —z), x€C.

Then the Lipschitz constant of T tends to 1 if & — 0, but Fix T = F (see,
e.g. [17]).

In 1973, Goebel and Kirk [7] introduced the class of uniformly Lipschitzian
mappings and proved a fixed point theorem which was later studied by several
authors. A mapping T: C — C is said to be k-uniformly Lipschitzian if

[Tz = T"y|| < kflz -y

for every z,y € C and n € N. Recall that a Banach space X is uniformly convex
if 6x(g) > 0 for £ > 0, where dx:[0,2] — [0, 1] is the modulus of convexity of X
defined by

Jx(c) = inf {1 -

Tty
22 el <1 <1 ol 2 <
THEOREM 1.1 (cf. [7]). Let X be a uniformly convex Banach space with the
modulus of convezity dx and let C be a bounded, closed and convex subset of X.
Suppose T: C — C' is uniformly k-Lipschitzian and

" (1e(2)) <1

Then T has a fized point in C.

It was shown in [17] that under the assumptions of Theorem 1.1, the fixed-
point set Fix T is a (continuous) retract of C. Recently, Gérnicki (cf. [8], [9])
proved several structural results concerning uniformly Lipschitzian mappings but
many questions remain open. In [16], Pérez Garcia and Fetter Nathansky gave
conditions under which Fix T is a Holder continuous retract and applied them
to the study of n-periodic mappings in Hilbert spaces.

Notice that in a Hilbert space a solution to (1.1) gives k < v/5/2. Lifs-
chitz [13] improved this estimation and showed that in a Hilbert space a uni-
formly k-Lipschitzian mapping with k& < /2 has a fixed point. The Lifschitz
theorem was generalized to uniformly k-Lipschitzian semigroups in [6], [10], [15].
The aim of this note is to give a qualitative complement to the above results in
the case of left amenable (semitopological) semigroups which partially extends
a result of Gérnicki (cf. [9, Corollary 14]). We show that if S ={T;:t € S} isa

uniformly k-Lipschitzian semigroup on C' and k < v/2, then Fix S = N {z € C':
tes
Tz = x}, the set of (common) fixed points of S, is a Holder continuous retract

of C.
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2. Fixed point theorem

We start with the following variant of a well known result (see, e.g.[2, Propo-
sition 1.10], [16, Lemma 2.1]).

LEMMA 2.1. Let (X, d) be a complete bounded metric space and let L: X — X
be a k-Lipschitz mapping. Suppose there exist 0 < v < 1 and ¢ > 0 such that
d(L"z, L") < cy™ for every v € X and n € N. Then Rr = lim L"x is

n—oo

a Holder continuous mapping on X.

PrOOF. We may assume that diam X = 1. Notice that for every x € X and
n,m € N,

d(L™™z, L™z) < c R
L—=n

Hence, for every z,y € X,

n

d(Rz, Ry) < d(Rx, L"z) + d(L"z, L™y) + d(L™y, Ry) < 2c 17

+ k"d(z,y).

Take o < 1 such that k <!~ " and fix 2,y € X,  # y. Then, there exist n €
N and 0 < r < 1 such that =" = d(z,y)®. Furthermore, k"~! < (y1=o "),
It follows that

AT 2c

d(Rz, Ry) < 2c 1

RO d(,y) = (1 +/€)d(x,y)“. O

-7

Let S be a semigroup and ¢£*°(S) the Banach space of bounded real valued
functions on S with the supremum norm. For s € S and f € £>°(5), we define
elements [, f and 7, f in £>°(S) by

s f(t) = f(st),  raf(t) = [f(ts)

for every t € S. An element p of (£°°(5))* is said to be a mean on X if |ju|| =
u(ls) =1, where Ig(t) = 1 for all t € S. It is well known that p is a mean if
and only if

Inf f(t) < u(f) < sup f(t)

for each f € £°°(S). A mean p on £°°(5) is said to be left (resp. right) invariant
if u(lsf) = u(f) (vesp. p(rsf) = u(f)) for each s € S and f € £>°(S). A Banach
limit is a special case of an invariant mean, where S equals the semigroup of nat-
ural numbers. A semigroup S is called left (resp. right) amenable if there exists
a left (resp. right) invariant mean on ¢°°(S). The term “amenable semigroup”
was coined by M.M. Day in his celebrated paper [5].

Let C' be a bounded closed convex subset of a Hilbert space H. For simplicity,
we consider only a real Hilbert space. A family S = {7} : t € S} of mappings from
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C into C'is said to be a uniformly k-Lipschitzian semigroup on C' if Tysx = T} Tsx
and

|Tix — Thy|| < kljx —y|| forallt,se S and zeC.

The following construction is well known (see, e.g. [1], [18]). Let u be a
mean on >°(S),z € C, and consider a functional F(y) = [(Tiz,y) du(t), y € H,
where [(T;z,y) du(t) denotes the value of p at the function ¢t — (Tyz,y). It is
not difficult to see that F' is linear and continuous since

| [i2.9) )| < sup i) < s Tl
tesS tesS

By the Riesz theorem, there exists a unique element T such that

(2.1) /anwwmw:@w>

for every y € H. Furthermore, by the separation theorem, T € C. Thus we
obtain a mapping T, : C — C by putting T,z = Z. Notice that if a semigroup
S ={T; : t € S} is uniformly k-Lipschitzian, then

(Tuz —Tuy,v) = /<th6 — Ty, v) dp(t) < sup [Tz — Tyyll[[vll < Ellz — yllfv]l
€
for every =,y € C, v € H, and hence
1Ty — Tyl < kllz -y

for every z,y € C, i.e. T, is k-Lipschitz.

The above notions may be generalized to the case of semitopological semi-
groups. Recall that S is a topological semigroup if there exists a Hausdorff
topology on S such that the mapping S x S > (s,t) — st is (jointly) continuous.
A semigroup S is semitopological if for each t € S the mappings S 3 s — ts
and S 5 s — st are continuous. Notice that every semigroup can be equipped
with the discrete topology and then it is called a discrete semigroup. Let X
be a linear closed subspace of £°°(.S) containing Is such that I4(X) C X and
rs(X) C X for each s € S. Let X* be its topological dual. Then X is said to
be left (resp. right) amenable if there exists a left (resp. right) invariant mean
on X.

The following theorem is a qualitative version of (a slight generalization of)
Theorem 1 in [10].

THEOREM 2.2. Let C be a nonempty bounded closed convex subset of a Hil-
bert space H and S = {T; : t € S} a uniformly k-Lipschitzian semigroup on C.
Suppose that X is a left amenable subspace of £>°(S) such that the functions
g(t) = (Tyx,y) and h(t) = ||Tyz — y||* belong to X for each x € C and y € H.
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If k < /2, then S has a fived point in C and Fix S = N {z € C: Tyx = z} is
tes
a Hélder continuous retract of C.

PROOF. Let p be a left invariant mean p on X. Then there exists a mapping
T,:C — C such that

/ (T, y) du(t) = Tz, )

for every y € H (see (2.1)). Following [10, Theorem 1], fix 9 € C and put
Tpgl = Tuxn, n=0,1,... Then

| Ten = ylI* = | Tiwn = zngaI” + [2nt1 = ylI* + 2(Tiwn — Tng1, Tng1 — ),
/(Ttxn — Tot1, o1 — Y) dp(t) = (Tp2n — Tog1, Tny1 — y) =0,
and hence
[0 = P dutt) = [ [T =zl du(®) + s~ ol
for every y € H and n = 0,1, ... It follows (writing y = x,,) that
(22) [ 1T = sl du®) < [ 1220, 20 duo)

Furthermore, taking y = Tsx,4+1, we have
Tetnss = il = [ [Tin = Tatna|Pdu(t) = [ [Tin = i )
— [ o~ T P diat) = [ iz = s

< (8 = 1) [ iz = 2o due)

for any s € S, since p is left invariant and ||Tsizy, — Ts@ntl| < k|| Tixn — Togr |-
Thus

(23) [T ol da(s) < 0 = 1) [ [Ti — 0 die).
Combining (2.2) with (2.3) yields
[T = il dute) < 02 = 1) [ 1220 P dte),

forn =0,1,... Hence

HTnJrl

Lo — TZxOHZ =||@pt1 — mn||2
<2 / s — Ty |? du(t) + 2 / | Tozn — 0o dpu(t)

§4/ Ty — n|2du(t) < A(k2 — 1)" diam C
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for every g € C and n =0,1,... Since T# is k-Lipschitz and k < v/2, it follows
from Lemma 2.1 that Rx = lim TZJE is Holder continuous on C'. We show that

n—oo

R is a retraction onto Fix §. It is clear that if € Fix §, then Rx =T,z = =.
Furthermore, it follows from the generalized parallelogram law that for every
x,y,z € H,
lz+y +2l* =llz +ylI* + lly + 21> + ]2 + 2> = l|z]|* = [ly]|* — |2
<2(l|zl* + [1yl1*) + 2(llyll* + [12]1)
+2(112012 + ll2l*) = llzll* = lyll* — [I=]1?
=3([lz )1 + [lyll* + [111).

Therefore, for every x € C and n =0,1,...,
[ 18— ol autt
<3 /(||TtRx — TiT | + | TT o = Tpyal* + | Tyx — Ra||*) dp(t)
<3(k* +1)||Rzx — TZxHQ + 3MtHTtTZCE - TZ:CHQ.
Letting n go to infinity, [ || 73Rz — Rz||? du(t) = 0. Therefore, for each x € C

and s € S,

T, Re — Re|)? < 2/ T, Re — T4 Ra|2 du(t) + 2/ TRz — Re|2 du(t)

:2/ |T, R — TooRe|)? du(t) < 2k / | Re — T3 Ree|2 dya(t) = 0.
Thus Rx € Fix S for every x € C and the proof is complete. O

REMARK 2.3. Notice that a detailed analysis of the proof of Lemma 2.1 gives
the estimation ov = 1/(1 —logy2_4 k) for the exponent and ¢ = k+8diam C/(2—
k2) for the constant of the Holder continuous retraction R, 1 < k < V2.

In particular, the above theorem is applicable to commutative semigroups

since every commutative semigroup is amenable.

EXAMPLE 2.4. Let G be an unbounded subset of [0, co) such that t+s,t—s €

G for all t,s € G with t > s (e.g. G = [0,00) or G = N). Suppose that

T ={T; : t € G} is a family of uniformly k-Lipschitzian mappings from C' into

C such that Ty sz = T3 Tsx for all t,s € G and z € C. If sug |T;| < /2, where
te

|T;| = inf{c > 0 : || T;x — Tyy| < c||lx — y|| for all z,y € C} denotes the Lipschitz

constant of a mapping Ty, then Fix 7 = ({z € C : Tz = z} is a Holder
teG
continuous retract of C'. Notice that we do not assume that the semigroup 7 is

continuous in ¢ (i.e. strongly continuous in the terminology of Cy-semigroups).

Now consider a more general case.
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EXAMPLE 2.5. Let S be a semitopological semigroup and let CB(.S) denote
the closed subalgebra of £>°(.S) consisting of continuous functions. Let LUC(S)
(resp. RUC(S)) be the space of left (resp. right) uniformly continuous functions
on S, i.e. all f € CB(S) such that the mapping S > s — I, f (resp. s — rsf)
from S to CB(S) is continuous when CB(S) has the sup norm topology. It is
known (see [14]) that LUC(S) and RUC(S) are left and right translation invariant
closed subalgebras of CB(SS) containing constants. Notice that if a uniformly k-
Lipschitzian semigroup & = {T; : ¢t € S} is continuous in ¢t on C' (i.e. the mapping
S 5t — Tz is continuous for each x € ('), then the functions g(t) = (Tyx,y)
and h(t) = || Ty — y||* belong to RUC(S) for every x € C and y € H. Indeed
(see [11]),

Irsg = rugll = sup [|(7sg)(t) = (rug) Ol = sup llg(ts) — g(tu)|

=swp [(TTox = TiTuw, y)| < k([ Toz = Tuz|lly]
te

and
[7sh = ryhl| = sup [|h(ts) — h(tw)|| = sup || Tsx — y[|* — [ Truz — yl?||
tes tes
= sup I Tesz — yll + | Tewr — yl) T35z — yll — [ Touz — yll||
€
< 2sup ||Tiz — y|| sup | T Tsx — Ty Tyx||
tes tes

< 2ksup||Tix — y|||Tsx — Tux||
tes

for any s,u € S, x € C' and y € H. Thus Theorem 2.2 is applicable with
X =RUC(S) if we assume that S = {T; : t € S} is (separately) continuous.

Recall that a semitopological semigroup S is said to be left reversible if any
two closed right ideals of S have a non-void intersection. In this case (S, <) is
a directed set with the relation a < b if and only if {a}UaS D {b}UbS. In general,
the conditions “RUC(S) has a left invariant mean” and “S' is left reversible” are
independent of each other. However, if RUC(S) has sufficiently many functions
to separate closed sets, then the former condition implies the latter (see, e.g. [12,
Lemma 3.1]).

Recently, Gérnicki (cf. [9, Corollary 14]) proved that if S is left reversible
and § = {T; : t € S} is a uniformly k-Lipschitzian semigroup on C, then the set
of fixed points of S is a retract of C. It is not clear how to extend Theorem 2.2
to left reversible semigroups. There are many other open problems in this area.
Perhaps the most natural is the following.

PROBLEM. Under the assumptions of Theorem 1.1, is the fixed-point set
Fix S a Lipschitz or Hélder continuous retract of C?
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