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ABSOLUTE RETRACTIVITY
OF THE COMMON FIXED POINTS SET
OF TWO MULTIFUNCTIONS

HoJaT AFSHARI — SHAHRAM REZAPOUR — NASEER SHAHZAD

ABSTRACT. In 1970, Schirmer discussed about topological properties of the
fixed point set of multifunctions ([4]). Later, some authors continued this
study by providing different conditions ([1] and [3]). Recently, Sintamarian
proved results on absolute retractivity of the common fixed points set of
two multivalued operators ([5] and [6]). We shall present some results on
absolute retractivity of the common fixed points set of two multifunctions
by using different conditions.

1. Introduction

Let X be a nonempty set, P(X) the set of all nonempty subsets of X,
Fy, Fy: X — P(X) two multifunctions, Fp, the fixed point set of F1, (CF)p, F,
the common fixed point set of Fy and Fh, that is (CF)p, p, = {zr € X 1 z €
Fiz N Faz}. Let X and Y be nonempty sets and F: X — P(Y) a multifunc-
tions. A mapping ¢: X — Y is called a selection of F' whenever ¢(z) € Fzx
for all z € X. Throughout the paper, for a topological space X we denote the
set of all nonempty closed subsets of X by P.;(X), the set of all nonempty con-
vex subsets of X by P.,(X) when X is a vector space, the set of all nonempty
closed and bounded subsets of X by P, (X) when X is a metric space and
Py ev(X) = Pa(X) N Pey(X) when X is a normed space.
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Let (X, d) be a metric space. For x € X and A, B C X, set

D(z,A) = inf d(z,y) and H(A, B)=max< sup D(z,B),sup D(y, A) ;.
yeA z€EA yeB

It is known that, H is a metric on closed bounded subsets of X which is called
the Hausdorff metric.

We say that a topological space X is an absolute retract for metric spaces
whenever for each metric space Y, A€ P;(Y) and continuous function ¢: A— X,
there exists a continuous function ¢:Y — X such that ¢|4 = 1. Let M be the
set of all metric spaces, X € M, D € P(M) and F: X — P, o(X) a lower semi-
continuous multifunction. We say that F' has the selection property with respect
to D if for each Y € D, continuous function f:Y — X and continuous functional
g:Y — (0,00) such that G(y) := F(f(y)) N Ny (f(y)) # 0 for all y € Y,
A € Py(Y), every continuous selection 9: A — X of G|4 admits a continuous
extension ¢:Y — X, which is a selection of G. If D = M, then we say that F
has the selection property and we denote this by F' € SP(X) ([5]).

An interesting problem in fixed point theory of multivalued operators is to

investigate under what conditions some properties of the values of a multifunc-
tion are inherited by its fixed point set. For some multifunctions, this problem
was studied by Schirmer in 1970 ([4]), by Alicu and Mark in 1980 ([1]) and by
Ricceri in 1987 ([3]). For example, Schirmer proved that if the values of a con-
tractive multifunction F: R — P(R) are closed, bounded and convex, then the
fixed point set of F' is compact and closed. Recently, Sintamarian proved some
results on absolute retractivity of the common fixed points set of two multival-
ued operators under some conditions ([5] and [6]). In 2008, Lazar, O’'Regan and
Petrusel obtained fixed points of Ciric-type multifunctions on a set with two met-
rics ([2]). In this paper, we shall present some results on absolute retractivity of
the common fixed points set of two multifunctions by using different conditions.

2. Main results

The following result improves [5; Theorem 2.1] which use arguments similar
to those in [5].

THEOREM 2.1. Let (X,d) be a metric space and absolute retract for metric
spaces, Fy, Fy € SP(X) and f: X — X a continuous function such that

ad(z,y) < d(f(z), f(y))

for some o > 0 and all z,y € X, and f(Fiz) C Fif(z) and f(Fazx) C Faf(x)
for all x € X. Suppose that there exist ai,...,a5 € (0,00) such that a; + as +
as + 2max{aq, a5} <1 and

H(lev F?:U) S a1d<.’17, y)—l—agD(x, F1I>+G3D(y, FQ?])"FCMD(J?, ng)+a5D(y7 le)
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forallz,y € X. Then the set B={x € X :x € F1f(x)NFaf(x)} is an absolute
retract for metric spaces.

PROOF. Let

1
e (1,
4 ( ay +a2+a3+2max{a4,a5})

and set

{a1+a2+a4 a1+a3+a5}

[ := ma ,

1—(a3—|—a4) 1—(a2+a5)

Then we have gl < 1. Let Y € M, A € Py(Y) and 4: A — B a continuous func-
tion. Since X is an absolute retract for metric spaces, there exists a continuous
function g: Y — X such that ¢g|a = 9. Define the functional go: Y — (0, 00) by

9o(y) = sup{d(f(po(y)),2) : z € F1f(po(y))} + 1

for all y € Y. Note that, gg is continuous and

Fif(#o(y)) 0 Ny, ) (F(0())) = F1f(po(y))

for all y € Y. Also, we observe that the function ¢: A — B is a continuous se-
lection of the multifunction A 3 y = Fy f(¢o(y)). Since Fy € SP(X), there exists
a continuous function ¢;:Y — X such that ¢1]4 = ¢ and ¢1(y) € F1f(vo(y))

for all y € Y. Thus, f(v1(y)) € f(F1f(v0(y))) € Fif(¢o(y)) and

D(f(e1(y).F2f(p1(y))) < H(F1f(vo(y)), F2f(¢1(y)))
<ard(f(po(y)), f(p1(y))) +a2D(f(po(y)), F1f(wo(y)))
+azD(f(p1(y)), Faf(1(y))) + asD(f (0 (y)), F2f(1(y)))
+asD(f(p1(y)), F1f(o(y)))
<a1d(f(po(y)), f(p1(y))) + azd(f(po(y)). f(w1(y)))
+asD(f(e1(y)), Faf (p1(y))) + asd(f(eo(y)), f(p1(y)))
+asD(f(p1(y)), Faf(e1(y)))-

This implies that

D(f(p1(y))Faf(p1(y)))

- W d(f (o)), fler () < 1d(f(o()), fle1()))

<Ud(f(po(y)), f(e1(y))) +1 < 1d(f(o(y)), f(e1(y)) +a

Hence, Ga2(y) = Faf(21(¥)) 0 Nia(s(o0w)).for(w))+a-2 (F(1(y))) # 0. Since
F, € SP(X), there exists a continuous function ¢5: Y — X such that a4 = 9

and ¢2(y) € Gg( ) for all y € Y. Thus, wa|a = ¢, va(y) € Faf(pi(y)) for all
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y € Y. Hence, f(p2(y)) € f(F2f(p1(y))) € Faf(p1(y)) for all y € Y. It is casy
to see that F5f(1(y)) € Na(s(eow)). (o1 )+q-* (f(#1(y))). Thus,

d(f(e2(y), fle1())) < Ud(f(po)), f(e1 () +a~

and so

D(f(p2(y).F1f(p2(y)) < H(F1f(p2(y), Fof (01(y)))

<a1d(f(e1(y)), f(p2(y))) + a2D(f(2(y)), F1f(92(y)))
+asD(f(1(y), Fof(91(y))) + aaD(f(e2(y)), Fo f (¢1(y)))
+asD(f(p1(y)), F1f(p2(y)))

<ard(f(e1(y), f(p2(y))) + a2D(f(02(y)), F1f(2(y)))
+azd(f(p1(y)), fp2(y))) + asD(f(p2(y)), Faf(1(y)))
+asD(f(p2(y)), Fof (p1(y))) + asd(f(e1(y)), f(w2(y)))
+asD(f(2(y)), F1.f(02(y)))-

Hence, we obtain

DU (o2 Fif (o) < G251 (). )

) f
<Ud(f(e1(y), fle2(y))) <ld(f(e1(y)), fp2(y))) +1
<1d(f(e1(®)), fle2()) + " < Pd(f(po(y)): fp1(y))) + a2

Thus, Gs(y) = F1f(2(4)) N Nizas oo ). £ (01w +a-2((02(y))) # 0. Since
F, € SP(X), there exists a continuous function ¢3: Y — X such that 3|4 = ¥

and ¢3(y) € Fif(pa(y)) for all y € Y. Therefore, ¢3la = ¢, f(ps(y)) €
F1f(pa(y)) and d(f(e2(v), fes(v))) < Pd(f(eo(y), f(e1(y)) + ¢~ for all

y € Y. By continuing this process, we obtain a sequence {p,}n>0, where
¢n:Y — X is a continuous function for all n > 0, such that p,|a = ¥,

on-1(y), f(p2n-1(y)) € F1f(p2n—2(y)) and w20 (y), f(@2n(y)) € Fof (p2n-1()),
and

A(F(pa1(y)): F(pa) < I d(F (o)), Flor(y) + g~

for all n > 1 and y € Y. Now, for each A > 0, we put
Yii={y €Y :d(f(po(y)), f(er(y))) <A}
Since f(¢1(y)) € F1f(¢o(y)) and
Fif(e0(y)) N Ny, () (f(v0(y))) = Fif(¢o(y)),

F(e1(®)) € Ngoy) (f(0(y))). Hence, d(f(o(y)), fe1(y))) < Ay = go(y)-
Thus, y € Y),. Since Y) is open for each A > 0, the family of sets {Yx|A > 0} is
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an open covering of Y and we have

ad(pn—1(Y), pn(y)) <d(f(n-1()), f(en(y)))
<" Yd(f(o(), fler(y) +q Y

forallm > 1land y € Y. Sincel < 1, ¢ > 1, @ > 0 and X is complete, the
sequence {¢, n>0 converges uniformly on Yy for all A > 0. Let ¢: Y — X be the
pointwise limit of {¢,},>0 and note that ¢ is continuous and ¢|4 = ¢ because
©nla =t for all n > 0. Since f is continuous, @a,-1(y) € F1f(pan—2(y)) and
wan(y) € Fof(pan—1(y)) foralln > 1 and y € Y, we get p(y) € F1f(o(y)) N
Frf(p(y)) for all y € Y. Therefore, ¢:Y — B is a continuous extension of 1,
that is, B ={x € X : € F1f(x) N Fof(z)} is an absolute retract for metric
spaces. O

THEOREM 2.2. Let (X,d) be a metric space and absolute retract for metric
spaces, F1,Fy» € SP(X) and f: X — X a continuous function such that

ad(z,y) < d(f(z), f(y))

for some a > 0 and all z,y € X, and f(Fix) C Fif(x) and f(Fyfz) C Fyf(x)
for all x € X. Suppose that there exist ai,...,a5 € (0,00) such that a; + az +
as + 2max{aq, a5} < 1 and

H(Fyx, Foy) < ar1d(z,y)+aeD(z, Fiz)+asD(y, Foy)+asD(x, Foy)+asD(y, Fix)

for all x,y € X. Then the set By, = {x € X : x € Fy f™(x) N Fof™(x)} is an
absolute retract for metric spaces for all m > 1.

ProOOF. We note that a™d(x,y) < d(f™(z), f™(y)), f"(Fiz) C Fif"(x)
and f(Fyx) C Fof™(x) for all z,y € X and m > 1. Now, as before, we can
obtain the result. g

If X =R and f(x) =2z for x > 0 and f(z) = 3z for z < 0, then ad(z,y) <
d(f(z), f(y)) for some a = 2. Note that, f is not linear. Also, define Fya = [0, 2]
ifx>0, o =[z,—z] if £ <0, Fox = [z,22] if z > 0 and Fox = [2,0] if 2 < 0.
Then, fFiz = F, f(x) and fFyax = Fyf(z) for all z € X.

THEOREM 2.3. Let (X,d) be a metric space and absolute retract for metric
spaces, F € SP(X) and f: X — X a continuous function such that f(Fzx) C
Ff(x) for all x € X. Suppose that there exist ai,...,a5 € (0,00) such that
a1+ as +as+2a4 <1 and

H(Fz,Fy) < a1d(z,y) + aeD(x, Fx) + asD(y, Fy) + as D(x, Fy) + asD(y, Fx)

for all x,y € X. Then the set B={f(x): f(x) € Ff(x)} is an absolute retract
for metric spaces.
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PrOOF. Let ¢ € (1,1/(a1 + a2+ as + 2a4)) and set [ := (a1 +az + as)/
(1 —as —a4). Then we have gl < 1. Let Y € M, A € Py(Y) and v:A — B
a continuous function. Since X is an absolute retract for metric spaces, there
exists a continuous function ¢q: Y — X such that ¢o|a = .

Define the functional go: Y — (0, 00) by

9o(y) = sup{d(po(y),2) : 2 € Fo(y)} + 1

for all y € Y. Note that, g is continuous and

Foo(y) N Ny, ) (po(y)) = Feo(y)

for all y € Y. Also, we observe that the function ¢: A — B is a continuous
selection of the multifunction A 3 y = Fyo(y). Since F € SP(X), there exists a
continuous function ¢1:Y — X such that ¢1|4 = ¢ and ¢1(y) € Feo(y) for all

y €Y. Thus, f(e1(y)) € f(Feo(y)) € Ff(po(y)) and
D(p1(y).Fe1(y)) < H(Fpo(y), Fe1(y))
< ard(po(y), ¢1(y)) + a2D(po(y), Foo(y))
+azD(p1(y), Fe1(y)) + aaD(po(y), Fp1(y)) + asD(e1(y), Fo(y))
<ard(po(y), ¢1(y)) + azd(po(y), v1(y))
+ azD(p1(y), Fo1(y)) + asd(po(y), v1(y)) + asD(e1(y), Fer(y))-

Now, we obtain
(CLl —+ a9 —+ a4)

D(e1(y), Fer(y)) < 0= as — 1) d(o(y), 1(y)) < ld(wo(y), ¥1(y))

<ld(po(y), e1(y)) +1 < ld(po(y), e1(y) + ¢ "

Hence, G2(y) := Fo1(y) N Nid(wo(y),o1 () +a-1 (1(y)) # 0. Since F' € SP(X),
there exists a continuous function ¢o:Y — X such that o4 = ¥ and ps(y) €
Gy(y) for all y € Y. Thus, gala = ¥, p2(y) € Fei(y) for all y € Y. Hence,
flo2(y)) € f(Fpi(y)) C Ff(pi(y)) forally € Y. Tt is easy to see that Fpq(y) C

Nid(po(y),01 () +a-1 (91(y)). Thus, d(e2(y), ¢1(y)) < ld(wo(y),¢1(y)) + ¢~ and
so by using an argument similar to that in the proof Theorem 2.1, we obtain

D(p2(y), Foa(y)) < Pd(po(y), e1(y)) +q 2.

Again, by continuing this process, we obtain a sequence {¢,}n>0, where
©n:Y — X is a continuous function for all n > 0, such that ¢,|a = ¥, pn(y) €

Fou_1(y)), flen(y)) € Ff(pn-1(y)) and
d(n-1(y): euly)) < 1" 'd(po(y) 1(y)) +q~ "

foralln > 1 and y € Y. Now, for each A > 0 we put

Ya:={yeY d(f(po(v)), fle1(y))) < A}.
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The family of sets {Y | A > 0} is an open covering of Y. Since [ < 1, ¢ > 1 and
X is complete, the sequence {¢, }n>0 converges uniformly on Y) for all A > 0.
Let ¢:Y — X be the pointwise limit of {¢,}n>0. Note that ¢ is continuous
and p|a = ¥ because p,|a = @ for all n > 0. Since f is continuous and

flon(y)) € Ff(on-1(y)) for all n > 1 and y € Y, we get f(o(y)) € Ff(p(y))
for all y € Y. Therefore, p:Y — B is a continuous extension of i, that is,

B ={f(z): f(z) € Ff(x)} is an absolute retract for metric spaces. O
By using similar proofs we can conclude the following results.

COROLLARY 2.4. Let (X, d) be a metric space and absolute retract for metric
spaces, F € SP(X) and f: X — X a continuous function such that f(Fx) C
Ff(x) for all x € X. Suppose that there exist ay,...,a5 € (0,00) such that
a1 +as +asz+2a4 <1 and

H(Fz,Fy) < a1d(z,y) + aeD(x, Fx) + asD(y, Fy) + asD(x, Fy) + asD(y, Fx)

for all x,y € X. Then the set By, = {f™(x) : f™(x) € Ff™(x)} is an absolute
retract for metric spaces for all m > 1.

COROLLARY 2.5. Let (X, d) be a metric space and absolute retract for metric
spaces, Fy, Fy € SP(X) and f: X — X a continuous function such that f(Fix) C
Fyf(x) and f(Fyx) C Fof(z) for allz € X. Suppose that there ezist as, ..., a5 €
(0,00) such that ay + a2 + ag + 2max{aq, a5} <1 and

H(lev ng) S a1d<$, y)+a2D('T7 F1$>+Q3D(y7 ng)+a4D($, Fzy)+a5D(y7 Fl'T)

forallz,y € X. Then the set By, = {f™(z) € X : f™(z) € FAf™(x)NFaf™(x)}
1s an absolute retract for metric spaces for all m > 1.

COROLLARY 2.6. Let (X, d) be a metric space and absolute retract for metric
spaces, F' € SP(X) and f: X — X a continuous function such that ad(z,y) <
d(f(z), f(y)) for somea >0 and allx,y € X, and f(Fz) C Ff(x) forallz € X.
Suppose that there exist aq,...,as € (0,00) such that a; +as + as+2a4 < 1 and

H(F$7Fy) S a1d<xay) + GQD(:L"F‘T> + a3D(y7Fy) + a4D(9c,Fy) + Cl5D(y,FQ?)

for all x,y € X. Then the set B,, = {x € X : x € Ff™(x)} is an absolute
retract for metric spaces for all m > 1.

REMARK 2.7. Let (X, d) be metric space and Fy and F» two multifunctions
on X. We say that F; and Fy are Sintamarian-type multifunctions if there exist
ai,...,as € (0,00) such that a; + ag + ag + 2max{as, a5} < 1 and

H(lev F?:U) S a1d<.’17, y)—l—agD(x, F1I>+G3D(y, FQ?])"FCMD(J?, ng)+a5D(y7 le)
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for all z,y € X. Also, we say that F} and Fy are Ciric-type multifunctions if
there exists o € [0,1) such that

H(F\z, Fyy) < amax {d(x, y), D(z, Fix), D(y, Fay), %[D(m, Fyy) + D(y, Fla?)]}

for all z, y € X. Note that, F; and F» are Sintamarian-type multifunctions if and

only if F} and F; are Ciric-type multifunctions. Thus, the results of Sintamarian

(and our results) hold for Ciric-type multifunctions.
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