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LOWER AND UPPER SOLUTIONS
TO SEMILINEAR BOUNDARY VALUE PROBLEMS:
AN ABSTRACT APPROACH

ALESSANDRO FONDA — RobpicA TOADER

ABSTRACT. We provide an abstract setting for the theory of lower and
upper solutions to some semilinear boundary value problems. In doing
so, we need to introduce an abstract formulation of the Strong Maximum
Principle. We thus obtain a general version of some existence results, both
in the case where the lower and upper solutions are well-ordered, and in the
case where they are not so. Applications are given, e.g. to boundary value
problems associated to parabolic equations, as well as to elliptic equations.

1. Introduction

In this paper, we investigate the existence of solutions to boundary value
problems of the type
®) Lu=F(z,t,u,Vyu,Viu) in Q,

Bu=0 on 0Q,

where () is a suitable bounded domain, £ is a linear operator, B is a linear
boundary operator, and F' is a Carathéodory function. Typically, in the appli-
cations we have in mind, £ will be a linear differential operator. Notice however
that, according to the function space where u = u(x,t) belongs, either of the
gradients V,u or Viu might not appear in the equation.
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We provide an abstract setting to the method of lower and upper solutions,
which differs from previously proposed ones, like, e.g. the one by H. Amann [1],
[2], mainly by the fact that it is more directly related to the special structure of
problem (P). In our construction, we introduce an abstract version of the Strong
Maximum Principle, well fitting for our purposes, which, to our knowledge, has
not been considered in the previous literature.

As for the applications of our abstract theorems, we have in mind some
results of bifurcation type, on one hand, and some existence results in the case
when the lower and upper solutions are not well-ordered, on the other hand. We
will now explain how these two aims are pursued.

In order to simplify the exposition, in this section we will focus our attention
on the particular case of a parabolic problem of the type

Lu = F(z,t,u,Vu) in Q x 10,77,
u=>0 on I'y x 10,77,

N
Zbi(x,t)awiu +bo(z,t)u=0 on Ty x]0,T7,

=1
u(z,0) = u(z,T) in Q.

Here, Q = Q x ]0,T[, where € is a bounded regular domain in RY, and its
boundary 99 is the disjoint union of two closed sets 'y, 'y (the cases 'y = () or
Iy = () are admitted, of course). The parabolic differential operator is defined by

N N
Lu = Oyu — Z a;;(z, t)aiﬂju + Z ai(x,t)0z,u + ap(x, t)u,
ig=1 i=1

and standard assumptions are made on the coefficients a;;, a; and b; (see Sec-
tion 7).

We denote by A; the principal eigenvalue of £, with the boundary conditions
in (1.1), and by ¢; the corresponding positive eigenfunction, with max p; = 1.

Let As > A1 be such that, for every function ¢ € L"(Q) satisfying A\; <
q(z,t) < Ag, each of the inequalities being strict on a subset of positive measure,
the only solution of Lu = g(x,t)u, with the boundary conditions in (1.1), is the
trivial one, u = 0.

Consider the class of functions

f(I’ A7 K)’

where Z C R is an interval, and A, K are some nonnegative constants. Its
elements are the Carathéodory functions f:Q x Z x RV — R which satisfy the
following Bernstein—Nagumo growth condition:

|f (2, t,u,6)| < h(z,t) + K||£]|?, for a.e. (z,t) € Q and every (u,&) € T x RV,
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for some h € L™(Q), with r > N 4+ 2 and ||h]|z- < A.
For any open interval I C R, we will use the notation

Ipy = {u e CH0(Q) : (inf Iy < u < (sup g}

Similarly if the interval is closed, with the strict inequalities replaced by non-

strict ones. Moreover, we will denote by Iy1(Q) the interval obtained as the

union of the images of the elements of I;. Notice that, if 0€ I, then I'p,(Q)=1.
We will prove the following.

THEOREM 1.1. Let I CR be an open interval, and { € L"(Q) be a function
such that

A < {(x,t) < Ao for a.e. (z,t) € Q,

the second inequality being strict on a subset of positive measure. Given a com-

pact interval [a,b], contained in I, let T be an open interval containing [a, blp1(Q).
Let

F(:I:7 t’ u’ 5) = g(x7 t? u’ 6) u + f(x7 t’ u’ E)'
There is a constant A > 0 such that, for every function g satisfying

M < gz, t,u, ) < C(x,t),  for ae. (z,t) € Q and every (u,&) € T x RN,

and every function f € F(Z,A,A), if there are a lower solution « and an upper
solution B of (P) verifying

apr —A < a<bpr, apr < B <bpr +A,

then problem (1.1) has a solution u € Iy. Moreover, if a £ (3, then

u€{veClo(Q):afvandv £ G}
As a consequence of Theorem 1.1, concerning the Neumann-periodic problem
Lu= f(z,t,u,Vyu) in Q x]0,T],
(1.2) du=0 on 02 x 0,77,
u(z,0) = u(z,T) in Q.
we have the following result, obtained in [8].
COROLLARY 1.2. Let I C R be an open interval. Given a compact interval J,

contained in I, there is a constant A > 0 such that, for every f € F(I,A,A), if
there are two constants a, B in J for which

(13) f($7t,ﬁ,0) SOSf(x7t7a)O) a.e.in Q7
then problem (1.2) has a solution u, with u(z,t) € I for every (z,t) € Q.

Indeed, in the setting of Corollary 1.2, we have that ¢; is constantly equal

to 1, so that Jp1(Q) = J, while a and (3 are constant lower and upper solutions.
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Hence, choosing 7 = I, it is readily seen that Corollary 1.2 is a consequence of
Theorem 1.1.

Since o and 8 belong to the kernel of the differential operator, Corollary 1.2
is related to some co-bifurcation theorems, cf. [9], [10], although we showed in [8]
that condition (1.3) cannot be replaced by the usual integral condition

/f(x,t,ﬁ,O)da:dt<0</f(x,ta,O)da:dt.
Q Q

This is due to the fact that the constant A appearing in the theorem is uniform
with respect to a whole class of functions, while, in previous theorems available
in the literature, the nonlinearity was usually fixed at the beginning, and then
multiplied by a small parameter.

Besides from dealing with the more general problem (1.1), Theorem 1.1 gen-
eralizes the result proved in [8] in several directions. First of all, we are able to
deal with lower and upper solutions which do not belong to the kernel of the
differential operator. Also, more general nonlinear functions F' are allowed. In
addition, we have a more precise information on the location of the solution.

As a further consequence of Theorem 1.1, after a suitable change of variables,
we obtain in Section 5 the following existence result, in the framework of non-
well-ordered lower and upper solutions.

COROLLARY 1.3. Let ¢ € L"(Q) be a function such that
A < ((z,t) <Xy forae. (z,t) € Q,
the second inequality being strict on a subset of positive measure. Assume that
Flo,tu,€) = gl t,u, &) u+ flo,t,u,6),
where the function g verifies
M < g(z, t,u, &) < C(x,t), for a.e. (z,t) € Q and every (u,€) € R x RY,
and the function f is L"-bounded: there is an h € L"(Q) such that
|f(x,t,u, &) < h(x,t), for a.e (x,t) € Q and every (u,€) € R x RV,

If (1.1) has a lower solution o and an upper solution (3, then (1.1) has a solu-
tion u. Moreover, if a £ 3, then

uwe{ve Q) :aLvandv £ B}

Corollary 1.3 is due to C. De Coster and P. Omari [7], and extends to the
parabolic problem a similar result proved for an elliptic problem by C. De Coster
and M. Henrard in [5]. The main theorem in [5] is stated in a very general setting,
including the case of asymmetric nonlinearities, as well. It generalizes a series of
existence results in the presence of non-well-ordered lower and upper solutions,
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among which we mention those by H. Amann, A. Ambrosetti and G. Mancini [3],
P. Omari [13], J.-P. Gossez and P. Omari [11], and P. Habets and P. Omari [12].
Theorem 1.1 is indeed a particular case of a general existence result, which
we state and prove in Section 3. It is based on an abstract setting, which we
construct in Sections 2 and 3. There, we point out a set of assumptions needed for
our purposes, which will be shown to be satisfied, in particular, by the parabolic
problem (1.1) considered above (see Section 7), or by some elliptic problem, with
Neumann, Dirichlet, or more general boundary conditions (see Section 8).

In using lower and upper solutions techniques, in their various forms, one of
the main tools always needed is the Maximum Principle, in some of its formula-
tions. Needless to say, we find it unavoidable in our abstract setting, too. So, in
Section 2, we introduce an assumption, which can be interpreted as an abstract
version of the Strong Maximum Principle, and could be of some independent
interest by its own.

We will provide in Section 5 examples of applications of Theorem 1.1 to some
equations with superlinear, or one-sided superlinear nonlinearities.

In Section 6, we will show how the case of asymmetric nonlinearities can be
treated in our abstract setting, as well.

We conclude in Section 9 with some remarks on possible extensions of the
theory and its applications.

2. The abstract setting

Let © be a bounded regular domain in RY, and ¥ be a bounded regular
domain in R™. Here, N and M are natural numbers, not both equal to zero.
Set @ = Q x . The points in @ will be denoted by z = (,t), where x € Q
and t € ¥. If M = 0, we identify Q with Q and write z = 2. Symmetrically, if
N =0, we identify @) with 3 and write z = t.

We denote by C*(Q) the space C%(Q), where 4, are two numbers in the
set {0,1}. Let us clarify this notation. If i = j = 0, then C*(Q) is the space of
continuous functions u:Q — R. If i+ = j = 1, those functions are of class C'.
In the case i = 1, j = 0, the elements of C¥(Q) are the continuous functions
u(w,t) such that V,u(z,t) is continuous on @, as well. Symmetrically, if i = 0,
j =1, the elements of C*(Q) are those continuous functions such that V,u(z,t)
is continuous.

Notice that, if M = 0, the space C*(Q) is identified with C?(Q). Similarly, if
N =0, we identify C*(Q) with C7(%).

Moreover, in order to simplify the notation, we write Rf = R*N+tIM and set

Vyu = (Vyu, Viu) € R,
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with the convention that, if j = 0 or M = 0, then Vyu = V,u, and if i = 0 or
N =0, then Vyu = Vu. Clearly enough, if both these cases occur, then Vyu
will simply not be considered.

Let W(Q) be a Banach space of functions which is continuously and com-
pactly imbedded in C¥(Q). Assume that £:W(Q) — L"(Q) is a linear op-
erator, with r > 1, F:Q x R x Rf — R is a L"-Carathéodory function, and
B: C*(Q) — C(0Q) is a linear and continuous operator.

We are concerned with the boundary value problem (P), as stated at the
beginning of the paper, which we can write, equivalently, as

) Ly = F(z,u,Vyu) in Q,
Bu=0 on 0Q),

Recall that F' is L"-Carathéodory if:

(i) F(-,u,&) is measurable in Q, for every (u,&) € R x Rf;
(ii) F(z, -, -) is continuous in R x R¥, for almost every z € Q;
(iii) for every p > 0 there is a h, € L"(Q) such that, if [u| + [|£]| < p, then

|F(z,u,8)| < h,(z) forae z€Q.

Here, and in the sequel, || - || denotes the euclidean norm in R¥.

The following assumption will be related to the Strong Maximum Principle.
AsSsUMPTION Al. If u € W(Q) is such that

minu <0 and Bu >0,
Q

then there is a point zyp € @ with the following properties:

(a) u(z0) <0,
(b) there is no neighbourhood U of zy such that Lu > 0, almost everywhere
on UNQ.

Let us introduce the subspaces
CH@Q) = {ue CH@Q) : Bu=0}, Ws(Q) = {uecW(Q):Bu=0},

endowed with the norms in C¥*(Q) and W(Q), respectively. These are Banach
spaces, since the operator B is assumed to be linear and continuous. We will
denote by L: Wi(Q) — L™(Q) the restriction of £ to Wp(Q). The following is
a standard invertibility assumption.

AsSUMPTION A2. There is a ¢ < 0 such that L — oI: Wg(Q) — L"(Q) is
invertible and the operator (L — oI)~!: L™(Q) — Wg(Q) is continuous. Here, I
denotes the identity operator.
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In order to have a control on the growth of F(z,u,£) in the variable £, we
need to introduce a suitable increasing function

G: [0, 00[ — [0, o0].

The following assumption will be related to the well-known Bernstein—Nagumo
condition.

AssuMPTION A3. Given two constants M, A > 0, there is a constant C' > 0
such that, if u € Wg(Q) verifies
|Lu(z)| < h(z) + G(||Viu(z)|]) for ae. z € Q,
lu(z)| < M for every z € Q,

for some h € L™(Q) with ||A||z- < A, then |lullw < C.

REMARK 2.1. A typical choice in the applications is the function G(y) =
cy?, first proposed by Bernstein. Notice that, whenever G can be taken to
be identically equal to 0, it is not difficult to prove that Assumption A3 is
a consequence of Assumption A2.

Let us introduce the nonlinear operator N: C’g(@) — L"(Q) defined by
(Nu)(2) = F(z,u(2), Viu(2)).

It is readily seen that N is continuous and maps bounded sets into bounded sets.
Problem (P) can then be more rigorously stated as

(2.1) Lu = Nu.

A solution of problem (P) will be a function u € Wi(Q) which satisfies equation
(2.1), almost everywhere in Q.
If o is the number given by Assumption A2, equation (2.1) is equivalent to
the fixed point problem
u = Su,

where the operator S: C’g(@) — C’g(@) is defined by
Su=(L—ol) " (Nu— ou).

By Assumption A2, and the fact that W (Q) is compactly imbedded in C*(Q),
we have that S is completely continuous, so that we can use Leray—Schauder
degree theory.

Given two continuous functions u, v: Q — R, we use the following notations:

u<v & u(z) <v(z) forevery z € Q,
u<v & u(z) <v(z) forevery z € Q.
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Let us consider the sets
CL (@) ={ueCQ):Bu<0}, CL (Q)={ueC*Q):Bu>0}

endowed with the norm in C*(Q). Notice that C% = Cg, N C};.
We now introduce a further assumption.

ASSUMPTION A4. A relation u < v is defined in C*(Q), with the following
properties:

u<v => UK,
uLv = u<sv,
[u<vand v <K w = u<Kw,
(2.2)
[u<vand v <w] = u<Kw,
UKLV > utw<Kv+w,

[c>0and u < v] = cu< cv,

for every u,v,w € C*(Q) and every constant ¢ € R. Sometimes, we will write
v > u instead of u < v. Moreover, the set

{ueCk (Q):u<0}

is open in C’g, (Q). Equivalently, the set {u € C’ng (Q) : u > 0} is open
in Cﬁw (Q).

Notice indeed that v > 0 if and only if —u < 0. Moreover, as a consequence
of Assumption A4, one can easily see that the sets

{ueCL(@Q):u<0} and {ue CL(Q):u> 0}

are open in C?S(@) These facts will be frequently used in the sequel, by just
mentioning Assumption A4.

DEFINITION 2.2. A pair of functions («, ) € C¥(Q) x C*(Q) is said to be
degree-admissible for (P) if a < 8, and there is a constant R, 3 > 0 with the
following property: any solution u of (P) satisfying o < u < 3 is such that

a<u<kl and J|u|lct < Rag.

In the following, it will be convenient to use the notation
[, 8] = {fu e C*Q) : o < u < B},
and correspondingly

[, Bl = {u € CL(Q) : a <u < §}.
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If (o, B) is a degree-admissible pair, then the set
Uy = {u € C5Q) : a < u < S}
is open in C5(Q). Indeed, by Assumption A4, the sets
A={ueCt, (@) :u>a}, B={uecCL (Q):u<p},
are open in C’g +(Q) and C’g, (Q), respectively, and
Uap) = (AN CE@Q) N (BN CE(Q)).

Moreover, since the closure of U, ) satisfies

Utap) C [, B8,

the fixed points of S in H(aﬁ) belong to U4, ), and to the ball B(0, Ry ) in
C%(Q). Hence, we can define

deg([ -8, U(aﬁﬂ = dLs(I -8, U(a”@) n B(O,Ra,g)),

where dpg denotes the Leray—Schauder degree.
The degree-admissible pairs considered in the sequel will often be made of
lower and upper solutions, a concept that we precise now.

DEFINITION 2.3. A function oo € W(Q) is a lower solution of (P) if

Lo < F(z,a,Via) ae. in Q,
Ba <0 on 0Q).

The function « is a strict lower solution if it is a lower solution and, for every
solution u of (P) with u > «, one has that u > «.

Analogously, a function 8 € W(Q) is an upper solution of (P) if
LB > F(z,3,VyB) ae. inQ,
B3>0 on 0Q.

The function 3 is a strict upper solution if it is an upper solution and, for every
solution u of (P) with u < 3, one has that u < .

3. Well-ordered lower and upper solutions

The following is a classical result on lower and upper solutions. It has been
proved for different types of boundary value problems, with various kinds of
differential operators. See [4] for a comprehensive review. We prove it here in
our abstract setting.
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THEOREM 3.1. Let Assumptions A1-A3 hold true, and let a be a lower
solution and B be an upper solution of (P) satisfying o < 3. Assume that there
is a function n € L"(Q) for which

[F(z,u,8) < n(z) +G(El),  for a.e. z€Q,
every u € [a(z), B(2)] and every & € R?,

Then, problem (P) has a solution u such that o« < u < 3. If, moreover, Assump-
tion A4 holds and («, 3) is a degree-admissible pair, then

deg(I - 877/{(0“5)) =1.

REMARK 3.2. Recall from Remark 2.1 that, in the case when the function
G is identically equal to 0, Assumption A3 is not explicitely needed, since it
is a consequence of Assumption A2. This is the case, e.g. when there is no
dependence on Vyu in problem (P), i.e. F(z,u,£) does not depend on &.

ProoF. We follow closely the proof in [5]. Set M = max{||la| =, ||B] L=}
and A = ||h||Lr, where
h(z) = n(2) + Gmax{[|Vial L=, [Vl L= })-

Let C > 0 be the constant given by Assumption A3. As W(Q) is continuously
imbedded in C*(Q), there exists a positive constant # such that |Jul|cs < &llullw
for every u € W(Q). Let R = kC. We can assume R > max{||Vya| e,
|VeBllL}. Let F:Q x R x Rf — R be defined by

F(z,u,¢) if a(z) <u < B(2) and ||| < R,
F(z,u,Ré”) if a(2) < u < B(2) and ||¢]| > R,
Fza(2),Via(z) ifu < a(z),

F(2,8(2),VsB(2) ifu> B(z).

Notice that F' satisfies

F(z,u,§) =

31 |F(zu, )] < h(z) + min{G([[€]]), G(R)},
for a.e. z € Q, every u € R and every £ € R,

Let us define
a(z) ifu<a(z),

v(z,u) =< u if a(z) <u < B(2),
B(z) ifu=>pB(2),
and consider the modified problem
) { Lu—ou=F(z,u,Vyu) — oy(z,u) inQ,
Bu=20 on 0Q),
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where o < 0 is the number given by Assumption A2. The remaining part of the
proof will be divided into four steps.

Step 1. Every solution u of (P) is such that a < u < .

Let us prove that a < u. Set v = u — «, and assume by contradiction that
minv < 0. Since Bv = Bu — Ba = —Ba > 0, by Assumption A1 there is a point
29 € @ such that v(z9) < 0, and there is no neighbourhood U of z such that
Lv > 0, almost everywhere on U N Q. On the other hand, as v(zp) < 0, there is
a neighbourhood V' of 2y such that v <0 on VNQ, ie., u < aon VNEQ. Hence

Lv=Lu— La=F(z,u,Vyu) —o(y(z,u) —u) — La
=F(z,a,Vya) —o(a—u) — La>ov >0,

almost everywhere on V N @, a contradiction. In a similar way it can be shown
that u < 6.

Step 2. Every solution u of (P) solves (P).
Let u be a solution of (P). As, by Step 1, a < u < 3, we have y(z,u) = u
and, by (3.1),

|(Lu)(2)] = [F(z,u(2), Viu(2))] < h(z) + G([[Vau(2)]).

By Assumption A3,
lullcx < llullw < £C = R,
and therefore F'(z,u, Vyu) = F(z,u, Vyu).

Step 3. Problem (P) admits a solution.
Let us introduce the operators I', N: Cg(@) — L"(Q) defined by

(Tu)(2) = 7(z,u(2)),  (Nu)(z) = F(z,u(2), Viu(2)).

Clearly, I is continuous, and, despite the fact that the function F' might not be
continuous, one can see that the operator N is continuous. Moreover, by (3.1),
for every u € ng(@),

|F(2,u, Vyu)| < h(z) + G(R) for a.e. z € Q,
so that, for some positive constant Cf,
(3.2) |Nu — oTul|r < Cy  for every u € C5(Q).

Problem (P) is equivalent to the fixed point problem

where the operator S: Clﬁg(@) — Cfg(@) is defined by

Su=(L—ol) " (Nu— oTu).
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By Assumption A2, the fact that W (Q) is compactly imbedded in C¥(Q),
and (3.2), we have that S is completely continuous and its image is bounded,
hence contained in an open ball B(0, K) in Cg (Q). Therefore, by classical degree
theory,

dis(T =3, B(0,K)) = 1,
and problem (P) has a solution u € B(0, K).

Step 4. Computation of the degree.

If (o, B) is a degree-admissible pair, all fixed points of S belonging to [«, 8]5
are in Ui, g) N B(0, Ry,p). Taking R > R, g from the beginning of the proof,
we have that all fixed points of S are in [a, 8] (by Step 1), and they are fixed
points of S (by Step 2). Hence, all fixed points of S belong to Uia,pyNB(0, Ry ),
and since S and S coincide on U, 5) N B(0, Ra,3), we have

deg([ — S,U(a’ﬁ)) = deg(I — g, Z/[(aﬁ)).
Taking K > R, g in Step 3, by the excision property of the degree we have
dLs(I — S,U(aﬁ) N B(O, Ra’g)) = dLs(I — g, B(O, K)) =1,

thus ending the proof. a

4. Non-well-ordered lower and upper solutions

In this section, the problem we consider will be written in the form

) Lu = g(z,u, Vyu) u+ f(z,u, Vyu) in Q,
Bu=0 on 0Q),
where f,g:Q x R x Rf — R are L"-Carathéodory functions. We introduce the

following assumption on the existence of a “first” eigenvalue.

AssUMPTION A5. There is a number \; > 0 and a function ¢1 € Wi(Q),
with 1 > 0, such that ker(L — A1) = {cp1 : ¢ € R}. We will assume that

max ¢ = 1.

LEMMA 4.1. Let Assumptions A4 and A5 hold. Given a bounded set A in
W(Q), there is a constant C 4 > 0 such that, if w € A satisfies Bw < 0, then
w < Cyap1, and if w € A satisfies Bw > 0, then w > —C 41 .

PrOOF. We prove the first inequality, the second one being analogous. By
contradiction, assume that, for every n € N, there is a w, € A with Bw, < 0,
and w,, £ ny;. Since A is bounded and W (Q) is compactly imbedded in C#(Q),
there is a subsequence, still denoted (wy,),, and a function w € C*(Q), such
that w,, — w in C¥(Q). Since B is continuous, Bw < 0. Hence, w,, and @ are
in C’g, (Q). By Assumptions A4 and A5, there is a e > 0 such that ¢; —ew > 0.
By Assumption A4, it has to be w,, < 1 /e for n large enough, a contradiction.O
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The following concept has been introduced in [12], in the framework of an
elliptic problem.

DEFINITION 4.2. A pair of functions (¢1,12) € L"(Q) x L"(Q) is said to be
admissible if it satisfies 7 < A1 < 19 almost everywhere in ) and, for every
q € L"(Q), with 11 < g <)y almost everywhere in @, if u is a solution of

{ Lu=gq(z)u inQ,

(4.1)
Bu=0 on 0Q),

then, either u =0, or u < 0, or u > 0.

The set of admissible pairs is not empty, since it contains the pair of constant
functions (A1, A1). In the applications, one usually relates the admissibility of
the pair (¢1,12) to the non-interaction of 15 with the higher eigenvalues of the
operator L.

LEMMA 4.3. Let Assumptions A2, A4 and A5 hold. Given an admissible
pair of functions (Y1,v2), there are two positive constants cyp, y, and Cy, .y,
such that, for every g € L™(Q), with ¥1 < q < 1o almost everywhere in Q, if u
is a solution of (4.1), then

Cyy o [ull Lo < Jul < Cyy |l Lo 1

PRrROOF. The inequalities clearly hold when u = 0. Assume u # 0, and let
v = u/||ul|. Then, v solves (4.1), and since the pair (¢1,12) is admissible, it
has to be either v > 0, or v <« 0. Assume v > 0, the other case being treated
similarly. We want to prove that

Cpr a1 S U < Oy, 01

By contradiction, assume that for every n € N there is a function v, € Wg(Q)
satisfying the following properties: ||v,| L = 1, v, > 0, Lo, = g, v, for some
function ¢, € L™(Q) with ¥; < g, < 1 almost everywhere in @, Bv, = 0 and
either v, ? p1/n, or v, £ np;.

Let N,,: L*(Q) — L"(Q) be defined as

(Nnu)(2) = gn(2)u(2).

It is a continuous operator, which transforms bounded subsets of L*°(Q) into
bounded subsets of L"(Q). Let 0 € R be the number given by Assumption A2.
Then,
vp = (L —ol) YNy, — ovy,).
By Assumption A2, as ||v,||p= = 1, there is a constant C' > 0 such that
lvnllw < C. By Lemma 4.1, v, < nyq, for n large enough. So, it has to be v,, 2
©1/n. Since W(Q) is compactly imbedded in C¥(Q)), there are a subsequence,
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still denoted by (vy,)n, and a function 7 € C¥(Q) such that v, — v in C*(Q).
Moreover, passing to a further subsequence, we may assume that there is a g €
L™(Q) for which ¢, — g (weakly) in L™(Q). Since the set of functions

{pe L7(Q) : 1(2) < p(2) < ¢a(2), for ae. z € Q}

is closed and convex, it is weakly closed, so that

G1(2) <) < a(2), forae. 2 € Q.
Then, by compactness, v = (L — o)1 (g(- )v — o), i.e. v € W5(Q) and
Lv=7q(-)v.

Since the pair (¢1,12) is admissible, either 7 = 0, or 7 > 0, or ¥ < 0. As
v, > 0, by Assumption A4 the third possibility is excluded. Since ||v, |00 = 1,
also ||7]|cc = 1, so that T # 0. Therefore it has to be 7 > 0. By Assumption A4,
there is € > 0 such that 7 — €p; > 0. Using Assumption A4 again, it has to be
v > ey for n large enough, a contradiction. |

Let cy, », and Cy, 4, be the two positive constants given by Lemma 4.3.
Given two numbers a, b, set

Coivs g <o, it gy ifh <0,
(4.2) Ly = Copy 1y Ky = C¢17¢2
Shis o g >0, “nve o if >,
Cwl,wz Cypy 2
Notice that
(4.3) e <a and Ky > 0.

We will also need the following assumption, which in the applications will be
satisfied by the positive constant functions.

AsSsUMPTION A6. There is a function ¢y € W(Q) such that
0o >0, Lpog>0 and Bypy > 0.
We will assume that max ¢y = 1.

We define the set
F(Z,A\K),
where Z C R is an interval, and A, K are some nonnegative constants. Its
elements are the Carathéodory functions f:Q x 7 x R¥ — R which satisfy the
following Bernstein—-Nagumo growth condition:

1F(2,u,8)] < h(z) + KG(||€]]), for a.e. z € Q and every (u,£) € T x R¥,

for some h € L™(Q), with ||h| - <A.
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For an open interval I C R, we use the notation
Ipr ={ue C*Q) : (inf Ip1 < u < (supI)py}.

Similarly if the interval is closed, with the strict inequalities replaced by non-
strict ones. Moreover, we will denote by I¢;(Q) the interval obtained as the
union of the images of the elements of Ip;.

We are now in a position to state our main result.

THEOREM 4.4. Let Assumptions A1-A6 hold true. Let (¢1,12) be an ad-
missible pair of functions, and a, b be two real numbers, with a < b. Let I C R
be an open interval containing [Lq, kp], and T C R be an open interval containing

[ta, Kb)P1(Q), where 1, and Ky are given by (4.2). There is a constant A > 0 such
that, for every function g satisfying

Y1(2) < g(z,u,8) < Pa(2),  for a.e. z € Q and every (u,€) € T x R¥,

and every function f € F(Z,A\,N), if there are a lower solution o and an upper
solution B of (P) verifying

agplfASOéSbﬁpl, a@lgﬂgb@1+‘/\’

then problem (P) has a solution u € Ipy. Moreover, if a £ 3, then

(4.4) ue{veC’%(@):afv and v £ B}.
REMARK 4.5. It can be seen that (4.4) implies

aZu and u<pf.

Indeed, let u satisfy (4.4) and assume by contradiction that a < u. Let (vp)n
be a sequence in C%(@) such that o £ vy, v, £ B, and v, — u in C¥(Q). By
Assumption A4, a < v,, for n sufficiently large, contradicting o« £ v,,. Hence,
(4.4) implies ¢ u. In the same way one can see that (4.4) implies u<¢ (3, as

well.

PRrROOF. If the lower solution « and the upper solution (3 are well-ordered,
the result follows from Theorem 3.1, independently of the choice of A. So, we
will focus our attention on the case where o £ 3.

Let p := min . Recall that, by Assumption A6, it is 4 > 0. Fix £ > 0 and
a positive integer mg such that

2 2
lg—E— —,kp+e+—| C1
mo mop
and
— 2 2
[ta — &,k +e]l1(Q)+ | ——,——| CT.
mMop Mol
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We will prove the statement by taking A = 1/m, with m > my a sufficiently large
integer. By contradiction, assume that for every m > mg there are functions f,,
and g,,, with

V1(2) < gm(z,u, &) <a(z), forae. z € Q and every (u,§) € T X R,

fm € F(Z,1/m,1/m), and there are a lower solution o, and an upper solution
B of the problem

P,) Lu = gm(z,u, Viu)u+ fr(2z,u, Viu) in Q,
" Bu=0 on 9Q),
with
1 1
(4.5) apr — — < <bp1,  apr < B < bpr + —,
m m

and «,, € Bm, for which (P,,) has no solution u with u € Ip;, or (P,,) has
no solution u in the closure of the set {v € C’%(@) fay £vandv £ G}t In
particular, we are assuming a < b, since otherwise a,,, < G-

The strategy of the proof is to modify the functions f,, and g,, in order
to create a new pair of lower and upper solutions, which are well-ordered with
respect to «;, and (,,. By the use of degree arguments, we will then be able to
prove the existence of a solution w,, of the modified problem which remains in
the region where the functions have not been modified, so that u,, will indeed
be a solution of (P,,), and we will see how this leads to a contradiction with the
above.

Define the modified function f,,: Q x R x Rf — R as

fn(zu,6) =
Pt s (- ale) — eole)
3)\7;: L, mufm(z,z,oi)— 3\ - 1 <u ~ (ta— 5)¢1(z)+”i%(z)>
if (1o — €)1 (2) — mluwo(z) <u< (g — )1 (2) — miﬂgpo(z),

fonl2r1,€) i (1 — ) (2) — miuso()(z) <u< (my+ e>@1<z>+miuwo<z>,

3+l n mpfm(z,u,8) +3A1 + 1
my ®o(2)

i (1 + )on (=) + miﬂsoo<z> <u< (m+ €)<P1(Z)+miu900(z)a

(54 902(2) + 2nt2) )

3\ +1 . 2
- if u> (ky +e)p1(2) + —wo(2),
mu mu
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define the modified function gm:Q x R x R¥ — R as

gm('z?u?f) = 2
A1 ifu < (1q —€)p1(2) — m*ﬂ@o(z),
gm(z,u,f) - )‘1 2
AL +mp T (u - (La - 5)901(2) + "WQPO(Z)>
ﬁufﬁwm»Q%%wSusm—a%wkimmm
G (20,€) ﬁua—dwﬂ@-£;wd@_Jhéwb+@wﬂ@+;%¢d@,
gm(zauvé-)_)‘l 2 —u
A1+ mp ) <(f<cb +e)p1(z) + m¢o(2) >
ﬁWﬁ@w@+%yW%%SWﬁd%@+%ﬁW%
M ﬁuzwmwwma+§%mux

and consider the modified problem

,0) Lu = G (z,u, Viu) u + fm(z,u, Vyu) in Q,
" Bu =0 on 0Q.

Notice that g, is a L"-Carathéodory function,
(4.6)  ¥1(2) < Gm(z,u,€) < 1hy(z) for ae. z € Q and every (u,€) € R x R¥,

and, for m sufficiently large,

~ 1
(4.7) Fn € J—'(R, M+
m

1
1/ry —
(i, ).
Let Np: Cg(@) — L"(Q), be defined as

(Not)(2) = G (2, u(2), Viu(2)) w(z) + fon (2, u(2), Vyu(z)).

75

Let o € R be the number given by Assumption A2, and let Sp,: CﬁB Q) — CﬁB Q)

be defined as
S = (L —oI) " (Npu — ou).

Recall that solving problem (lgm) is equivalent to finding a fixed point of S

Define the functions «,,, and Bm as follows:

Gm(2) = (ta = €)pr(2) = 0

Notice that, by (4.3), (4.5), and Assumptions A5 and AG,

(4.8) Gm € O K By G < B < P

(). %M=WHM@+%%w
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Let us prove that, for the modified problem (f’m),
Q,y, 18 a strict lower solution.

Indeed, we have

~ - - 3\ +1 - - ~
m\<; Xm, m) = d m\<; Xm; m) = A s
fm (2, &, Vi) o and g (2, Om, V4lim) 1
so that, by Assumption A6,
3\ 3\ +1
LAy = A0, + 71900 - 75(800) < M@ + 2
my my my

= gm(z7 O, vﬁam)am + fm(27 Qm, vﬂam)-

Moreover, by Assumption A6,
~ 3
Ba,, = ——B(pg) <0,
mp

so that a,, is a lower solution. In order to show that it is a strict lower solution,
let © be a solution of (f’m) with v > a,,. We will prove that v > a,,. By
contradiction, assume that min(u — &,,) = 0. Set v = u — &, — (1/(Mp))po.
Then, minv < 0 and, by Assumption A6, Bv = (2/(mu))B(po) > 0. By As-
sumption Al, there is a point zy € @ such that v(zg) < 0, and there is no
neighbourhood U of zy such that Lv > 0, almost everywhere on U N Q.

Being v(zg) < 0, there is a neighbourhood V' of z such that v < (¢4 — €)1 —
(2/(mp))eo in VN Q. By Assumption A6,

- 1 3\ 1 - 1
Lv=Lu— L(Cp +—pg) = Mu+ Ll L(0m, + 7900)
mi m mi
- 3\ +1 - 1 3\i+1  3X
> My, + 2 L L(Gm + ——pg) = 2 R A} %o + *5(800) >0,
mp mi mp mi mi

almost everywhere in V N @, a contradiction.
In the same way we can show that

Bm is a strict upper solution.

The pair (G, Bm) is degree-admissible for (P,,): by (4.6), (4.7), and Assump-
tion A3 (or A2), since W (Q) is continuously imbedded in C*(Q), there is a con-
stant R > 0 such that |ju||c: < R for every solution u of (P, ) with &y, < u < Bm
Since &, and ﬁm are strict, for such a solution we also have that a,, < u < ﬁm

The following Claim will give us a solution w,, of (P m) with some localization
properties, which will permit us to show, passing to subsequences, that wu,, lies
in the region where f,, and g,, have not been modified.

CrAaIM. There is a solution u,, of (f’m) such that

(4.9) G < U < B,
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and

(4.10) Um € {v € CuB(@) tam £vand v £ G}
For the proof, we distinguish three cases.
Case 1. The pairs (Gm, Om) and (am,ﬁm) are degree-admissible for (ﬁm)
By Theorem 3.1, we have
deg(I — S, Uz, ,)) = 1,
deg(I—gm,Z/{(a =) =1,

mBm)
deg(I — S, U

@) = 1

Since vy, £ B, the sets Uy, 5,.) and Z/I(a 3, are disjoint. Moreover, they are
both contained in L{(a B and

deg(I — §m,u(am}5m)) # deg(I — Sp, Uz, p,.)) + deg(I — S, Ui, 5oy

By the additivity property of the degree, there is a solution wu,, of (lsm) such
that u,, € L{( =, and

G ;ﬁm)

Un & U, p,) YU (o 5,0

Since &, and Bm are strict, we have (4.9). Let us see that, in this case, a,;, € up,
and uy, € Bm. By contradiction, assume au;, < Uy,. Let (v i)k be the sequence

in CL(Q) defined by
Um.,k = Um + —P1.
/ k

By Assumption A5, v, 5 > agy,. Since u,, < Em and, by Assumption A4 the
set {v € C’g(@) : v < B} is open in Cé(@), for k large enough we have that
Um,k < Bm. Therefore, v, 1 € L{(a B Since Uy, k. — Uy, in CHQ), it has to

be u,, €U ) contradiction. In the same way one proves that wu,, £ Bm-

(a'menL
Case 2. The pair (@, Om) is not degree-admissible for (f’m) Then, for every
R > 0 there is a solution u,, of (P,,) with

(4.11) Am < U < B,

such that, either &, € U, Or Up, K B, or ||um||ct > R. By (4.6), (4.7) and
Assumption A3 (or A2), we see that, for R large enough, the third possibility is
excluded. Recalling that a, is strict, we have that &, < wu,,, and we deduce
that it has to be u,, € G- On the other hand, it cannot be a,, < u,,, because
this would imply that a,, < B,,. Moreover, by (4.8) and the fact that &, is
strict, (4.11) implies that (4.9) holds.

Considering again the sequence vy, 1 = Un, + (1/k)p1, since a,, € Uy, for
k large enough we have that oy, £ vm,k. Let us see that v, £ Bm. By
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contradiction, assume vy, < Bm. Then, Bn — um > (1/k)p1 > 0, so that
Um < Pm, & contradiction. Hence, for k large enough, v, € {v € CﬁB(@) :
am % v and v £ B}, so that, since vy, x — uy, in C*(Q), we have (4.10).

Case 3. The pair (am,, Bm) is not degree-admissible for (lgm) This case is
analogous to Case 2. The proof of the Claim is thus completed.

Let (um)m be the sequence provided by the above Claim. Recall that, as
seen in Remark 4.5, (4.10) implies

(4.12) Om L Uy and Uy L Bm.

By a compactness argument, we will now show that, for a subsequence, u,, is
indeed a solution of (P,,) and belongs to Ip;. Having proved (4.10), this will
give us the required contradiction.
By (4.6), (4.7), (4.9), and Assumption A3, there is a constant C > 0 such
that
lumllw < C,  for every m.

Being W(Q) compactly imbedded in C*(Q), there are a subsequence, still de-
noted by (um)m, and a function w € CﬁB(@) such that u,, — @ in C*(Q). In
particular, for every z € @ we have ||[Vyu,,(2)| < ¢, for some constant ¢ > 0.
Hence, by (4.7),

~ 1
|fm(zaum(z)a vﬁum(z)” < hm(z) + Eg(é)v
for some h,, € L"(Q) such that

|| 1 < 1+ 1Q[Y™),

3\ +1
m

so that
fM( ) ’um( ’ )’ Vﬁum( ’ )) — 0 in LT(Q)'

Moreover, by (4.6), there is a § € L"(Q) such that, for a subsequence,
(4.13) gm (s um(-), Vium(+)) = 4(+)  (weakly) in L"(Q).
Then, by compactness,

St = (L — o) YNty — 0tt) — (L — o) "1 G(- )@ — o7) in C*(Q).
AS Uy, = Sptlm, we get T = (L — ol)X(q(-)u — ou), ie. T € Wa(Q) and
Lw = q(-)u. Since the set of functions

{p e L"(Q) : 1(2) < p(2) < ta(z), forae. z€Q}

is closed and convex, it is weakly closed, so that, by (4.6) and (4.13),

1 (z) <G(z) <ha(z), forae. z€Q.
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Recalling that the pair (11,2) is admissible, it has to be either w = 0, or w > 0,
or u < 0. We want to show that

(4.14) Lap1 < U < Kppy-

We consider three different cases.

Case 1. 0 < a <b.

Assume by contradiction that @ £ kpp1. Then, @ > 0 and, by Lemma 4.3, we
have that @ < Cly, 4, ||T]|Lp1. Being @ £ Kpp1, it has to be Cy, , [Tl Lo > K.
Again by the same lemma and Assumption A5,

C
= C¢11w2”ﬂHL°°4P1 > C:bliﬁb@l = byp;.

1,%2

Hence, @ > by, so that, since u,, — @ in C* (Q), by Assumption A4, u,, > by,
for m sufficiently large. Since a,, < byi, we get a,, < Uy, in contradiction
with (4.12).

Assume now by contradiction that tqpy £ w. If @ = 0, then ¢, = 0 and
u # 0, so that w < 0. By Assumption A4, u,, < 0 for m large enough, and
since G, > 0, we have u,, < [, in contradiction with (4.12). If a > 0, we get
a similar contradiction if @ < 0. Hence, it has to be @ > 0. By Lemma 4.3,
since o1 £ U, we have that ¢y, ¢, [|T||Le < tq. Again by the same lemma and
Assumption A5,

_ _ C
U < Cyy o, ||l L1 < %Lagpl = ayp;.

1,%2

Hence, u < agy so that, by Assumption A4, u,, < api, for m sufficiently large.
Since B, > ap1, we get Uy, < By, in contradiction with (4.12).

Case 2. a <0 <b.

In this case, tq < a < 0 < b < Kkp. The inequality T < Ky is proved as in
Case 1. Assume by contradiction that 41 £ w. Then, it has to be © < 0. By
Lemma 4.3, since (491 € W, we have that —Cly, y, 8]~ < tq. Again by the
same lemma and Assumption A5,

Cpr,1pa

u < _C'ﬁlﬂbz”ﬂHL‘”(pl < C
P

lagP1 = aP1q.
1,%2

Hence, © < ag; so that, by Assumption A4, u,, < api, for m sufficiently large.
Since B, > ap1, we get Uy, < By, in contradiction with (4.12).

Case 3. a < b<0.
This case is the symmetrical of Case 1, and its proof is completely analogous.
By (4.14) and Assumption A5, we have

(ta —€)p1 €T <K (Kp + €)1



80 A. FoNDA — R. TOADER

Since u,, — u in C*(Q), by Assumption A4 we have that, for m sufficiently
large,

(ta — E)p1 K um < (Kp + €)1
So, uyy, is a solution to problem (P,,). By the choice of &, we have that w,, € Iy1,
and since (4.10) holds, we get a contradiction, which ends the proof. |

REMARK 4.6. We emphasize the fact that, in Theorem 4.4, the choice of the
constant A is made uniformly for a whole class of functions and lower and upper
solutions. This point has been investigated more carefully in [8].

5. Some consequences, in the abstract setting

In this section, we consider again the problem

{ Lu = g(z,u, Vyu) u + f(z,u, Vyu) in Q,

P
) Bu =20 on 0Q.

The first corollary of this section is an improved version of Corollary 1.3. As
we said in the Introduction, it generalizes a series of results involving non-well-
ordered lower and upper solutions, cf. [3], [5], [7], [11]-[13].

COROLLARY 5.1. Let Assumptions A1-A6 hold true. Let (1,12) be an
admissible pair of functions, assume that the function g verifies

V1(2) < g(z,u,8) < Pa(2), for a.e. z € Q and every (u,€) € R x R¥,
and the function f is L"-bounded: there is an h € L"(Q) such that
|f(z,u,8)| < h(2), fora.e. 2 € Q and every (u,&) € R x R¥,

If (P) has a lower solution a and an upper solution 3, then (P) has a solution u.
Moreover, if a £ 3, then

ue{vEC’é(@):aﬁvandvﬁﬁ}.

PRrROOF. Consider the change of variable w = Au, with A € ]0,1] a small
positive number. Then, (P) becomes

B Lw = Gi(z,w, Vyw)w + fr(z,w, Vyw) in Q,
A Bw=0 on 0Q),
with

~ _ (L w 7 _ w e
gA(z,w@)—g(z, )\a>\> and f)\(szvg)_)‘f<zv )\7>\>
The function gy verifies

V1(2) <Ga(z,w, &) < ho(z), forae. z € Q and every (w, &) € R x R¥,
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while fy € F(R,A||h]|Lr,0). We have that @y = Aa is a lower solution and
By = AQ is an upper solution for (f’)\) By Lemma 4.1, there are a constant
Co > 0 for which o < C 1, and a constant Cg < 0 for which 8 > Cgyp,. Notice
that

Capr — Alal|lze <@ < Capr, Cpapr < B < Capr + A Lo,

for every A €]0,1]. Taking a = Cg, and b = C,,, we can apply Theorem 4.4 and
we find, for A sufficiently small, that (Py) has a solution wy. Moreover, if o € £,
then @y £ By for every A € ]0, 1], hence

wy €{ve CﬁB(@) iy Zvand v £ By}
The proof is then easily concluded. |

As a direct consequence of Theorem 4.4, we have the following corollary,
which is related to some co-bifurcation theorems, cf. [9], [10].

COROLLARY 5.2. Let Assumptions A1-A6 hold true. Let I C R be an open
interval, and A, K be some fixed positive numbers. Given a compact interval J,
contained in I, let T be an open interval containing Jo1(Q). Then, there is a X >
0 with the following property: for every A € [0,\] and every f € F(T,\, K), if
there are two constants a1, by in J for which

fCbipi(4), biVepi (1)) <0< f(, arpi(-), a1Vyer ()  ace. in @,
then the problem

Lu=Mu+ Af(z,u, Vyu) inQ,
Bu=0 on 0Q,

has a solution u € Ip;.

PRrooF. In this case, we have 91 = 3 = A1, so that cy, v, = Cy, 4, = 1.
Writing J = [a, b], we have that ¢, = a and k; = b. Hence, Theorem 4.4 applies
by taking o = a1p1 and 8 = byp;. O

We now give two examples of applications of Corollary 5.2.
Let n € L*°(Q) be a function bounded below by a positive constant. Given
p > 1, consider the problem

(5.1) { Lu = u+n(z)|ulPlu+e(z) inQ,

Bu=20 on 0@,
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COROLLARY 5.3. Let Assumptions A1-A6 hold true. For every given d > 0
there is a Ay > 0 such that, for everyp > 1, if

As p/(p—1)
(5.2) le(z)| < ((1+5)p) v1(2)? for a.e. z € Q,
then (5.1) has a solution.
PRrROOF. Fix § > 0 and consider the problem
(5.3) { Lw = Xw + An(2)|wP~ w+eé(z)) in Q,
Bw =0 on 0Q),

where A is a positive constant and € is such that

(5.4) le(z)] < (essinfn) p1(2)P for ae. z € Q.

Take J =[—1,1] and I =]—1— 4,1+ §[. Notice that, in this case, Jo1(Q) = J,
so that we can take T = I. Setting f(z,w) = n(2)|w|P~ 1w + &(z), we have

f(z,=p1(2)) <0 < f(z,01(2)),
for almost every z € @ and, for every w € I,
(5.5) |f(z,w)| < [[nlLee (14 6)P + essinfn < 2A[|n L~ (1 + ).

Take o = 1, B = —p1, r = 400 and let A = A5 > 0 be as in the statement of
Corollary 5.2. Hence, if A € [0, As], then (5.3) has a solution w € ;. Set
(5.6) As = Xs(1+ 0)P min{essinfn, 1}.

Consider now (5.1), and assume (5.2) with A; > 0 as above.
Setting w = Xé/(lfp)u, we see that (5.1) is equivalent to (5.3), with A = s
and e(z) = XE/(lip)e(z). Since, using (5.2), (5.6),

N /(p—1)
- +»/(1-p) /e As \F
=T e < RO () e

= min{essinfn, 1}P/ P~V (2)P < (essinfn) ¢1(2)P,

we have that (5.4) holds, so that (5.3) is solvable. Therefore, (5.1) is solvable,
as well. 0

REMARK 5.4. Notice that, taking § = 1/2, condition (5.2) is satisfied if p is
sufficiently large and

1 p
le(2)] < (2 gpl(z)> for a.e. z € Q.
In a similar way, we have the following result, where we use the notation

uh = max{u,0}.



SOLUTIONS TO SEMILINEAR BOUNDARY VALUE PROBLEMS 83

Let n € L*°(Q) be a function bounded below by a positive constant. Given
p > 1, consider the problem

{ Lu = u+n(z)(uh)P +e(z) nQ,

(5.7)
Bu=0 on 0Q),

COROLLARY 5.5. Let Assumptions A1-A6 hold true. For every given 6 > 0
there is a As > 0 such that, for every p > 1, if e(z) < 0 for almost every z € Q
and (5.2) holds, then (5.7) has a solution.

PROOF. As in the proof of Corollary 5.3, first consider the problem

Lw = w+ A(n(z)(wh)P +e(2)) inQ,
Bw=0 on 0Q),

where € is such that
—(essinfn) p1(2)? <e€(z) <0 fora.e. z € Q.

Once 6 > 0 is fixed, take J = [0,1] and I =]—4,1+ ¢[. Notice that, even in this

case, Jp1(Q) = J, so that we can take Z = I. Setting f(z,w) = n(z)(w™)P+e(z),

we have
f(Z,O) <0< f(Z,(,Ol(Z)),

and (5.5) holds, for almost every z € @ and every w € I. Taking o = 1 and
B =0, one then concludes as in the proof of Corollary 5.3. O

Let us now introduce a further assumption.

AssuMPTION A7. There is a number Ay > A; with the following property.
If ¢ € L"(Q) satisfies

A <q(z) <A forae z€Q,

each of the inequalities being strict on a subset of positive measure, then the
problem

Lu=gq(z)u inQ,
Bu=0 on 0Q),

only has the zero solution.
The following corollary is the abstract version of Theorem 1.1.

COROLLARY 5.6. Let Assumptions A1-AT hold true. Let I C R be an open
interval, and ¢ € L™(Q) be a function such that

M <(C(2) <)Xg forae z€Q,
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the second inequality being strict on a subset of positive measure. Given a com-

pact interval [a, b], contained in I, let T be an open interval containing [a, bl¢1(Q).
There is a constant A > 0 such that, for every function g satisfying

M < g(z,u,8) <C(2), forae z€Q and every (u,&) € T x R¥,

and every function f € F(Z,A,A), if there are a lower solution « and an upper
solution B of (P) wverifying

apr — A < a < bey, apr < B < bpr + A,

then problem (P) has a solution u € Zpy. Moreover, if a £ 3, then

uG{vEC’é(@):aﬁvandvﬁﬁ}.

PrOOF. Take ¥1(z) = A\ and ¥a(z) = ((2). If ¢ € L"(Q) satisfies \; <
g < ¢, then a solution of (4.1) is either identically zero, or, if ¢ is equal to
A1, it is a multiple of ¢;. Hence, the pair (¢1,19) is admissible, and we have
Cyrps = Cyy = 1, 50 that ¢, = @ and x, = b. The result then follows directly
from Theorem 4.4. |

6. Asymmetric nonlinearities
In this section the considered problem will be written as

(P) Lu:g+(z7u7vﬁu) U+ _g—(zaua Vﬁu) u- +f(zau7vﬁu) in Q7
Bu =0 on 0Q,

where f,g.,9_:QxRxRF — R are L"-Carathéodory functions, u* = max{u,0}
and v~ = max{—u,0}. We will only briefly discuss the main differences with
respect to the results obtained in Section 4.

DEFINITION 6.1. A quadruple of functions (1, 12, X1, x2) € (L"(Q))* is said
to be admissible if it satisfies Y1 < A\ < 12, x1 < A1 < x2 almost everywhere
in @ and, for every g4,q— € L"(Q), with 11 < g+ < 92, x1 < g— < x2 almost
everywhere in @, if u is a solution of

{ Lu=q(2)u’ —q-(2)u” inQ,

(6.1)
Bu=0 on 0Q,

then, either u =0, or u < 0, or u > 0.

If Assumption A5 holds, the set of admissible quadruples is not empty, since it
contains the quadruple of constant functions (A1, A1, A1, A\1). In the applications,
one usually relates the admissibility of the quadruple (11,2, X1, X2) to the non-
interaction with the first curve in the Dancer—Fucik spectrum of the operator L.
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LEMMA 6.2. Let Assumptions A2, A4 and A5 hold. Given an admissi-
ble quadruple (1,2, X1, X2), there are two positive constants Cy, s x1,x2 @NA

C¢17¢27X1,X2 such thaty fOT every q4,q— € LT(Q); with wl < q+ < 7/}27 X1 < q- <
X2 almost everywhere in Q, if u is a solution of (6.1), then

C¢17¢27X17X2Hu”L°°501 < |u| < Cwl,w2,X1,X2”u||L°°901'

PrROOF. Just follow the lines of the proof of Lemma 4.3. The only difference
is the use of the following well-known fact: if (¢, )n is a sequence in L"(Q) such

that ¢, — ¢ weakly in L"(Q), and (uy,), is a sequence in C(Q) such that u, — u
uniformly, then g,u — qu™ weakly in L"(Q). O

Let ¢y, ,x1,x2 a0 Cy; s x1,x2 D€ the two positive constants given by Lem-
ma 4.3. Given two numbers a, b, set

Cy s xixe a ifa<o, W b ifb<0,
(6.2) e = Copy ih2,x1,x2 Kp = Cﬂfl,ﬂle,Xz

Coor,ha,x15x2 a ifa>0 Zu¥rXiX2 poif g > (),

C¢1,¢2,X17X2 - Cop1,tha,x1,x2 -

We have the following analogue of Theorem 4.4.

THEOREM 6.3. Let Assumptions A1-A6 hold true. Let (11,2, X1, X2) be an
admissible quadruple of functions, and a,b be two real numbers, with a < b. Let
I C R be an open interval containing [tq, k], and T C R be an open interval

containing [Lq, kp)1(Q), where v, and Ky, are given by (6.2). There is a constant
A > 0 such that, for every two functions g1, g— satisfying

¢1(Z) §g+(2,u,§) < ¢2(Z)7
Xl(z) Sg_(z,u,f) < X2(z)a

for almost every z € Q, every (u,&) € T xR, and every function f € F(T,A,A),
if there are a lower solution « and an upper solution B of (P) verifying

apr — A < a < by, apr < B <bpi + A,

then problem (P) has a solution u € Ip1. Moreover, if a £ 3, then

ué{vng(@):agvandvgﬁ}.

Proor. We follow the lines of the proof of Theorem 4.4. Let p := min ¢y,
and fix e > 0 such that [, —¢, ky+¢] C I and [1, —¢, Kp+€]p1(Q) C Z. Arguing
by contradiction, we modify the functions fy, (2,4, €), g+ m (2,4, &), g— m(z,u, &)

outside the set

{(z,u,o (o= )r(s) = —n(s) S0 S+ )nl) + n;soow)},



86 A. FoNDA — R. TOADER

so that both g4 ,, and g_ ,,, will be equal to A; outside the set

{<z,u,f> (o= 2)r(s) = () S0 S+ )+ nfuwo(z)}-

We thus obtain the new functions fm(zm,f), I+.m(2,u,8), g—m(z,u,€), and
consider the modified problem (P,,):

Lu = G 4 (z,u, Vyu) ut — G —(z,u, Vyu) u™ + fm(z, u, Vyu) in Q,
Bu =0 on 0Q.
Defining the functions

3 ~ 3
Qm = (Lo — €)1 — — 0, Bm = (kb + €)1 + — o,
mu mi

we can prove that a,, is a strict lower solution, and Bm is a strict upper solution,
and (4.8) holds. We then prove the following claim.
CLAIM. There is a solution wu,, of (P,,) such that

(6.3) A < U < P,y
and
(6.4) U € {v € CL(Q) : i £ v and v £ B}

Let (tm)m be the sequence provided by the above Claim. There are a sub-
sequence, still denoted by (t,)m, and a function @ € Cfg(@) such that u,, — @
in C*(Q). Moreover,

J?m( " U (- )ﬂvﬁum( 1)) — 0 in L(Q),

and, for some subsequence,

Im+ (s um(-), Vaum(+)) =7, ()  (weakly) in L™(Q),
gm,— (- um(+), Vium(+)) = q_(+) (weakly) in L™(Q).
By a standard argument, we can conclude that
La=q,(-)a" g ()7,
and
¥1(2) <q4(2) <2(z),  xa(z) £7(2) < x2(2),
for almost every z € (). We can then prove that t,01 <@ < Kpp1.

By Assumption A5, we have (1, — €)1 < U < (K +€)p1. Since Uy, — U in
C*Q), by Assumption A4 we have that, for m sufficiently large,

(ta — €)1 K Uy, K (Kb + €)1,
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so that w,, is a solution to problem (P,,). By the choice of €, we have that
Um € Ip1, and since (6.4) holds, we get a contradiction, which ends the proof.x

7. The case M = 1. An application to the parabolic equation

Let © be a bounded domain in RY with a C?-boundary 9. Given T > 0,
set Q@ =0 x]0,T7.
Define the elliptic differential operator

N N
Au = — Z a;;(z, t)aiﬂju + Z a;(,t)0z,u + ap(x, t)u.
ij=1 i=1

Here a;; € C(Q), aij = aji, aij(,0) = a;j(x,T) in Q, for 4,5 = 1,..., N, there
exists @ > 0 such that

N
Z aij(z, )€€ > a|€||?,  for every (z,t,£) € Q x RY,
ij=1
a; € L>*(Q), fori=0,... ,N.
We choose C*(Q) = C*0(Q), and W(Q) = W21(Q), the space of functions
u such that
u, Opu, O, u, (ﬁizju e L"(Q),

fori,j =1,...,N, with the usual norm

N
|LT + Z ||8ililju||LT'

ij=1

N
lullw = llullzr + 18sullr + D 10s,u
i=1
Taking r > N + 2, we have that W,?1(Q) is compactly imbedded into C19(Q).
We define the operator £: W2(Q) — L"(Q) as follows:
Lu = Oyu + Au.

Assume that 99 is the disjoint union of two closed sets T'y and T's (the cases
I'y =0 or 'y = () are admitted). Let 75 be the operator defined by

(tsu)(z,t) = u(z, t + 5),

and consider the boundary operator

u on I'y x [0,T7,

N

Z bi(z,t)0z,u + bo(x,t)u  on 'y x [0,T],
Bu:=q ‘=

u— Tru in 2 x {0},

T(—T)U — U in Q x {T}.



88 A. FoNDA — R. TOADER

Here b; € C1(9Q x [0,T)), bi(x,0) = bi(x,T) in 0, for i = 0,... , N, and there
exists b > 0 such that
N
bo(z,t) >0 and Zbi(x,t)l/i(x) >b, forevery (z,t) € 9Q x ]0,T].
i=1
The vector v(z) = (v1(z),...vn(x)) is the unit outer normal to Q at x € IS
In this setting, problem (P) coincides with (1.1). We then have that u is a so-
lution of problem (P) if u belongs to W21(Q), it satisfies the differential equation
almost everywhere in ) and the boundary conditions pointwise. A function with
these properties is usually called “strong solution” in the literature.
We can assume without loss of generality that

ap(z,t) >0 for ae. (z,t) € Q.

Indeed, if it were not so, we could add to both sides of the differential equation
the term pu, with p = essinf ag.

DEFINITION 7.1. Given two functions u,v € C*%(Q), we will write u < v if
the following two conditions hold:
(a) for every (z,t) € Q x [0,T], u(z,t) < v(z,t),
(b) for every (x,t) € 9Q x [0,T], either u(z,t) < v(z,t), or u(z,t) = v(z,t)
and d,u(x,t) > dyv(x,t).

Here v denotes the outer unit normal to 92 at the point (x,t).

We need to check whether our Assumptions A1-A7 are verified.
Assumption Al: Let v € W21(Q) be such that

m:=minv <0 and Bv>0.

Let (x0,t0) € Q satisfy v(z,to) = m. If ty = 0, since v(xg,0) — v(xo,T) > 0, we
have that v(xg,T) = m, as well. We can then assume without loss of generality
that tg > 0. Assume by contradiction that there is a neighbourhood U of (zg, t)
such that Lv > 0 a.e. on U N Q. Restricting to a smaller neighbourhood, if
necessary, we can assume that U = Q; X ]¢1,t2[, where ; is an open set with
a C2-boundary, and 0 < t; < tg < tp. We distinguish between three different
cases.

If zg belongs to 2, we can take 2; contained in 2, and the Strong Maximum
Principle (cf. [7, Proposition I1.1.1]) implies that v is constant in € X ]¢1, 0],
which is impossible, since Lv > 0 there.

If xo belongs to I'y, then v(xg,to) = 0 > m, contrary to the assumption.

If 29 belongs to I's, we take an open set €y, with a C?-boundary, such
that Q2 C Q3N Q, and Oy N 9N = {z0}. Notice that the outer normal v
at xo is the same for Q and for Q3. By the Strong Maximum Principle (cf. [7,
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Proposition I.1.1]), since v is not constant in Qs x|t1, to], it has to be d,v(zo, to) <
0 for every u € RY such that p-v > 0. Let p = (b1 (o, t0),- .. ,bn(To,t0)), the
functions b; coming from the boundary condition. Then, since Bv > 0, we would
have

Ouv(zo,to) > —bo(zo, to)v(zo,t0) > 0,

a contradiction.
Assumption A2 is verified for every o < 0, see [7, Proposition I.1.3].

Assumption A3 is a classical estimate, with

G(y) = v,

for any constant ¢ > 0, see [7, Proposition III.1.4].

Assumption A4: The properties (2.2) can be directly verified. By contradic-
tion, let (vy), and v in Cllg’f(@) be such that v > 0, v, — v in C%(Q) and
v ¥ 0, for every n. Two cases are possible.

Case 1. There is a sequence (zp,t,), in @ such that v, (z,,t,) < 0. Then,
there are a subsequence, still denoted by (x,,,%,),, and a point (Z,7) € @ such
that (wn,t,) — (Z,f). Since v > 0 and v, — v in CH9(Q), it has to be
v(Z,t) = 0, and hence T € 9Q and 9,v(T,t) < 0. We distinguish two subcases.

If 7 € Ty, we can find a sufficiently small ball U = B(Z, p) such that, on
(U NN x [0,T], all u, vanish. Moreover, since d,v(T,t) < 0, if p is small
enough we will have, for the same direction v, that d,v,(z,t) < 0, for every
(z,t) € U x ]t — p,t + p[. Taking p still smaller, if necessary, we have that the
segment {2, + sv : s > 0} NU meets the boundary 99 at a single point z/,. For
n large enough, t,, € |t — p,t + p[, so that v, (@, t,) < 0 < wv,(z!,,t,), and this
is impossible since d,v,, is negative on the segment joining x,, with /.

If T € Ty, since v(Z,t) = 0 and Bv > 0, letting p = (b1(%,1),...,bn (T, 1)),
it has to be 9,v(Z,t) > 0. Since v > 0, recalling that - v > 0, it cannot be
that d,v(Z,t) > 0, so 9,v(z,t) = 0. Since J,v(T,t) < 0, taking § > 0 sufficiently
small, we have that (u—dv)-v > 0 and 0(,—s,)v(7, 1) = 0,v(T,t) -0, v(T,t) > 0,
which is impossible, since v > 0.

Case 2. There is a sequence (zp, t, ), in 02 x[0, T] such that, either vy, (2, t,,)
< 0, or v,(zp,t,) = 0, and v, (2y,t,) > 0. For a subsequence, (zp,t,) —
(Z,t) € 90 x[0,T]. Asv > 0, either v(z,¢) > 0, or v(Z,t) = 0 and J,v(T, t) < 0.
Since vy (Xn, t,) < 0, it cannot be that v(Z,t) > 0. So, v(Z,t) = 0 and 9,v(ZT, ) <
0. If vy (zp,tn) < 0, since Bu,, > 0, letting p,, = (b1(zn,tn), ..., 0n(Tn,tn)), it
has to be d,,,, v (@n, tn) > 0. Passing to the limit, p,, — p=(b1(Z,1),...,bn (T, 1))
and 0,v(T,t) > 0. We met the same situation in Case 1, and we saw that this
is not possible. Then, v, (zy,t,) = 0, and d,v,(xy,t,) > 0. Since d,v(Z,t) < 0
and v,, — v in C*9(Q), this is also impossible, finishing the proof.
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Assumption A5 is rather standard for this kind of problems. Let us sketch
its proof. Fix ¢ < 0 and consider the operator S: Cllg’o(@) — Cé’o(@) such that
Sy = (L — oI)~'y. By the compact imbedding of W2>1(Q) in C1°(Q), we have
that S is a compact linear operator. Consider the cone K = {u € Cz°(Q) :
u > 0}. It can be shown, by an argument similar to the one used to verify
Assumption A4, that the interior of K is the set {u € C5°(@Q) : u > 0}. By
the Strong Maximum Principle, one can see that S is strongly positive with
respect to K. The proof then follows from the Krein—-Rutman theorem, see [15,
Theorem 7C].

Assumption A6 is directly verified, taking as ¢o(z,t) the function with con-
stant value 1, by the fact that ag(x,t) > 0.

Assumption A7: We follow [7, Proposition 1.1.8]. By contradiction, assume
that, for every n, there is a ¢, € L"(Q) such that A; < g, < A1 + 1/n, each of
the inequalities being strict on a subset of positive measure, and a solution u,, of
Lu, = gpuy, with ||u, ||~ = 1. For a subsequence, u,, — @, for some @ verifying
Lu = M. Then, ||@|r~ = 1, so that either & = ¢1, or & = —p;. Assume for
instance u = ;. Then, u, > 0, for n large enough. Let ¢, be the minimal
constant for which c,u, > ¢1, and set v, = cpu, — 1. Then, minv, = 0,
Lv, > 0 and Bv, = 0. By the Strong Maximum Principle, it has to be, either
v, = 0, or v, > 0. This second possibility is excluded by the fact that ¢, is
minimal. So, v, = 0, which implies Lv,, = (¢, — A\1)p1 = 0, hence g, = A1,
contrary to the assumption.

Having verified that Assumptions A1-A7 are satisfied, we may conclude that
Theorem 1.1 follows directly from Corollary 5.6, and Corollary 1.3 from Corol-
lary 5.1.

8. The case M = 0. An application to the elliptic equation

Let Q@ = Q be a bounded domain in RY with a C%-boundary 0. In this
section we use the standard notation for the Sobolev space W27 (2), which should
not be confused with the notations used in the previous section. We choose
CH(@) = C1(Q) and W(Q) = W27 (Q).

Taking r > N, we have that W?27(Q) is compactly imbedded into C*(Q).
Define the elliptic differential operator £: W27 (Q2) — L"(Q) as follows:

N N
Lu:=— Z aij(m)ﬁgﬂju + Z a; ()0, u + ap(x)u.
ij=1 i=1
Here a;; € C(Q2), a;; = aj;, for i,j =1,... , N, there exists @ > 0 such that

N
Z aij(x)&€; > all€|]?,  for every (x,€) € @ x RY,

J=1

~
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a; € L>*(Q), fori=0,... ,N.
Assume that 99 is the disjoint union of two closed sets T'y and T's (the cases
I't =0 or 'y = P are admitted). Consider the boundary operator

U on I'y,

Bu:={ &
Z bi(2)0s,u + bo(x)u on Iy.
i=1

Here b; € C1(0Q), for i =0,..., N, and there exists b > 0 such that
N

bo(z) >0 and Zb,(m)ul(m) > b, for every x € 5.
i=1

The vector v(x) = (v1(x),...vy(2)) is the unit outer normal to Q at x € 9.
We say that u is a solution of problem (P) if u belongs to W27 (Q), it satisfies
the differential equation almost everywhere in 2 and the boundary condition
pointwise.
As in Section 7, we can assume without loss of generality that ag(z) > 0

almost everywhere.

DEFINITION 8.1. Given two functions u,v € C1(Q), we will write u < v if
the following two conditions hold:
(a) for every z € Q, u(z) < v(z),
(b) for every x € 09, either u(x) < v(x), or u(z) = v(z) and dyu(z) >
dyv(x).

Here v denotes the outer unit normal to 0f) at the point x.

We need to check whether our Assumptions A1-A7 are verified.

Assumption A1l is proved in the same way as in the previous section. For the
Strong Maximum Principle, see e.g. [14, Lemma 3.26 and Theorem 3.27].

Assumption A2 is verified for every o < 0, see [14, Theorems 3.28 and 3.29].

Assumption A3 is a classical estimate, with G(y) = cy?, for any constant
¢ >0, see [14, Lemma 5.10].

Assumption A4 is proved in the same way as in the previous section.

Assumption A5 follows from the Krein—Rutman theorem, as explained in the
previous section.

Assumption A6 is directly verified, taking as @o(x,t) the function with con-
stant value 1, by the fact that ag(z) > 0.

Assumption A7 is proved in the same way as in the previous section.

Let us conclude by stating the following direct consequence of Corollary 5.3
and Remark 5.4.
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COROLLARY 8.2. The Neumann problem
Au+ |ulPru=e(x) inQ,
dyu=0 on 0N,

has a solution, provided that p is sufficiently large and

lellz < 5

9. Final remarks

1. As further examples of application, we could consider the periodic problem
associated to a scalar first order ordinary differential equation, like

{ u' = F(t,u),
u(0) = u(T),

(see e.g. [6] and references therein) or, to a second order equation, like

{ u” = F(t,u,u),
u(0) =u(T), u'(0)=7u/'(T).

Notice however that, for such problems, the Bernstein-Nagumo condition can
be considerably weakened, cf. [4].

2. The choice of dealing with the space C*(Q) was made in view of the
applications we had in mind (see Sections 7 and 8). Other types of function
spaces could be considered, in order to be able to treat different kinds of equations
and boundary value problems.

3. It could be possible to deal with more general definitions of lower and
upper solutions, cf. [4]-[7], [12]. This could be useful, e.g. in the well-ordered
setting of Theorem 3.1, in order to prove the existence of a greater and a least
solution in [e, 3], cf. [6, Theorem 2.15]. We did not focus on this point, not to
complicate too much the exposition.

4. As already mentioned, our abstract setting well fits to the search of strong
solutions. In order to deal with the case of weak solutions, a different approach
would be needed.
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