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EXISTENCE OF POSITIVE SOLUTIONS
FOR A SEMILINEAR ELLIPTIC SYSTEM

ZHITAO ZHANG — XIYOU CHENG

ABSTRACT. In this paper, we are concerned with the existence of (com-
ponent-wise) positive solutions for a semilinear elliptic system, where the
nonlinear term is superlinear in one equation and sublinear in the other
equation. By constructing a cone Kj X Ko which is the Cartesian product of
two cones in space C(Q2) and computing the fixed point index in K1 x K2, we
establish the existence of positive solutions for the system. It is remarkable
that we deal with our problem on the Cartesian product of two cones, in
which the features of two equations can be exploited better.

1. Introduction
In this paper, we consider the existence of (component-wise) positive solu-
tions for the following elliptic system
—Au = fi(z,u,v) in Q,
(1.1) —Av = fo(z,u,v) in Q,
u=v=20 on 0f,

where f1, fo € C(Qx RT x RT,RT), Rt = [0, +00), Q C R™ (n > 3) is a smooth
bounded domain.
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In recent years, many authors have studied the existence of nonnegative
nontrivial solutions for elliptic system (1.1), see [6], [9], [12], [13], [15] and the
references therein, in which (component-wise) positive solutions are also obtained
for elliptic systems involving some special nonlinearities. Usually ones change the
problem into the fixed point problem of the corresponding compactly continuous
mapping on a single cone K in product space C'(Q2) x C'(Q) and apply the classical
fixed point index theory combining with some a priori estimates technique. For
instance, in [6] authors established the existence of positive solutions for the
case that f; = u®v” and that fo = u”v% in [12] authors obtained positive
solutions of the Lane-Emden system (f; = P, fo = u?); in [13] M. A. S. Souto
considered nonnegative nontrivial solutions for more general nonlinearities f; =
mi1(z)u+miz(x)v+ f(x,u,v), fo =mar(x)u+mes(x)v+ g(x,u,v) where f has
asymptotic behavior at infinity as u” and g satisfies some subcritical growth, in
particular obtained positive solutions as f; = u” + v?, fo = w?; in [15] H. Zou
discussed nonnegative nontrivial solutions for the nonlinearities f; = au” + bv¥,
fa = cuP+dv® (a+b > 0, c+d > 0 and p, ¢ > 1) and then dealt with more general
cases that fi and fy have asymptotic behavior at infinity as a(x)u” + b(z)v?
and c(z)uP + d(x)v® (here the coefficients are nonnegative continuous functions)
respectively, moreover positive solutions were obtained when fi(z,0,v) # 0 for
v >0 and fo(z,u,0) # 0 for u > 0.

More recently, in [1] authors have studied a large class of sublinear and
superlinear nonvariational elliptic systems (in detail, see [1, p. 290-291]) and
obtained the existence of nonnegative nontrivial solutions under the assumptions
that there is an a priori bound on the nonnegative solutions of superlinear system.

Roughly speaking, there is a common ground in the preceding references that
they require the coupled nonlinearities in systems have some similar features, e.g.
both nonlinearities are suplinear or sublinear. Based on these similar features,
they can change the considered problems into the fixed point problems on a single
cone in product space and then obtain nonnegative nontrivial solutions, even
get positive solutions. Especially, in some of these references, the similarity of
features for nonlinearities is essential for their methods.

Consequently, if the coupled nonlinearities in systems have different features,
how should we do? For example, see the following system

—Au =tan"1 (1 +v) u? in £,
(1.2) —Av = §; cot ™! (—u) |sinv| in €,
u=v=>0 on 0f),

where  C R3 is a smooth bounded domain, d; is the first eigenvalue of the
Laplacian subject to Dirichlet data. We can see that the nonlinearities in (1.2)
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have different features: one nonlinear term is superlinear while the other is sub-
linear in some sense.

In this paper, we provide a method for some of these problems involving
the coupled nonlinearities with different features. Now we are mainly concerned
with the existence of positive solutions for system (1.1) involving a new class of
nonlinearities in which one is superlinear and the other is sublinear in the sense

of the following definition.

DEFINITION 1.1. If f1, f5 in system (1.1) satisfy the following assumptions:

(A1) limsup max Nilwu,v) < 61 < liminf min Nz, v)
u—0+t TEQ U U= geQ) U

uniformly w.r.t. v € RT;
T, U, T
(A2) liminf min Jolau,v) > 01 > lim sup max Jalau,v)
v—0t zeﬁ v V— 00 zeﬁ v
uniformly w.r.t. u € RT,

where 07 is the first eigenvalue of the Laplacian subject to Dirichlet data, then
we say that f; is superlinear with respect to u at the origin and infinity and that
f2 is sublinear with respect to v at the origin and infinity.

For our problem if it is changed into the fixed point problem on the single
cone in product space, then our difficulty to be solved is the construction of
proper open sets in the single cone. The difficulty essentially results from the
different features of nonlinearities in our system. To overcome the difficulty,
we will construct a cone K; X K5 which is the Cartesian product of two cones
in space C(Q) and choose a proper open set which is the Cartesian product
of open sets O1(C K1) and Oy(C K3), such that the features of nonlinearities
can be exploited better. And then we can change the problem into the fixed
point problem on the product cone K7 x Ks. Applying the product formula for
the fixed point index on product cone and the classical fixed point index theory
together with the “blow up” a priori estimates technique (see [10]), we establish
the existence of nontrivial fixed points which belong to O; x Os.

It is possible that the result could also be proved by working in the usual
cone and calculating the contribution of the semi-trivial solutions. However, this
method is a little more tedious than the method of this paper. It is remarkable
that by our way the nontrivial solutions obtained are (component-wise) positive,
which is different from the previous references. The main result of this paper is

THEOREM 1.2. Assume that f1 satisfies (A1) and that fo satisfies (Aa).
If there exist ¢ € (1,(n+2)/(n—2)), hy € C(2 x RT,RT \ {0}) and hy €
Bioe(RT,R™) such that

(H)) lim fil@ w0

U— 00 ud

= hi(x,v)
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uniformly with respect to (z,v) € Q x [0, M] (for all M > 0),

(H2) limsup max fo(z,u,v) = ha(v),

u—oo xTEN
uniformly with respect to v € [0, M] (for all M > 0),

then system (1.1) has at least one positive solution.

REMARK 1.3. It is easy to verify that the nonlinearities in system (1.2)
satisfy the conditions in Theorem 1.2. Hence, system (1.2) has at least one
positive solution.

REMARK 1.4. We point out that if fi (resp. f2) is sublinear with respect to
u (resp. v) at the origin and infinity in the sense of our definitions, in addition,
there exist g1, ga € Bloe(RT,RT) such that

(G1) limsupmax f1(x,u,v) = g1 (u)

v—oo x€

uniformly with respect to u € [0, M] (for all M > 0),

(Gz) limsup max fa(z,u,v) = ga(v)

u—o0 €
uniformly with respect to v € [0, M] (for all M > 0),

then system (1.1) has at least one positive solution, which can be obtained by
the proof similar to Theorem 1.2. It is remarkable that it seems that the result
can not be obtained by computing the fixed point index on the single cone in
product space.

REMARK 1.5. When has system (1.1) positive solutions under the funda-
mental assumptions that fi (resp. f2) is superlinear with respect to u (resp. v)
at the origin and infinity in the sense of our definitions? It is one of problems we
shall be concerned with in future, where the main difficulty results from a priori
estimates of solutions to our superlinear system.

The paper is organized as follows: in Section 2, we make some preliminaries;
in Section 3, we give some lemmas and finally prove Theorem 1.2.

2. Preliminaries

First, we recall some concepts about the fixed point index (see [7], [14]),
which will be used in the proof of our main result. Let X be a Banach space
and P C X be a closed convex cone. Assume that W is a bounded open subset
of X with boundary 0W, and that A: PNW — P is a completely continuous
operator. If Au # u for all u € PNOW, then the fixed point index i(4, PNW, P)
is defined. One important fact is that if i(A, PN W, P) # 0, then A has a fixed
point in PNW.

The following lemmas are useful in our proofs.
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LEMMA 2.1 ([2], [11]). Let E be a Banach space and K C E be a closed
convex cone in E, denote K, = {u € K | ||u|| <r}, 0K, ={u € K | ||u|| =},
where r > 0. Let T: K, — K be a compact mapping and 0 < p < 7.

(a) If Tx # tx for all x € 0K, and for allt > 1, then i(T,K,,K) = 1.
(b) If there exists a compact mapping H: K, x [0,00) — K such that
(bl) H(z,0) =Tz for all x € 0K,
(b2) H(z,t) # x for all x € 0K, and all t > 0,
(b3) there is a ty > 0, such that H(x,t) = x has no solution x € K,,,
fort > to,
then (T, K,, K) = 0.

LEMMA 2.2 ([4]). Let E be a Banach space and let K; C E (i = 1,2) be
a closed convex cone in E. Forr;>0 (i=1,2), denote K, ={u € K; | ||u]| < r;},
OK,,={u € K; | |lul|=r;}. Suppose A;: K; — K, is completely continuous. If
u; # Aui, for all u; € 0K, then

Z(Aa Kh X K?"zaKl X KQ) = i(AvihaKl) : i(A27KT'25K2)7

where A(u,v) & (Aju, Agv), for all (u,v) € Ky x K.

Next, we establish the functional analytic framework for the proof of Theo-
rem 1.2 in order to use the results on the fixed point index stated above.

For convenience, we introduce some notations as following:
E={uecCQ)|u=00m00}), K={uecFE|u(x)=>0, foral z € Q}.

Let us call S:C(Q) — C(Q) the solution operator of the linear problem

—~Au=1 inQ
(2.1) {uwm,

u=20 on 09},

where 1) € C(Q2). It is well known that S takes C(Q) into C*(Q) (0 < a < 1)

and then S is a linear compact mapping in the space C(Q).
For A € [0,1] and u,v € K, we define the mappings Th 1(-, - ), Tx2(+, - ): K X
K—-KandT)(:, ): K x K — K x K by

[/\fl(xvuvv) + (1 - )\)fl(x,u,O)],
S[Afz(l‘,u,’l)) =+ (1 - )‘)f2(1,707v)}7
(T 1(u,v), Tx 2(u,v)).

Thi(u,v) =8
(2.2) Th2(u,v) =
T (u,v)

It is easy to see that mappings Th 1(-,v), T 2(u, -) and Tx(-, -) are compact.
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3. Proof of Theorem 1.2

Before proving Theorem 1.2, let us state our main idea of proof. First, we
deal with the single equations —Au = fi(z,u,0) and —Av = f5(z,0,v) with
Dirichlet boundary conditions, and then consider the following parameterized
system

—AU:)\f1($7u,’U)+(1_)\>f1($7’u,,0) in Q7
(31) *A’U:)\f2($7u7v)+(1*)\)fQ(iL’,O,U) in Qa

u=v=>0 on 0,
where parameter A € [0, 1]. Based on the preceding preliminaries, we only need
to consider the fixed point index of compact mapping T corresponding to system
(3.1). Applying the homotopy invariance and product formula (see Lemma 2.2)
of the fixed point index together with some fixed point index results (see Lem-
mas 3.1 and 3.2), we can compute the fixed point index of compact mapping T}
corresponding to system (1.1), and establish the existence of positive solutions.

LEMMA 3.1. Assume that fi satisfies (A1) and (Hy), then there exist Ry >
ro > 0 such that for all r € (0,79] and R € [Ry, ),

i(To’l(-,U),KR\K,K) = —1.

PROOF. From the definition of Ty 1, we know that Ty 1 (u,v) = S[f1(x,u,0)].
In view of assumption (A1), there exist ¢ € (0,d;) and ro > 0, such that

(3.2)  fi(z,u,0) < (01 —&)u, for all (z,u) € Q x [0,r], where r € (0,rq].

We claim that Tp 1 (u, v) # tu for all ¢ > 1 and all v € 9K,.. In fact, if there exist
to > 1 and uy € 0K, such that Tp 1(uo,v) = touo, then ug satisfies the following
equation
—Aug =ty fi(w,u0,0) for all z € Q,
{ uplaq = 0.
Multiplying both sides of the equation above by a positive eigenfunction
associated to the first eigenvalue &§; of (—A, H}(Q)) and integrating on €2, we
get that

/(‘AUO)% :/talfl(x,uo,O)cpl.
Q Q

Combining with (3.2), we have

51/ upp1 < (01 *5)/ U1,
Q Q

which is a contradiction. Hence, applying conclusion (a) of Lemma 2.1 we obtain
that

(3.3) i(Toa(-,v), K, K)=1 forall r € (0,ro].
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By virtue of assumption (A;) and continuity of fi, there exist € > 0 and
C > 0 such that

(3.4) fi(z,u,0) > (61 +e)u — C, for all (z,u) € Q x R*.
Next, we show that there exists Ry > rg such that
(3.5) i(To1(-,v),Kr, K) =0 forall R € [Ry,0).

For this matter, we need to construct the homotopy H: Kg x Rt — K as fol-
lowing:
H(u,t) = S[fi(z,u+t,0)].

Now we verify all the conditions of (b) in Lemma 2.1 which yields (3.5).

First, it is obvious that condition (b1) of Lemma 2.1 holds.

Second, we prove that there exists a tg > 0 such that equation H(u,t) = u
does not have solutions for ¢ > ¢y, which implies condition (b3) of Lemma 2.1.
Actually, let u be a solution for the following equation

—Au= fi(z,u+1t,0) forall z e,
u‘ag =0.
In combination with (3.4), we have

—Au> (61 +e)(u+t)—C.

Multiplying both sides of the inequality above by (1 and integrating on €0, we
obtain that

/(fAu)cpl > (61 +z—:)/ﬂ(u+t)<p1 fC'/Qcpl.

Q
From the inequality above, it is easy to see that ¢ < C/(d; + €). As a result,

choosing to = C/(01 + ¢) + 1 we can conclude the desired conclusion.

Finally, we only need to verify condition (b2) of Lemma 2.1. In fact, by the
growth condition (H;), we know that for all ¢ € [0, o], the solutions for equation
H(u,t) = u have a uniform a priori bound R{ (based on the “blow up” a priori
estimates in [10]). Hence, for all R > Ry = max{ro, Ry} +1, we have H(u,t) # u
for all u € OKR.

Noticing (3.3) and (3.5), for all r € (0,79] and R € [Ry, 00) we have

(3.6) i(Toa(-,v), Kp\K,, K) = —1. 0

LEMMA 3.2. Assume that fo satisfies (Ag), then there exist Ry > 7o > 0
such that for all ¥ € (0,79] and R € [Ry, ),

Z.(Tbyg(’ul7 )7KE\E»K) = 1

PROOF. By the definition of T} 2, we get that Ty o(u, v) = S[f2(z,0,v)].
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From assumption (As), there exist € > 0 and 7y > 0 such that
(3.7) fo(x,0,v) > (61 +¢)v for all (z,v) € Q x [0,7], where 7 € (0,7].
Now we show that
(3.8) i(To2(u, - ), K7, K) =0 for all ¥ € (0,7].
In fact, we only need to make the homotopy H*: K7 x RT — K as following:

H*(0,4) = S[fa(x,0,0)] + ;—1g01,

and then prove that H* satisfies all the conditions of (b) in Lemma 2.1.
First, it is clear that condition (bl) of Lemma 2.1 is valid.
Second, we consider solutions for equation H*(v,t) = v. Assume that v is a
solution for it, then v satisfies the following equation
—Av = fo(z,0,v) + tpy for all z €
UlaQ =0.
Noticing (3.7), we have
—Av > (01 + &)v + te.
Multiplying both sides of the above inequality by ¢; and integrating on 2, we

know that
[ave= @ [ vt [ o
Q Q Q

which implies a contradiction §; > §; + . As a result, conditions (b2) and (b3)
of Lemma 2.1 also hold.

By assumption (As) and continuity of fs, there exist e € (0,d1) and C > 0
such that

(3.9) f2(z,0,v) < (61 —e)v+ C  for all (z,v) € Q x RT.
Next, we show that there exists Ry > 7o such that
(3.10) i(Topo(u, ), Kz, K)=1 forall R € [Ry,00).

On that purpose, suppose that there exist £ > 1 and v € 9Kp such that
To.2(u,v) = tv, that is,

—Av=t"1f5(z,0,v) forall x € Q,
(311) { fa(@,0,v)

7]‘39 =0.
In what follows, we prove that there exists a positive constant C' (independent
of t) such that ||v|le < C for all solutions v of (3.11). From (3.9) and (3.11), it
follows that

|V11|2§(51—5)/v2+0 v,
Q Q Q
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combining with Pioncare’s inequality and Hélder’s inequality, which implies that
(3.12) [oll2 <C, vllpr <€ and lvf|gy < C.

Furthermore, by (3.9) and Sobolev embedding theorem, we know that

(3.13) [[f2(2,0,0)[| L2 < Cllvllez + C.

By LP-theory about elliptic equations, we get that v € w22 (©) and

(3.14) [0l 2 < Cllfa(x,0,0) 2

In combination with (3.9), (3.12)—(3.14) and boot-strap technique, it is not dif-
ficult to show that there is a positive constant C' (independent of ¢) such that
vl < C, that is, all solutions of (3.11) have a uniform bound C. Choosing
Ry = max{To,C} + 1, we have that Tpo(u,v) # tv for all t > 1 and v € 9Bg,
for all R > Ry. As a result, applying conclusion (a) of Lemma 2.1 we conclude
that (3.10) is valid.

By (3.8) and (3.10), for all 7 € (0,7] and R € [Rp, 00) we have

(3.15) i(To2(u, - ), K\ Kr, K) = 1. 0

LEMMA 3.3. Suppose that fi satisfies (Hy) and that fo satisfies (A2) and
(Hy). Let (u(z),v(x)) be a positive solution of system (3.1), then there exists
some uniform constant C' (independent of A, u and v) such that ||u||p~ < C and
vl < C.

PrOOF. We prove that there exist positive constants C; and Cy (independent
of A, u and v) such that ||v||Le < Cy and ||u||p= < Cq according to the following
two steps.

Step 1. Show that there exists a positive constant Cy (independent of A,
u and v) such that ||v]|p~ < Cj, which is based on LP-theory and boot-strap
technique. Furthermore, there is a positive constant C* (independent of A, u
and v) such that ||v]|c1.e < C*, here « € (0,1).

Noticing that (u(z),v(x)) satisfies the following equation

(3.16) { —Av(z) = AMfa(z,u(x),v(x)) + (1 = A) fo(z,0,v(z)) for all x € Q,

’U|aQ =0.
By assumptions (Ag) and (Hz), there exist € € (0,61) and C' > 0 such that
(3.17) Ma(z,u,v) + (1 — X) fa(x,0,v) < (01 —e)v+ C,

for all (z,u,v) € Q x R x R*. By (3.16) and (3.17), it follows that

|Vo(z)]? < (0, —¢) | v*(x)+C [ v(z),
Q Q Q
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combining with Pioncare’s inequality and Hélder’s inequality, which implies that
(3.18) lolls < €, folls < € and ol < C.

Furthermore, by (3.17) and Sobolev embedding theorem, we know that

(3.19) [Afa(@,u,v) + (1 = A) fa(,0,0) || p2x < Cllv]|gy + C.

By LP-theory about elliptic equations, we get that v € W2 2" (Q) and

(3.20) [vllwe. 2= < ClIAf2(2,u,0) + (1 = A) fa(,0,0)| L2~

In combination with (3.17)—(3.20) and boot-strap technique, it is not difficult to
show that there is a positive constant C; (independent of A, v and v) such that
]| < Ci.

In addition, by LP-theory and Sobolev embedding theorem, it is easy to
prove that there is a positive constant C* (independent of A, v and v) such that
lvllcra < C*, here a € (0, 1).

Step 2. Prove that there exists a positive constant Cy (independent of X, u
and v) such that ||ul|pe~ < Cs, which is based on the “blow up” a priori estimates
technique in [10].

Suppose, by contradiction, that there is no such a priori bound. That is,
there exist a sequence of numbers {A\;}72; C [0,1] and a sequence of positive
solutions {(ux,vr)}32, to a family of systems

—Aug = Mo f1(z,ug, vi) + (1 — ) f1(z,ug,0) for all x € Q,
(3.21) —Avy, = M fa(@, up, v) + (1 — Ag) fa(x,0,v)  for all x € Q,
ugloq = vilaa = 0,
such that limy_ o ||ug| L = 00.

By maximum principle, there exists a sequence of points {P;}7°; C Q such
that

(3.22) My = sup ug(z) = ug(Py) — 0o as k — oo.
zEQ

We may assume that A\y — A € [0,1] and P, — P € Q as k — oco. The proof
breaks down into two cases depending on whether P € Q or P € 90f).

Case 1. (P € Q) Let 2d denote the distance of P to 02, and B, (a) the ball
of radius r and center a € R™. Let uy be a sequence of positive numbers (to be
defined below) and y = (xz — Px)/uk. Define the scaled function

(3.23) i (y) = iy V().
Choose py such that

(3.24) /YA = 1,
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Since M} — oo, we have p; — 0 as k — oo. For large k, ux(y) is well defined in
By, (0) and

(3.25) sup  ux(y) =ug(0) = 1.
yeBd/uk (0)

Moreover, uy(y) satisfies in Bgy,,, (0)
(3.26)  — Au(y) = 112 TV i f1 (i + Prs e (y), v (ury + Pr))
+ (1 = Xe) f1(py + Pi, Tk (y), 0)].

Note that vy are uniformly bounded (see Step 1), and by assumption (H;)

i e Fi Gy + Peo >V a(y), vr(uiy + Pr))

— ha(pwy + Pe, v (py + Pr)) (e (y))?| = 0,
Dim [ f Gy + P (), 0)

— ha(pwy + Pi, 0) (@ (y)) ] = 0.
Therefore, given any radius R such that Br(0) C By, (0), by LP-theory we can

(3.27)

find uniform bounds for |[@x||w2.»(By(0))-

Choosing p > n large, by Sobolev compact embedding theorem we obtain
that {uy} is precompact in C*(Br(0))(0 < a < 1). It follows that there exists
a subsequence 1y, converging to u in W*?(Bg(0)) N C*(Bg(0)). By Holder
continuity u(0) = 1. From the result obtained in Step 1 and the Arzeld—Ascoli
Theorem, there exists a subsequence of vy (ury + Py), relabel vy, (pr,y + Pi;)
which converges to v(P) in C(Bg(0)). Furthermore, since

)\kj — A, Uk (/ikjy + Pk].) — ’U(P)7
(328) h’l(/’[’kjy + Pk?j7vkj (:ukjy + ij)) - hl(va(P))7
hi(pr;y + Pr,,0) — ha(P,0),

as k; — 00, T(y) is a solution of
(3.29) —Au(y) = M (Po(P)) + (1 = Nha (P, 0)] (y).

We claim that @ is well defined in all of R” and uy,, — uin W2?NC"*(p > n) on
any compact subset. To show this we consider Bg/(0) D Bgr(0). Repeating the
above argument with Br/(0), the subsequence %y, has a convergent subsequence
Uy — @ on Bp/(0). @ satisfies (3.24), and necessarily @'|p, o) = u. By unique
continuation the entire original subsequence y; converges, so that u is well-
defined. By the global result of Liouville type (see Theorem 1.2 in [10, p. 886]),
we have T = 0, a contradiction, since w(0) = 1.

Case 2. (P € 09) By arguments similar to Case 1, we can reduce the problem
of a priori bounds to the global results of Liouville type (see Theorems 1.2 and 1.3
in [10, p. 886]) and deduce a contradiction. O
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PrROOF OF THEOREM 1.2. Now we can seek the fixed points of 77 in one
certain open set (Kg, \ K,,) X (Kg, \ K,), where r; € (0,7¢], Ry € [Ro,0),

re € (0,79] and R € [Ro,o0) will be determined later.
Combining Lemma 2.2 with (3.6) and (3.15), we know that

i(TO,(KRl \Tm) X (KR2 \K),K X K) =—1.
In order to seek the nontrivial fixed points of T}, we want to prove that

i(Ty, (Kr, \ Kry ) X (KR, \ Ko, ), K % K)
= i(T07(KR1 \K7T1) X (KR2 \Tw)’K X K)

By the homotopy invariance of fixed point index, we only need to verify that
(3.30) (u,v) # T (u,v)

for all A € [0,1] and (u,v) € [(Kg, \ K, ) X (Kr, \ Kr, )]
First, by condition (A1) there are € € (0,61) and r1 € (0,79] such that

(3.31) Ai1(z,u,v) + (1= X)) fi(z,u,0) < (61 — €)u,
for all z € Q, u € [0,7] and v € R*. We claim that
(3.32) (u,v) # Ta(u,v), forall A €[0,1] and (u,v) € K, x K.

In fact, if there exist A\g € [0,1] and (ug,vg) € 0K,, x K, such that (ug,vg) =
T, (uo,vp), then (ug,vg) satisfies the following equation

(3.33) { —Aug = Ao f1(z,up,v0) + (1 — Xo) f1(x,ug,0) for all x € Q,
uglag = 0.
By (3.31) and (3.33), we have
—Aug < (81 — €)ug.

Multiplying both sides of the inequality above by ¢; and integrating on 2, we

get that
—/ Augpr < (01 —5)/ Uop1,
Q Q

which yields a contradiction d; < d; — €.
Second, by assumption (As) we know that there exist € > 0 and 7o € (0,70]
such that
(3.34)
Mo(x,u, v)+(1=N) fa(2,0,v) > (61+¢€)v, forallxz € Q, v € [0,72] and u € RT.

By (3.34) and the proof similar to (3.32), we can obtain that

(3.35) (u,v) # Ta(u,v), forall A €[0,1] and (u,v) € K x K,,.



EXISTENCE OF POSITIVE SOLUTIONS FOR A SEMILINEAR ELLIPTIC SYSTEM 115

Finally, we consider the equation T (u,v) = (u,v), that is
—Au = Af1(z,u,v) + (1 = A) fi(x,u,0) forall x € Q,
(3.36) —Av = Afa(x,u,v) + (1 — A) fa(z,0,v) forall x € Q,
uan = v]an = 0.
From Lemma 3.3, all the solutions for (3.36) have a uniform a priori bound

C independent of A\, v and v. Hence, choosing R; > max{Ry,C + 1} and
Ry > max{Ry,C + 1} we have

(u,v) # Tx(u,v) for all A € [0,1] and (u,v) € 0Kg, x K,

3.37
(3.37) (u,v) # Tx(u,v) for all A € [0,1] and (u,v) € K x 0Kg,.

In combination with (3.32), (3.35) and (3.37), it is easy to see that (3.30) is
valid. ]
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