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MULTIPLE SOLUTIONS
FOR THE MEAN CURVATURE EQUATION

SEBASTIAN LORCA — MARCELO MONTENEGRO

ABSTRACT. We perturb the mean curvature operator and find multiple
critical points of functionals that are not even. As a consequence we find
infinitely many solutions for a quasilinear elliptic equation. The generality
of our results are also reflected in the relaxed hypotheses related to the
behavior of the functions around zero and at infinity.

1. Introduction

In this paper we show that the number of solutions of the mean curvature

v
v (W) = Af(z,u) in Q,

u=20 in 0.

increases as the parameter A > 0 increases. We assume that f: Q) x R — R is
continuous and there is a constant

equation

(1.1)

(1.2) e¢>0and g € L*=(Q), g > ¢ such that
f (@, u)

u—0 |u[P~1ly

N +2

= iformly inz, 1 <p< .
g(x) uniformly in x P< N5
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Our main result reads as follows.

THEOREM 1.1. For every m € N there is a Ao such that problem (1.1) has
at least m solutions if X > Xog. Moreover, the solutions tend to 0 in W1H°°(Q) as

A — 00.

In [6] the authors proved the existence of only one positive solution of moun-
tain pass type for A large under the assumption that f(s)/s is increasing in s.
There is no need to assume such an assumption here and our f may depend on x.
An interesting fact is that we use the technic that resemblances the perturba-
tion from symmetry of [8] and [12] to prove the existence of multiple solutions
for large A\, but f do not need to be odd, we just need f to be asymptotically
odd. And to fall into an appropriate functional setting, we perturb the mean
curvature operator.

There are many surfaces of constant mean curvature, which are unbounded.
The surfaces need not to be C? up to the boundary, see [9] for a study on
convex domains. A classical assumption to yielding to C%%(Q) solutions is
(N/(N —1))|H| < K, where K is the mean curvature of the boundary 99 and
f = H, see [10]. Non-convex domains are treated in [13].

Our result should be compared with those in BV functional setting, where
critical points of the energy functional are found, but they need not to correspond
to weak solutions of the mean curvature equation, see [5], [7].

Here we adopt a truncation of the mean curvature operator, like in [6]. We
also use some ideas from [2], that allows us to find sequences of critical values of
even functionals bounding the energy functional corresponding to (1.1). These
critical values lead to weak solutions of (1.1).

The proof of our main result is splitted in a series of lemmas in the next
section.

2. Proof of Theorem 1.1
It will be convenient for our purposes to define a(t) = 1/(y/1+t) and the

truncation

a(M) fort> M.
for some constant M > 0. We will study the truncated problem

{ —div (¢(|Vul?)Vu) = Af(z,u) in Q,

o) { a(t) fort < M,

2.1
@1) u=20 in 09).

Let h(z,u) = f(x,u) — g(z)|u[P~1u. By condition (1.2) we have

lin%) h(z,u)/|ulP =0 uniformly in z.
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We now start by constructing the perturbative scheme to treat problem (2.1).
If a > 0 is sufficiently small then there is a constant C, > 0 such that |h(z,u)| <
Cylul? for |u| < 2a and C, — 0 as a — 0.

Let 8, be a C* function such that §,(u) = 1 for |u| < a, B4(u) = 0 for
|u| > 2a, and 0 < B, < 1. Define h,(x,u) = Bo(u)h(x,u) for every (x,u) € QxR
and consider the problem

—div (p(A2/ P~V |Vu|?)Vu)
(2.2) = g(@)|u|P~ u + NP/ P D], (2, A7/ P=Dey)  in Q,
u=0 in 0.

LEMMA 2.1. Ifu is a solution of (2.2) and | Vul|pe~ < aAY =Y thenv(zx) =
A=YV @E=Dy(z) is a solution of (2.1) and then of (1.1).

We define now our functional framework. Let

hax(z,u) = AP/ P~V p, (2, \71/(P=Dy,)

and

Observe that

C
ha < a p7 Ha ) < z p+1
lha(z,u)| < Calul [Ho (2, u)| < p+IIUI
and
o ()] < 2 a1 AP/ 0D
a .'L',’LL = a a .
o p+1
Define
— Ca p+1_p+1y(p+1)/(p—1)
(2.3) c(a,A) : 2PTEgPTEN 19|
p+1

Let ®(s) = [; ¢(t)dt. The following expressions define functionals over

nw = G2 [ e(oup) - L4,
B = [ 0vu?) - L up

_ 1 2/p—1 2 g(z) p+1
JA(U)_Q/\2/P—1/Q(D(>\ |[Vul|?) — Qp71|u| - QHay)\(x,u).

Then
Ii(u) — c(a, A) < Jxa(u) < L(u) +c(a, A).
Notice that if v = a(M)Y/P~ 1y, then I (v) = a(M)P+D/P=D [, (y).
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Notice that I; and Iy are even functionals. We use the minimax variational
methods to find multiple critical points of Jy.
We define the sets

Vi =span{p1,... o1} and  Zp = span{@g, Pry1,--- )

by splitting X := H}(Q) into (pk)k=12, ., which are the eigenfunctions of the
Laplacian with |lu||z2 = 1. Throughout the paper, || - || represent the HZ norm.

LEMMA 2.2. There are sequences ry, > 0 and pr > 0 satisfying pr, > r,
Pk+1 > Pk, Tkl > Tk and 1, — 00 as k — 0o,

max  Iy(u) <0 and inf Ir(u) — oo.
u€Vi,|lull Zpk u€ Zy, ||ull=rk

PROOF. Let B = sup,ez, fuf=1(|VulPT™)#TD) then

1/(p+1) 1/2
()" (o)
Q Q

Choose 7, = (Cﬁiﬂ)*l/(p*l) if w € Zj, and ||u|| = 7y, where ¢ was defined in
(2.3), then
1 c (p+1)/2
R 2 5 [ 1vu - oot ([ )
and

By Lemma 3.8 of [14], one has 8y — 0. Moreover, since V} is finite dimensional

1/p+1 1/2
(L) =l [ ow)
Q Q

for all u € Vi, with ¢ — 0, we get

1 (p+1)/2
L(u) < 7/ |vu|2mg+1(/ |Vu|2> da
2 Ja Q

then we have Ip(u) < 0 if

1/2 1 1/p—1
Vu ) > () .
( 2ec

Without loss of generality we choose py, such that pr > ri and pgy1 > pk. O
Observe that

Ii(u) <0, and inf I (u) — o0

max n
u€Vi, ||lullZpk (a(M)!/P=1) UEZy,||ull=rk (a(M)1/P—1)
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Define

Bf ={ueVy:|ul < pka(M)l/p_1}7 N} ={ueZ:|ul| = ,rka(M)l/p—l}7
Bi ={ueVy:|lul <pi}, NE ={uc Zy:||ul| =},

and

A = {3y € C(Bi, X) :1 is odd and Vlppi =id},
p ={YeC(B, X) :¢is odd, Y]yp; | € Nj_jand Plpp; =id}, i=1,2.

The following lemma appears in [12] and [14].

LEMMA 2.3. Ify € C(B}, X), ¥ is odd and w|83}; =id, then (BL)NN; #0
fori=1,2.

Deﬁpe c};.: infycp: MaX,e pj Il(u) Take 1) € A%, by above lemma there
exists u* € Bj, such that ¢(u’) € Nj. Then, for every ¢ € A},

¢, > max [;(p(u)) > L;(¢(u)) > inf Ii(v) — oc.
UEB;’C 'UeNi
implying

¢t > inf I;(v) — oo.
vEN,

For ¢ € A, define p(u) = a(M)"P~14(a(M)~/P~1u) belongs to A} and
then

Li(@(u) = a(M) P/ =D 1 (4(v))

where v = a(M)~1/P~1y. A calculation shows ci = a(M)P+D/(P=1¢2,
Define

Bf, ={u=v+top1:ve Vi, t >0, |Jull < prg1},

I, = {¢ € OBy HY) : 0l v, is 0dd, élgs € A7,

¢|aB,j+1—B§ =id, max I(¢(u)) <ci+ 1/2}.

uE(’?B,:rl

LEMMA 2.4. II; # 0.
PROOF. Let 1) € A} such that max,e gz 12(1(u)) < ci +1/2. Extend ¢ to

a function {E such that 7Z|B§+10Vk is odd. This is possible since ¢|8B,j _B2 = id.
+17 Pk

Therefore MaX,eopt L(¢(u) < ¢ +1/2. Thus, ¢ € TIj. O
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LEMMA 2.5. For a given K > 0 and N € N there is m > N such that
Cm+1 > Cm + K.

PRrROOF. By contradiction, if there is N € N such that ¢,41 < ¢ + K
for every m > N. This implies cyyq < ey + g for every ¢ > 1. This is
a contradiction to the fact that eyyq > ¢(N + ¢) for some v > 1 and every
sufficiently large g, see [1] or [12, p. 124]. O

LEMMA 2.6. There is a sequence of indexes k1 <ks ... such that c,lclﬂ—l >1,
G o1 >c +3forn>1andey . —1>dy, , +1 forn>2 where

d, = inf max Iy(¢p(u)).

n
P€lly,, uEBin+1

PRrROOF. The proof follows by induction and applying the previous lemma.[]
Define ¢, = infgem,, maX,ept Jx(¢(u)). By our construction, ¢, <

dkn +1 and Ekn > Cllc"—i-l —1> dkn—1 +1>¢
that ¢, , depend on A and a, but c};" and dj,, do not.

we get ¢, > Cg,_,. We remark

n—1

LEMMA 2.7. If a is small enough and X is such that c(a, \) = 1, then ¢, ()
is a critical value.

PROOF. Suppose on the contrary, then by the Deformation Lemma for every

sufficiently small & > 0 there exists n := 7. such that n(J;kiJrs) C Jikiis, we

have used the notation J{ = {u : Jy\(u) < d} and n = id in H} — {¢, — 2¢ <
Ir(u) < ¢, + 2¢}. For ¢ € 11y,

max  Jy(éd(u)) < ¢, +e.

+
uEBkiJrl

Take u € 8B,ji+1, then Io(¢(u)) < cx, +1/2 and
Ia(9(w)) < Io(p(u) +1 < e, +3/2
C ) +3/2-32a NG | 3y
< a*(?#*l)/(?*l)(’cvki_i_l —1)=3/2<C, — 2

~ 1 1 3 1 9
Ui\ Qe/eD ) ST Qe
But ¢, < dg,, + 1, then the right hand side of the expression above converges

to zero as M — 0, then there is My > 0 such that
In(p(u)) <, — 2

for M < My and every i = 1,... ,m. Thus, no¢(u) = ¢(u) and no ¢ € Iy, 41,
a contradiction. g

The following boundedness is standard, see e.g. [12].
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LEMMA 2.8. Assume N > 3. Let ¢ € C(R) and |q(u)| < k|u|P~t for every
u € R and some constant k > 0. If u € H}(Q) is a solution of the equation
—div (®(|Vu|?*)Vu) = q(u) in Q, then there are constants 0 < M < M, and
C =C(p,k,N,My) > 0 such that

2(p+1)/(N=2)(1-p)+4)

lull L (@) < Cllullzyq,

If N = 2, there are constants 0 < M < My and C = C(Q,p, My) > 0 and
a=a(p) >0 such that [Jul| L) < CllullF,q)-

ProoF OF THEOREM 1.1. Let u := uy, a solution in level ¢j,, then
/ B(|VuP A2 Vul? = / P+ g(z) + / hos (@, u)u,
Q

/ Vul? > / [ g() — Co / P+,

Q Q
1

B, / B(|Vu[222/r) / g (z) / Hyo ()
2 Jo Q

M a
a(M) P / P+ g(a) — Co [
2 Q p+1 /g p+1 /g
Then

M
20 [ Jur+ig(e) - Caatan / uf?
2 Ja
/| "y (x Lo /MpHSE/ﬁ,
S p+1 Cp+1/g

(S84 [ sl ) e

For M < My, [, lu[PTt < e(m, My, g).

By Lemma 2.8, |[ul| (o) < c1(m, M), and then [|Vul| gy < c2(m, Mp).

Since ¢(a, \) = 1, then Aa'/P~1 = (2?*1/(p +1)C,)~'/P*+1. Choose a suffi-
ciently small (and this implies that X is large) such that Aa'/P= > ¢y(m, My).0

vV
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