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A MULTIPLICITY RESULT
FOR A SEMILINEAR MAXWELL TYPE EQUATION

ANTONIO AZZOLLINI

ABSTRACT. In this paper we look for solutions of the equation
5dA = f'((A,A))A in R%

where A is a 1-differential form and k£ > 2. These solutions are critical
points of a functional which is strongly indefinite because of the presence
of the differential operator éd. We prove that, assuming a suitable convexity
condition on the nonlinearity, the equation possesses infinitely many finite
energy solutions.

1. Introduction

It is well known that the Maxwell equations in the empty space, written by
the differential forms language, are the Euler-Lagrange equations of the following
action functional

(1.1) S= /R4 (dn, dn) o.

Here
3

n= ZAidxi +pdt, Aj,o:R* SR,

i=1

2000 Mathematics Subject Classification. 35F20, 35J50, 35C15.
Key words and phrases. Semilinear Maxwell equations, strongly indefinite functional,
Strong convexity.

©2008 Juliusz Schauder Center for Nonlinear Studies

83



84 A. AzzOLLINI

is the gauge potential 1-form in the space-time R*, dn denotes the exterior de-
rivative of 7, o is the volume form, and for any differential form -~y

(v,7) = *(xy A7)

where * is the Hodge operator with respect to the Minkowski metric in R*.

According to the classical theory of the electrodynamics, when the electro-
magnetic field is generated by an assigned source j (e.g. a particle matter), then
the action functional becomes

S= /R4(<dn7dn> —(j,m)o.

When instead the source of the field is not assigned but it is an unknown of
the problem, then there are two opposite mathematical models describing the
interaction between the electromagnetic field and its source: the dualistic model
and the unitarian model.

The dualistic model consists in coupling the Maxwell equation with another
field equation describing the dynamics of the source that is represented by a
travelling solitary wave (i.e. a solution of a field equation whose energy density
travels as a localized packet). This approach has been analyzed in many papers
and several existence and multiplicity results have been obtained (see e.g. [§],
[12)-14]).

More recently, an unitarian field theory has been introduced by Benci and
Fortunato [6], following an idea from Born and Infeld (see [11]). According to this
theory (we refer to [6] and [7] for more details), electromagnetic field and matter
field are both expression of only one physical entity, and the interaction between
them is described by introducing a nonlinear Poincaré invariant perturbation in
the Maxwell Lagrangian in the empty space.

Following this new unitarian theory, we perturb the Lagrangian in (1.1)
adding a nonlinear term and obtaining the modified action functional

S— / (e, dn) — ()

where f:R — R. The Euler-Lagrange equation is the following nonhomogeneous
Maxwell equation

(1.2) ddn = j(n)

where j(n) = f'({(n,n))n and 6 = *d+. The 1-form j representing the source
depends itself on the gauge 1-form 7, so the equation (1.2) describes the dynamics
of the electromagnetic field in presence of an auto-induction phenomenon.

From now on, we will refer to (1.2) as the semilinear Maxwell equation (SME).
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In [3] the equation (1.2) has been considered in the magnetostatic case,
namely when it has the form

(1.3) ddA = f'((A,A)A
where

3
A= ZAi de’, A;:R3 SR,
i=1

and the metric on R? is the euclidean one. In that paper a solution A, with
the property dA = 0, has been found. In [2], ignoring the physical origin of
the problem, the equation (1.3) has been studied in the more general context of
the k-forms on a n-Riemannian manifold M, and a multiplicity result has been
proved when M is compact.

In the same spirit of that paper, here we consider the problem just from a
mathematical point of view, looking for solution of

0dA = ['((A, A))A,
1.4 n A
(14) A=) Adat, A R" - R
i=1

where we consider R™ endowed with the euclidean metric. In the sequel we often
will use the notation A to denote also the vector field (Ay, ..., A4,).

Actually, equation (1.4) is the natural extension to the 1-forms of the well-
known scalar field equation with

—Au = f'(u*)u.
In fact, if we denote by A°(R™) the set of the scalar fields on R™, we have
keI‘(5|A0) = AO(Rn)

and then the operator dd coincides with the Laplace-Beltrami operator.

Now we are going to introduce the main result of this paper. Consider n > 1
even and denote by A'(R™) the set of the 1-forms on R™ with compact support
and by T the group of transformations on R™ so defined:

(1.5) g € T if and only if g € O(n) and there exists (g:)i1<i<n/2 in O(2) such

that
G 0 - 0
0 go --- 0
g= . . . .
0 0 - Ggupo

where O(n) and O(2) are respectively the orthogonal groups in R” and R?.
Moreover, denote by (-|-) the scalar product on R™ and assume that

(f1) f e CHR,R), f(0) =0, for all t > 0 such that f’(t) >0,
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and for 2 < p < 2* < ¢, with 2* = 2n/(n — 2),
(f2) there exists ¢; > 0 such that for all x,y € R"

F((@l2)) = f((yly)) = 2f ((wly) (ylz — y)
> cymin((z — ylo - y)P/%, (x = yle —y)"?),
(f3) there exists c; > 0 such that |f'(t)] < comin(t?/2~1 t9/2=1) for all
t>0,

(f4) there exists R > 0 and o > 2 such that 0 < («/2)f(t) < f'(¢)t, for all
t > R.

The main result of this paper is the following
THEOREM 1.1. Let n > 4 be even and assume that [ satisfies (f1)—(fy).
Then there exist infinitely many nontrivial weak solutions of (1.4). Moreover,
these solutions have the following particular symmetry:
A(x) =g 'A(gx), forallgeT.
In the sequel we will assume (f;)—(fy) holding.

REMARK 1.2. Set g(x) = f(2?) and suppose f € C?(R,R). Observe that by
(f1) and (f5) we deduce ¢g”’(0) = 0, and then we find the so called “zero mass”
case. This case has been dealt with by Berestycki and Lions [9], [10] and more
recently by Pisani [17], for the scalar version of the equation (1.2)

—Au = f'(u?)u.

REMARK 1.3. For every € R™ we can define the scalar product (-, -), on
the vector space A'(R™). The assumption (f3) is a condition on the convexity of
the functional

In fact, if we take £,1 € AY(R™), A €]0,1[ and set n = A + (1 — \)w, by (f2) we
have
(1.6) A& ) — fFUmma) =2 (1, m)a) (0, € = 1)2)

> Xe min((§ —n,& =)/, (= n,E = m¥?) >0

and

(1L.7) (L =N(f((b,)a) = F((mma) — 2F ()2 ) (0,90 — M) )
> (1= M) min((y — n, ¢ — )22, (¥ —n,% —n)#/?) >0
Since

A ma)(m, € = e + (L= X f ({0 n)a) (0, ¥ — m)e =0,
adding (1.6) to (1.7) we obtain

AF((E8)x) + (1= N F((¢,¢)a) = F((0:m)2) >0
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and then for every x € R™ the functional I, is strictly convex.
The function f:R — R defined by

£ alz|P/? + b if x| > 1,
] |2 if || < 1,

where 2 < p < 2* < ¢ and (a,b, c) € R? x ]0,00[ is any solution of the system

a+b=c,
ap = cq,

is an example of function satisfying (f2) (see the Appendix for details).

The paper is organized as follows: in Section 1, following [6], we will use
a new functional framework related to the Hodge decomposition of the vector
field A. We will be led to study the problem in the space

D(R") := {u e LS(R™) : /|vu|2 dz < oo}

and in the Orlicz space LP + L7 (2 < p < 6 < q). We will recall some basic
theorems, obtained in [6], [17], describing the relations between these spaces,
and two results, proved respectively in [17] and [4], which will be necessary to
get regularity and compactness.

In Section 2, we will give a proof of Theorem 1.1, using a well known multi-
plicity abstract result (see [1], [5]). Assumption (fy) will play a key role in order
to get regularity.

Finally, in the appendix we will show an example of function satisfying the
assumptions of Theorem 1.1.

2. The functional setting

From now on, taken A = " | A; da" a 1-form, by VA we mean the Jacobian
matrix of the field (4;,...,A,) and if B is another 1-form we will use the
notation (VA|VB) to mean the product

(VA|VB) = Tr[(VA)(VB)7T]

where (VB)7T is transposed of VB and Tr denotes the trace. Moreover in the
sequel we will write (A|B) to mean the scalar product between A and B and we
will use |A|? and |[VA|? in the place of (A|A) and (VA|VA).
The functional of the action associated to (1.3) is

1 1
(2.1) J(A) = 7/<dA,dA> dx — f/f(|A\2)d:Jc

2 Jr 2 Jr
where dz = dazt A dx? A ... A da™, being {dz',... ,dz"} the canonical basis
of AY(R™). The strongly indefinite nature of the functional J doesn’t allow us
to approach this problem in a standard way. In other words, the functional
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J doesn’t present the geometry of the mountain pass in any space with finite
codimension. This strongly indefiniteness of the functional depends on the fact
that, in general,

/(dA,dA) dx # / |VA|? dx
R R
since the equality holds only if JA = 0. As a consequence, we don’t have an a

priori bound on the norm ||[VA]/zz2. To overcome this difficulty, we look to the
Hodge decomposition theorem of the differential forms in order to split

(2.2) A=u+dw=u+Vw
where u is a 1-form such that
(2.3) ou=0

and w is a O-form, i.e. w:R™ — R.
Substituting the splitting (2.2) in (2.1), we obtain

(2.4) J(u,w) == J(u+ dw) = /|Vu|2 de — - /f lu + Vwl|?)

Now we introduce the spaces where the functional J is defined.
For 2 < p < 2n/(n —2) < ¢, denote by (LP(R™),|-|,) and (LI(R™),]|-|,) the
Lebesgue spaces defined as the closure of A'(R™) with respect to the norm

1/h
|£h:(/R|f|hdx) . h=pa

LP+ L9 := {£ | there exists & € LP(R™) and & € LY(R™) such that & = & +&}.

Consider the space

It is well known that LP + L? is a Banach space with the norm

(2.5) €lLe+ra = Inf{||&1 ]| or + [[€2llza & (€1,62) € LP x LY, & + & =&}

and its dual space is L¥' N LY, where p' = p/(p — 1) and ¢’ = ¢/(¢ — 1), endowed
with the norm
1€l o aper == Il Lo + [I€]] par-
Denote by C§°(R™) the space of the smooth functions with compact support,

and set

D(R") := W and DPI(R") := WH'HM

where, for every ¢ € AY(R™),

2. _
Jel? = | edeydo+ [ (€56 da
and for every g € C§°(R™)

lgllpra == IVgllLrsra
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We recall some results on the space LP + L9.

THEOREM 2.1.
(a) AY(R™) is dense in LP + L9.
(b) Let £ € LP + L7 and set
(2.6) Qe :={z e R": |{(x)] > 1}

Then

1
(2.7)  max <||£||L‘I(R"—Q§) -1 1+|Q£|1/TH£HLP(Q£)>

< €llzr+za < max([lfl Lan—ac)s I€llLre))

where T =pq/(q — p).
(¢c) For everyr € [p,q]: L™ — LP 4+ L7 continuously.

(d) The embedding
(2.8) D(R™) — LP 4 L?

18 CONtINUOUS.

(e) Set F := {&R™ — R™ : &(gz) = g&(x) for all g € T and for almost
every x € R™} where T is defined by (1.5), and define the space D,.(R™)
as follows

(2.9) D,(R") := D(R") N F.
Then D.(R™) — LP 4+ L7 compactly.

PROOF. (a) It can be easily showed using the definition of the L? 4+ L9-norm
and the density of A*(R™) in the spaces LP(R™) and L4(R™).

(b) See Lemma 1 in [6].

(c) See Corollary 9 in [17].

(d) It follows from (c) and the Sobolev continuous embedding D(R™) —
12n/(n=2)

(e) The proof follows combining a compactness theorem presented in [4] (see
Theorem A.1 in the Appendix) and Lemma 14 in [6]. O

For all A € L? 4+ L9, consider the functional F' defined as follows
(2.10) F(A) := / f(A?) dz.
RTL

The following results have been proved in [17].
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THEOREM 2.2. If f3) holds, then the functional F is continuously differen-
tiable, and its Frechet differential is the continuous and bounded map

(211)  DF:AelP+ L7 2/ FAPR)(A) de € (L? + LY.
R
Using the fact that f(0) = 0, from (f2) we deduce that for every £ € LP + L4

f(<§7 £>) > min(<§7 £>p/25 <§7 §>Q/2)

pointwise almost everywhere in R™. On the other hand, from (f;) and (f3) it
follows that

F(£,€)) < camin((€, P2, (£,6)7/?),

pointwise almost everywhere in R™. So, for every & € LP + L1

1 min((€,E)P/2, (£,€)9?) < f((£,€)) < comin((€,E)P/2, (€,6)7/?),
and then we deduce that for any £ € LP + L9:

(2.12) cl(/Q |§\pdw+/R ) g|qczx)
3 =Ll
< [rosa(f era [ )

(2.13) J(u,w) < oo for all u e D(R"), w € DPI(R").

By (2.7) and (2.8),

In order to have compactness for J, we are going to restrict the domain of the
functional to a subspace H C D(R™) x DP-9(R™) such that for all (u,w) € H we
have that u + Vw € F.

It is easy to see that, if we set

F'i={w:R" - R : w(gr) = w(z) for all g € T and for almost every z € R™},
then, for w: R™ — R sufficiently smooth, we have
if we F' then Vw € F.
So, taking (2.3) into account, we set
V:={ueD.(R"):6u=0} and W :=DPIYR")NF,

and we take H =V x W.
Observe that H is nonempty. In fact, W # 0 and for any (a;)1<i<n/2 in
C§°(R™) N F' the 1-form
n/2
£ = ai(wai_1dwy; — woidra; 1)

i=1

belongs to V.
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Now, for every u € V and w € W, set

(2.14) FpweWr Flu+Vw) € R,
u €V Flu+ Vuw) €R,
weW — J(u,w) € R,
u €V J(u,w) €R.

S s

REMARK 2.3. Observe that, by Theorem 2.2, for every u € V and w € W
the functionals J, J,, J,m F, and F,, are continuously differentiable, and the

respective Frechet differentials are:

DJ:VxW — (Vx W),
DJ,
DF,
DJ,
DF,

W =W,
Y=V

Moreover, if we set

(2.15) g—i(u,w) = DJ,(w) e W
(2.16) g—i(u,w) = DJ,(u) €V,

by some computations we can see that, for every u,uw € V and w,w € W,

(2.17) g—i(u,w)[w] = DJ(u,w)[0,w]
=— /]R ' (Ju+ Vw?) (u + Vu|VD) d,
(2.18) g—i(u,w)[ﬂ] = DJ(u,w)[u, 0]

:/(Vu\VU)dm—/f’(|u+Vw|2)(u+Vw|ﬂ)dx.
R R

Using (2.15) and (2.16), we can show the variational nature of the problem
(1.4)

THEOREM 2.4. If the couple (u,w) € V x W solves the system

oJ

(2.19) %(u,w) =0,
(2.20) g—i(u,w) =0

then A = u+ Vw € F is a finite energy, weak solution of (1.4).
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PROOF. Let (u,w) € ¥V x W be a solution of (2.19) and (2.20). Then, by
(2.17) and (2.18), for any w € V and w € W

(2.21) /]Rf’(|u+Vw|2)(u+Vw|VE)d:E:O7
(2.22) /}R(VU|VE) da:f/R{f'(\u+Vw|2)(u+Vw|ﬂ)dz:O.

We want to show that A = u 4+ Vw is a weak solution of (1.4), namely for all
p € AL(R)

2 DIA = [ (A deide— [ FIAP)ALR) =0,

Actually, it is enough to prove (2.23) just for every ¢ € D,., since D,. is a natural
constraint for J. In fact observe that, if we denote by 7 the group of isometric
transformations on D(R™) defined as follows

G € T if and only if there exists g € T such that G(A)(z) = g ' A(gz)
for all A € D and for almost every = € R™.

then D, is the subspace of the fix points of D(R™) under the action of 7" and
J(G(A))=J(A) forall GeT and all A € D(R").

Then, by the Palais’ Principle of symmetric criticality (see [16]), D, is a natural
constraint. Let ¢ € D,.. As in (2.2), we can split the function ¢ and obtain

(2.24) p=v+dh=v+Vh

where v € V and h € W. Writing (2.21) and (2.22) with respectively @ = v and
w = h, we get

(2.25) /f’(|u+Vw|2)(u+Vw|Vh) dr =0,
R
(2.26) /(Vu|Vv) dx — / f'(Ju+ Vw]?)(u+ Vwv) dz = 0,
R R
so, subtracting (2.25) from (2.26), by (2.24) we have
(2.27) /(VUWU) dx—/ f'(Ju+ Vw|*)(u + Vwl|p) dz = 0.
R R

Since dv = 0, then

(2.28) ddy = dd(v + dh) = ddv = —Av,
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where —A := dd + dd is the Laplace-Beltrami operator. From (2.27) and (2.28),
we deduce that

/(du,d@dxf/f’(|u+Vw\2)(u+Vw|gp)dz
R R
:/(u,éd@dxf/f’(|u+Vw|2)(u+Vw|g0)dx
R R
— [ @av)ds = [ Fu+ VoP)u+ Vule)do
R R

:/(Vu\Vv)dx—/f’(|u+Vw\2)(u+Vw|ga)dx:0.
R R

Since u € D(R™) and w € DP9(R™), by (2.13) the energy of A is finite.
Finally, since u, Vw € F, also A € F. ]

3. Proof of the main theorem

Set
(3.1) ) = {(u,w)EVxW:gi(u,w)zo},
(3.2) Cy = {(mw)erW:gi(mw)zo}.

By Theorem 2.4, we are interested in finding the couples (u,w) € C; N Cy. Ren-
dering (3.2) explicit we have that

(3.3) (u,w)eCyforallueV
/R(Vu\Vﬂ) d — /Rf’(|u + V) (u + Veoln) dz = 0.

The following theorem characterizes the set Cy

THEOREM 3.1. There exists a compact map ®:V — W such that
(3.4) C1={(u,®(w)) : u € V}.
Moreover the map ® is characterized by the following property:
(3.5) for every u € V, ®(u) is the unique function in W such that

F.(®(u)) = u{%lilv F,(w).

Before we prove the Theorem 3.1, we need the following

LEMMA 3.2. If
(3.6) Cn—=¢ inLP+ L7 and F((n) — F(Q),
then

(3.7) (o — ¢ in LP + LY.
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PROOF. Let (¢,)n be a sequence in LP + L7 and ¢ € LP 4 L9 such that (3.6)
hold. Using (f3) for ((,), and (¢), for all z € R™ and n > 1, we have that the
following inequality holds pointwise:

(3:8)  F(IGal*) = F(CI*) = 2/ (KK (€IGn =€) = er min(|¢ — ¢[7, [Ga — ¢[9).-

Set Q, = {z € R"” : |(,, — ¢| > 1}. Integrating in inequality (3.8), by Theorem
2.2 we get

(39 F(Gal®)~ FCP) — DF(O)(Cn — C)
zcl/ﬂ G — (P de + 1 / g

n

= (”Cn - CHZ[)JIJ(Q,L) + ”Cn - CHLq(Rw )’
By (3.6) and (3.9) we have that

1Gn — C||I£p(9") + 16n — CH%q(Ran") — 0,
and then we get (3.7) by (2.7). O

PROOF OF THEOREM 3.1. Let u € V and consider F;, defined as in (2.14).
By Remarks 2.3 and 1.3, F}, is continuous and strictly convex. Then F,, is weakly
lower semicontinuous.

Moreover, F, is also coercive. In fact, if w € W and we set
Q:={z eR": |u(z) + Vw(x)| > 1},

then, by (2.12), we have

(3.10) /f lu 4+ Vw|?)
7/»179 (Ju + Vw|?) d:ch/f lu + Vw|?) da
ch/’ Q|u+Vw|qu+c1/Q|u+Vw|pdx.

By (3.10) and (2.7) we deduce that F, is coercive and then, by Weierstrass
theorem, F, possesses a minimizer in WW. So, let ® be the map defined as follows

(3.11) ®:V — W  such that, for all u € V,®(u) minimizes F,.

Since F), is strictly convex, for all u € V the minimizer of the functional F), is
unique, and then the map ® is well defined and satisfies (3.5).

Now, before we prove the compactness of ®:V — W, first we show that the
functional

(3.12) u€Y F(ju+Vo(u)|?)de
]Rn
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is weakly continuous. Let

(3.13) U, = u InV,
then, by Theorem 2.1(e),

(3.14) Up, — u in LP 4 L9,

Since

0 < Fun + V®(un)) = Fu, (®(un)) < Fu, (0) = F(un),
by (3.14) and the continuity of F', the sequence {F(u, + V®(uy,))} is bounded.
Since F' is coercive, then

U + V®(uy,) is bounded in LP + L9,
so, by (3.14),
(3.15) V®(u,) is bounded in L? 4+ LY.

Set

@, ;:/f(\un+vq>(un)|2)dx—/f(\u+vq>(un)|2)dx
R R

8, = / F(ltn + V() 2) da — / F(lu+ VB(w)[?) dx

= [ fun + V@) do = [ f(lu-+ VB0 da

By (3.11), certainly we have

Moreover, by Lagrange theorem,
(3.17) o = /(f(lun +V@(up)[*) = f(lu+ VO(uy)[*)) dz

R
:2 /9n2 gn n d
/Rf(l 12) (Ot — 1) da:

where 0, is a suitable convex combination of u, +V®(u,) and u+V®(u, ). Since
{un} and {V®(u,)} are bounded in L? + L9, certainly also {6, } is bounded in
LP + L9. Then, by Theorem 2.2 and (3.14), from (3.17) we deduce that

(3.18) a, — 0.
Analogously we also have that
(3.19) Y — 0,

so, by (3.16), (3.18) and (3.19), we get 3, — 0 and then (3.12) is weakly contin-

uous.
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Now, we prove the compactness of ®. Consider again (uy,),>1 in V such that
(3.13) holds. By (3.15), there exists w € W such that (up to a subsequence)

(3.20) V®(u,) = Vw in LP + L9,

From (3.14) and (3.20) we deduce that

(3.21) Up +VO(up) = u+Vw in LP 4+ L9

so, using the weak continuity of (3.12) and the weak lower semicontinuity of F'
we have

(3.22)

Fu(®(u)) = Flu+ V®(u))
= liTILIlF(Un +VO(up)) > F(u+ Vw) = F,(w).

By the uniqueness of the minimizer of F,,, from (3.22) we deduce that w = ®(u),
so, by (3.21), we have

(3.23) Up + VO(up) = v+ V®(u) in LP + L1

But using the weak continuity of (3.12), by (3.13) we also have

B2 [ S+ V)P — [ Jlut Vo)) dr
R R

so, by Lemma 3.2, from (3.23) and (3.24) we deduce that

(3.25) Up + VO (up) — u+ VP(u) in LP 4 L9,

Now, comparing (3.25) with (3.14), we deduce that ®(u,) — ®(u) in W and
then ® is compact.
Finally, we prove (3.4). Observe that, since (0J/0w)(u,w) = DF, (w), then

(3.26) (u,w) € Cy if and only if DF,(w) = 0.

But since F,, is convex, its critical points are minimizers, and then

(3.27) DF,(w) =0 if and only if w = ®(u),

so we have (3.4) by (3.26) and (3.27). O
Consider the functional J:V — R

3.28)  J(u) = J(u, B(u)) = %/R V2 do — %F(u + V().

The following regularity result holds:



A SEMILINEAR MAXWELL TYPE EQUATION 97

THEOREM 3.3. The functional J is continuously differentiable and its Fre-
chet differential DJ:V — V' has this erpression

(3.29) Df(u)[ﬂ]:/R(VuWﬂ) d:c—/Rf’(|u+V<I>(u)|2)(u+V@(u)m)dx.

PROOF. Set F:u €V — F(u+ V®(u)). We will prove that F' € C! so that,
clearly, also J € C1.

Let u € V. We claim that for all @ € V — {0} the functional F is derivable at
u in the direction @, and the directional derivative (i.e. the Gateaux derivative
DGF) is

(3.30) DgF(u)[u] =2 /R ' (Ju+Ve(u)*)(u+ Vo (u)[a) dz.
In fact, let t € R — {0} and set

a(t) == Flu+tu+ VO(u+tu)) — F(u+ Ve (u + tu)),
B(t) == Flu+tu+ VO(u+tu)) — F(u+ VO(u)),
v(t) :=Fu+tu+ V®(u)) — F(u+ VO(u)).

By (3.5) we know that

F
F

F(u+tu+ Vo(u+ tu))
F(u+ Vo(u))

< Flu+tu+ Vo (u)),
< F(u+ V®(u+ tu)),
and then, certainly, for every t € R — {0}

(3.31) a(t) < B(t) < ~(t).

Now, for every t € R — {0}, set

W =0 50="0

alt) = t t

and observe that (3.30) means that
(3.32) tim (1) = 2/ F(Ju+ V()2 (u + Vo(u)|a) da.
- R

From (3.31) we deduce that

and then

(3.33) min(a(t),7(1)) < B(t) < max(a(t), 5(1)).
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Now, by Lagrange theorem, we have that
- 1
(334) a(t) =7 /(f(|u +tu+ VO (u+ta)*) — f(lu+ VO(u+tu)|?)) dv
R

2
=+ [ FeP) @l s =2 | (6PN 6f) dz = DF @[
R R
where 6, is a suitable convex combination of u+ @+ V®(u+tu) and u+ VP®(u+
).

Since ® is continuous, we have that
tli_r)r(l)u +tu+Vo(u+tu) =u+ Ve(u) in LP + LY,
}%u +Vo(u+tu) =u+ Ve(u) in LP + LY,
and then
(3.35) %E,% Oy =u+ VO(u) in LP + L9,
By continuity, from (3.34) and (3.35) we deduce that
(3.36) th_r}f(lJ a(t) = DF(u+ V®(u))[d]
s /R F(lu+ VO @)) (u + Vo(u)[7) da.
By the same arguments, we can see that
(3.37) lim (1) = 2 /R F(Ju + VO(w)[?)(u + VO(u)|7) de,

so, by (3.33), (3.36) and (3.37) we get (3.32), i.e. and the existence of the direc-
tional derivative.

Now observe that from (3.30) we have
DgF(u) eV, forallueV

and the map
(3.38) DFgiueV — 2/ f(lu+ Ve (u)*)(u+ Ve(u)|-)dx € V'
R

is continuous by Theorem 2.2 and the continuity of ®. Then F is Frechet differ-
entiable, and, for all u,uw € V

(3.39) DF(u)fi] = 2 /R F(lu + VO(W)[?)(u + Vo(u)|7) da.

From (3.39) we have (3.29). O
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THEOREM 3.4. If u € V is a nontrivial critical point of j, then A = u +
Vo&(u) € F is a finite energy, nontrivial weak solution of (1.4).

PROOF. Let u € V be a critical point of J. By (3.29) we have that
/(VU\VH) dr — / ' (Ju+ Vo(u) ) (u+ VO (u) @) de =0
R R

so, by (3.3), the couple (u, ®(u)) € Cy. Since by Theorem 3.1 we also have that
(u,®(u)) € Cq, then, by Theorem 2.4, A = u + V®(u) is a finite energy, weak
solution. Moreover, if u # 0, then

(3.40) u+ VO(u) #0.
In fact, if

(3.41) u=—-Vo(u),
then

—A®(u) =V -u=0,
and this should imply

/ |V®(u)|? dr =0,
R

that is
(3.42) Vo (u) = 0.
But (3.41) and (3.42) contradict the fact that u # 0, so (3.40) holds. O

By Theorem 3.4 we are reduced to find the critical points of J. , SO we are
going to study the geometry and the compactness properties of the functional in
order to apply the symmetrical mountain pass theorem (see [1], [5]).

THEOREM 3.5. J satisfies the following Palais—Smale condition:
(PS) if {un} €V is a sequence such that for M >0

~

(3.43) J(up) <M, foralln>1

and

~

(3.44) DJ(uy) — 0,
then {u,} € V is precompact.

PRrROOF. Let {u,} € V be a sequence such that (3.43) and (3.44) hold. Since
® is compact and the embedding V — LP 4+ L? is compact, we have that the
map (3.38) is compact, so, by standard arguments we are reduced to prove that
{un} is bounded.
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Rendering (3.43) explicit, we have

(3.45) 1/|vun|2dx—1/f(\un+vq>(un)|2)dng.
2 Je 2 )

~

Moreover, from (3.44) we deduce that DJ(uy)[un/||un|p] — 0, that is, there
exists €, — 0 such that

(3.46) /]R Vup|? dz — /Rf’(|un VD)) (tn + V(1)) dr
= en||tn||p-

Now, by (3.5), certainly we have that, for every w € W,
0= DF,, (®(un))[w] = / F(Jun + VO(un)|*) (un + VO(up)|Vw) da,
R
0 (3.46) can be written as follows

(3.47) / Vit ? di — / £ (n ) onl? i = 2 un]>,
R R

where we have set v, = u, + V®(u,). Now, multiplying (3.45) by « and sub-
tracting (3.47) we get

(3.48) (O‘ - 1) [ 1wl an [ [f’<|vn|2>|vn|2 2 b o) da
2 . e 2
S M — €nHun||D
Using (fy), from (3.48) we deduce that {u,} is bounded. O

THEOREM 3.7. There exist p >0 and C > 0 such that

J(u)>C, foralueVns,,
where S, :={u € D : ||u|p = p}.

PROOF. Let u € V and consider €, defined as in (2.6). Since p < 2* < ¢ we
have that

(3.49) lu(z)|P < |u(z)]? if z € Q,
(3.50) lu(z)|? < |u(z)]?  if z € R" —Q,,

so, by (3.49) and (3.50), using (2.12), (3.5) and the continuous embedding

(D’ H ’ ”D) — (LT, | ’

2*)a
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for a suitable £ > 0 we have

o~

Ty =4 / Vul? dr — / F(lu+ Vo) ?) de

1 1
f/ |Vu|2dx—7/f(|u|2)dx
/|Vu|2dac——/ |u|pdm—c—2/ |u|? dx
, 2 Jan_q,

I V

I \/

Co o*
> |Vul|? dz — —/ lul* de — 2 |u|* dx
2/ 2 Q 2 Jre_q,
1 .
= 5llullp — \ 52 2||u|\1> kllull -
Then j(u) > C for u € S, with p small enough. O

Now, before we prove that also the second geometrical assumption of the
symmetrical mountain pass theorem is satisfied, we need a preliminary result.
For every v > 1 and u € V set

FoweW— lu+ Vw|\zp+Lq.
We have the following:
LEMMA 3.8. For every u € V there exists a unique ®.,(u) € W such that
F,(® = min F,(w).
(@5 () = min F, (w)

Moreover, for every V.C V such that dimV < oo we have
(3.51) there exists C,(V) > 0 such that ||u+ Vo, (u)llfrype > Cy llull%
uniformly for u € V.

PRrROOF. Since ﬁu is strictly convex, continuous and coercive on W, by Weier-
strass theorem there exists a unique minimizer ®.(u).
Actually the minimizing map ®.,: u — @, (u) is compact from V into W.

In fact, consider u,, — w in V. Since V — LP 4+ L7 compactly, certainly
(3.52) Up, — win LP + L9
Moreover, by the definition of ®.,
0 < flun + VO ()l 7o o < unllfoyra
S0,

(3.53) Up + V@, (uy,) is bounded in LP + L.



102 A. AzzOLLINI

From (3.52) and (3.53) we deduce that {®.(u,)} is bounded in W, so there
exists W € W such that (up to a subsequence)

(3.54) V&, (uy) — V@ in LP + L.

Now we prove that

(1) T i+ Ty () s 10 = [0+ Vs ()] 141
(2) VO, (up) = V&, (u) in LP 4 L9,

Observe that, by the definition of ®, and the triangular inequality,

[+ VO (W)l gy pe < llu+ VO (un)l[1o o

< (lu —unllzesre + un + Vo (un) o4 ra)”
and then, by (3.52)
(3.55) lw+ VO (W) 1p 4 po < lminf [up + Vo (un)ll s 1a-
On the other hand, by definition of @,
[un + Vo (un)[ Lo 4 Lo < lun + Vo (u)ll 7o 1o
and then, by (3.52)

(3.56) lim sup [|up, + VO (un)l|Zr 1 pa < llu+ VO, (u)ll 7oy po-

The claim (1) follows from (3.55) and (3.56).
Since || - ||754 14 is weakly lower semicontinuous, from (3.52), (3.54) and the
claim (1) we deduce

(3:57) flu+ V[ pp po <lminf [Jun + VO, (un)l[1ry po = e+ Ve (u)l|z0 1o

By the uniqueness of the minimizer of F,, the inequality (3.57) implies that
W = ®,(u) and then the claim (2) is a consequence of (3.54).
By a well known theorem, the claims (1) and (2) and (3.52) imply that

Vo, (u,) = VO, (u) in LP + L4

and then &, is compact.
Now, let V' C V such that dim V' < co. By Weierstrass theorem there exists
Cy = min |u+ Ve (u)ll7syrqa > 0.

lullp=
ueV

Actually, 57 > 0. In fact, if 57 = 0, then there should exist w € V such that
|a|lp =1 and w4+ V@, (u) = 0, but it is not possible as we have already seen in
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the proof of Theorem 3.4. Now, if we consider u € V — {0} and set u = u/||u||p,
since ||@]lp = 1, we have that

+ Vo Teira o, K
(3.58) [|lu ’Y(?)HL +La +V< (U)>
||u||D ”uHD Lr+ L4
> i+ V&, ()]} 10 > C
So (3.51) follows from (3.58). O

THEOREM 3.9. For all V CV such that dimV < oo we have

sup J(u) < oo.
ueV

PROOF. Let V' C V such that dim V' < oco. Consider u € V' and set
Q:={zeR":|(ut+ VP(u))(x)| > 1}.
Since inequality (2.7) implies that
- V() g0 < i VO
or
lu+ Ve(W)Lrypa < o+ V(W70 gn_gq)
certainly
(3.59)  min(|lu+ VO(u)[Lsy pa, lu+ VE(@)LryLa)
< max(Ju + VO(u)|7, ), [u+ VO(W)|]4gn_q))-
By (3.59) and Lemma 3.8

/f(\u+ Vo (u)[?) da
R

> / |u+v<1><u>|de+cl/R fu+ V()| da
= cilu+ VO(W)[2, g + ealu + v<1>< D IF o

> ¢p max(|u + Ve (u) Lp(Q Ju+ Ve(u )‘%G(R"—Q))
> cymin(flu+ V()| pa, lu+ V()0 1a)

> ¢y min(|lu + VO, (u)|[5 s 1o, [l + V()[4 1)
> ¢ min(Cyllul|}, Cyllull)
(

> ¢; min(C,, Cy) min([[u|%, |ul%),
and then

(3.60) T = 3llulp =5 [ Hlus Vo@P) ds

1 R
< 5 lullp = er min(Cy, Co) min([lullp, [|ul3).
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Since 2 < p < ¢, we get our conclusion from (3.60). |

PROOF OF THEOREM 1.1. Since J is C! and even, by Theorems 3.5, 3.7, 3.9
and the symmetrical version of the mountain pass theorem (see [1], [5]) certainly
it possesses infinitely many critical points. Then the conclusion is a consequence
of Theorem 3.4. O

4. Appendix

As we have seen, in order to have infinitely many solutions for the problem
(1.4) we need some assumptions on the growth and on the convexity of the
nonlinearity. Here we want to show an example of function satisfying those
assumptions.

Consider the function f: [0, co[— R such that

(4.1) fz) =

axP+b ifx>1,
cx if x <1.

where 2 < p < 2* < g and the set of three numbers (a,b,c) € R? x |0, co] is any
solution of the system

{ a+b=c,
(4.2)

ap = cq.
LEMMA 4.1. There exist 6 > 0 and Ky > 0 such that
(4.3) f@) = f) = (FWle—y) = Ki|z -yl
for all (z,y) € ]1,14+6x]1 =4, 1].
PRrROOF. Consider the function h:]1, 0c0[ x ]0,1] such that

f(@) = fly) = (f'Wlz - y)

|z —yla

(4.4) h(z,y) =

that is
az? + b+ (g — 1)cy? — gewyd™*

Dividing numerator and denominator by y¢ and setting z = x/y, we get the new

function
~ azPyP= 1+ by~ 14 (¢ — 1)c — qcz
h(Z,y): |271|q
defined in the domain {(z,y) € |1,00[ x |0,1] : y > 1/z}.
We claim that

h(z,1) = min h(z, -) forall z > 1.
y>1/z
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We compute

oh a(p — q)2PyP~ 1 — by 97!
4.5 e —
(4.5) ay(z,y) FEST
_alp—q)2"y" —bg _ g(zy)
yatt|z — 1] yatt|z — 1

where g(t) = a(p — q)tP — bq. By (4.2) we deduce that
g9(1) =0,
gt) <0 ift>1,

so g(zy) < 0 because zy > 1. By (4.5) we can conclude that the function h(z, -)
is decreasing in |1/z,1] and then

(4.6) h(z,y) > h(z,1) forall z> 1.

Now, by (4.6) and using twice De ’'Hopital’s rule, we compute

lim h(x,y) = lim h(z,y) > lim h(z,1
(z,y)—(11,17) @) (zy)—(@1+,17) () (zy)—(1F,17) (1)

. azP+b+(g—1)c—qez

= lim
z—1t (Z — 1)q
= lim ap(p— D> _ 00
it q(g—-1D)(z 172 T
The inequality (4.3) is a consequence of the previous limit. ]

THEOREM 4.2. There exists Ko > 0 such that for every nonnegative numbers
xz, Y

(4.7) f@) = fy) = (W)@ —y) = Kymin(|lz — y?, |z — y|7).

ProoF. We distinguish the following three cases:
(1) 0<y<l<zor0<z<l1l<y;
(2) 1<,y
3) 0<z,y<1.
(1) If 0 < y <1 < z, then we consider these three possibilities
o (z,y) €], 1+46[x]1—4,1],
o (z,y) €]1,1+4] x[0,1—4],
o (z,y) € [1+d,00[x][0,1],
where ¢ is the same as in Lemma 4.1.
By Lemma 4.1, certainly (4.7) holds in ]1,14 6] x |1 — 4, 1].
Since the function h defined in (4.4) is continuous in [1,1+ 6] x [0,1 — d], by
Weierstrass’ theorem there exists min{h(z,y) | (x,y) € [1,14 ] x [0,1— 6]} and
then the inequality (4.7) holds also in ]1,1 4 4] x [0,1 — ¢].
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Finally, suppose (z,y) € [1 4 0, 00[ x [0,1]. Since, for every z € [1 + §, x|,

min 3 ' (c(q — 1)y — cqz) = (g — 1) — cq,
yE[O,l]

then, by (4.2),
48) f(@) = fly) = fW(z—y) =az” +b+y" (c(q — 1)y — cqz)

>arP +b+c(g—1) — cqx = az? — ap(x — 1) — a.
But

Y2 _ —
(4.9) Oy mf W@l —a

z>1446 xP

>0

so, by (4.8) and (4.9),

f@) = fy) = fy) (@ —y) = Cra” = Ci(z —y)”

and then the inequality (4.7) holds also in [1 + §, co[ x [0, 1].
We can use similar arguments for the case 0 < x <1 < y.
(2) Suppose 1 < z,y. We have that

(4.10) f@) = fly) = F' W)z —y) = ala® —y” — py~ ' (z — y)).

In [15] (see the proof of Theorem 4, Chapter VIII) the following inequality has
been proved: for all r > 2 there exists a positive constant Cy(r) such that for
any u € R

(4.11) lu+ 1" > 14 ru+ Co(r)|ul".
If we set r = p and replace u by (z — y)/y, then by some calculus we get
(4.12) a? > yP +pyP =z —y) + Ca(p)|a — ylP.

Inequality (4.7) follows from (4.10) and (4.12).
(3) Suppose 0 < z,y < 1. Then

f@) = fy) = F W)@ —y) = c(a” =y —qy" (z —y))
so we get again (4.7) using (4.11) as before. O

THEOREM 4.3. Let f be the even extension of f, i.e.

N flx) ifz >0,
f) = { fl=z) ifz <0,
Then there exists K3 > 0 such that for all (z,y) € R?
(4.13) fl@) = fly) = F' )@ — y) = Kymin(|z — /", |z — y|9).

Proor. We distinguish some cases.
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(1) z,y < 0. Since fis even, certainly f’ is odd and then, by (4.7),

F@) = Fy) = )@ —y)

= f(~2) = (=) = F (=9 (=2 — (—))

=f(—=z) = f(=y) = f(=y)(—z — (=y))
> Kymin(| — 2 — (—y)P, | -z — (~y)|9)
= Ky min(|z — y|?, |z — y|9).

(2) £ <0 and y > 0. We have that

(4.14) f@) = Fw) = F)@—y) = f@) = Pz — fy) + F @)y
Since f’(y) > 0, the property (f3) (that can be easily proved) implies that

~

(4.15) f(@) = F e > f(z) > ey min(jaf?, |2|7),
and, on the other hand, by (4.7)

(4.16) widehatf(y) + ' (y)y = £(0) — f(y) — F'(¥)(0 —y) > Ky min(|y|?, |y|).
),

Comparing (4.14), (4.15) and (4.16) we get

~ o~

f@) = Jy) = P )@ -y
> Cs(min(|[?, |z[?) + min(|y[", [y|*))
> Cymin(lz|” + [y/?, |z|* + |y[*)
= Cs min((|z + |y])”, (lz| + |y[)*)
= Cs min(|z —y|?, [z — y[?)
where C3, C4 and C5 are positive constants.
(3) z > 0 and y < 0. The inequality (4,13) can be proved by similar argu-

ments as before.
(4) z,y > 0. The inequality (4,13) follows directly from (4.7). O

Finally, define f:R™ — R as the radial extension of f, namely
(4.17) f(x) = f(|z]), for all x € R™.

THEOREM 4.4. The function f defined by (4.17) and (4.1) satisfies the in-
equality

(4.18) f@) = fly) = (F'(y)lz —y) = crmin(|z — y|?, |2 — y|)
for some positive constant c; which doesn’t depend on x,y € R™.

PROOF. It is very easy to verify that f satisfies the inequality
(4.19) f(z) > ¢y min(|z|?, |z|?) for all x € R™.

If y = 0, then (4.18) follows trivially from (4.19).
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If y # 0, observe that for all x € R”

f'(yl)
ly

(4.20) F(@) = Fv) — (F W)le —y) = f(J2]) = f(y) - (zly) + £ (lyDlyl-

Now consider the following three cases

(1) z=ty, t >0

(2) x=ty, t <0

(3) z#ty, teR.
If x =ty for t > 0, then (z]y) = |z||ly| and |z — y| = ||z| — |y|| so, by (4.20) and
(4.7),

— — —
f@) = f) = (F Wz —y) = fUz) = f(yD) = f(uD (=] = ly])
> Koymin((|z| — [y[[”, [lx] = [y[|*) = Ky min([z —y[”, |z — y|?).
If x =ty for t <0, then (z|y) = —|z|ly| and |z — y| = |z| + |y| so, by (4.20) and
(4,13),
J@)=Fw) = F' Wz —y) = F(2]) = F=lyD) = F (= ly) (=] = (=|y])
= Kgmin((|z| + [y[[”, [lx] + [y[|*) = Kz min(|z —y|”, |z — y|?).
Finally, if « & {ty : t € R}, then x = x1 + x2 where z; € {ty : t € R} and
(z2]y) = 0. Since z1 || y, from the previous cases we have

(4.21) flz1) = fy) = (f ' (9)]z1 — y) = Comin(|zy — y[”, |21 — y|)

where Cg = min(Ks, K3). Moreover, observe that for all a,b > 0 the following
inequality holds

(4.22) f(Va+0b) > f(va) + f(Vb),

so, by (4.22), (4.21) and property (f3), we have

T@) =T — T Wz —y)

FOTaa P+ J22P) = F) = F ()21 — )
> f(lea]) + f(laal) = Fy) — (F @)la1 — v)
T@) = Tw) = (F W)le1 — ) + F(x2)

2 Cemin(lzy —y|”, |21 — y|*) + c1 min(|z2]”, [22])

> Crmin((|z1 —y[*)?2 + (Jo2 )72, (Jz1 — )22 + (Jaaf*)2/?)
in((Jzr — yl? + J22*)P/2, (lz1 — yf* + |22]*)??)
(

—Cs min(|z — y|?, [z — y|?)

where C; and Cg are suitable positive constants. O
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Now, consider the function f:R — R such that
alz|P/? + b if x| > 1,
c|x|1/? if x| <1,

fz) =

where 2 < p < 2* < g and (a, b, c) € R? x |0, 00] is any solution of the system

a+b=c,
ap = cq.

It is easy to verify that f satisfies (f1), (f3) and (fy). Moreover, applying Theo-

rem 4.1 to the function

9:§ €R™ — f((£]€)) € R,

we verify that f satisfies also (f2).
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