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ASYMPTOTICALLY CRITICAL POINTS
AND MULTIPLE ELASTIC BOUNCE TRAJECTORIES

ANTONIO MARINO — CLAUDIO SACCON

ABSTRACT. We study multiplicity of elastic bounce trajectories (e.b.t.’s)
with fixed end points A and B on a nonconvex “billiard table” Q. As
well known, in general, such trajectories might not exist at all. Assuming
the existence of a “bounce free” trajectory 7o in 2 joining A and B we
prove the existence of multiple families of e.b.t.’s ) bifurcating from o as
a suitable parameter A varies. Here A\ appears in the dynamics equation as
a multiplier of the potential term.

We use a variational approach and look for solutions as the critical
points of the standard Lagrange integrals on the space X (A, B) of curves
joining A and B. Moreover, we adopt an approximation scheme to obtain
the elastic response of the walls as the limit of a sequence of repulsive poten-
tials fields which vanish inside © and get stronger and stronger outside. To
overcome the inherent difficulty of distinct solutions for the approximating
problems covering to a single solutions to the limit one, we use the notion
of “asymptotically critical points” (a.c.p.’s) for a sequence of functional.
Such a notion behaves much better than the simpler one of “limit of crit-
ical points” and allows to prove multliplicity theorems in a quite natural
way.

A remarkable feature of this framework is that, to obtain the e.b.t.’s as
a.c.p.’s for the approximating Lagrange integrals, we are lead to consider
the L? metric on X (A, B). So we need to introduce a nonsmooth version
of the definition of a.c.p. and prove nonsmooth versions of the multliplicity
theorems, in particular of the “V-theorems” used for the bifurcation result.
To this aim we use several results from the theory of p-convex functions.
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1. Introduction

When studying multiple trajectories of a point ball going from a point A to
a point B in a billiard table €2, having rigid and perfectly elastic walls, it seems
spontaneous to ask oneself whether there exists a functional having the same
properties of the integral of the Lagrangian, that is a functional such that its
critical points (in some sense) on a suitable space of curves joining A and B, are
the expected elastic bounce trajectories. Roughly speaking one could wonder
whether there exists a Hamilton-like principle for the elastic bounce trajectories
from A to B in €.

If © is convex, a variational approach has been possible and fruitful, and
in [7] has allowed to prove the existence of infinitely many elastic bounce tra-
jectories joining two arbitrarily chosen points A and B in an arbitrarily chosen
time interval [0, T, also in presence of a conservative force field. We can say that
the main idea for proving such a result is looking at the billiard table as a plate
“with two faces” Q1 and Q~, each one being a copy of €, joined through the
boundary 0, and noticing that the elastic bounce trajectories in 2 correspond
to the geodesics turnig around the plate, provided € is convex. In fact in [7]
an approximation approach is used to prove the result: the “plate” is approxi-
mated by a sequence of “biconvex lens like” manifolds, whose edges coincide with
01, getting flatter and flatter, and the desired trajectories are found as limits
of geodesics on such lenticular manifolds. In this case, for the approximating
manifolds, the functional is the usual integral of the Lagrangian.

If the billiard table is not convex this appoach fails since the curves obtained
with this method are not, in general, bounce trajectories anymore. In this case it
should be first pointed out that in general it is not true that even one trajectory
exists. As well known, (see [18]), if 2 is the “Penrose mushroom”, then no elastic
bounce trajectories exist for A and B chosen in an appropriate way.

For the nonconvex billiard table some interesting results were proved in [2],
[10], concerning the existence of bounce trajectories with few bounce points.
Other results, concerning the Cauchy problem, even in the case of ) being a man-
ifold, possibly with nonsmooth boundary, are treated in [4], [19], [3].

In both these sets of papers the walls of the billiard table are approximated
by a suitable sequence of repulsive force fields, having potentials which are zero
in  and tend to oo outside 2. The bounce trajectories are then found as limits
of solutions of the approximating dynamics equations. Notice that some care is
needed in the choice of the approximation, otherwise the resulting limits may
not be elastic bounce trajectories.

It must be pointed out that a difficulty arises whenever looking for multiple
solutions of some problem as limits of solutions of approximating problems. It
can indeed happen that distinct sequences of solutions of the approximating
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problems have the same limit. In the case where the approximating solutions are
obtained as critical points of a sequence of functionals converging to a limit one, it
is sometimes possible to individuate distinct sequences of solutions whose critical
values have distinct limits, making thus possible to distinguish the corresponding
limit solutions. This is actually the case in [7], [2], [10].

We as well have considered a sequence of potentials to approximate the elastic
reactions of the table walls, but in our main result (see (c¢) of Theorem 2.13),
it can happen that the critical values corresponding to distinct approximating
solutions converge to the same limit, and nevertheless more than one solution
is expected at that level. To get rid of this fact, following a method introduced
in [11], which was inspired by [9], [1], we have studied the “asymptotically critical
points” ~ for the sequence of the approximating Lagrangian integrals f,, that
is the points obtained as limits of sequences (,) such that ~, — ~ and the
“gradients” of f, at 7, (are not necessarily zero, but) tend to zero. From [11]
we know that, under suitable assumptions, the multiplicity of such points is
precisely what the topological features of the sublevels of f,, suggest.

Actually with this method another difficulty arises, since the asymptotically
critical points of f,, with respect to the metric of W12, which seems to fit natu-
rally the Lagrange integral, turn out not to be necessarily elastic bounce trajec-
tories, but more generally all those bounce trajectories obtained in presence of
an inelastic reaction of the billiard table wall (even plastic or hyperelastic).

But an interesting fact allows to overcome this difficulty: if the L? metric is
considered, with respect to which, by contrast, the functionals are not smooth,
then the asymptotically critical points are really elastic bounce trajectories. No-
tice that the “L2-gradient” of f,, has a much bigger L? norm (possibly co) than
the corresponding W2 norm of the Wt -2-gradient of f,.

We obtain some multiplicity results, of bifurcation type, which are contained
in Theorem 2.13. For this theorem we have employed, as we already did in
[14], [15], the “nabla theorems”, which we introduced in [14] and which we have
now extended to some classes of nonsmooth functions. Roughly speaking, these
theorems exploit certain properties the gradient of the functional has in some
problems. Such properties make it possible to introduce a “fictitious” constraint
which does not add critical points, but nevertheless makes the topology of the
sublevels richer, thus allowing to get the expected multiplicity of solutions. Since
the involved functionals are not smooth with respect to the L? metric, to perform
such analysis on the constraints we have used the theory of ¢-convex functions
(see [8], [17], [13]).

To conclude we wish to recall a nice problem which to our knowdlege is
completely open: if we assume for instance that there is no external force field
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and if the segment between the two points entirely lies in €2, can one conclude
that there exist infinitely many elastic bounce trajectories joining A and B?

We finally describe briefly the layout of the sections of the paper. In Section 2
we introduce the problem and state the main results. In Section 3 we extend
the theory of the asymptotically critical points to a class of ¢-convex functions
and we prove a multiplicity theorem. In Section 4 we study the properties of the
Lagrange integrals associated with the approximating potentials, in connection
with the properties required in Section 3. In Section 5 we extend a V-theorem
to the case of asymptotically critical points, for the class of ¢ convex functions
which is involved in our problem, while in Section 6 we study the conditions
required by that theorem in the concrete case. In Section 7 we perform the
proofs of the main theorems. Finally in the Appendix 8 we recall some concepts
and some properties of the ¢ convex functions used throughout the paper.

2. Assumptions and main results

Let Q be a bounded open subset of RY with C? boundary, A, B two points
in Q and let us denote by v:02 — R the unit normal vector to § pointing
inwards. For what follows it is convenient to extend v to the whole RY in such
a way that v is of class C?, |v(x)|| < 1 and v(A) = v(B) = 0.

Moreover, let a < b be two real numbers, and V (¢,z) a given potential:
V:[0,7] x Q — R (as smooth as needed — we will be more precise in the specific
cases of the main results).

In the following VV(¢,z) will denote the gradient of V(¢,z) with respect
to x.

DEFINITION 2.1. Let v € W12(0,T;RN). We say that + is an elastic bounce
trajectory from A to B in Q with respect to the potential V (briefly an elastic
bounce trajectory in the following), if v(t) € Q for all ¢ in [0,T], v(0) = A,
~(T) = B, and

(a) there exists a Radon measure p on |0, 7| such that p > 0, the support
of p is contained in the contact set C'(y) = {t € [0,T] | v(¢) € 9}, and

(2.1) F+ VV(t,7) = pr();
(b) (energy conservation Aw) the energy
1.
B(t) = 2 AP + V(5,A(1)

veryfies:

T T
/0 E(t)p(t) dt = / (VV (). 9 (00 + V(EA(0)3(2) db
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for all ¢ in C°°(0,T,R), that is:

T T
1
/0 §|"y|2gb dt = /0 VV (t,y)ypdt for all ¢ € C*(0,T,R).

We say that p is the distribution of the scalar constraint reaction associated
with . If u # 0 we say that 7 is a true elastic bounce trajectory.

REMARK 2.2. Tt is easy to see that the energy conservation (b) is not a con-
sequence of (a). We recall that (2.1) corresponds to

T T T
(2.2) /0 'yddt—/o VV(t,W)cht—l—/O v(7)6(y)dp =0

for all § in C°(0,T; RY). Moreover, it is not difficult to see that (2.2) is equiv-
alent to the following reversed variational inequality:

T T
(2.3) / 4 8dt —/ VV(t,y)ddt <0
0 0

for all & in W, %(0, T; RN) such that v(v(t))d(t) > 0 for all ¢ in C(~).

The following characterization is easy to prove.
REMARK 2.3. Let v be a curve in W12(0, T; RY) with v([0,7]) C Q.
(a) If (a) of Definition 2.1 holds, then v is of class C? in ]0,T[\ C(v), %
has bounded variation on (every compact subset of) ]0,7[, and 4 —
(A v(vy)) v(v) is absolutely continuous on |0,7[. We may think of v as
a “bounce trajectory of either elastic or inelastic type”.
(b) If v is an elastic bounce trajectory, then for any ¢y in C(y)

T §(Ov(2(8) = - lim E((0) = gul{to))

in particular, if u({to}) > 0, then ¢ is isolated in C(v).

We also point out a compactness result.

REMARK 2.4. Let (v,)n be a sequence of elastic bounce trajectories from A
to B. Then the following two facts are equivalent:
(a) (Yn)n is bounded in W12(0, T; RY);
(b) the sequence (p,)n of the constraint reactions associated with (v,), (as
in (a) of Definition 2.1) is bounded, that is (1, (]0,T[))» is bounded.
Moreover, if (a) (or (b)) holds, then (v, ), admits a subsequence which converges
in W12(0,T;RY) to an elastic bounce trajectory from A to B.
PROOF. (a) = (b) Notice that § = v(y,) is in W, (0, T;RN) since v(A4) =
v(B) = 0. Using such a ¢ in (2.2) gives

T T
/0 (A0 () Y — / TV (7)) dt + 1 (0. T]) = 0
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0 (11,,(]0,T[))r is bounded, whenever (), is bounded in W12(0, T; RY).
(b) = (a). From (2.2) one gets:

' / %Mt’ < (I9V ()t + 1 (10, TD) 18]

for all § in Cg°(]0, T[; R™N). So if (14,,(]0, T])), is bounded it follows that (¥,), is
bounded in BV, hence it is relatively compact in LP for any p > 1. In particular
(¥n)n is bounded and relatively compact in W12(0, T; RY). It is then clear that
every limit curve of (), is an elastic bounce trajectory.

Now we consider an open nonempty interval of parameters Ay and a family of
potentials Vi (¢, z) = V(A t,z) where V: Ay x [0, 7] x Q — RY, which we assume
as smooth as needed in the following definitions. a

DEFINITION 2.5. We say that A in Ay is a transition value for the elastic
bounce problem in Q, from A to B, with respect to V, if there exist a sequence
(An)n in Ap converging to A and a sequence (), of elastic bounce trajecto-
ries with respect to the potentials V), , such that the corresponding constraint
reactions u, converge to 0: u,(]0,7[) — 0.

The following remark is a consequence of Remark 2.4.

REMARK 2.6. If A is a transition value, then there exists a solution  of the
problem

(2.4) { 54 VV (A t4) =0,

7(0) = A4, »(T) = B,

such that v([0,T]) € Q, v([0,T]) N O # (. More precisely, given any sequences
(An)n in R converging to A, (v,,), in W12(0, T; RY) where =, are elastic bounce
trajectories with respect to V), such that the corresponding constraint reac-
tions u, tend to zero, there exists a subsequence (7yy,)r which converges in
W12(0,T;RYN) to a trajectory v with the properties stated above.

According to what we said in the introduction we now introduce the main
assumptions on €2 and on V.

(V) V(N tx) = (A/2)(B(t)x)x+zo(t)x for all Xin Ag, all tin [0,7] and all z in
Q where 3 = (8;;) is a symmetric N x N matrix, 3;; € L*>(0,T;R), 8 £ 0
and zg = (wg;) is an N vector, zo; € L2(0,T;R);

(Ap) for every A in Ag there exists a curve g\ in W12(0, T; RY) with

Fox + AB(E)vox + zo(t) =0,
YoA(0) =4, va(T)=B, %(0,1]) c

and the map A — g ) is continuous from Ag to W12(0, T; RY).
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The following remark is a simple consequence of Remark 2.6.
REMARK 2.7. Assume that (V) and (Ag) hold. If X in Ag is a transition
value for the elastic bounce problem, then A is an eigenvalue of the problem
0+ AB(t)5 =0,
(2.5) 19 N
§ e Wy (0, T;RY), 6 #0.

The following remark follows using standard arguments.

REMARK 2.8. There exists an unbounded interval I in Z such that for any
i in I there exist an eigenvalue \; and an eigenfunction e; of (2.5), that is:

€+ NiB(t)ei =0,
ei € W32 (0,T;RN), e; #0,

with the properties \; < A\;41 forall i, \; < 0ifi <Oand \; > 0if¢ >0, \; — o0
as i — 0o (provided supI = 00), \; — —o0 as i — —oo (provided inf I = —o0);

moreover,
T _
/ éiejdt =6y, W20, T;RY) = span{e;,i € I} @ Ey,
0

where

(2.6) E, = {6 € W20, T;RN) | B(t)8(t) = 0 q.o. t}.

In the following we use the notation: for any eigenvalue \;
Ex, = {6 € Wy ? (0, T;RY) | 5 + NiB(t)y = 0}.

Now we want to discuss the previous assumption (Ag).
REMARK 2.9. Let \; be an eigenvalue of (2.5).
(a) There exists a solution v in W12(0, T;RY) of

@ { H 4 M)y + zo(t)
Y(0)=A, y(T)=B
if and only if
T
(2.8) / xoedt = é(T)B — é(0)A  for all e in Ej,
0

(b) If a solution v of (2.7) exists and if vy solves

{ 1+ AB(t)y1 + xo(t) =0,

(2.9)
71(0) = A, n(T) = B,
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with A # A;, then

T T T
(2.10) /o Arédt — /o roedt = /0 (B)y1(t))e(t)dt =0 for all e in Ej,

PROOF. (a) Let vy be a smooth curve joining A to B. Then + is a solution
of (2.7) if and only if § = v — 7o is a solution of

5+ NiB(t)d = o + NiB(t) 7o + T0,
5 € Wy (0,T;RN).

Such a solution may exists if and only if, for all e in Ej,

T T
0= /0 (3o + N ()70 + zo)edt < 0= —[y(t)e(t)]? +/0 xoe dt

which gives the conclusion.
(b) Let e € Ey,. Multiplying (2.9) by e and integrating yields

(2.11) o:/0 ﬁédt—)\/o (ﬁ(tm(t))e(t)dt—/ zoe dt

0

T T T
-2 / (B ()e(t) dt

T T
= (e — / roedt+ (A — A) / (Bt (£))e(t) dt.

0 0

Using (2.8) we get that L)T(ﬂ(t)fyl (t))e(t) dt = 0; plugging such an equality in
(2.11) gives the whole (2.10). O

The following proposition explains the meaning of the assumpion (Ap).

PROPOSITION 2.10. Let \; be an eigenvalue of (2.5).

(a) Let (A™),, be a sequence in R such that X" # \;, X" — \i. If (4)n
is a sequence in WH2(0, T;RY) such that for all n

i+ A By + 20(t) =0,
{ (0) = A, 7.(T) = B,
and v, — 7 in WH2(0, T;RY). Then 7 is a solution of (2.7) and
T T T
(2.12) /0 yé dt —/0 xpedt = /0 (B@)7(@))e(t)dt =0 for all e in Ejy,.

Notice that the last property means that 7 minimizes the expression

1 T T
(2.13) y - 5/ 9|2 dt —/ woy dt
0 0
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(or alternatively v — /\fOT(ﬁ(t)'y)'y dt) among all solutions v of (2.7).
Such a condition individuates a unique 5 since the above expression is
strictly convex and coercive in W12(0, T; RY).

(b) Let 8 and xo be such that a solution of (2.7) exists, i.e. let condition
(2.8) be fulfilled. Let 7 be the minimal solution of (2.7), that is the
solution which minimizes the expression in (2.13). If %([0,T]) C Q,
then assumption (Ag) holds.

PRrROOF. (a) It is clear that 7 solves (2.7). Moreover, from Remark 2.9(b):

T T T
/ 5 gt — / zocdt — / (B ™ (D)e(t)dt = 0 for all ¢ in By,
0 0 0

and going to the limit as n — oo the conclusion follows.

(b) For A # \;, A close to A; there exist a unique solution v, of

{ ¥+ AB(t)Y + zo(t) =0,
1 (0) = A, 7(T) = B,
and v, verifies (2.12). By Remark 2.4 and by the uniqueness of 7 it follows that
va converges to ¥ as A — A; in WH2(0,T;RY), hence in C°(0,7;RY). This
allows to define g » as in (Ap). O

DEFINITION 2.11. Given a continuous curve 7g: [0, 7] —  we say that 2 is
uniformly star-shaped with respect to §2, if there exists € > 0 such that

—v(z)(x —z) > e forall x in 9N and all z in ([0, TY).

REMARK 2.12. Assume that (V) and (Ap) hold. Let \; be an eigenvalue
with A; € Ag and suppose that € is uniformly star-shaped with respect to 7oy,
Let A(™ — \;, let v, be elastic bounce trajectories with respect to the poten-
tials V,,(t, ) := A™B(t)(z) + 2o(t) and let p, be the corresponding constraint
reactions. Let Q(8) := (1/2) [, (82 — AB(t)86) dt. Tf Q) (Y-Yo.xc0) — O, then
fn — 0.

PROOF. Setting d,, := v, — Y9 x(m) We have, for all n,

On + A1), = pav(n)-

Multiplying by d,, and integrating over ]0,T7[:

2Qxm (0n) = —/

13
Ont(Vn) dpin > iun(]O,TD
10,7

for n large, hence the conclusion. O

We state now our main result.
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THEOREM 2.13. Assume that (V) and (Ag) hold. Then the following facts
are true.

(a) For every X in Ao there exists a true elastic bounce trajectory vy in
joining A to B.

(b) If A; is an eigenvalue of (2.5) and A\; € Ay, then there exists € > 0 such
that for every X\ in [A\; —e, \i[N A, in the case A\; > 0 (resp. for every A
in JA;, A+ €] N Ao, in the case \; < 0) there exists a second true elastic
bounce trajectory nx # v, joining A to B. Moreover, we can say that

T )\ T T
@) g [ Pa=3 [ snemd— [ awmna

1 (T \ (T T
< = / |7'7>\|2 dt — — / B()(mx)nx dt — / xo(t)ny dt.
2 Jo 2 Jo 0

(¢) If ;i is an eigenvalue of (2.5) and A\; € Ao, and if Q is uniformly
star-shaped with respect to 7o,x,, then there exists € > 0 such that for
every A in [A; — e, N[ N Ao, in the case N\; > 0 (resp. for every \ in
JAi, \i +€] N Ag, in the case A; < 0) there exist three distinct true elastic
bounce trajectories 1 x, Y2,x, and Ny such that (2.14) holds with v =
Y1, and v = y2. 5. Moreover, \; is a transition value: more precisely,
(0, T) — 0 as A — X;, where pp » denotes the scalar constraint
reaction associated with yp x, h =1,2.

Actually (c) is the most interesting point. Notice that (a) is contained in the
results of [10], but we state it here for completeness, as a simple consequence of
the proofs. The proof of Theorem 2.13 is accomplished in Section 5.

3. Asymptotically critical points and their multiplicity

As we said in the Introduction we are going to study the problem of the elastic
bounce in €2 by means of a sequence of approximating variational problems.
In this section we introduce the theoretical tools which will allow us to obtain
multiplicity results in spite of the fact that distinct solutions of the approximating
problems could, in principle, have the same limit. These tools are the concept of
asymptotical critical point for a sequence of functionals and a related multiplicity
theorem for such points.

These notions, which were inspired by [9], [1] were introduced in [11], [12]
for sequences of smooth functionals, however we need to extend them to the
case of sequences of nonsmooth functionals in a suitable class, more precisely in
the class of p-convex function. For the reader’s convenience the definitions of
p-convexity and subdifferential are recalled in the Appendix.

Let H be a Hilbert space with inner product (-, -) and norm | - ||. In the
sequel we consider a sequence (W, )N of open subsets of H and a sequence of
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functions (fy,), with f,: W,, — RU{oo}. We also consider a function f:D — R,
where D is a subset of H.

We remind that D(f,,) := {u € W, | fu(u) < oo} and that fS denotes the
set {u € Wy, | fn(u) < ¢}, for any ¢ in R.

DEFINITION 3.1. We say that a point u in D is asymptotically critical for
((fn)n, f), if there exists a strictly increasing sequence (k). in N, a sequence
(an)n in H, and a sequence ay in H such that

Up — U, un € D(f,) for all n,
fr, (un) — f(u), an €0 fr, (u,) foralln, a, — 0.

We also say that ¢ is an asymptotically critical value for ((fn)n, f) if there exists
an asymptotically critical point u such that f(u) = c.

DEFINITION 3.2. Let ¢ be a real number. We say that a sequence (uy, )y in
H is a nabla sequence for ((fn)n, f) at level ¢, briefly a V(f,, f, ¢)-sequence, if
there exists a strictly increasing sequence (k). in N and a sequence (o, ), in H
such that:

un € D(f,) for all m, fi, (un) — ¢,

an €0 fi, (u,) for all n, a, — 0.

We say that ((f)n, f) verifies the nabla property at level ¢, briefly V(f,, f,¢)
holds, if every V(f,, f,c)-sequence admits a subsequence which converges to
some point u in D such that f(u) = c.

Notice that, by definition, such a u is an asymptotically critical point for

((fr)ns )-

The following remark is very easy to prove.

REMARK 3.3. Let ¢ be a real number, let V(f,, f, ¢) hold, and assume ¢ not
to be a critical value for ((fn)n, f). Then there exists € > 0 such that every ¢
in [c —e,¢+ €] is not a critical value for ((fn)n, f)-

For the multiplicity theorem we are going to prove, we also take an additional
sequence (C,,), of subsets of H, and two real numbers a < b. We suppose that
the following assumptions hold:

(A) fn is lower semicontinuous and ¢,-convex of order 2 in W, for all n
in N,

(B) fn'([a,b]) € Wy, fo C C, for all n in N,

(C) for every ug in D such that f(ug) € [a,b] and ug is an asymptotically
critical point for ((fn)n, f), there exist p > 0 and @ in N such that

B(ug, p) N 2 is contractible in C,, for all n > 7.
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We recall now the definition of category, actually one of the possible defini-
tions, which is the most suited to our needs.

DEFINITION 3.4. Let X be a topological space and (B, A) a topogical pair
in X, that is A C B C X, A and B are endowed with the topology induced
by X. We define the category of (B, A) in X, denoted by catx (B, A), as the
smallest integer n such that there exist n + 1 closed subsets Uy, Uy, ...,U, in X
with the properties

(a) BC Ui Ui
(b) Un,...,U, are contractible in X,
(¢) AC U and A is a strong deformation retract in X of Up.

If there exist no n with these properties we agree that catx (B, A) = oco.

THEOREM 3.5 (Multiplicity). Assume that (A)—(C) hold and that V(fn, f,c)
holds for every c in [a,b]. Then

#{u € D | u is an asymptotically critical point for ((fn)n, f)
f(u) € [a,0]} > limsup cate, (f7, f1)-

n—oo
Moreover, when the right hand side above is 1, there is mo need for the local

contractibility assumption (C).

PROOF. Suppose that the number of the asymptotically critical points in
fY([a,b]) is finite: let @ < ¢1 < ... < ¢ < b be the critical values and let
Ui1,... U, De the critical points at level ¢;, for i =1,..., k.

Using (C) we can find p > 0 and 7 in N such that

B(u, ;,2p) N f2 is contractible in C), for alln >7, i =1,...,k, j=1,...,h;.

Let € :=min{c; —¢;i—1 |1 =2,...,k} ¢, :==(¢; =€) Va, ¢ == (¢;+E)Ab. In

virtue of the nabla property, given ¢ = 1,...,k, up to taking a bigger m we have
oii= inf {al | €0 fulu). Fu) € (¢} /], Ju—ug ] > p} >0
j=7fi.7.1,h,-
Let
g} = pzi V(e — ), gl = % V(e —¢),
and let
Fr:=H\ |J Bui;20), Fo:=H\ |J Bluip).
Jj=1,....h; Jj=1,...,h;

By Lemma 8.7 we get that f,' * is a strong deformation retract of ffL"JrEi NFU
Cifé‘fi

n ', for n >m. By Lemma 8.6 (using again the nabla properties and possibly
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" ’
cite;_q ci—€;

enlarging m), fn is a strong deformation retract of f,, “¢. It follows by the
properties of the category that
cate, (f 77, 12) < cato, (fi ™ T ) +
and finally .
cate, (f8, f4) < Zhi' O
i=1

REMARK 3.6. Using the same arguments of the proof of Theorem 3.5 one
can easily obtain the following version of the multiplicity theorem, which fits
better to our needs.

Assume that (A) and (C) hold and that V(f,, f,¢) is verified for all ¢ in
[a,b]. Then there exist € > 0 and 7 in N such that for all n > 7 and all ¢’ and
b such that a —e <a’ <V <b+¢ and

fu ([0 0]) C W, fC Ca,
one has
#{u € D | u is an asymptotically critical point for ((fn)n, f), f(u) € [a,b]}
> catg, ( 2/, f,‘f/) for all n > m.

This implies that (actually it is equivalent to) if (a,), and (b,), are two se-
quences in R such that a,, < b, and

liminfa, >a, limsupb, <b

n— oo n—o00

and if (k). is a sequence in N such that k,, — oo and

m c Wy, f};: C Cr,
then

#{u € D | u is an asymptotically critical point for ((fn)n, f), f(u) € [a,b]}

> limsup catc, (f,g:, o)

n—oo

Also the following remark can be proved with the arguments used so far.
REMARK 3.7. Suppose that C,, C D(f,) for all n and denote by C} the
space C,, endowed with the graph metric:
dy, (u,0) := |lv = ull + | fn(u) = fu(0)].
Assume that (A) and (B) hold, and that (C) is replaced by

(C*) for every ug in D such that f(ug) € [a,b] and ug is an asymptotically
critical point for ((fn)n,f), there exist p > 0 and @ in N such that
B(ug, p) N 2 is contractible in C* for all n > 7.
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(Notice that B(ug, p) still denotes the ball in the metric of H.)
If V(fn, f,c) holds for every ¢ in [a, b] then

#{u € D | u is an asymptotically critical point for ((fn)n, f), f(u) € [0,T]}

> limsup catcx (fhs f)-

n—oo

As a simple consequence of Theorem 3.5 and Remark 3.6 we prove now an
asymptotic version of the Linking Theorem, in a little more general version which
we will use later (see the proof of (b) of Theorem 2.13, in Section 7. We start
by introducing some sets and notation.

Let X7 and X5 two closed subspaces of H such that H = X; & X5 and
dim(X;) < c0. Let e € Xo \ {0}, p > 0, and let

P::{1‘1+t6|1‘1€X1,t20}, S:={$2€X2|HI2H:,O}.

Moreover, let A be a bounded subset of P such that A is open in X; @ span{e}
and SN P C A, and denote by ¥ the boundary of A in X; @ span{e}.

THEOREM 3.8. Assume that (A) holds, that for n large A C D(f,), and
(3.1) sup fn(X) < inf f,,(S N W,).
Moreover, if

a := liminfinf f,,(SNW,,), b:=limsupsup f,(A),

suppose that a,b € R and that there exists a sequence (ay), in R such that
(3.2) an < inf f,(SOW,),  fa ' ([an, ba)) € Wy,

where by, := sup f,(A). Finally, let V(fn, f,c) hold for all ¢ in [a,b]. Then there
exists an asymptotically critical point u with f(u) € [a,b].

PrROOF. We may assume that sup f,,(¥) < a, and that liminf, . a, = a.
By Remark 3.6 it suffices to prove that fo is not a retract of fo~ for n large.
This is proved in the following lemma. O

LEMMA 3.9. Let A and B be two subsets of H such that
YCACB, AcCB, AnS=4.
Then A is not a retract of B.

PROOF. By contradiction suppose that there exists a retraction r from B
into A. It is not difficult to see that there exists a retraction 7w from H into
P such that 7=%(SN P) c S. Since A C B we can define ¥:A — P by
U(u) = w(r(w)). Such a ¥ is continuous, ¥(u) = u whenever v € ¥ (because

Y CANP),and ¥(A)N(SNP) =0 (because SN A = 0). So VU is a continuous



ASYMPTOTICALLY CRITICAL POINTS 365

map from A into P, which keeps the boundary of A fixed, but whose image does
not cover A. This is impossible so the lemma is true. O

4. A variational setting
for the bounce problem with fixed end points

As announced in the introduction we now present a variational asymptotic
setting for the elastic bounce problem with fixed end points. We will introduce
a sequence of functionals and after verifying some of their differential properties,
in the nonsmooth sense, we will show that the asymptotically critical points for
such a sequence are elastic bounce trajectories, and that the V-property holds.

We remind that “the billiard table” € is a bounded subset of RY with C?
boundary and A, B are two given points in 2. We also consider a time dependant
potential V:[0,7] x © — R such that ¢t — V/(t,z) is measurable for every x,
x — V(t,z) is of class C? for almost every ¢ in [0, 7], and there exists a functor
C in L?(0,T) such that for all z in Q and all ¢ in [0, T

(4.1) \V(t, )| —i—Z’aiiV(t,x) +Z 0

8391-:5]-
For what follows is convenient to extend V as a map V:[0,7] x RY — R in such
a way that V is C? in z and (4.1) holds for all z in RY.
We can introduce a C? function G : RV — R such that

V(t,z)| < Ct).

(4.2) Q={z|G(z) <0} and |VG(z)|>eo >0 forallzin (0Q),,

where (0€),,, denotes a metric neighbourhood of 02 with radius 79 > 0. In this
way the inward normal v (introduced in Section 2) verifies

v(z) =—(VG(2))/(IVG(z)|) for z in 9N.
We can also suppose that
v(x) i= —(VG(@)/(VG(@))) for a in (9Q),,

(we remind that v is defined everywhere and v(A) = v(B) = 0). We can also
assume that liminf|, o (G(x))/(]z[) > 0. Moreover, for a given p > 1 we set
U(z) = (G(z)T)P. We set

X(A, B) :={y € W"?(0, ,RY) | 7(0) = 4, 7(1) = B},

X(4,B) :={y € X(4,B) | 7([0,T]) c O},
and for w > 0, we define g, f,,:L2(0, ;RY) — RU {cc} and fo: X(4,B) — R
by T

[ (Ghe-ven)a ity exan,
g(v) =4 Jo \2

o0 otherwise,
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foy) =9(7) - w/OT U(y)dt for v in L*(0,T;RY),
foo(v) :=9(7) for v in X(4, B).
For technical reasons we also need another constraint: let R € R; we set
Xr(4, B) :={y € X(4, B) [ g(v) < R},
Xr(A,B) ={y €X(4,B) | g(7) < R},
and define fr,:L?(0,1;RY) — RU {00}, freo: Xr(A, B) — R by

fuly) ifvy e Xg(A,B),

00 otherwise,

frw(y) = {

fRoo(7) = foo(v)  (for v in Xg(4A, B)).

The main fact we are going to show now is that bounce trajectories are asymp-
totically critical points for ((fr.w)w, fR.00)- We emphasize again that the choice
of the L? metric plays a fundamental role for this property to hold.

The following remark is a simple consequence of the assumption (4.1) on the
whole RY.

REMARK 4.1. (a) For every R in R Xg(A, B) is bounded in W12(0, T; R™V).
(b) The functional fg,, is lower semicontinuous in L2(0,T;RY) for every w
and R. Moreover, D(fr.) = Xgr(4, B).

LEMMA 4.2. For every v in Xg(A, B) and for every § in WOM(O,T; RY):
g(y+6) = g(v) + ¢' (1) (8) = Cl8]1?,
Joly +8) = fu(1) + L/ (1)(6) — C1[|8]J?,
where C and Cy = Cy(w, R) are suitable constants.

PRrROOF. Both inequalities are simple consequences of the Taylor expansion.
For the second one use

Cl = 6 + N2W sup ‘
4,5=1,..,N Oxix;
where R := SUP~ X (A,B) [l so- -

PROPOSITION 4.3. Let w > 0 and R € R. Let v be a curve in Xr(A, B)
such that either g(y) < R or 0 ¢ 07 g(y) and let o € L*(0,T;RYN). Then
a € 07 frw(7) if and only if there exists X > 0 such that

(4.3) (1+ A)/OT(%S — YV (t,~)0) dt — w/OT VU (y)é dt = /OT od dt
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for all § in W, *(0,T;RN). Moreover, A =0, if g(v) < R.

PROOF. Let v and « be as above. To prove the “only if” part we assume
that o € 0~ fr (7). By the definition of the subdifferential we have

(4.4) £/0)0) = [ aba

for all § in V[/Ol’Q(O7 T;RYN) such that y+t§ € Xgr(A, B) for t > 0 small enough. If
g() < R all §’s have such a property so (4.4) holds for all § and (4.3) holds with
A = 0. Suppose g(y) = R; in this case (4.4) holds for all § in W, ?(0,T;R"N)
such that ¢'(y)(d) < 0. Since we have 0 ¢ 9~ g(y), then we can find dy in
W20, T;RN) such that ¢/(v)() # 0 (if there were no such dy, then v would
be critical for g by the first row of Lemma 4.2). Using a simple linearity argument
it follows that there exists A > 0 such that

T
fS (1)) —/O addt + g (7)(6) =0

for all § in Wy %(0,T; RN). This is equivalent to saying that (4.3) holds.

Conversely, assume that (4.3) holds for some A > 0 such that A = 0, if
g(7) < 0. Let § be a curve in W, *(0,T; RN) such that v + & € Xg(A, B). We
have:

T T
frwlr+ )~ fro(n) ~ [ addt=fu(v+)~ fu(r)~ [ adde
0 0
> [/ (M)(6) = CLlI8IIP = £/ (1)(8) — Ag'(7)d)
= — C1l6]1” + Ag'(7)(6) = —Cu 6]
—Mg(v) = g(v +8) = Cl6]*) = (%)
If g(v) < R, then A = 0 so (¥) > —C1]|6]|?, otherwise (x) > —(Cy + AC)||6]|%. In

any case we conclude that a € 97 fr (7). O

LEMMA 4.4. Assume that for all v in X(A, B) with g(y) = R one has 0 ¢
0~ g(y). Then there exists n > 0 such that

(45)  o=inf{lal]l | o€ 0 g(y),9(7) = R, distL2(7,Xr(4, B)) < n} > 0.

PROOF. By contradiction let (y,), be a sequence in Xg(A, B) such that
9(vn) = Rand dist 2 (Vn, Xg(A, B) — 0). Let (a,) be a sequence in L2(0, T; RY)
such that a,, € 9~ ¢g(~,) for all n and «,, — 0. By Remark 4.1 (+,,),, is bounded
in W12(0, T;R™) hence we may suppose that 7,, — v weakly in W12(0,T; RY)
for a suitable curve . This implies that vy, — 7 uniforlmly, (and in L?) so we
get v € Xp(A, B). By the first inequality in Lemma 4.2 we obtain:

(4.6) g(y+6) > g(yn) + (an, v + 3 —7n) — Clly + 5 — 7al?
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for all § in W20, T;RY). Using (4.6) with § = 0 gives g(7) = R and going to
the limit as n — oo:

g(y+68) > g(y) = C|8]|*> for all § in Wy %(0,T; RN),
hence 0 € 0~ ¢(7y) and we have a contradiction. O

PROPOSITION 4.5. Let R be a real number. Assume that for all v in X(A, B)
with g(y) = R one has 0 ¢ 0~ g(). Then there exists n > 0 such that for all
w >0 frw is of class C(p, q) in W, where W is the n neighbourhood (with respect
to the L? metric) of Xr(A, B), and p = p(w, R) and ¢ = q(w, R) are suitable
constants.

PROOF. Let 1 be the number provided by Lemma 4.4 and o as in (4.5). Let
v €W :=Xgr(A4,B),, 6 € W&’Q(O,T;RN) and suppose v,7 + 0 € Xg(4, B); let
a € 07 frw(7v). By Lemma 4.4 and Proposition 4.3 there exists A > 0 such that
(4.3) holds. Moreover, A = 0 if g(v) < R. We have:

fR,w(’y + 6)_.fR,w('7) - <a’ 6>
T
Zhww+ﬁ%ahMW%%1+M¢WX®+wA VU (7)d dt
= fu(r+0) = fu(7) = £/ (1)) = Ag' () (9)
> = C1ll6]1* = Mg (v +8) = g(v) + Clls|*) = —C1]l6]|* = AC||8]*
because either g(y) < R and A = 0 or g(y) = R and in that case g(y+9) < g(7)

(remind that A > 0). Now we want to estimate A (in the case g(v) = R). From
(4.3) we deduce that

wVU() + « _
=——"—— €9 ;
ag o €97900)
hence ||ag|| > o, by Lemma 4.4. This gives
[wVU () +af| _ @M + [|af]

[levol| - o

14+ A=

where M = \/TmaxxeB(Oﬁ) |VU(z)| and R := SUP, x4, p) [[Vlloc- S0 we have:

CwM C
+ il ) 11

A0 Jrab+0) 2 fru()+ (8 - (G4
for all v in W NXg(A, B), all § in W01’2(O,T; RY), and all  in 0~ fro(y). O

REMARK 4.6. The previous proposition shows that, given R in R, the func-
tionals fg,, verify (A) of Section 3 on a fixed W, = W.
Moreover, given a in R, it is simple to check that there exists @ such that

{veXr(A,B): frw(y) >a} CW forallw>w

so (B) of Section 3 holds for w large.
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Now we study the asymptotically critical points of ((fr.w)w, fR,c0)-

LEMMA 4.7. Let (fin)n be a sequence of nonnegative real numbers, let (Yn)n
be a sequence in X(A, B) such that (Vn), is bounded in W12(0,T;RYN) and
Y ([0,T]) C Qyy (no was given at the beginning of this section), and let (By)rn be
a bounded sequence in L*(0,T;RYN) such that:

T T T
(4.8) / Brnddt = / (Amd — VV(t,v,)0) dt — un/ VU (y,)d dt

0 0 0
for all & in W30, T;RN).  Then (3,)n and (nVU(yn))n are bounded in
LY(0,T;RN) (and (4.8) holds for every § in Wy (0, T; RN)).

PRrROOF. Since v(A) = v(B) = 0 we can take 6 = v(,) in (4.8) and get

T T T
| Bt = [ @608 = TV ) = [ VUG

Since dv is bounded in Q,, (due to the regularity of 0Q), then (u,|VU (vn)|)n is
bounded in L(0,T;RY). Since

Y ==VV(t, ) = 1 VU (7n)
we get that (¥,), is bounded in L(0,T;RY) too. O
The following lemma is strictly related to Remark 2.4.

LEMMA 4.8. Let (pin)n be a sequence of nonnegative real numbers. Let
(7n) be a sequence in X(A, B) which converges in WY2(0,T;RY) to a curve
v in X(A,B). Let (Bn)n be a sequence in L'(0,T;RN) such that 3, — 0 in
LY(0,T;RN) and (4.8) holds. Then v is an elastic bounce trajectory and

n— oo

T
(4.9) lim Mn/ U(yn)dt =0.
0

PROOF. Step 1. We first prove (4.9). By Lemma 4.7 ,unfOT |VU ()| dt are
bounded. Moreover, since 7, — ~ uniformly we have that v,([0,7]) C Q,, for
n large (no was given in (4.2)). Then, by (4.2):

T T T
o / U () dt = i / (Gy) )P dt < [1G* () oot / (Glya) )P dt

T
<G () 22 / VU ()] dt < const [|G* (yn) oo — 0.

Step 2. We prove that (2.2) holds. We first take & in Wy*(0, T; RY) such
that v(y(t)) - 6(t) > 0 for all ¢ in C(y). Since v, ([0,T]) C €,,, for n large, there
exist € > 0 and 7 in N such that

v(vn(t)) - 6(t) > e foralln >m and all t in C(v)..
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Up to shrinking €, v(C(7v)c) C (9Q)y,, so for n large v,(C(vy):) C (09),, and

~ VG(n(1))
VG (7 (t))]
t¢ C(7)e = 1(t) € Q.

Then VU (y,) -6 < 0in [0,7T] for all n > n. By (4.8) this implies

teCH)e = =v(7(?)),

T

T T
Bn6 dt = / ¥odt — | VV(t,y)8dt <O0.
0 0

T T
/ A dt — / TV (1, 7n)d dt <
0 0

0

Finally, if ¢ is such that v(y(¢)) - §(t) > 0, we can get the same conclusion by
means of an approximation argument.

Step 3. We prove the energy conservation law. If ¢ € C5°(0, T;R) let 6 = A,,0.
We have § = %,0 4+ 4n@. Then § € W' (0,T;RY) by Lemma 4.7, because
v, € W21 and 6 is an admissible test in (4.8). We obtain

/OT(ﬂn )P

T T
- / S Cinp + g it — / (VV(90) + 12 VU (30)) - )t

T
1d,. 9 .2 .
= —— A, " dt
/0 <2dtlv "0 + |ml w)
T T d
+/ vv(t77n)77L<Pdt_/ Hn (dtU(’Yn)>§0dt
0 0

T T
1. : :
:/ <2|%|2+unU(vn)>@dt+/ VV (t,¥n)Ynep dt.
0 0

Letting n — oo we obtain, by (4.9)

T
1
/ (2|W|29b + VV(t,v)ﬁg@) dt =0 forall ¢ in ¢ € C(0,T;RY),
0
that is (b) of Definition 2.1 holds. O

REMARK 4.9. Notice that, in the previous statement, if (i, ), is bounded,
then anOT VU (v,)| dt — 0 so v is a solution of

(4.10) 54+ VV(tA) = 0.

The following statements represent an “asymptotic” Hamilton principle for
the elastic bounce problem.

THEOREM 4.10. Let v in Xg(A, B) be an asymptotically critical point for
((fR.w)w> fR.0o). Then v is an elastic bounce trajectory in § joining A to B.

PROOF. We can suppose 0 ¢ 0~ g(7), otherwise the claim is true, because
v solves (4.10). Let (wp), be a sequence in R such that w, — oo, let (y,)n
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be a sequence in Xg(A, B) such that v, — v in L2(0, T;RY) and fgrw, (7n) —
fRr.0o(7), and let (a,)n be a sequence in L2(0, T;RY) such that o, € 8~ fo,, ()
for all n, and a,, — 0 in L2(0, T;RY). It is clear that for n large 0 ¢ 9~ g(7x).
Since 7, € Xg(A, B) for all n, then (v,), is bounded in W2(0,T;RY), by
Remark 4.1. This implies that <, — v uniformly, so eventually v, € €,,. By
Proposition 4.3 for every n there exists A, > 0 such that

T T T
@11)  (1+\) / (46 — YV (£, 7)5) dt — o / VU (y0)8 dt = / and di
0 0 0

for all § € W, 20, T;RN). Applying Lemma 4.7 with pu, = 1/(1+ \,) and
Bn = an/(1+ \,) gives that (¥,), is bounded in L'(0,7;RY). This implies
that ,, — v in WP, for all p > 1. The conclusion now follows by Lemma 4.8.0]

LEMMA 4.11. Let R be a real number such that:
for all v in X(A, B) with g(y) = R one has 0 ¢ 0~ g(v).

Let ¢ be a real number. Let (wy)n, be a sequence in R such that w, — oo, let
(Yn)n be a sequence in Xgr(A, B) such that fr., (vn) — ¢, and let (o), be
a sequence in L2(0, T;RY) such that o, € 0~ fu,, () for all n, and o, — 0
in L2(0,T;RN). Then there exist a strictly increasing sequence (ky), in N and
a curve v in Xg(A, B) such that vy, — v in WL2(0, T;RN). Moreover, either
9(7) = R or freo(y) = c.

PrROOF. Step 1. By Proposition 4.3, for all n there exists A,, > 0 such that
(4.11) holds. By Lemma 4.7 with p, = 1/(1+ A,) and 8, = a,, /(1 + Ap) we
have that (%), is bounded in L'(0,T;RY) hence (¥,), is relatively compact
in L? for every p > 1. So we can find (k,), and v such that 7, — ~ in
Wh2(0, T;RN).

Step 2. Since fr, () is bounded we get that wnfOT U(7yn) dt is bounded;
then fOT U(yn)dt — 0 which in turn gives v € Xg(A, B), because v, — v
uniformly.

Step 3. By Lemma 4.8 we get that « is an elastic bounce trajectory and
wn /(1 + An)foT U(yn) dt — 0.

Step 4. Now we conclude by distinguishing two cases. If g(v,) = R for
infinitely many n, then g(y) = R. If this is not the case we can suppose g(y, ) <
R for all n. Then A\g, = 0 for all n and wknfoT U(7k, ) dt — 0. This implies

fraon, () = 9(7) = fR0c(7)- 0
The following result follows immediately from the previous lemma.

PROPOSITION 4.12. Let R be a real number such that:

there are no elastic bounce trajectories v in § such that g(v) = R.
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Then the condition V(fg.w, fr.0o,C) holds for all real numbers c.

5. Asymptotic V-theorems

In this section we present an asymptotic version of the V-theorems introduced
in [14] and [15]. As we already said, we will use these theorems in the proof of
Theorem 2.13.

As in Section 3 let us consider a Hilbert space H with inner product (-, -)
and norm || - ||. Throughout this section we also assign a closed subspace X of
H and a continuous linear projection @ having X as its kernel.

We introduce the map ®: H \ X — H defined by:

B(2) = 2 — Q(2)
Q=]
and the set C given by C' = {z € H | [|Q(2)| > 1}.

The following notations will also turn useful: if z € H\ X we let
Qz > Qz
1Q=[1 / Q=]

for all w in H

Qo = Qu - <Qw,

and X, := Ker(Q,) = X @ span(z).
We first point out some properties of ® whose proof can be accomplished in
a standard way.

REMARK 5.1. The following facts are true.
(a) ®is of class C*(H \ X) and, if z € H\ X,
Q.w
Q=]
(b) @ is a diffeomorphism from int(C') into H \ X and for all w in H \ X:

do(2)(w) =w for all w in H.

A1) (u)(v) = v + I%Z)II for all v in H.

For the notations used in the following lemma we refer to the Appendix.
LEMMA 5.2. Let W be an open subset of Q and f : W — R U {oo} be
a function of class C(p,q). Assume that:

e X has a finite codimension;
e D(f) and X are not tangent at any u in D(f)NX.

Then the function g := f o ® + Ic, which is defined in ®~ (W), is of class
C(p',q') for suitable p' and q'. Moreover, for every z in D(g) = @~ 1(D(f))NC
{d®(2)*(a) |a € 07 f(®(2))} if z€int(C),

(5.1) 07 g(z) = { . . _ .
{d®(2)* (o) = AQ*Qz | €0 f(P(2)),\ >0} if z€0C.
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PROOF. We first consider the function gy: ®~1(W) — R U {oo} defined by
g1 :=fo® (sothat g =g1 + Ic). Let z € D(g1) and let u := &(2).
Step 1. We remark that (as one can easily see from the definitions)

(5.2) {d®(z)"a | a € d” f(u)} C 0™ g1(2),
(5.3) if z ¢ OC, then {d®(2)*a|a € 0™ f(u)} = 0~ g1(2).

Notice that (5.3) holds since ® is a local diffeomorphism outside 9C.
Step 2. We claim that

(5.4) if2€09C and 8 €0 g1(2)
then 8 € 07 (f + Ix.)(uw), (B,Q.w)=0 forallwin H.

Indeed for the first claim notice that ®|x_: X, — X, is a translation in a neigh-
bourhood of z and its differential is the identity, so

BEO qi(z) =B (g +1x.)(2) & B (f+1Ix.)(u).

The second claim follows since @ is constant over S := {u+Quw | w € H, ||Quw| =
1} and the tangent plane to S at z is {Q,w | w € H}.
Step 3. Now we want to prove that, wherever z lies in D(g¢;)

(5.5) 0" q1(z) ={dP(z)'a| a€d™ f(u)}.

If = ¢ OC this was already proved in (5.3). So let z € 9C and let 5 € 9~ g1(%).
In view of (5.2) it suffices to show that there exists o in 0~ f(u) such that
B = d®(z)*a. By (5.4) € 0~ (f + Ix.)(u). Using the nontangency between
D(f) and X we get that D(f) and X, are not tangent too. By Theorem 8.9,
we obtain that 3 = a + v for suitable a in 0~ f(u) and v in N, (X,). Using this
decomposition and the second condition in (5.4) we have

(B,w) = (B,d®(2)w + Q,w) = (B,dP(2)w) = (o, dP(2)w) + (v, dP(2)w)
= {a, dP(2)w) + (v, w — Q,w) = (o, dP(2)w),

for all w in H, since w — Q,w € X,. This concludes the proof of (5.5).

From (5.5), with easy computations, it follows that g1 is of class C(p1,¢1)
for suitable functions pq, q1.

Step 4. We claim now that C' and D(g;) are not tangent at any point of their
intersection. Indeed, by Theorem 8.10, we derive that Ip(s) is of class C(p,0).
Therefore, noticing that Ip,) = Ip(y) © ® and using (5.5) with f replaced by
Ip(f), we have

N=(D(g1)) = 0" Ip(g,)(2) = {d®(2)"a | @ € 9" Ip(s)(u)}
={d®(2)"v | v € Nu(D(f))}-



374 A. MARINO C. SACCON

Now, assume that v; € N,(D(g1)) and —14 € N,(C); clearly we may suppose
that z € dC (otherwise the conclusion is trivial). In particular vy is orthogonal
to X. Moreover, v; = d®(z)*v for a suitable v in N, (D(f)). It follows that, for
any v in X

0= (v1,v) = (d®(2)*v,v) = (v,d®(2)v) = (v,v)

(dP(z) =id — Q. is the identity on X), so —v € N, (X). Since D(f) and X are
not tangent, it follows v = 0, hence 11 = 0 and the proof of the claim is over.
Step 5. Using the previous step and Theorem 8.9 again we get that g = g1+I¢
is of class C(p/,q’) for suitable p’, ¢’ and that 0~ g(z) = 07 ¢g1(2) + N.(C). To
prove the formula (5.1) and conclude, it suffices to notice that, if z € dC, then
N.(C) ={-2Q"Qz | A = 0}. O

From now on we consider a sequence ( f,,), of functions, such that f,: W,, —
R U {oco}, where W,, are open subsets of H, and a function f:D — R, D being
a subset of H.

We also use the following notation: given a closed supspace Y of H we denote
by IIy the orthogonal projection ont Y.

DEFINITION 5.3. Let c € R.

(a) We say that a sequence (un), in H is a V(f, X, c) sequence if there
exist (ky) in N strictly increasing and (ay,), in H such that:
o for all n u, € D(fx,), dist(un, X) — 0, fi, (un) — ¢,

o for all n a,, € 07 fi, (un), Mxgspan(u,)n — 0.

(b) We say that the V(f,,, X, ¢)-condition holds if any V(f,, f, X, ¢)-sequen-
ce admits a subsequence converging to some point w in D such that
flu)=c.

(c) We say that a point v in DN X is an X-constrained asimptotically crit-
ical point for ((fy), f), if there exists a V(f,, X, f(u)) sequence which
converges to u.

LEMMA 5.4. Assume that for all n f, is of class C(pn,qn), and D(f,) and
X are non tangent. Let W, := O~1(W,,) and define gn:Wn — R U {0} by
gn = fno®+ Ic. Moreover, let D= Y D)NC and g : D - R defined by
g := fo®. Then the following facts are true.
(a) Let z in D be an asymptotically critical point for ((gn)n,g). Then
(al) if z € int(C), then u := ®(z) is an asymptotically critical point for
((fr)ns £)s
(a2) if z € OC, then u := ®(z) is an X -constrained asymptotically

critical point for ((fn)n, f)-
(b) Letc € R. If V(fn, f,c) and ¥V (fn, f, X, ¢) hold, then V (gn, g,c) holds.
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PROOF. Let (zp), be a sequence in C, (k,), a strictly increasing sequence
in N and (f,,). a sequence in H such that

zn € D(gn) for all n, Bn € 07 gk, (2n,) for all n, Bn — 0.

We claim that there exists (o), in H such that a,, € 07 fi, (®(2y)) for all n
and

if lim inf,,_ o dist(z,, 9C) > 0 then «,, — 0,
if lim inf,,_ o dist(z,, 9C) = 0 then HX@spa.n(q)(zn))an — 0.
Case 1. Suppose that inf dist(z,,dC) > 0. From Lemma 5.2 it follows that
Q= (d®(2,)*) 713, belongs to 0~ fi, (®(2,,)) and from (b) of Remark 5.1 it
turns out that a,, — 0, because

%\ —1 -1 ||Q<I>(zn)||
[(d®(2n)") " || = [|d®(z) [ <1+ 100G
and the last term is bounded due to the fact that dist(z,,0C) is far away from
ZEero.

Case 2. We can suppose that dist(z,,dC) — 0. Let u, := ®(z,). From
Lemma 5.2 we have that for any n there exist o, in 0~ fi, (u,) and A, > 0 such
that

Brn = d®(zn) an — A Q" Qzp,.
Now, we distinguish the terms z,, with z, € int(C) and the terms with z,, € 9C.
In the first case A,, = 0 so

HX@span(zn)ﬂn = (d(p(zn)HXeaspan{zn})*an = HXEBspan(un)an

(because Q- Il x gspan(z,) = 0) and X ©span(z,) = X @span(uy,), since u, ¢ X.
In the second case IIxQ*Q = (QIlx)* Q = 0, because X = Ker(Q), so we deduce
that IIx gspan(u,)Bn = x@span(u,)@n- In both cases we get I xgspan(u,)@n — 0.

From the claim it is easy to derive (a). To prove (b) just notice that, if
(®(zn))n converges, then (Qz,/(||Qznl|))n is relatively compact, hence (z, ), is
relatively compact. O

For the next theorem we consider three closed subspaces X1, Xso, X3 of H
such that H = X; ® X2 @ X3, and dim(X; @ X3) < co. We also suppose that:

S is a sphere in X5 & X3 centered at 0,
A is a compact subset of X1® X5 such that SN(X1®X2) C intx, gx,(4A),
Y= (8X1@X2A) U (A ﬂXl)

THEOREM 5.5 (V-Asymptotic Theorem). Assume that

(a) for alln f, is lower semicontinuous and is of class C(pn,qn) on Wy
(b) for alln A C D(f,) and

limsup sup f,(X) < liminfinf f, (S NW,,);

n—oo
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(c) letting

a :=liminfinf f,(SNW,), b, :=sup fn(A), b:=limsupb,,

n—00 n— oo

then a € R, b € R and there exists a sequence (an)n such that for all n
an, < inf f,(SNW,) and f;l([an,bn]) C Wy

(d) for allm D(f,) and X1 ® X3 are not tangent;
(&) V(fn,f,c) and V(fn, f, X1 ® X3,¢) hold for all ¢ in [a,b].

Then

#{asymptotically critical points u for ((fn)n, f) | a < f(u) < b}
+ #{(X1 ® X3)-constrained a. c. p.’s u for ((fa)n,f)|a < f(u) <b} > 2.

PROOF. Let us denote by P;, P>, P3; the projections associated with the
decomposition H = X; & Xo & X3. From now on we set X = X; & Xs,
Q@ = P1 + P35, and consider ® and C defined as in the beginnig of this section,
with this choice of X and Q.

Moreover, we set W, := ®~1(W,), D := ®~(D), and consider g,: W,, —
R U {oo} and ¢: D defined as before.

Step 1. We first show that ((gn)n,g) fulfill the assumptions of the multiplic-
ity Theorem 3.5, more precisely of Remark 3.6, where Cy = C for all n. By
(a) and (d), using Lemma 5.2, we get that g, is of class C(pn,q,) and lower
semicontinuous in W,. From (c) we deduce g ' ([an,bn]) C W,. It is also clear
that assumption (C) of Section 3, holds, since C' is locally contractible. Finally,
from (a), (d), (e), using (b) of Lemma 5.4, we obtain that V(gpn, g, c) holds for
any ¢ in [a, b].

Step 2. At this point, in view of (a) of Lemma 5.4, it suffices to prove that
there exist two asimptotically critical points for ((gn)n, g) in g~ ([a,b]). We shall
prove this fact by showing that for n large catc(glr, g2») > 2 and by applying
Remark 3.6. It is clear that, up to getting closer to inf f,,(S), we can suppose

apn > sup frn(2), linrriigf a, = a.

For r1,79 > 0 we set
D:={ue X ®Xs|||Piul| <71, |Peu| <12}
T :=0x,ex,D) U (DN Xy).
We can choose r; > 0 and r2 > 0 such that A C intx,ex, (D). We also define
S:=0"'(S)nC, D:=dYD)NC,
A:=d"1(A)nC, T:=dHT)NC,
S=0"1(D)NC, r :=SnD.
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It is clear that A C X1 ® Xo, ¥ =0x,8x, A, T = 0x,¢x,D and
D={zeH||Piz| <m1, 1 <||Paz|| <72+ 1, P3z=0} C X1 ® Xo.

We show now that for n large the assumptions of Lemma 5.6 are satisfied, with
the sets introduced above and with A := g%, B := gb».
We first show that there exists a retraction m: C — D such that [I"}(T') C S.
Actually we can first define m1: C — (X7 & X3) N C by
’) PQZ
P22

Pz
P2zl

It is clear that 7 is a retraction of C into (X; @ X2)NC, such that #~1(T") C S.

Now we can define 7 by composing m; and 7o, where

r1 (ro +1)
=(1AN— | P 1A P
m2(?) ( ||Plz||) 1 ( 1Pz ) 2

(the first term being zero if Pz = 0).

It is clear that T C D\ T, because S N (X7 & X3) C intx,ex,(A), and that
T is a deformation retract of D\ T in D. Then (a) and (b) of Lemma 5.6 are
verified. Tt is also evident that (c¢) holds too, and that, finally, for n large

m(z) =Pz + (1 + |z = Pz —

Supgn(z) <anp < infgn(s)a Supgn(A) = by,

hence g¢» NS =0 and A C b+, & C g, n(g»)NT = 0.
Applying Lemma 5.6 we get catc (g, go») > catp (D, T).
It is well known (see for instance in [14]) that catp (D, T) = 2, so the con-

clusion follows. O

LEMMA 5.6. Let C be a topological space and let D be a closed subspace of C'.
We assume that
(a) there exists a continuous retraction m: C — Dy
(b) there exist two subset T and I' of D such that T is closed, T C D\ T,
and T is a strong deformation retract in the space D of D\ T';
(c) there exist two other closed sets A and X such that ¥ C A C D and
OpACE, TN(A\X)=0,T C A.
Then, for any pair (B; A) of closed sets in C such that A C B, ¥ C A, w(A)N
I' = 0 we have
catc (B, A) > catp(D, T).
PROOF. Let Uy, ... Uy closed subsets of C, which we may suppose contained
in B, such that

k
B= U U, Uy, ...,U are contractible in C,
=0

A C Uy, Aisa strong deformation retract in C' of Uy.
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Let V; :=U;NA,ifi=1,...,kand Vo := (UyNA)U(D\ A). Tt is trivial that
D = Uf:o Vi, since A C B, and that Vj,...,V; are closed. It is also easy to
check that they are contractible in D, by using the retraction .

Now we notice that, since X C ANA =X C UyN A, then

Vo=UNA)YUSUD\A)=(UsNnA)UD\ (A\X)).

Furthermore A \ ¥ is open in D, since dpA C 3, hence D\ (A \ X) is closed,
so Vp is closed. It is also clear that T C V. We want to show that T is a strong
deformation retract of V4.

Composing the strong deformation of Uy with = we can find a deformation
n:UpNA x[0,1] — D such that E := n(Uy N A,1) C n(A4) and n(z,t) = =
whenever x € AN A (in particular if € X). Since

(UoNA)N(D\ (A\E) = (UoNA)N((D\A)UE) = (UoNA)NE =3,

we can extend n to Vo x [0,1] in such a way that n(x,t) = x whenever z €
(D\ (A\ X)) and in particular n(z,t) =z if x € T C (D\ (A \ X)). In this
way n(Vp,1) = EU(D\ A).

Since £ C w(A) we have ENT = (. Moreover, (D\ A)NT = 0, so by
(b) one can deform EU (D \ A) in D to T keeping T fixed. Glueing the two
deformations one can finally see that T is a strong deformation retract in D of
Vo and the conclusion follows. O

6. Constrained bounce trajectories in a star-shaped domain

Let Q, v, V, A, and B be as in Section 4. Let vy € X(A4, B) be such that
Y%([0,T]) C Q and let us assume that €2 is uniformly star-shaped with respect
to Q. Let X be a closed subspace of L2(0,T;RY) with finite codimension.

We remind that IIy denotes the orthogonal L? projection on a closed sub-
space Y of L.

LEMMA 6.1. Let (yn)n be a sequence of curves in X(A, B) such that (Yn)n
is bounded in W12(0,T;R™) and

lim sup dist(y,(¢),Q) =0.

N30 (0,7

Suppose that (pn)n is a sequence of positive numbers and (B,)n s a sequence in
L2(0,T;RYN) such that

(61) In + VV(t, ’Yn) + UrL(U('Y7L)) = Bn

and xgspan(v,—vo)Bn are bounded in LY(0,T;RN). Then
(@) (%n)n and (unVU (), are bounded in L*(0,T;RN);
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(b) if Mxgspan(rn—ro)Bn — 0 in LY(0,T;RY), then there exists a subse-
quence (Yn, )k such that v,, — v in WH2(0,T;RY), for a suitable curve
v in X(A, B) with the properties

there exists a nonnegative measure p such that
Jo (48 =WV ()0 dt + [ v(7)§dp =0

for all § in X N VVOLQ(O,T;RN)7

spt(p) C {t € [0,T] | y(t) € 002}

PROOF. Step 1. Since €2 is uniformly star-shaped we have
€ .
VU (®))(m(t) =0(t)) 2 5IVU (a(t))] - for all ¢ in [0, 7],

for n large enough. Multiplying (6.2) by v, — 7o, we get
T T T
/ 'Yn(’yn - 70) dt — / VV(t, 'Yn)(’Yn - ’70) dt + / ﬁn(’yn - ’YO) dt
0 0 0

T e T
=i [ VUG =00t > i [ VUG

Since

T T
/ ﬁn (’Yn - ’YO) dt = / HXéBspan('ynf'yo)ﬁn ('Yn - ’YO) dt
0 0

we get that p, VU (v,) is bounded in L!(€2).

Step 2. Let Y be a finite dimensional subspace of Wy*(0, T; RY) such that
L?(0,T;RY) = X @Y (such a subspace exists since W, *(0, T; RN) is dense in
L2(0,T;RY)). If 6 € X N W, 2(0, T; RN), multiplying (6.1) by & yields

T T T T
/%Mt:/ VV(t,%)(Sdt—Fun/ VU(%)édt—/ Ty 3,0 dt.
0 0 0 0

Then
T

/ ’ynédt‘ < K16]loe for all § in X NWy(0, T;RY)
0

for a suitable constant K. On the other hand if 6 € Y
T .
/ A0 dt < ||vnllwlldllw < K2||d]|c  for all 6 in Y
0

for another constant Ko (since Y is finite dimensional).

Step 3. Denote by P and @Q the projections of L(0,7;R") onto X and Y
respectively. It is clear that the restriction of @ to VVO1 ’2(0, T;RY) is continuous
as a map from W, (0, T;RY) into ¥ with respect to the norm || - || (since ¥
is finite dimensional). By difference also the restriction of P to WO1 2(0,T; RN,
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as a map from W20, T;RY) to X NW,%(0, T; RYN), is continuous with respect
to || - [|oo- Then for any § in Wol’Q(O,T; RN)

T T
/ St = / 5 (PO + Q5 dt < || Pél|oo + Il Q8]0 < K 6]l
0 0

for a suitable constant K. This concludes the proof of the first claim.

Step 4. To prove the second claim we first notice that, since (1, VU (n))n
and (¥, ), are bounded in L (0, T; RY), then there exists (ny ) such that ,, — v
in W12(0,T;RY), for a suitable v in X(A, B) and p,,, VU (7,, ) converge weakly
to a nonnegative measure u (in the dual of CJ(]0,77)). Since vy, — 7 uniformly
it is clear that the support of p is contained in {¢ | y(t) € 9Q}. If we multiply
by ¢ in (6.1) and pass to the limit we get the conclusion. O

Now let R > g(70) and consider the functionals :fVRw: L2(0,T;RYN) — RU{oo}
defined by frw(0) := frw(Y0+0)— frw(70) and the functional fr oo: Doo.r — R
defined by fr,co(0) = fR,c0(70 +9) = fR,00(70), Where Do r := X (A, B) — 0.

PROPOSITION 6.2. Suppose that there are no v’s in Xg(A, B) N (o + X)
such that g(v) = R and 0 € 0~ g(y).

(a) If 6 € Doo,r N X, § is an X -constrained asymptotical critical point for
((fRM)w,me), then v := o + & belongs to Xr(A, B) N (X + o) and
verifies (6.2).

(b) If in addition there exist no v’s in X(A, B) N (X + ) with g(y) = R
such that (6.2) holds, then V(]F”VRM, .]?R,oo; X, ¢) holds for every c in R.

ProOOF. We prove the first claim. Let § be an X-constrained asymptot-
ical critical point for ((fR,w)w;fR,oo); then there exist a sequence (wy,), such
that w,, — oo and a V(fR,wn,me,X, c¢)-sequence (d,), such that 6, — d in
L2(0,T;RY). Let v, := 40 + 6,; we claim that (7,),, verifies the assumptions of
Lemma 6.1. We have indeed:

Step 1. (Yn)n is bounded in W12(0, T;RY), since v, € Xgr(A, B) for all n
and Xg(A, B) is bounded in W12(0, T; RN);

Step 2. wy, fOT U(~yn)dt are bounded, since fr, (7,) are bounded below;
hence

sup dist(y,(t), Q) — 0;
te[0,T]
it follows, by the assumption, that there exists @ in N such that for all n > 7 it
cannot happen that ¢(v,) = R and 0 € 9~ g(v,);

Step 8. Let () be a sequence in L2(0, T; RY) such that a,, € 9~ fR,wn (6n)

= 07 fRyw, (7n) for all n and I xgspan(s,)n — 0; by Proposition 4.3 there exists
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a sequence (A, ), in R such that

.. Wn,
{ An + VV(t,vn) + mVU(%) +
A >0, A, =0 if g(v,) =R.

(6.3)

By Lemma 6.1, up to a subsequence, we have that 7,, — v in W2(0, T; RY) for
a curve v verifying (6.2). It is clear that v € X + 79 and that v = vy + ¢ so the
first conclusion is true.

To prove the second claim let (wyp), and (J,), be as before. Arguing as
above we can find (\,), such that (6.3) holds and a curve 7 such that vy +
8, — v in WH2(0,T;RY), up to passing to a subsequence. It is also clear
that v € X(A4, B) N (70 + X); to get the conclusion we just need to show that
fR,Oo(’y — ) = ¢. We claim that (\,), is bounded; if not we would have
g(~n) = R for n large, hence g(y) = R which is not allowed by the assumptions.
Since (A,)n bounded we have wnfOT U(7yn) dt — 0 because

T T
W
on [ Ulm)dt < 221G Ol | TU()dt < const| Gl
0 0
by Lemma 6.1. Then fr., () = Sr.00(7) that s frw, (62) = frioo(y —70).C

7. Proofs of the main results

Throughout this section we assume that (V) and (Ag) of Section 2 hold, for
suitable § and xg. For the sake of convenience we assume that V(A t,z,) =
(A/2)B(t)(x)x + zo(t)x for all A in Ag, ¢ in [0,7] and z in a neighbourhood
Q1 of Q. We also use all the auxiliary definitions and notations introduced in
Section 4. Moreover, we denote by || - || the L?-norm while, when needed, we
denote by || - | the norm in WH2(0, T; RY).

For w > 0, A in Ag, and R > ¢g(v,n) we consider again the functionals
FRw: L2(0, T;RY) — R U {oco} defined by

Frw(®) = fro(rox +0) = frw(Yoa),
and
Do :={0 € Wy (0, T;RY) [ 700 + 6 € X(A4, B)},
Droo :={8 € Wy (0,T5RY) | 701 + 6 € Xr(4, B)}.
It is easy to check that, if v\ +d € Xg(A, B), (y0,x +9)([0,T]) C €4, then

~ T
‘MA®=QA®—w/ Ulvor +0) dt.

0
where

T T
QA (8) = %/O |5|2dt—%/0 B()(5)5dt for & in WE2(0, T; RY).
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Finally we define fg oo: Dr.oo — R by
FRso(6) := Qx(8) for all § in Dg q.

Notice that all these definitions depend on A, which we do not write explicitly
to keep the notation simpler.

Given \; eigenvalue of (2.5) we set
Xy, =span(e; [0A A <A <OV A),
T
Xy ::{5 € Wy (0, T;RY) ‘ / dédt =0 forallee XL}-
0

REMARK 7.1. Let A; be an eigenvalue of (2.5). Then (remind (2.6)):

(a) X is the Wh2(0, T; RN )-closure of span(e; | A; ¢ [A;i A0, X; V 0]) & Eo;
(b) @x(0) <0 for § in X , whenever either A > \; >0 or A < \; <0;
(c) if X € R, then

T
Qx(6) > CA/ 01> dt > cxS||8]|*  for all § in X,
0
where

1 A T T
Cx :mln{<1—) ej EXI}, S:lnf{/ ‘5|2dt ’ / |5|2dt:1},
2 Aj ’ 0 0

moreover, if either A1 < A < A\jp1and A\jp1 > Ay > 0,01 Ag > A > Ajyq
and \;_1 < A\; <0, then ¢y > 0;
(d) we have

L*(0,T;RY) =X, @ X
(of course the closure is taken in L2(0, T; RY)); equivalently, the projec-
tions onto X and X}: with respect to Wol’Q(O,T; RY), which we may

denote by Py  and P;“ , are well defined and continuous with respect to
the L2(0,T; RY)-norm.

Proor. We prove (d). Let B(d) := (1/2) fOT B(t)(6)d dt; it is easy to see that
B(6) > 0 (resp. B(§) < 0) for §in Xy \ {0}, if \; >0 (resp. if \; <0).

Furthermore, B is L*-continuous and B'(01)(d2) = 0, whenever &, € X} and
do € X:\" It follows that, if 6 € X N X:\fi, we have B(6) = 2B'(6)(6) = 0.
Moreover, Py () = Ej\ejeX;i
the L2 norm (since 8 € L2(0,T; RYN")). By difference, the same is true for the
complementary projection P;: . U

A;jB'(e;)(8)e; which is continuous with respect to
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Let A\; be an eigenvalue of (2.5) and let € = €(\;) be an element of (Xj \
{0})0X;k, where \; = A\p_1 < Mg, if 0 < Aj, or A; = Agr1 > Mg, if 0 > A, Given
p>0and o > 0 we set:

P(\) :=={d+te|d X, t >0},
A = PO)NDw, As(h) = {6 € PO\ X,
Yo () =0 As(N), Sp(N) = {8 e X,

X;i @span(e

dlStL2(5,A()\Z)) < U},
16l = o}

LEMMA 7.2. Let \; be an eigenvalue of (2.5). Then A();) is bounded and
the following facts hold.

(a) Given X in Ao we have:
(al) for any R > sup g(vox + A(N;)) there exists o(\, R) > 0 such that
for every o in ]0,0(A, R)]

sup g(yo.x + Ax (X)) < R
and therefore
Jim sup Frw(Aq (A1) = sup Qa(AN)),
lim_sup frw(Eo(Ai) = sup Qa(Pee NX5,);
if (A A;) > 1 we can be more explicit in the last equality and say
(7.1) sup fRM(EU(/\i)) =0 forw large enough;

(a2) for any R in R there exists p = p(A\, R) > 0 such that ) # S,(A\;)N
P(\;)) € A(N) and such that every curve v in (Yo, + Sp(Ai)) N
Xr(A, B) verifies v([0,T]) C Q; it follows that

(7.2) inf Q(S,(\)) < inf frw(S,(\:))  for all w.

(b) Let A € Ag and R > supg(yox+A(N)). If either 0 < A; < A < Xjp1 or
Aic1 <A<\ <0, then for 0 < o < o(\ R) and p = p(\, R) we have

(7.3) sup frw (B (M) = 0 < inf Qx(S,(\)) < inf frw(S,(\i))  for w large.

PROOF. (al) The existence of o such that the first property holds is trivial

since A, (\;) is compact. Concerning the two limits notice that, if v € Xz (A4, B)
and v — 0,0 € P(A;) \ A(\;), then

lim frw(y —0,) = —00;
w—00
moreover, if (A/A;) > 1, the last conclusion follows from

wa(fy —70,2) <0 for all v in Xr(A, B) such that v — o\ € Xy, -
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(a2) The existence of p(A, R) follows from the interpolation
16]| 2o < const||d]|"/?[[8]|)/% < consty (R)[|]|'/*  if yo,0 + & € Xg(A, B)

(using Remark 4.1 and the fact that V is bounded). From this (7.2) follows
immediately.

(b) To get the conclusion it suffices to combine (7.1) and (7.2), noticing that
(A/Ai) > 1, that the constant ¢y in (c) of Remark 7.1 is positive, and that
inf QAS,(\i)) > S(ex/2)p. O

LEMMA 7.3. Let \; be an eigenvalue of (2.5) with A\; in Ag. Then there exists
e > 0 such that [N\; — e, \; + €] C Ao and for every X\ in [N\; — e, \; + €] one has

QA(Sp(xr) (M)

where R(X) := sup g(yo,x + A(N;)). Then for such X it turns out that for all R
in JR(A), R(A\) + 1] and all o in |0, 0(\, R)]

(7.5) SUp fr.w(So(A) < inf fru(Spr(N))  for w large.

7.4 Doo N XY inf
(7.49) SUp@r (Do N%5) < inf

ProoOF. By continuity we have
tim inf inf{Qx (S5 (M) | 1R < RO +1} > 0
since
1i>\mi/\nfinf{p()\,R) | IR < R(A)+1} > 0.

Moreover,
lim sup Qx (D NX5) = 0.

Then for A close to A; (7.4) holds; finally if we fix R in |R()), R(A) + 1] we derive
(7.5) from (al) of Lemma 7.2 and from (7.2). O

From now on we denote by €();) the number ¢ provided by Lemma 7.3.

LEMMA 7.4. Let A\; be an eigenvalue of (2.5) with \; in Ag. We can suppose
Aig1 > N >0 (or Ai—1 < X\; < 0). Then, for every X in [A; —e(N\;), Mix1[N Ao
(resp. in JNi—1, M +e(Ni)] N Ag), there exist p > 0 and a true elastic bounce
trajectory yx,n, such that

() if A\ = Xjg1 > A >0 (resp. Ay = \j—1 < A\j < 0) we have
(7.6) 0 <sup Qa(A(N;)) <supQxr(Des NX}))
< Qx(mx = 70) < sup QA(A(N));
(b) if Ai = Xo (resp. \i = A_1) then (7.6) holds with A(X;) replaced by
A" = {te" |t > 0,te* € Do}

where €* is any nontrivial eigenvector with eigenvalue ;.
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ProOF. To prove the first claim we consider for example A; 11 > A; > 0. Let
A bein [A; —e(N\;), Aig1[ N Ag. We remind that R(A) = sup g(vo,.x + A(N\:)).

Step 1. Suppose that for every R in |R(A), R(A) + 1] there exists an elastic
bounce trajectory g such that g(yg) = R. Then, by Remark 2.4, there exists
an elastic bounce trajectory 7 such that g() = R()), that is

Ar(Y —0,0) = sup Qr(A(N;)).
Now, let p := p(X, R(N)), it follows S, N A(\;) # 0, hence
sup Qx(A(Ni)) = Qa(T —y0,0) = Inf Qr(S,(Ni)) > sup Qx (Do N X))

by (7.4) in the case A € [A — e(\;), \i], or by (b), (¢) of Remark 7.1, if \; < A <
Aig1. If X € [Ai, Ait1[- On the other hand, since
A()\]) C X;I N Dy, if N\; = )\j+1 > /\j >0 (A* C X;l NDy, if N\; = /\0),

we have

sup QA(A(N))) < sup Qx(Dos NXY),
(sup QA(A™) < supQr(Do NX}))

i

(7.7)

and the proof is over, in this case.

Step 2. From now on we can take R in |R()), R(A)+1] such that there are no
elastic bounce trajectories v with g(7) = R. By Proposition 4.5 we can find an L?
metric neighbourhood W of D, such that for all w fRM is lower semicontinuous
and of class C(p(w),g(w)). Now we want to employ Theorem 3.8 in the case
where fr . play the role of f,, f is me, W, are all equal to W, D is Dg , and
where A = A, (X)), ¥ = X5 (A\;) with o in ]0,0(A, R)], S = S,\,r)(Ni) (0(\, R)
and p(\, R) were defined in Lemma 7.2). We have just proved that Assumption
(A) of Section 3 is fulfilled.

Step 3. Up to shrinking o we can suppose that
A (\i) € W N (Xr(A, B) =0,) = D(fro)-
We claim that the linking assumpion (3.1) is verified. If A € [A;, A;11] this follows

from (7.3); if A € [A; — e(A;), Ai] this follows from (7.5).
Step 4. As in Theorem 3.8 we set

a := lim inf inf vaw(Sp()\i) Nnw),

w—00

b:= limsupb, where b, :=sup fR’w(Ag()\i)).

w—00

By Lemma 7.2 it turns out that

(7.8) b =sup Qr(A(N)), a > inf Qx(S,(N\i))
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and setting (for instance) a,, = 0 for all w, we have
ay < inf Q1(S,(\)) < inf frw(S,(\) N W) for all w
by (c) of Remark 7.1 and (7.2). Using Remark 4.6
fﬁi([am by]) CW for w large enough.

So also Assumption (3.2) of Theorem 3.8 holds.

Step 5. By Proposition 4.12 and the way R has been choosen, we derive
that V((}’VRM)W, me, ¢) holds for every ¢ in R. Then we can apply Theorem 3.8
to obtain that there exists an asymptotically critical point § such that a <
fR,oo(é) < b. By Theorem 4.10 yx,x; := 7Y0,x + ¢ is an elastic bounce trajectory.
By (7.4) we have sup Qx (D N X} ) < a, therefore by (7.7) we get (7.6).

Step 6. Finally we notice that vy , is a true bounce trajectory since Qx(ya,x;
—v,x) > 0. It is indeed trivial to see that any solution vy of the “free equation”:

S+ MB()6 =0,  §e W, ?0,T;RY)
satisfies @5 (9) = 0. O
With the same arguments one can also prove the following result.

LEMMA 7.5. If A €]A_1, \[NAg and e* € WH2(0,T;RY), there exists an

elastic bounce trajectory vy such that

(7.9) 0 < Qx(7x —70,0) < sup Qr(A7)
where A* = {te* |t > 0,te* € Do}

Now we are in position to prove the first two statements of the main theorem.

PrROOF OF (a) AND (b) OF THEOREM 2.13. (a) Let A € Ag. If A €]A_1, Ao],
we can take A; such that either 0 < A; < A < A1 0or Ao < A < A\ <O
Then the curve vy ), found in Lemma 7.4 is a true elastic bounce trajectory. If
A_1 < A < g the desired trajectory can be found using Lemma 7.5.

(b) We consider ¢ = £(\;) the positive number ¢ found in Lemma 7.4. Assume
for instance that A\; > 0. If A; > Ao let j be such that A\; = X\j11 > A; > 0: if we
take A € [A; — &, \i[ we can set vy := yx,x, and 7y := 7x,,. Using (7.6), since
A€ [Ny, Ajya[, we get

Qx(7r —70,0) <sup QA(A(N))) < Q@a(mx —Y0,0),

S0 ya # M. In the case A\; = Ao we set v, := 75 (as in Lemma 7.5, with e*
choosen to be any eigenfunction with eigenvalue A\g) and 7y := yx,»,. Then by
(7.6) and (7.9)

Qx(7a —70,0) < sup QA(A™) < Qx(na — Yo,0)- O
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LEMMA 7.6. Let \; be an eigenvalue of (2.5) and A\; € Ag. Assume that §)
is uniformly star-shaped with respect to vo x;,. Then there ezists o0 = a(A;) > 0
such that for every X in J\; — o, \i[N Ao if A; > 0 (for every A in | A, \i + 0[N Ag
if Ai <0) the following alternative holds:

e cither there exists € > 0 such that for every ¢ with
0<c— supQA(X; NDy < e

there is a true elastic bounce trajectory v with Qx(y — Yo,A) = ¢,
e or there exist two distinct true bounce trajectories i x x;, Y2,a,\; Such
that

(7.10) 0 < Qx(Vhan —70,0) < supQa(Xy NDs) < sup Qr(A(N:))

for h=1,2 and for p > 0 small enough.

PRrROOF. We consider, for instance, the case A\; > 0 and we take j such that
Aj < Ajy1 = Ag; we can also suppose A; < Aj41.

Step 1. Let 9 > 0 be the number provided by (b) of Lemma 7.7, relative to
oo = (1/2)(Ai = Aj) A (Aig1 — A). Since

lim sup Q,\(X;i NDs) =0,
A=A
then there exists o = o();) such that og > o > 0 and for every A in [A\; — o, A
one has

sup Qi (X, NDxo) < <o

We can also suppose that a(\;) < e(\;) (€(\;) was defined in the previous Lemma
7.3) and that Q is uniformly star-shaped with respect to 7o, for all A’s in
[Ai — 0, A;]. From now on let A be fixed in |\; — o, A;[.

Step 2. If the first altenative doesn’t hold we can find € in [sup QA(X}, N
Do), 0] such that there are no true elastic bounce trajectories v with g(vy) =
g(70,x) + ¢ Since € > 0 then there are also no free solutions v with g(y) =
g(70,x) + ¢, so there are no elastic bounce trajectories with such a property.
Moreover, using Remark 2.4, we can suppose that ¢ > sup Q) (X; N D).

Step 3. Let

Xy :=span(ey | Ap = \y), X3 :=X]

o X;j if A; > Ao, —_—
P 10y if A = Ao i

(the closure being in L2(0,T;RY) as usual). We have that L2(0,T;RY) =
X1 @ Xo @ X3, by (d) of Remark 7.1. Furthermore we set R := g(y,) + ¢
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and consider the functionals fR’w and fR’oo. Given p,o > 0 we set

A:={0 ¢ X5, | dist(4, Do) < 0},
b ::(8X;iA) U(X1NA),
' Sp(A5) if A; > Ao,
'_{ {6 € L2(0,T;RN) | |6] = p} if A = Ao.
Step 4. We verify the assumptions of Theorem 5.5.
(a) By Proposition 4.5 every functional fR,w is lower semicontinuous and of
class C(p(w), g(w)) in a fixed L? metric neighbourhood W of D..
(b) If ¢ is small enough we have sup g(yo,» + A) < R, hence A C D(fR,w).
Moreover, for w large enough, sup ]’”VRM(E) = 0, because sup ]f”vRyw (QX;i A) — —o0
as w — oo and fr(d) <0 for 6 in X; N A. Furthermore, for p > 0 sufficently

small we have SN (X1 & X2) C intx,ex,(A) and SN (Xg(A4,B) —v,1) C Deo.
It follows that, for all w,

inf fr.,(SNW) =inf Qx(S N (Xgr(4, B) —y0.1)) = a > inf QA(S) > 0.

Then
lim sup sup fR,w(E) < lim inf inf fRyw(S NW)=a.

(c) We set b, := sup fR’w(A). It is clear that
wleréo b, = sup Qr (Do HXL) =:beR.
Moreover, setting a,, := a/2, it is straightforward that (see Remark 4.6)
fg}w([aw, by]) C W  for w large enough.
(d) We show that D(fRM) and X; ® X3 are not tangent. Notice that
D(frw) = {6 € Wy (0, T5RY) | Qx(9) <)
and that 6 € D(fr.), w € N5(D(fr.)) if and only if
there exists 6§ > 0 such that
(w,8,) = 0Q'(5)(6,) for all §; in W, 2(0,T;RN) if QA(6) =,
w =70 ifQA(5)<E.

By contradiction, assume D(fR,w) and X7 @ X3 to be tangent at some point §
in D(frw) N (X1 ® X3), that is there exists w # 0 such that w € Ns(D(fr.w)),
—w € Ns(X1 ® X3). Then for a positive 0

0= (—w,8) = —6Q4(8)(5) = —20Qx(5) < 0

leading to a contradiction.
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(e) By Proposition 4.12 V(fR’W, fR’oo, ¢) holds for any real number c¢, since
there are no elastic bounce trajectories v with g(y) = R. For what follows
we show that there are no curves 7 such that (6.2) holds, where 79 = 70.x,
X = X; & X3, with the condition g(yo,x) < g(7) < R. Equivalently we show
that there exist no d in X3 @ X3 such that (7.11) holds, for a suitable nonnegative
Radon measure p on ]0,T[, and 0 < @ (6) < €. Indeed for any such 6 we would
get & = 0, by (b) of Lemma 7.7, because @(d) < &g since we chose ¢ < g in
Step 2. But @x(d) > 0, so we have a contradiction.

The property above implies that V(fNRM, J?Rm, X1 ® X3, ¢) holds for any real
number ¢, as a consequence of Proposition 6.2.

Step 5. Using again the arguments in (e) of the previous step we also derive
that there are no (X; @ Xj3)-constrained asymptotically critical points ¢ for
((fg’w)w,fg’m) such that 0 < fr,e0(d) < eg, by (a) of Proposition 6.2, since
0<a<b<e

Using Theorem 5.5 we find two distinct asymptotically critical points 4; and
09 such that a < me(éi) < b, for i = 1,2. Letting 12,1, = Yo,» + 61 and
Y2,A = Yo,a,n + 02 we obtain two elastic bounce trajectories verifying (7.6). O

LEMMA 7.7. Let A\; be an eigenvalue of (2.5) and assume that A_1 < \; <
)\j+1 <\ < )\i+l in the case \; > 0 (7”68]). Aic1 < A < )\j,1 < )\j < Ao in the
case \; < 0). We set

X X;j @ X;: if >\i>\j >0,
X;\r if AiA; < 0.
Moreover, let o € X(A4, B) and suppose
Y% ([0, T]) C Q, £ uniformly star-shaped with respect to 7.

Then for every og > 0 the following facts hold:
(a) There exist Cq,Ca > 0 such that for every X in [\j + 0o, Aix1 — 0o, for
every § in X and for every Radon measure u on |0, T such that
(o +90)([0,T]) €, p=0,
spt(p) C {t €10, T[| (vo + 9)(t) € 90},

(7.11)
/ ondt — / B(t 6ndt+/ v(vo+0)ndu=0 forallnin X
T[
the following inequalities hold:
(7.12) [0llwr.2 < Crp(]0, TT) < C2QA(0);

(b) There exists eg > 0 such that for every X in [A\j+ 00, Aix1 —0o] if s >0
(for every A in [Ni—1 + 00, Aj — oo]if A; < 0), for every § in X such that
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there exists a Radon measure p on |0, T verifying (7.11) one has

Qx(6) <eo = =0.

ProoOF. We consider for instance A; > 0. Let
Ly: W32 (0,T;RY) — W20, T; RY)

be the linear operator defined by

T T
(Lb, ) = /O it — X /0 B(t)dn dt.

Clearly Ly maps X into itself. Since A is far away from A; and from A;11, there
exists a constant K7 > 0 such that

ILx6|lw > K1||d]lw  for all § in X.
Conversely, it is clear that there exists another constant K such that
ILxd||w < K2u(]0,T]) for every (4, ) in X verifying (7.11).

Taking n = 0 in (7.11) and using the fact that Q is uniformly star-shaped with
respect to g yields

20(6) = - /] , 700+ 0)0du 2 (0,70

for a suitable ¢ > 0. Therefore (7.12) holds. To prove (b) just notice that, if
Qx(6) < (Ko/T) L dist(1([0,T]),09) then ||6]/oe < dist(v0([0,T]), 0$), which
in turn gives (yo + 6)([0,7]) C ©Q, hence p = 0 and finally § = 0. O

PROOF OF (c) OF THEOREM 2.13. Let, for instance, A; > 0 and let A €
[Ai—o(A:), Ai[. By Lemma 7.4 we can find an elastic bounce trajectory 7y := yaa;
such that, by (7.6),

sup QA (X3, N Doo) < Q(Mr — 70,0)-

By Lemma 7.6 in both alternatives of its conclusion there exist two distinct
elastic bounce trajectories, 1,35, and 72 x5, such that

Qx(Vhan —Y0,0) < @My —Y0,0) h=1,2

(if the first alternative occurs this is trivial, otherwise we use (7.10)). By Re-
mark 2.12 )\; is a transition value. The conclusion is thus proved. O
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8. Appendix

In this section we recall briefly the properties of the ®-convex functions which
we used throughout the paper. For more details and for the proofs we refer the
reader to [8], [5], [6], [17] and [13].

Let H be a Hilbert space with inner product (-, -) and norm || - ||. Let W
be an open subset of H and let f: W — R U {oco} be a function. We define the
domain of f as the set D(f) := {u € W | f(u) € R}. Moreover, for any real
number ¢ we use the standard notation f¢:= {u € D(f) | f(u < c}.

DEFINITION 8.1. Let u € D(f). We introduce the Frechét subdifferential of
f at u, denoted by 0~ f(u), as the set of all &’s in H such that

oo F0) = () = (0 — w)

v—u [o = uf

> 0.

It is easy to see that 0~ f(u) is a closed convex subset of H (possibly empty). If
0~ f(u) # 0, we can define the subgradient of f at u, denoted by grad™ f(u), as
the the element «p in O~ f(u) such that ||ag|| < ||a| for all @’s in O~ f(u).
We say that u in D(f) is a (lower) critical point for f,if 0 € 0~ f(u).
DEFINITION 8.2. Let ¢: D(f)? x R* — R be a continuous function.

(a) We say that f is ¢-convex if

(8.1) F) = f(w) + (a0 —u) = ¢(u, v, f(u), f(v), al)]|v - ul?

for all u, vin D(f), for all @ in 9~ f(u) (notice that the previous property
holds true whenever 9~ f(u) = ().

(b) Let r be a nonnegative number. We say that f is ¢-convex of order r, if
it is ¢-convex and there exists a continuous function ¢g: D(f)? xR? — R
such that

d(u, v, f(u), f(v), lal]) < ¢o(u, v, f(u), f(v))(L + [[al)

for all u, v in D(f), for all a in O~ f(u).
(¢) Let p,¢: D(f) — R be two continuous functions. We say that f is of
class C(p, q) if f is ¢ convex and

o(u,v, f(u), f(v), lall) < pu)llall + q(u)
for all u, v in D(f), for all o in O~ f(u).

DEFINITION &8.3. Let E be a subset of H. We define the indicator function
of E, Ip: H — RU {0}, by

0 ifuekF,
Ig(u) =

oo ifué¢E.
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If u € E we define the normal cone to E at u, denoted by N, (E), by N, (E) :=
0~ Ig(u). An element v in N, (E) will be called a normal to E at u.

With the above definitions we study a function f on a constraint F by study-
ing the constrained function f + Ig. In particular the critical points of f + Ig
will be called critical points for f on E.

As an example it is not difficult to see that, if i:RY — R is a convex
function, g:RY — R is a C? function, and M is a C? submanifold of RY, then
fi=h+g+ Iy is of class C(p, q), for suitable p and gq.

Now we give an account of two fundamental theorems concerning ¢-convex
functions which are quite relevant in our paper.

THEOREM 8.4 (curves of maximal slope). Let f:W — R U {oo} be lower
semicontinuous and ¢-convex of order two.

(a) For every u in D(f) there exist T > 0 and a unique curve U:[0,T[—
D(f) such that U(0) = u and

U and f ol are absolutely continuous in [0, T[ and locally Lipschitz
(8.2) continuous in |0, T[, moreover, if t €10, T[ 0~ fU(t)) # 0 and

U (t) = —grad™ fU(®)), (foU)(t) = [ grad” fU(1))]>.
We callU a curve of mazimal slope for f starting from u.

(b) Given ug in D(f) and ¢ > f(ug), there exist p > 0 and T > 0 such that
for every w in f©N B(ug, p) the curve of maximal slope U starting from
u is defined on [0,T]. If we denote by ®(u) such a curve, then, letting
u— @ in f€N B(ug, p), we have that ®(u) converges to ®(u) uniformly
on [0,T], while fo®(u) converges to fo®(w) uniformly on any compact
subinterval of 10,T.

The following remark related to the maximal interval of existence is easy to
prove.

REMARK 8.5. Let U:[0,T] — D(f) be a curve of maximal slope for f (i.e.
let (8.2) be verified for U). If T < oo and info<s<p f 0o U(t) > —o0, then there
exists lim; - U(t).

The following Deformation Lemmas were used in the proof of the multiplicity
Theorem 3.5. They can be easily obtained from Lemma 8.4 and Remark 8.5,
using standard arguments along with the assumption on W.

LEMMA 8.6(First Deformation Lemma). Let f: W — R U {oo} be a lower
semicontinuos ¢-conver function of order two and let a,b be two real numbers
such that a < b,

(8.3) f7H(la0)) W
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and inf{||la|| | @ € 0~ f(u), a < f(u) <b} > 0. Then [ is a strong deformation
retract of fb in f°.

LEMMA 8.7 (Second Deformation Lemma). Let f: W — RU{oo} be a lower
semicontinuos ¢-convex function of order two. Let ¢, ¢’, and c be real numbers
such that ¢ < e <" and
(8.4) (e, ") c WL
Moreover, let F1 and Fy be two closed subsets of H such that

o= inf{||lal| | a € ™ f(u),u € f1(,"]) N Fy} >0,
p =dist(Fy, H \ F3) > 0.
Then, for every €',e"” such that 0 < &' < (po/2), 0 < &" < (po/2) and ¢ <

c—e <c+e’ <, the set f¢¢ is a strong deformation retract of (f¢t< N
Fy) U e in fere’.

(8.5)

In view of the proof of Lemma 5.2, we recall now a result about contrained
functions. For the proof we refer the reader to [6] and to [13]. We first need
a definition.

DEFINITION 8.8. Let Vi and V5 be two subsets of H and let uw € V3 N V5.
We say that V4 and V4 are (externally) tangent at u if

Nu(V1) N (=Nu(V2)) # {0}

THEOREM 8.9. Let f:W — R U {0} be a lower semicontinuous function
of class C(p,q), for two suitable functions p and q. Let M be a C* submanifold
of H with finite codimension (possibly with boundary). If D(f) and M are not
tangent at any w in D(f) N M, then

O~ (f+Inm)(u) =0 f(u) + Ny(M) for allw in D(f) N M.
Moreover, f + Iy is of class C(p,q) for suitable p,q: D(f) — R.
While proving Lemma 5.2 we used the following result.

THEOREM 8.10. Let f:W — R U {oo} be a lower semicontinuous function
of class C(p,q). Then Ipsy is of class C(p,0), that is

(8.6) (v,v —u) < p(w)|vilv —ul®
for all u, v in D(f) and all v in N, (D(f)).

PRrROOF. Let u € D(f) and v € N, (D(f)).
Step 1. We claim that there exist a strictly increasing sequence (ny)r in N
and sequences (uy)r in D(f), (ag)r in H such that

ug —u, ap — v, kap€ 0 f(ug) forall k.
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If not, defining g,,: W — RU{oc}, by g, (v) := (1/n) f(v) — (v, v—u), there would
exist @ in N, R, > 0 such that inf f(B(u, R)) > —oo and

n>m, v€Bu,R), ac€d g,(v) = |af>o0
It follows that for all n > n and for all p < R there exists u, , such that

lwn,p —ull = p, Gn(tn,p) < gn(u) — op.

Indeed let us denote by U, the curve of maximal slope for g, starting from u. If
t is such that U(7) € B(u, R) for all 7 in [0, ¢], then

—o?t

)

gn(Un (1)) = gn(u) < —/O U, (7)||? dr < —o|U(t) - ul.

Since g, is bounded below in B(u, R), it follows that there exists ¢, such that
|ltd, (tn)—ul| = p. As a consequence gy, (Uy (tn)) < gn(u)—po. Then u, , :=U(ty)
is the desired point. In particular

flupn) = fu)

So for n large
o
sl = 2 < (0,10 — ).
This contradicts the fact that v € N, (D(f)), i.e. (v,v —u) < o(|Jv —u]) for v
in D(f).
Step 2. Since f is of class C(p, q) we get that for all v in D(f):

F) = fur) + (o, v — ur) — (il aellp(ur) + q(ur)) [Jv — uxl|.

Dividing by ny and letting k — oo gives (8.6). O
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