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FIXED POINT INDEX
FOR KRASNOSEL’SKII-TYPE SET-VALUED MAPS
ON COMPLETE ANRS

WoJcIECH KRYSZEWSKI — JAROSLAW MEDERSKI

ABSTRACT. In the paper a fixed-point index for a class of the so-called
Krasnoselskii-type set-valued maps defined locally on arbitrary absolute
neighbourhood retracts is presented. Various applications to the existence
problems for constrained differential inclusions and equations are provided.

1. Introduction

Among many different generalizations of the Schauder and Banach fixed point
principles the following result due to Krasnosel’skil played an important role.

THEOREM 1.1 (Krasnosel’skii, [32]). Let X be a nonempty closed and convex
subset of a Banach space E. If K : X — E is a k-contraction (i.e. Lipschitz
with constant k € [0,1)), C: X — E is a compact map and, for all z,y € X,

(%) K(z)+C(y) € X,
then there exists xg € X such that xo = K(xo) + C(xo).

This result had lost some of its significance when Darbo and Sadovski in-
troduced the concepts of a k-set-contraction and a condensing map. Namely,
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it appears that if K is a k-contraction and C' is a compact map, then K + C
is a k-set contraction (with respect to the Kuratowski or Hausdorff measure of
noncompactness). Hence, if X is additionally bounded, then the assertion of
Theorem 1.1 holds true even when hypothesis (x) is replaced by a weaker one:
for each z € X, K(z) + C(z) € X (!). However, it seems that the idea un-
derlying the ingenious proof of Theorem 1.1 is still fruitful and has been used
by different authors in order to establish some interesting generalizations of this
result. These generalizations concern several directions: the authors consider
less strict contraction properties (see e.g. [55]), weaker continuity properties (see
e.g. [6]), more general operators (see e.g. [5], [41], [31], [11]), more general spaces
(see e.g. [47], [50]) and also multivalued operators (see e.g. [43], [45], [46]) — see
also references in these papers. There are also many interesting applications of
Theorem 1.1 and the related results.

In the present paper we shall deal with an approach motivated to some
extent by [41], [31] and that from [45], [46]. Namely it seems reasonable to
consider, instead of the sum K + C, a composite map of the form X > z +—
T(K(z),C(x)), where a (usually nonlinear) operator T: E' x E — E replaces the
sum +: F x E — E and K, C are suitable set-valued maps. Our principal aim is
to construct a homotopy invariant responsible for the existence of fixed points of
(possibly) set-valued maps of the above or similar form that are defined locally
on, no longer closed convex subsets of E, but on arbitrary complete absolute
neighbourhood retracts.

The paper is organized as follows: in the rest of the first section we introduce
some notation and preliminaries; in the second section we study the parameter-
ized set-valued contractions (with non-convex values) and the properties of their
fixed-point sets; in the third section we define the class of single- and set-valued
Krasnosel’skii-type maps and provide a construction of a homotopy invariant
detecting their fixed points. The fourth section is devoted to applications, while
in the additional fifth section we discuss some variants of the relevant fixed-point
index theories and a general strong invariance result for constrained differential
inclusions.

1.1. Preliminaries. Let X be a space (). If x € X and A C X, then
d(z, A) ;= inf,ca d(x, a) is the distance of z to A; for any € > 0,

B(Aye) ={zx € X |d(z,A) <e}; D(Ae):={xeY |d(z A) <e}.

(1) In the setting of Theorem 1.1, Burton in [10] observed that condition () may be relaxed
by assuming that, for any y € X, if z = K(z) + C(y), then z € X; the condition of Burton
may still be relaxed by assuming for example that, for each y € X, the map K(-) + C(y) is
weakly inward on X.

(2) In what follows by a space we always mean a metric space; its distance will be denoted
by dx or, when it leads to no ambiguity, by d.
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Given spaces X, Y, by a set-valued map ® from X into Y (written ®: X — V') we
mean a map which assigns to each z € X a nonempty closed subset ®(x) of Y. If,
for any closed (resp. open) set U C Y, the preimage ®~1(U) := {z € X : ®(z) N
U # (0} is closed (resp. open), then we say that ® is upper semicontinuous (resp.
lower semicontinuous); ® is continuous if it is upper and lower semicontinuous
simultaneously. Recall that the graph Gr(®) := {(z,y) € X xY | y € ®(z)}
of an upper semicontinuous map ® is closed; ® is lower semicontinuous if and
only if given z € X, y € ®(z) and a sequence z, — x, there is a sequence
Yn € ®(z,) such that y, — y; ® is upper semicontinuous and has compact
values if and only if, for each z € X and a sequence (zn,yn) € Gr(®) such
that z, — =, there exists a subsequence (y,,) such that y,, — y € ®(x)
(this means that the projection p: Gr(®) — X is proper, i.e. for each compact
K C X, p~1(K) is compact). We say that ®: X — Y is compact if the closure
cl®(X) of the image ®(X) = (J,cx ®(x) is compact. If X C Y, then by
Fix(®) := {z € X | z € ®(z)} we denote the set of fired points of .

For a pair A, B of nonempty closed subsets of a space Y, the Hausdorff
distance

D(A, B) := max{d(A, B),0(B, A)} < oo,

where 0(A, B) := sup,¢ 4 d(a, B), is defined. It is well-known that ® is a metric
in the (hyper)space B(Y') of all nonempty bounded closed subsets of Y. This
metric is complete provided so is the metricin Y. We say that a map &: X — Y is
H -continuous if it is continuous with respect to the distance ® in Y, i.e. for each
xo € X, given € > 0, there is 6 > 0 such that, for any z € X, D(®(z), ®(xg)) < &
provided d(x,zp) < §. A set-valued map F: X — Y is k-Lipschitz, where k > 0,
if for all z,y € X,

D(F(z), F(y)) < kd(x,y).

If k < 1 then F is called a set-valued k-contraction or, simply, a contraction.
Let C be a subclass of the class of all (metric) spaces. A (nonempty) space X
is an absolute neighbourhood extensor (resp. absolute extensor) with respect to C
(written X € ANE(C) (resp. X € AE(C))) if, given a space Z € C and its closed
subset Zj, any continuous map fy: Zp — X admits a continuous extension onto
a (open) neighbourhood U of Zj in Z (resp. onto Z), i.e. thereis amap f: U — X
(vesp. f:Z — X) such that f(z) = fo(z) for all z € Zy. Clearly AE(C) C
ANE(C). If C is the class of all spaces, then ANE(C) (resp. AE(C)) coincides
with the class ANR of absolute neighbourhood retracts (resp. AR of absolute
retracts). Observe that, for any class C, ANR C ANE(C) (resp. AR C AE(C))
and if X € ANE(C) (resp. X € AE(C)) is a closed subset a space Y € C, then X is
a neighbourhood retract (resp. retract) of Y; hence if Y € ANR (resp. Y € AR),
then X € ANR (resp. X € AR). In particular, by the Urysohn embedding
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theorem, if a compact space X € ANE(Comp) (resp. X € AE(Comp)), where
Comp stands for the class of compact spaces, then X € ANR (resp. X € AR).

2. Set-valued contractions

The well-known Covitz—Nadler theorem, generalizing the Banach fixed point
principle, asserts that any set-valued contraction F: X —o X, defined on a com-
plete space X, admits a fixed point. However, contrary to the single-valued case,
the fixed-point set Fix(F') does not need to be a singleton and, hence, it is of
interest to study the structure of this set (see e.g. [49]). It is clear that Fix(F)
is always closed and compact if so are the values of F. The important result
due to Ricceri [44] states that if X is a convex closed subset of a Banach space
and values of F are convex, then Fix(F) € AR. More generally (see e.g. [20,
Theorem 56] and comp. [48]):

THEOREM 2.1. LetY be a space and X be a closed convex subset of a Banach
space. Suppose that F: X XY —o X has closed convex values, for eachy € Y, the
map F(-,y): X — X is a k(y)-contraction, where k:Y — [0,1) is continuous.
If, for each x € X, F(z, -):Y —o X is lower semicontinuous, then:

(a) given a space Z, a closed subset Zo C Z and a continuous map g: Z —
Y, any continuous map fo: Zo — X such that, for z € Zy, fo(z) €
Fix(F(-,9(2))) == {z € X | « € F(x,9(2))}, admits a continuous
extension f: Z — X such that f(z) € Fix(F(-,g(2)));

(b) if the graph of the map Y > y o Fix(F(-,y)) is closed (), then there
is a continuous map r: X XY — X such that, for each y € Y, r(-,y)
is a retraction of X onto Fix(F(-,y));

(c) the map Y 3 y o Fix(F(-,y)) admits a continuous selection (*).

In fact [20] shows the second assertion assuming that F'(x, -) is continuous
for all x € X. The first assertion may be shown similarly as in [27]; the second
and the third assertions follow from the first one (comp. Proposition 2.4).

If above, for all z € X, F(z, -) is only upper semicontinuous, then the
assertion of Theorem 2.1 does not hold true. To see this let X =Y = R and, for
any (z,y) € R?, let

{0} ify<0,
Fz,y) = { [0,1] ify =0,
{1} ify>o.

Then F satisfies the above assumptions, F'(z, -) is upper semicontinuous, but
the map Y 5 y +o Fix(F(-,y)) has no continuous selections.

(3) This holds e.g. if, for all z € X, F(x, -) is continuous.
(4) Le. there is a map ¢: Y — X such that t(y) € Fix(F(-,y)) forally € Y.
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The result of Ricceri has been generalized by Goérniewicz, Marano and Slosar-
ski in [27]. Since we shall make use of this result, let us recall some of its relevant
issues. Suppose that C denotes a subclass of the class of all (metric) spaces and
let X be a space. According to [27] a lower semicontinuous map ®: X — X
is said to have the selection property with respect to C (written ® € SP(X;C))
whenever given a space Z € C, a continuous map f:Z — X, a continuous
function : Z — (0, 00) such that

U(2) = cl[®(f(2)) N B(f(2),£(2))] # 0

for all z € Z, and a closed nonempty subset Zy C Z, every continuous selection
go: Zop — X of ¥|z, admits a continuous extension g: Z — X being a selection
of W. If C is the class of all spaces, then we write ® € SP(X).

It appears (see [27]) that if a complete space X € AE(C), F € SP(X;C) is
a set-valued contraction, then Fix(F) € AE(C). This result generalizes the Ric-
ceri theorem since, as it is easy to see, if X is a convex closed subset of a Banach
space, then X € AR and any contraction F: X — X with convex values belongs
to SP(X) in view of the Michael theorem. Moreover, in view of the Bressan,
Colombo and Fryszkowski theorem (see [9], [19]), if X is a closed subset of the
space LP(J, E) (of p-Bochner integrable functions defined on a finite interval J
with values in a Banach space E, 1 < p < 00) and a lower semicontinuous map
®: X —o X has decomposable values (°), then ® € SP(X;S) where S stands
for the class of all separable spaces. In particular, if X is a retract in LP(J, E)
and F: X — X is a contraction with decomposable values, then Fix(F) € AR.
Some other examples of maps having the selection property are provided in [27]
(see also [24]). Tt is not difficult to obtain a result that generalize the above
mentioned result in a way Theorem 2.1 generalizes the result of Ricceri (comp.
[20, Theorem 57] for the decomposable case).

In what follows we shall also study compositions of contractions. For example
suppose X1, Xo are spaces and let Fy: X1 —o Xy, Fy: Xo — X be kq- (resp ks-)
Lipschitz maps. It is clear that the compositions F5 o Fi: X; —o Xy and F} o
F5: X5 —o X5 are kqko-Lipschitz and their mized Cartesian product Fy @ Fy: X1 X
Xs — X3 x Xs, defined by the formula Fy ® Fy(z1,22): = Fa(z2) x Fi(x;) for
r1 € X1, 22 € Xa, is max{ky, ko }-Lipschitz (°). Observe that z; € Fix(Fyo F}) if
and only if there is zo € Fy(z1) such that 1 € Fy(z2), i.e. if and only if there is
x9 € Xo such that (z1,22) € Fix(F; ® Fy). Hence Fix(FyoFy) = p1(Fix(F1 ® Fy))
where p1: X1 X X9 — X is the projection. In particular, if X, X5 are closed
convex subsets of some Banach spaces, Fy: X7 — X5 and F5: Xy — X; are

(®) Recall that a nonempty set D C LP(J, E) is decomposable if, given u,v € D and
a measurable I C J, xyu + x s\ ;v € D where x; denotes the characteristic function of I.

(5) We consider a metric dx, x x, ((z1,72), (¥}, 5)) := max{dx, (z1,2}),dx, (z2,75)} in
X1 X XQ.
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contractions with convex values, then so is F; ® Fy and therefore, in view of
the Ricceri theorem, Fix(F; ® Fy) € AR; hence Fix(F; o Fy) is a continuous
image of a complete AR; moreover, if F: X1 XY —o X5 and Fy: Xo X Y —0 X,
where Y is a space, satisfy conditions of Theorem 2.1, then the map ¥ > y +o
Fix(Fy(Fi(-,y) X {y})) admits a selection.

However, these arguments do not help much to characterize the set Fix(Fs o
F1) in case k1ky < 1 (but k4 > 1 or ko > 1) and do not imply the existence of
selections in case, for each 1 € X3, x9 € Xo, either Fy(x1, ) or Fy(xs, ) is not
lower semicontinuous.

In order to get a result in this direction we shall introduce the following
definition.

DEFINITION 2.2. Let C be a subclass of the class of all spaces and let X7, Xo
be spaces. A map ®: X; —o X5 is said to have the selection property with respect
to C (written ® € SP(X;, X»5;C)) whenever given a space Z € C, continuous
maps f1: Z — X1, fo: Z — X, a continuous function ¢: Z — (0, 00) such that,
for all z € Z,

W(2) = A [B(£1(2)) N B(fa(2),£(2))] £ 0,
and a closed nonempty subset Zy C Z, every continuous selection go: Zp — Xo
of ¥|z, admits a continuous extension g: Z — X5 such that g is a selection of .
If C is the class of all spaces, then we write ® € SP(X7, X5).

REMARK 2.3. (a) Again in view of the Michael theorem, if X; is a space,
X5 is a closed convex subset of a Banach space and ®: X; — X5 is lower semi-
continuous with convex values, then ® € SP(X;, X5). If X5 is a closed subset of
LP(J, E) and ® is lower semicontinuous with decomposable values, then, in view
of the Bressan—Colombo results (see [9]), ® € SP(X;, X5;S) where S denotes
the class of separable spaces.

(b) It is easy to see that if &1 € SP(X;, X2;C) and &3 € SP(X3, X1;C), then
D1 ®@ Py € SP(X; x Xo;0).

(c) If @ € SP(X4, Xo;C) is H-continuous, then it has the following property:

(¥) Given Z € C, a continuous f:Z — X; and a closed Z* C Z, any
continuous selection g*: Z* — X5 of the restriction (® o f)|z- admits a
continuous extension g: Z — X such that g(z) € ®(f(z)) for all z € Z.

To see that take any continuous h: Z — X5 and observe that the function
£'(z) :==d(h(z),®(f(2) +1, z€2Z,

is continuous; let ¢”: Z — [0,00) be any continuous extension of the function
Z* 3 z+— d(g*(2),h(2)) + 1 and let e(z) := max{e’(z),e"(z)} for z € Z. Then
U(z) := cl[®(f(2)) N B(h(z),e(2))] # 0 on Z and g*(z) € ¥(z) on Z*. Hence,
by Definition 2.2, the assertion follows.



FIXED POINT INDEX FOR KRASNOSEL’SKII-TYPE SET-VALUED MAPS 341

Remark 2.3(c) says that ® has a certain selection property and, being H-
continuous, has the closed graph. To understand better the structure of the
above defined family SP(X7, X5,C) let us mention the following result.

PROPOSITION 2.4. Let C be a multiplicative class of spaces (") and let X1, X
€ C. If a map ®: X1 —o Xy has property (x) and Gr(®) is closed, then:

(a) there is retraction R: X1 X Xo — Gr(®) such that R(z1,z2) € {z1} X
O (1) for all (x1,22) € X1 x Xa;

(b) there is a normed space E, a closed continuous embedding i: Xo — F
and a continuous map r: X1 X E — E such that r(z1, -) is a retraction
from E on i(®(x1)) for all 1 € Xy (in particular, ®(x) € AR for all
x € X1);

(c) @ is lower semicontinuous.

On the other hand, if condition (b) is satisfied, (or Xo € AE(C) and condition
(a) holds), then ® has property (x) and Gr(®) is closed.

PROOF. Suppose that ® has property (%) and Gr(®) is closed. Let Z :=
X1 X X, Zp := Gr(®) and let f: X7 x Xo — X7 x X, go: Zo — X1 X X3 be
given by: f(z1,22) := (z1,21) for 1 € X1, 29 € X3 and go(z1,22) = (21, 22)
for (z1,x2) € Zp. It is a matter of a routine calculation to show that the map
U: X1 x X7 — X3 x Xy given by U(zq,2)) = {x1} x &(x}) has property (x), i.e.
there is a continuous g: Z — X3 x Xs such that g|z, = go and g(z1,22) € (¥ o
(@1, 20) = {x1} x (1) for all 1 € X1, x2 € X5. Hence a map R: X; x Xy —
Gr(®) such that R(x1,x2) = g(x1,22) on X3 x X is a retraction.

Consider a closed continuous embedding ¢: X9 — E, where F is a normed
space, provided by the Arens-Eells theorem and a map @' :=io®: X; — E. It
is clear that the graph of @’ is closed and @’ has property (). Therefore, by (a),
there is a retraction R': X7 x E — Gr(®’) such that R'(x1,u) € {21} x ®'(a;) for
all 1 € X1 and u € E. Let p: X1 X E — FE be the projection and, for z; € X7,
u € F, let

r(z1,u) == p(R(x1,u)).
Clearly r(z1,u) € ®(x1) on X; x E and, if u € ®'(x1), then r(z1,u) =
p(R(x1,u)) = u.
Let x1 € X1, x2 € ®(x1) and a sequence x} — x;1. In view of assertion (a),
there is a sequence z} := pa(R(z], xz2)) such that 2 € ®(z) and z§ — xo,

where po: Gr(®) — X, is the projection. Therefore @ is lower semicontinuous
map.

(7) Le. if X1,X2 €C, then X7 X X9 € C.
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Conversely suppose that condition (a) or (b) is satisfied. If condition (b)
holds, then a map R: X; x X5 — X7 x X5 given by

R(x1, 1) := (21,0 " (r(z1,i(22)))),

1 € X1, 2 € Xo, is retraction from X; X X5 onto Gr(®). Hence, in the both
cases (a) and (b), Gr(®) is closed as a retract of X7 x Xo.

Let Z € C, Zy C Z is closed, f:Z — X1, go: Zg — X2 are continuous and
go(z) € ®(f(2)) on Zy. If condition (a) is satisfied and, additionaly, Xo € AE(C),
then we may define g(z) := p2(R(f(2), g1(2))) for z € Z, where ¢g1: Z — X5 is an
arbitrary continuous extension of gg. If condition (b) is satisfied, then we may
define g(z) := i Y(r(f(2),92(2))) for 2 € Z, where g2: Z — FE is an arbitrary
continuous extension of i o gg. In the both cases g is a (continuous) selection of
®o f and g|z, = go- O

Let us return to the problem of a characterization of the fixed-point set of a
set-valued contraction of the form Fb o F}. In view of the discussion preceding
Definition 2.2 and Remark 2.3(b) we get immediately the following result.

PROPOSITION 2.5. If complete spaces X1,Xs € AE(C) (where a class C of
spaces is arbitrary), Fy: X1 —o Xo, Fo: Xo —o X1 are contractions such that Fy €
SP(Xl,XQ;C), F2 S SP(XQ,Xl;C), then FIX(F1 ®F2) € AE(C) and FIX(FQ OFl)

is a continuous image of a complete AE(C), namely:
FiX(FQ o FI) = pl(FiX(Fl (9 Fg))
where p1: X1 X Xo — X4 is the projection onto the first factor.

We shall address the similar question assuming instead that F; and F, are
Lipschitz maps and such that the composition F; o F} is a contraction. We get
a result even more general. Assume that the following general conditions are

met:

ASSUMPTION 2.6.

(a) Xo,...,X;m—1 are complete spaces and X,,, := Xo;

(b) there is j € {0,...,m — 1} such that X; € AE(C) where C is a certain
class of spaces;

(c) foreachi=0,... ,m—1, F; € SP(X;, X;41;C) is a Lipschitz set-valued
map with constant k; > 0 and the product k :=kg... k1 < 1;

(d) F:=F,_10F, 20...0FyXy— X, (according to our terminology
and notation we assume silently that F' has closed values).

It is convenient to observe that all spaces and maps above are indexed by the
group Z,, = {0,... ,m — 1} of integers modulo m. In what follows the addition
of indices in L, is performed modulo m.
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THEOREM 2.7. Under Assumption 2.6 the set
S = {(ZL'(), Ce ,xm_l) € XoX...xXpm1 | Tiy1 € Fi(ZL'Z), 1€ Zm}

is a nonempty absolute extensor with respect to the class C and, moreover,

Fix(F) = po(S) where po: ] X; — Xy is the projection.

i€Zm,
PRrROOF. Let us first introduce some notation. Namely let
I:i={(zg,... ,Zm-1) € Xo X ... X X1 | wiz1 € Fi(;), t € Lpn, 1 £ j}
and let, for ¢ € Z,,, p;: ' — X, be the projection. It is clear that I' is closed and
nonempty since
S={(zo,... ,xm-1) €T | xjqy1 € Fj(x;)} and po(S) = Fix(F) # 0.

For technical reasons, let us introduce a new metric d on I' given by

d(%’Y,) = max{aidi(p’i(rY)api(,yl)) | (&S Zm}v 777/ € Fa

where, for i € Z,,, d; stands for the metric in X; and (remembering that j € Z,,
is fixed and such that X; € AE(C))

—1
ajpr =kjr1, e =1, s =k,

Qjts = (kj+2 . kj+s—1)71 for 4 S S S m.

It is clear that d is uniformly equivalent to the usual max-metric on I'; hence the
space I' with the metric d is complete. Moreover, for any v,7 € T and i € Z,,,

(2.1) di(pi(7),pi(7")) < o Md(y, 7).

In order to prove that S € AE(C), take an arbitrary space Z € C, a closed
Z* C Z and a continuous map f*: Z* — S. We are to show the existence of
a continuous extension f:Z — S of f*. To this aim let 1 < ¢ < k~!'. We shall
now construct a sequence (f,,)22, of maps f,: Z — T, such that:

(2.2) folze = f7 for n > 0,
(2.3) Pj+1 0 fn(2) € Fj(pj o fn-1(2)) forn>1and z € Z,
(24)  d(fa(2), fao1(2) < K" H(f1(2), fo(2)) + ™™ forn>1and z € Z.

Observe that, for any z € Z*, f*(2) = (po(f*(2)),... ,pPm-1(f*(2))) and, since
X, € AE(C), there is an extension ]%:Z — X, of pjo f*:Z* — Xj. Since, for
2 € 2%, f*(2) € S, we have pyi1(f*(2)) € Fy(p; o f*(2)) = Fy(Jol(2)). Hence,
in view of Remark 2.3(c), there is a continuous extension hg“: Z — Xjq1 of
pj+10 f* such that h) T (2) € Fj(ﬁ)(z)) forall z € Z. For z € Z*, pjyo0 f*(2) €
Fi1(pjy1 0 f5(2)) = Fja(hi™'(2)) and, again by Remark 2.3(c), there is an
extension B}t Z — X5 of pjyo o f* such that h}™(2) € Fj1(hdT(2)) for
all z € Z. Suppose that, for some s € Z,,, s > 2, a continuous extensions
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Wyt Z — Xjys of pjiso f* such that B} (2) € Fjpo 1 (B)T°71(2)) for z € Z
has been constructed. Since, for z € Z*, pj1sy1 0 f*(2) € Fjqps(pjts 0 f*(2)) =
Fjo(h)™°(2)), by Remark 2.3(c), there is a continuous extension h}***':Z —
Xjiar1 of pjasi1 o f* such that, for z € Z, W1 (2) € Fi (b (2)) (8). In
this way we have produced a family of continuous extensions hy: Z — X; of
pio f* 1 € Zy,. For z € Z, let

fo(2) = (hg(2),- . . hg' ™" (2)).

It is clear that, for i € Z,,, i # j, and z € Z, hiT(2) € Fy(hi(2)), i.e. fo: Z —T
and, for z € Z*, fo(z) = f*(2).

For z € Z*, pj41 0 f*(2) € Fj(pj o f*(z)) = F;(p; o fo(2)). Therefore, by
Remark 2.3(c) again, there is a continuous extension b ™' Z — X, of pj 10 f*
such that hJ*'(2) € Fj(p; o fo(z)). Similarly as above we see that, for z € Z*,
pira © f(2) € Fiii(pjp1 o f5(2)) = Fir1(hiT(2)), so there is a continuous
extension h]*%: Z — Xjt2 of pjyo o f* such that Wt (z) e Fj+1(h{+1(2)) for
z € Z. Continuing this procedure as above we produce map ht: Z — X;, i € Zyp,
such that if i # j, then hi*1(z) € F;(hi(2)) (and hiT'(2) e Fj(pjo fo(2))) on Z.
Therefore, the formula

fi(z) == (M(2),... , K" H(2), z€Z,
correctly defines a continuous map f1: Z — I' which, together with fy, satisfies
conditions (2.1)-(2.3).

Assume that, for some n > 1, continuous maps fo,... , f, satisfying condi-
tions (2.1)—(2.3) have been constructed. Therefore, for z € Z,

dj+1(j1(fu(2)), Fj(pj o fn(2)))
<D(Fj(pj 0 fa1(2)), Fj(pj o fn(2))) < kjd;j(pj(fn(2)),pj(fa-1(2)))

<7y fu(2). fums(2)) = Fd(a(2) fua(2)
k

< KT (), fo(2) + e =),
j+1 J+l

Let 0o, ... ,Nm—1:Z — (0,00) be continuous functions such that

k
kj+1
We thus get that, for z € Z,

Fi(pj o fn(2)) N Bjg1(pjs1 0 fu(2),m0(2)) # 0 (%)

d(fn(2), fa—1(2)) <mo(z) <m(z) < ... <Nm-1(2) < nm(2) == n(2).

(®) Remember that addition of indices is performed modulo m.
(°) Here and in what follows, B;(x;,r), i € Zm, denotes the open ball of radius r in X;
around z; € X;.
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Since F; € SP(X;, X;41;C) and, for z € Z*,

pj+10 f(2) € cl[Fj(pj o fu(2)) N Bjt1(pj+1 0 fu(2):m0(2))];
we infer that there is a continuous extension hﬁlfl Z — X1 of pji1 0 f* such
that, for each z € Z,

W (2) € A [Fj(pj o fn(2)) N Bjt1(pjs1 0 fu(2),m0(2))]
C Fj(pj o fu(2)) N Bjt1(pjt1 0 fu(2), m(2)).
In particular, for z € Z,
dj (W (2),pjg1 0 ful2)) < mi(z) < ().

Since fn(2) €T, pji2(fn(2)) € Fjs1(pj+1 0 fn(2)) on Z. Hence, on Z,

diya(pisa(fn(2) Fia(B55(2)) < D(Fjaa(pian o fu(2), Fia(h554(2)))
< kj-i—ldj-i-l(pj-'rl(fn(z))vhﬁ:-ll(z)) < kjy1m(z)
and
Fj1 (W1 (2)) N Biya(0j2(fa(2)), kjraim(2)) # 0.
Since Fjy1 € SP(Xj41,X;42;C), and, on Z*,

pj+20 f(2) € Fit1(pj+1 0 f(2)) N Bjr2(pjt2(fn(2)), kjr1m(2)),

Jt2.

there is a continuous extension k' 7:Z — X2 of pji2 o f* such that, for all

z €4,
j+2 j+1
hi i1 (2) € Fia(hy15(2)) N Bjta(pj+2 © fu(2), kjpinz(2))-
Inductively we construct continuous extensions hi:fl: Z — Xjys of pjpgo f*
(3 < s <'m) such that, for z € Z,

W53 (2) € Fiom1(BE71(2)) N Bis(pyas (fa(2)s kjgr -+ kjpsm1ms(2)).
Let us put
Fusa(2) 1= (1 (), W), 2 € Z
It is clear that f,,+1 is continuous, f,11
for each z € Z,

z+ = f* and f,41:Z — I'. Moreover,

Pi+1© fap1(2) = BLE1(2) € Fy(pj o ful2))
and, for s = 1,... ,m, we have
djss(Djrs(fns1(2) pigs(fn(2) < kjpres ! n(2),
ie.
d(frt1(2), fa(2)) <K d(f1(2), fo(2)) + ke ™" <k"d(f1(2), fo(2)) + 7"

This inductively completes the construction of the required sequence (f,,)22,.
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Next, for any r > 0, let Z, := {z € Z | d(f1(2), fo(z)) < r}. The family
{Z}r>0 forms an open cover of Z. By (2.4) and the completeness of ', for each
z € Z, there is f(z) := lim,,—,o fn(2); moreover, this convergence is uniform
on Z, for all » > 0. Hence the map f: Z — T is continuous. In view of properties
(2.2) and (2.3), flz= = f* and for all z € Z, p;11(f(2)) € F;i(p;(f(2))), ie.
f(z)esS. O

COROLLARY 2.8. In addition to Assumption 2.6 suppose that, for each i €
L, the map F; has compact values and the class Comp of compact spaces is
contained in C. Then the sets Fix(F') and S are compact and, moreover, S € AR.

PROOF. The compactness of Fix(F') and, hence, of S, is clear. Therefore, by
Theorem 2.7, the compact space S € AE(C) C AE(Comp), i.e. as we remarked
in the introduction, A € AR. g

Suppose now that X,Y are spaces, let X be complete and consider a set-
valued map F: X XY —o X. In view of the Nadler theorem, if, for each y € Y,
the map F(-,y): X — X is a k(y)-contraction (k(y) € [0,1)), then the map
F:Y — X, given by F(y) := Fix(F(-,y)) for y € Y, is well-defined. If k(y) does
not depend on y (i.e. k(y) = k € [0,1) for ally € Y) and the map F(x, - ):Y — X
is H-upper semicontinuous uniformly with respect to € X (i.e. for any yo € Y
and € > 0, there is 6 > 0 such that, for z € X and y € Y, if dy (y,y0) < 0,
then d(F(z,y), F(2,0)) := SUP, ¢ p(z ) A2, F(,90)) < €), then F is H-upper
semicontinuous. This follows by inspection of the proof of the stability result
due to Lim [40] (see also [22, Lemma 15.12, Thorem 15.2]). This result is too
weak for our purposes. Hence we state a stronger result.

PROPOSITION 2.9. Suppose again that F: X XY —o X, where X is a complete
space, has compact values, for each y € Y, F(-,y) is a k(y)-contraction with
a continuous k:Y — [0,1) and, for each x € X, the map F(z,-):Y — X is
upper semicontinuous. Then the map F:Y —o X, given by F(y) := Fix(F(-,y))
fory €Y, is upper semicontinuous with compact values.

PROOF. Assume that a sequence (yn,z,) € Gr(F), i.e. for each n > 1,
Zpn € F(xn,yn), and assume that y, — y € Y. Let (X)) denote the (hyper)space
of all compact subsets of X. It is clear that (K(X), D) is a complete metric space.
Consider a map ®: (X) — K(X) defined by the formula ®(A) = F(A x {y}) for
A € K(X). Tt is easy to see that ® is a well-defined k(y)-contraction, i.e. for all
A,B e K(X), D(P(A),P(B)) < k(y)D(A, B). In view of the Banach theorem,
there is a unique fixed point of ®, i.e. a compact K C X such that ®(K) = K.
Let n > 1 and take an arbitrary «x € K. Then

d(xp, K) <d(xn, F(z,y)) <(F(zn,yn), F(2,y))
SO(F (2, yn), F(@, yn)) + 0(F (2, yn), F(2,y))
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k(yn)d(xn, x) + 3(F (2, y5), F(2,y))
k(yn)d(zn, ) + SEED(F(axyn), F(x,y)).

IN A

Since z € K was arbitrary, we infer that, for each n > 1,

(1= k(yn))d(zn, K) < SEII;D(F(x,yn)vF(x,y))
For each © € K, the map F(x, -) is upper semicontinuous with compact values.
Hence it is H-upper semicontinuous and, in view of the contractivity of F'( -,y),
we gather that, for any ¢ > 0 and « € K, there is 6, > 0 such that if 2’ € B(z, ;)
and y' € B(y,d,), then 9(F(z',y), F(2',y)) < e. The compactness of K implies
that, there is 6 > 0 such that if d(y’,y) < 4, then 3(F(z,y"), F(z,y)) < ¢ for all
2 € K. Thus, in view of the continuity of k(-), we see that

lim d(x,, K)=0.

n—oo

This implies that (z,) has a convergent subsequence z,, — z. Since clearly F
is upper semicontinuous, the graph Gr(F') is closed and, therefore x € F(z,y),
ie. x € Fly). O

Now let us return to the setting of Theorem 2.7 and Corollary 2.8. Namely
suppose that
ASSUMPTION 2.10.

(a) For any i € Z,,, X;, Y; are spaces and let X,, := Xy be complete;
additionally let X := Xj;

(b) for i € Zp,, F;: X; X Y; — X;41 has compact values; for each y; € Y;,
Fi(-,y:): X; — X, 41 is a Lipschitz map with constant k;(y;) > 0 where
k;:Y; — [0,00) is continuous; the product ko(yo) - - - km—1(Ym—1) < 1 on
Yy x ... xY,,—1 and, for each z; € X;, the map F;(z;, - ):Y; —o X;41 is

upper semicontinuous.

PrOPOSITION 2.11. Under Assumption 2.10, the maps F:Y = Yy X ... X
Yine1 — X and S:Y — Xg X ... X X1 given, for y = (Yo,--- ,Ym-1) €Y, by

S F(y) & Viely,de, € X, = To, Tit1 € Fi(l'iayi)7
(05 s Tm—1) € S(y) & Vi€ Ly zit1 € Fi(,95),

are upper semicontinuous with nonempty compact values and, fory € Y,

F(y) = po(S(y))

where pg: Hiezm X; — X = Xy s the projection.
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PrOOF. The upper semicontinuity of F is a direct consequence of Proposi-
tion 2.9 since, for y € Y, F(y) is the fixed point set of a compact-valued contrac-
tion F'(-,y) with a continuous Lipschitz constant k(y) := ko(yo) - - - km—1Ym—1)
(y = (Yo,--- ,ym—1) € Y) and such that F(z,-):Y — X is upper semicon-
tinuous, where for given x € X and y = (yo,.-. ,ym—-1) € Y, F(z,y) :=
Gp—10...0Go(x) with G; := Fy(-,y;) for i € Z,,. Moreover, for each y € Y,
the sets F(y) and S(y) are compact and F(y) = po(S(y))-

If y* -y in Y and 2™ € S(y"), then z§ := po(z") € F(y"). By the upper
semicontinuity of F (and passing to subsequences if necessary), zfj — xo €
F(y) =po(S(y)). If, for some i € Zy,, 1 <i <m—1, 2} | :=p;_1(a™) — z;_1,
then since z7' := p; (™) € F;_1 (2} 1,y ), by the upper semicontinuity (and the
compactness of values) of F;_; and again passing to a subsequence if necessary,
a2 — x; € Fi_1(xi—1,yi—1). Finally we have z = (zo,... ,Zm—1) = lim, o 2"
such that z; € F;_1(x;—1,yi—1) for all ¢ € Z,,,, i > 1. To show that x € S(y)
observe that =f € Fn_1(xl_1,yn_1); hence g € Fr1(Tm—1,Ym—1) by the
closeness of Gr(F,—1). O

REMARK 2.12. If above Yy = ... = Y,,_1 =: Y, then instead of F: Y™ —o
X (vesp. S:Y™ —o [[;; X;) one may consider a map ¥ —o X (resp. Y o
[licz,, Xi) given by Y 3 y o FoA (resp. Y 3 y +o SoA) where A:Y — Y™ is
the diagonal map, i.e. A(y) := (y,... ,y) € Y™). In what follows these new maps
are also denoted by F (resp. S). As before these maps are upper semicontinuous
with nonempty compact values and, for any y € Y, F(y) = po(S(v)).

In view of Theorem 2.7 we get immediately

COROLLARY 2.13. Suppose that Assumption 2.10 is satisfied. If, for each
i € Ly, X; is complete, there is j € Ly, such that X; € AE(C), where C is a class
of spaces containing the class Comp of compact spaces and, for each i € Z,, and
yi € Yi, Fi(-,vyi) € SP(Xy, Xi415C), then S 1Y = [[;cp Vi — [licy,, Xi is
upper semicontinuous with compact values and S(y) € AR for ally € Y.

The assertion of Corollary 2.13 holds for instance if, for each i € Z,,, X; is
a closed convex subset of a Banach space and the map F;(-,y;), where y; € Y;,
has compact convex values.

3. Fixed point index for Krasnosel’skii-type maps

In this section we shall construct a fixed point index for the so-called Kras-
nosel’skii-type maps. To make the setting more transparent, let us first briefly
study the single-valued situation.

3.1. Single-valued Krasnosel’skii-type maps. Suppose that X is a space
and let A C X. Additionally let A be a parameter metric space.
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DEFINITION 3.1. A map ¢: A x A — X is called a Krasnosel’skii-type map
provided there exist:

(a) a space Y, amap f: X XY x A — X such that, for each z € X,
flx,-,):Y x A — X is continuous and, for each y € Y and A € A,
f(-,y,A): X — X is a k(y, A)-contraction where the function k: Y x A —
[0,1) is continuous;

(b) a continuous compact map ¢: A x A — Y, such that

o(z,\) = foclx, ) := f(z,c(x,\),\) forallze Aand X € A.

A similar class of maps has been studied in [41]. The family of all Kras-
nosel’skii-type maps is denoted by (A x A, X). In the case when A = {\} is the
singleton, we write K(A, X). If o = foc € K(A, X), i.e. when A is a singleton,
then the dependence of A may be skipped: the existing map f: X xY — X is
such that f(x, -) is continuous and f(-,y) is a k(y)-contraction with continuous
kY — [0,1), while ¢: A — Y is continuous and compact and then

p(x) = foc(r) = f(z,c(x)).
It is also clear that given ¢ € K(Ax A, X) and \g € A, the map ¢y, := ¢(-, o) €
K(A4, X).
Let ¢ = f o ¢ belong to (A x A, X) (resp. K(A4, X)) and suppose that the

space X is complete. The map F:Y x A — X (resp. F:Y — X) given, fory € Y
and A € A by

f(ya )‘) = le(f( Y, )‘)) (resp. f(y) = le(f( ! 7y)))7

is well-defined and, in view of Proposition 2.9, continuous. Moreover, the map
Ax A>3 (z,\) — Fle(z,\),A) (resp. A 3 & — F(e(x))) is well-defined and
compact. Observe that, for each A € A,

Fix(o(-,A)) = Fix(F(c(-,A),A)) (resp. Fix(p) = Fix(F o ¢))
and if A is closed then, Fix(o(-,\)) (resp. Fix(y)) is compact.

DEFINITION 3.2. Given maps ¢; € K(A,X), ¢ = 0,1, we say that ¢ is
homotopic in I to p1 (written pg ~x 1) if there exists ¢ = foc € K(A x
[0, 1], X) such that ¢; = ¢(+,1), i = 0,1 (we say that ¢ is a K-homotopy joining
o to p1).

In order to proceed further we assume that a complete space X € ANR and
U C X is open. Assume that ¢ = foc € K(clU, X) has no fixed points on the
boundary bd U of U, i.e. Fix(¢) NbdU = () and put

(3.1) Ind(p,U) :=indg(F oc,U)
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where indg(Foc, U) stands for the Granas fixed-point index of the compact map
F oc (see [28]) and, as above, F(y) = Fix(f(-,y)). Observe that, in general,
Ind(p, U) may strongly depend on the form of ¢, i.e. the structure of ¢ reflected
by the formula ¢ = foc.

Our definition constitutes a counterpart and a generalization onto the con-
text of the fixed-point index theory of the quasi-degree or quasi-rotation of Kras-
nosel’skil and Zabreiko (see [33, Section 34.1] and comp. [55]).

REMARK 3.3. It is not difficult to show that if p = foc € K(A, X), then ¢ is
a k-ball-contraction with k = sup{k(y) | y € ¢(A)}, i.e. for each bounded B C A,
B(p(B)) < kB(B), where (3 stands for the Hausdorff measure of noncompactness
in X — see the more general Proposition 3.15 below.

Therefore if A = clU where U is an open subset of a closed convex subset X
of a Banach space, then the fixed point index of ¢ is available (see for instance
the book [30]) and in this case our approach gives nothing new. Indeed, let
indeond (@, U) denote the fixed-point index of ball-contractions. We are to show
that indeona (¢, U) = Ind(¢, U). To this end we shall show that a map h:clU x
[0,1] — X given by the formula

hz,\) = (1 = N)Foc(x) + Ap(x)

(being a ball-contraction) has no fixed points on bd U. To this end suppose to
the contrary that € bd U and « = h(x, A) for some A € [0, 1]. Let y = Foc(z);
then y = f(y,c(x)) and

[z =yl = Ally = F(z, e(@)) | = Allf (y; e(@)) = f (2, c(@))]]
< Ak(e(@)llz =yl < llz = yll,

a contradiction. The homotopy property of ind.ong gives that
indcond(@; U) = indcond(f o ¢, U) = indG(f o¢, U) = Ind(% U)

However, the fixed-point index theory for arbitrary ball-contractions (or con-
densing maps) defined on arbitrary absolute neighbourhood retracts is yet un-
available. But our constructions makes it possible to deal with this construction
at least for a special type of ball-contractions: namely for Krasnosel’skii-type
maps.

To see the immediate advantage of our approach consider the following ex-
ample.

EXAMPLE 3.4. Suppose that E is a Banach space, X is a bounded neigh-
bourhood retract in E and let U = {U(t) }1>0 be a Cy-semigroup of bounded
linear operators U(t): E — E (t > 0) such that, for all |U(t)|| < e*! where w < 0
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(i.e. U is a strict contraction semigroup). Let A be the infinitesimal generator of
U and F: X — E be an ¢-Lipschitz function. Suppose that, for all x € bd X,

baming (U ()2 + 15(@))

=0
h—0t h

where, for z € E, dx(z) := infgex ||z — z|| is the distance function. Under these
assumption Bothe [8] proves that, for each T' > 0, there exists a unique mild
solution x = x(xo; - ):[0,7] — X to the problem

(3.2) ¥ =Az+F(x), z(t)eX, z(0)=z0€ X (19).

Moreover, the map X > zg — z(zo; - ) € C([0,T], E), where C([0,T7], E) stands
for the Banach space of continuous functions [0,7] — E, is continuous.

We shall study the existence of a mild solution z: [0, 7] — X to (3.2) such that
2(0) = z(T'). This problem has been addressed in [4, Theorems 30, 37, 38] under
the assumption that X is bounded and convex (and some extra assumptions
concerning the semigroup U).

It is clear that the existence of periodic (mild) solutions to (3.2) is equivalent
to the existence of fixed point of the associated Poincaré operator Pr: X — X
defined by the formula

Pr(zo) == z(x0; T), x0 € X.

Observe that Pr is compact if the semigroup U is compact (and then the periodic
problem may be solved via the Granas index theory); it may be also shown that
Pr is a k-ball-contraction with k = (40T (see [4, Theorem 25]). However it
does not help much since X is no longer convex in our setting. Therefore we
propose an attitude sufficient to show that Pr is a Krasnosel’skii-type map.

Namely we suppose that U is uniformly continuous, i.e. lim;_ o+ ||U(t) —I|| =
0 (') and § is compact. Given w € C([0,T], E) and zg € E, let ¥ (o, w) be
a unique (mild) solution to the problem z’ = Az + w, x(0) = xg. It is easy to
see that, for all t € [0,T], zo,z( € E and w,w’ € C([0,T], E),

t
124 (o, w)(t) — S(ag, w') ()] < e llzo — gl +/ e [lw(s) — w'(s)]] ds.
0

Hence the map f := 34(-, - )(T): E x C([0,T], E) — E is continuous and, for
each w € C([0,T), E), f(-,w) is a k-contraction with k := e*? < 1. Now let us
consider a map ¢: X — C([0,T], E) given by

c(x0)(t) = F(z(x05t)), o € X.

(19) Le. 2:[0,T] — E is a continuous function such that, for all ¢ € [0, 77,
z(t) = U(t)zo + [ U(t — 8)F(x(s)) ds.
(1) This is, by all means, a restrictive assumption since it implies that A is defined
everywhere and, for each t > 0, U(t) = e**; moreover in this case any mild solution to (3.2) is

actually a strong solution.
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It is clear that c is continuous. We shall show that ¢ is compact. To this end
observe that the family {z(xo; -) | 2o € X} is uniformly equicontinuous, that is
given € > 0, there is § > 0 such that, for any ¢,¢' € [0,T], if |t — t| < J, then
|x(zo;t) — x(xo;t")|| < € for all zp € X. Indeed, assume that 0 < ¢/ <t < T}
then the semigroup property yields that

(a0; £) — w(wos )| < ¥ Ut 1) — I
t’ t

+/0 ew(t’—s)”U(t —t') = I||||e(zo) ()| ds + //ew(t—s)Hc(mO)(S)H ds.

v
Taking the boundedness of X and § and the uniform continuity of I/ into account,
we infer that {z(xo; - )}s,ex is indeed uniformly equicontinuous. In view of the
compactness of §, it is clear that, for each ¢ € [0, T, the orbit {c(xo)(t)}z,ex of
the family ¢(X) is relatively compact. Hence, by the Ascoli-Arzela theorem and
the uniform continuity of §, we see that ¢ is compact.

Finally observe that, for all zg € X,

Pr(zo) = foc(zo) = X(xo; §(z(zo; -))(T).

Hence Py is a Krasnosel’skii-type map and its fixed points (that is periodic solu-
tions to (3.2)) may be studied by means of the introduced index. In particular,
if X € AR, then (3.2) has periodic solutions in view of the generalized Schauder
theorem (see [28, Theorem (7.4)]).

Let us remark that the described technique allows to study the existence of
equilibria states, i.e. points xg € X such that —A(xzg) = §(zg). Given T > 0,
let x,:[0,T] — X be a solution to (3.2) such that z,(0) = x(27"T). It is
clear that x, converges uniformly to a constant map xzg € X (i.e. zo(t) = zo
on [0,7T]) such that —A(zg) = F(zp). This result constitutes a direct (single-
valued) generalization of the Deimling theorem [15, Theorem 11.5] for non-convex
domains since if A = —1I, then U(t)z = etz on E and, as it easy to see,

dx (U(h)x + hu)
h

T (z) == {u ek ‘ lim inf

= 0} =z + Tx(z)
h—0+

where T'x (x) is the Bouligand tangent cone to X at z € X (see Assumption 4.2
below).

In what follows we are going to treat similar problems within the setting of
set-valued Krasnosel’skii-type maps.

3.2. Fixed point index for compositions of acyclic maps. In order
to address the set-valued situation we shall need some more preparation. An
index to be constructed will be defined via an appropriate fixed point index for
set-valued maps. As it is well-known the availability of such theory is restricted
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to special classes of such maps (see also the Appendix below). Hence we have to
recall some relevant issues.

We say that a space A C X is acyclic if H,(A;Q) = H,(pt;Q) where pt
stands for a one-point space and fl*( -5 Q) is the Cech homology with compact
carriers and rational coefficients (see e.g. [24]). Observe that any contractible
space is acyclic; in particular if A € AR, then A is acyclic. Let X,Y be spaces.
We say that an upper semicontinuous set-valued map F: X —o Y is acyclic if, for
each z € X, F(z) is compact and acyclic. The class of acyclic maps X —o Y is
denoted by A(X,Y).

DEFINITION 3.5 (see [18, Definition 2.15], [51]). By an acyclic decomposition

ofamap F: X — Y we mean a sequence D(F) = (Fy, Fy, ..., F,_1) representing
the diagram

Fo Fy Fr_2 Fp_1
(3.3) DF):X=Xyg—oX; —0-+ —0 X, 1 — X, =Y,

where X;, ¢ = 0,...,n, are spaces and, for i =0,... ,n—1, F; € A(X;, Xiy1),
such that FF = F,_j0...0 Fy. We also say that the decomposition D(F)
determines F' and that F: X — Y is acyclic-decomposable if there exists an
acyclic decomposition determining it.

EXAMPLE 3.6. (a) Clearly any acyclic, and — in particular — single-valued,
map F: X — Y is acyclic-decomposable with the decomposition (F') determined
by F itself.

(b) Recall Assumption 2.6 and assume that, for each i € Z,,, F; has compact
values. If the class C is multiplicative, then F = F,, ;1 o ... o Fy is acyclic-
decomposable in view of Proposition 2.4.

(¢) Under assumptions of Corollary 2.13, the map F defined in Proposition
2.11 is acyclic-decomposable with an acyclic decomposition given by the diagram

S
D(F):Y — ] Xi 2 X.
iEZ7YL

The class of acyclic decompositions of acyclic-decomposable maps X — Y
will be denoted by DA(X,Y"). We shall study these maps along with their acyclic
decompositions. Therefore two acyclic-decomposable maps F,F': X — Y are
equal if and only if there are acyclic decompositions D(F), D(F’) € DA(X,Y)
of F and F’, respectively, such that D(F) = D(F’) (}2). Given acyclic de-
compositions D(F') € DA(X,Y), D(G) € DA(Y,Z), where Z is a space, of

Fg Fy Fr_o Flo 1

(12) Le. if D(F) is given by (3.3) and D(F') : X = X[ —o X} —o-++ —o X/ | —o
X, =Y, thenn =m, X; = X/ and F; = F for all . Clearly if F = F’, then F(x) = F'(x) for
each € X, but not conversely since the same acyclic-decomposable map may admit different

decompositions.
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acyclic-decomposable maps F: X — Y and G:Y —o Z, respectively, and A C X,
then the composition D(G) o D(F') and the restriction D(F)|a € DA(A,Y) are
defined in an obvious way; evidently D(G) o D(F) and D(F)|4 are acyclic de-
compositions of G o F' and F| 4, respectively.

Two acyclic decompositions D(F), D(G): X — Y of acyclic-decomposable
maps F,G: X — Y are homotopic, if there exists an acyclic-decomposable map
H: X x[0,1] — Y with an acyclic decomposition D(H) € DA(X x [0,1],Y") such
that

D(H)|xx{oy = D(F), D(H)|xx{1} = F(G).

It is clear that the relation of homotopy is an equivalence relation.

REMARK 3.7. It is easy to show (see [18, Proposition 2.14]) that if, for
1=0,...,n—1, F;,G; are homotopic in A(X;, X;+1) (i.e. there is H; € A(X; x
[0,1], X;41) such that H;(-,0) = F; and H;(-,1) = G; on X;), then the de-
compositions D(F) = (Fy,...,F,-1) and D(G) = (Gy,...,Gp_1) of acyclic-
decomposable maps G = G,_10...0Gy and F = F,,_; o... o Fy, respectively,
are homotopic.

Let X € ANR and let D(F) = (Fy,...,F,_1) € DA(X,X) be an acyclic
decomposition of a compact acyclic-decomposable map F: X — X. In this
situation Skordev and Siegberg [51], [53] (see also [18] for a more general case
and [54]) define the Lefschetz number L(D(F')) € Q of the decomposition D(F).
Moreover, given an open U C X such that Fix(F) NbdU = (, they define the
fized point index inds(X, D(F),U) of the decomposition D(F') with respect to
U. These definitions rely on relatively complex algebraic constructions involving
the so-called approzimation systems. The index indg satisfies all the natural
properties.

(a) (Existence) If indg(X, D(F),U) # 0, then Fix(F)NU # 0.
(b) (Additivity) If Uy,... Uy C U are open disjoint and Fix(F) N [clU \
Ule U;] =0, then

k
inds(®,U) = inds(®, U;).
i=1

(¢) (Homotopy invariance) If D(H) € DA(X x [0,1],X) is an acyclic de-
composition of the compact acyclic-decomposable map H: X x [0,1] —o
X, then L(D(H)xx0y) = L(D(H)xxq1y). If, for each t € [0,1],
Fix(H(-,t)) NbdU = 0, then

inds (X, D(H)|xx{0y,U) = inds(X, D(H)|x x (1}, U)-

(d) (Commutativity) If X,Y € ANR, a decomposition D(F) € DA(X,Y)
determines a compact map, G € DA(Y, X), Fix(Go F)NbdU = 0,
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Fix(FoG)NbdV = 0, where V ={y € Y | G(y) C U} and G[Fix(FoG)\
clV]NFix(GoF|y) = 0, then indg (X, D(G)oD(F),U) = Inds(Y, D(F)o
D(G),V).

(e) (Normalization) If D(F) € DA(X, X), then

inds(X, D(F), X) = L(D(F)).

(f) (Units) If F: X — F is acyclic-decomposable and, for each z € X,
F(z) = K C X, where K NbdU = {), then, for any acyclic decomposi-
tion D(F') of F,

1 if KNU#0,

indg(X,D(F),U) =
s (£).0) {O otherwise.

(g) The index indg is consistent with the Granas index: if f: X — X is
a continuous compact single-valued map and Fix(f) NbdU = (), then
indg(X, (f),U) =indg(f,U) (see Example 3.6(a)).
Properties (b)—(e) were proved in [51]; property (a) follows from (b), (f)
and (g) are direct consequences of the very definition.
REMARK 3.8. Let X € ANR and consider an acyclic decomposition (3.3) of
an acyclic-decomposable map F: X —o X such that Fix(F) Nbd U = 0.
(a) Along with (3.3) one may consider decompositions

. id Fo Fy Frn-1
(ld7D(F))X :X() —>X0 —0X1 —0 "'anl —0 Xn :X,
. Fo Fi Fp_1 id
(D(F),id): X =Xg—oX; —0 ... X,, 1 — X, — X,, = X,
where id stands for the identity on Xg and X,,, respectively. Then, by the very
construction of the index, it is easy to see that

inds (X, (id, D(F)),U) = inds(X, D(F),U) = inds(X, (D(F),id), U).

() Let D'(F) : X = X} —% X! " ...X’_| "3 X, = X be another
acyclic decomposition of F. We say that the decompositions D(F') and D'(F’)
are related if, for each i = 0,... ,n, there is a continuous map h;: X; — X/ such
that hg = idx = hy, and hj4q1 0 F; = F/ o h; for i =0,... ,n — 1. It is clear that
if decompositions D(F') and D'(F') are related, then

indg(X, D(F),U) = inds(X, D' (F),U).
(c) Suppose that in (3.3), there is j € {0,... ,n—2} such that F; = f;: X; —
X1 is a single-valued map. Then it makes sense to consider the reduced decom-

pOSitiOIl D/(F) = (Fb7 . ;Fj—lij+1 o fj?Fj+27 . 7f‘jn_l). From (b) it follows
immediately that

indg(X, D(F),U) = indg(X, D'(F),U).
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(d) If an acyclic decomposition D(F') € DA(X,Y) of a compact acyclic-
decomposable map F: X — Y, where X, Y € ANR and Y C X, and an open
U C X such that Fix(F o j) NbdU = @, where j:Y — X, are given, then —
in view of the commutativity property — the following restriction property is
satisfied:

indg (X, (D(F),j),U) = inds(Y, D(F)|y,U NY).

Some other indications as to the construction of the fixed point index for

set-valued maps are provided Section 5.1.

3.3. Set-valued Krasnosel’skii-type maps. We may now formulate the
basic concepts and results of this paper.

DEFINITION 3.9. Let X, A be spaces; assume that X is complete. We say
that ®: X x A — X is a Krasnosel’skii-type set-valued map if:

(a) there are a space Y and a set-valued map F: X XY x A — X with
compact values such that, for each x € X, F(x, -, ):Y x A — X is
upper semicontinuous, for each y € Y and A € A, F(-,y,A\): X — X is
a k(y, A)-contraction (where the function k:Y x A — [0,1) is continu-
ous);

(b) there is a compact upper semicontinuous map C: X x A — Y, such that

O(x,A) =FoC(x,\) := F({z} x C(z,A) x {\})
for x € X and X\ € A.

Observe that, in view of Proposition 2.9, if ® is a Krasnosel’skii-type map,
then the map F:Y x A — X given, by

Fly,\) :=Fix(F(-,y,\)) foryeY, A€A,
is upper semicontinuous with nonempty and compact values.

DEFINITION 3.10. We say that a Krasnosel’skii-type map & = F o C is
permissible provided the maps C' and F are acyclic-decomposable in the sense
of Definition 3.5.

As before the family of Krasnosel’skii-type maps ®: X x A — X is denoted
by (X x A, X) and by K(X, X) if A reduces to a point (i.e. when, in practice,
A is not present). At the same time the class of permissible Krasnosel’skii-type
maps is denoted by K,(X x A, X) (resp. K£,(X,X)). A class of mappings similar
to that of permissible Krasnosel’skii-type maps has been considered in [45] and
[46]; the author studies there maps of the form F' ¢ C assuming that both maps
F and C have compact convex values.

REMARK 3.11. Tt is clear that if ® = FoC € K(X, X) and F, C are acyclic-
decomposable maps, then so is ®; however if ® is permissible in the above sense,
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then — in general — ® may be not acyclic-decomposable. For instance consider
amap F:RxR —o R given by F(x,y) = {(z+vy)/2,y} C R for any z,y € R, and
let C:R — R be an arbitrary compact continuous map. Then ® = F' ¢ C is not
acyclic-decomposable, but for each y € R, F(y) = {y} is acyclic-decomposable
and, hence @ is a permissible Krasnosel’skii-type map.

Example 3.6(b) justifies the definition of permissible Krasnosel’skii-type maps
and provides a method to construct natural examples of set-valued Krasnosel’-
skii-type maps. Namely we have:

EXAMPLE 3.12. (a) Let us assume that, for i € Z,,, X; is a complete space
(and there is j € Z, such that X; € AE(C) where C is a class of spaces contain-
ing the class Comp of compact spaces), a map F;: X; X Y x A — X, (again
addition is performed modulo m) is such that, for each y € Y and A € A,
F;(-,y,\) is a compact-valued Lipschitz map (with constant k;(y, A)) belonging
to SP(X;, X;+1) and, for each x € X;, Fj(x, -, -) is upper semicontinuous. If the
product function [[;c; ki(-) is continuous on Y x A and takes values in [0, 1),
and C: X X A — Y is an arbitrary acyclic-decomposable map, then ® := F ¢ C,
where F(x,y,\) = Gp_10...0Go(x) and G; := F;(-,y,\) forz € X, y €Y,
A€ A and i € Z,,, is a permissible Krasnosel’skii-type map.

(b) Suppose that K: X x A — X; has compact values, for each A € A,
K(-,\) € SP(X, X1) is Lipschitz with constant k(\), C: X x A — Y is compact
acyclic-decomposable and let T: X7 X Y x A — X be continuous and such that,
for each y € Y, A € A, T(-,y,A) is Lipschitz with constant ¢(y, A). If spaces
X, X, are complete, X; € AR, the function k(-)t(-, -) € [0,1) is continuous on
Y x A and K(z, -) is upper semicontinuous on A, then the map mentioned in
Introduction

X x A3 (2,A) o &(z,\) :=T(K(z,\) x C(z,\) x {\})

is a permissible Krasnosel’skii-type mapping. Indeed, let F: X xY x A — X be
given by

F(z,y,\) :=T(K(x,\) x{(y,\)}), ze€X, yeY, A€ A.
Then, for x € X and X € A,
FoCx,A)=F({z} x C(z,\) x {\}) =T(K(z,\) x C(z,A) x {\}) = D(z, A).

Obviously, for each y € Y, A € A, F(-,y, ) is a contraction with the contin-
uous constant k(A)t(y,\), F(x, -, -) is upper semicontinuous on ¥ X A and, in
view of Corollary 2.8 and Proposition 2.11, the map F:Y x A — X is acyclic-
decomposable.
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DEFINITION 3.13. Given ®; € K(X, X) (resp. ®; € K,(X,X)),i=0,1, we
say that ®g is homotopic in K (resp. in Kp,) to &1 (written ®¢ ~x @1 (resp.
Oy ~x, ®1)) if there is € K(X x [0,1], X) (resp. Kp(X x [0,1], X)) such that
O, = ®(-,1). We say that ¢ is a K-homotopy (resp. K,-homotopy) joining &g
to ®;. Obviously relation ~y (resp. ~x,) is an equivalence relation.

ExXAMPLE 3.14. Suppose that X is a convex subset of a Banach space, for
1=0,1,Y; is aspace, F;: X xY; —o X and C;: X — Y, are set-valued maps with
compact values such that C; is compact acyclic-decomposable, fory € Y;, Fi(-,y)
is a k;(y)-contraction with convex values, k;:Y; — [0,1) is continuous and, for
each z € X, F;(z, -) is upper semicontinuous. Then ®; := F; ¢ C; € K(X, X),
i = 0,1, are permissible Krasnosel’skii-type maps and, moreover they are K-
homotopic.

To see this observe that, by the Arens—Eells theorem (see e.g. [28]), both
spaces Yy and Y7 may be considered as the disjoint closed subsets of a normed
space Y. Define C: X x[0,1] — Y by the formula C'(z, \) = (1-X)Co(z)+AC1(z)
for z € X. It is easy to verify that C is an acyclic-decomposable compact map.
Next we show a construction of a certain extension f‘z XXY —oXof F;,1=0,1.

Let i« = 0 and let {Us,as}ses be the Dugundji system for Y \ Yy (see [7,
Definition I1.3.1]), i.e. S is the set of indices, {Us}ses is a locally finite cover
of Y\Y, forall s € S, Us C Y \Y is open, a5 € Yy and if y € U, then
d(y,as) < 2d(y,Yy) := infaey, d(y,a). Let {bs}scs be a locally finite partition
of unity subordinated to the covering {Us}scs. Consider a map ﬁoz X XY —o X
given, for x € X and y € Y, by the formula

) Fo(z,y) for y € Yy,
Fo(z,y) = Zb VFo(z,as) fory € Y\ Yo.
seSs

It is easy to show that, for any z € X ﬁo(my -):Y — X is upper semicontinuous
(see the arguments in [7]) and has compact convex values. Let y € Y if y € Yy,
then ﬁo( -,y) is a ko(y)-contraction. Suppose that y € Y \ Yy and let z,2’ € X.
Let z € Fy(z,y). Hence z = > ses bs(y)zs where zg € Fy(z,as). For each s € S,
there is 2, € Fy(2', as) such that

2| = d(zs, Fo(a', as)) < D(Fo(z, as), Fo(a', as)) < k(as)[lx — 2|

ll2s = 2]

Clearly 2" := 3" s bs(y)2, € Fy(a',y) and

Iz = 211 < D" bs()llzs — 2l < D bs(w)kolas) |z — /||

seS sES
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Let, for y € Y,
ko(y) for y € Yy,
ko(y) = > bu(y)ko(as) fory €Y\ Yp.
seS

Then EO: Y — [0,1) is continuous and, for all y € Y and z,2’ € X,
Q(Fo(xay)7F0(x,7y)) < kO(y)“I’ - 'rl”

Let F1: X x Y —o X be an extension of Fy constructed analogously (in
particular, for each y € Y, Fi(-,y) is a k1 (y)-contraction).
Finally define F: X x Y x [0,1] —o X by the formula

F(z,y,\) i= (1 = N Fo(z,9) + ARy (z,y), z€X, yeY.

It is then clear that, for each x € X, F(z, -, -):Y x [0,1] — X is upper semi-
continuous and, for all y € Y and A € [0,1], F(-,y,\): X — X is a k(y, \)-
contraction with k(y, A) := (1 — A)ko(y) + M1 (y). Then ® := F o C is a desired
Kp-homotopy joining ®¢ to ®;.

In the same manner one shows that any two Krasnosel’skii-type maps of the
form FoC, where F' = F, 0...0F] is a composition of contractions with compact
convex values, are K-homotopic.

Our next observation situates the class of Krasnosel’skii-type maps in the
class of set-valued contractions with respect to the Hausdorff measure of non-
compactness.

PROPOSITION 3.15. If ® = FoC € K(X, X), then ® is a k-ball-contraction
with k :=sup{k(y) |y € C(X)} i.e. for any bounded B C X,

B(®(B)) < kB(B)
where (8 stands for the Hausdorff measure of noncompactness in X.

PRrROOF. Let B C X be bounded and p := G(B). It is sufficient to show that,
for any € > 0, there is a compact set Z C X such that ®(B) C B(Z,ku + ¢).
To this end fix € > 0. Then B C U,e;, B(b, + k~'e) where the set Iz C X is
finite. Let Z := F(Ip x c1C(B)). The upper semicontinuity of F' implies that
Z is compact. Let € ®(B). There is 2’ € B, b € Ig and y € C(x), such that
z € F(2',y) and d(2’,b) < pu+ k~'e. Then

d(z,Z) < d(z, F(b,y)) <D(F(z',y), F(b,y)) < k(y)d(z',b) < kp+e. O
REMARK 3.16. If we assume that X is a closed convex and bounded subset

of a Banach space, F' and C' are acyclic-decomposable maps, then ® is an acyclic-
decomposable map (see Remark 3.11) and, in view of [30] (see also [26]), ® has
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fixed points. Moreover, in this case, the authors in [30] (comp. [26]) give a defini-
tion of a local index monitoring the existence of fixed points in an open subset of
X (see Section 5.1; a more general approach to this problem has been presented
n [21]). The attitude of [30], [26] or [21] can not be, unfortunately, applied in
case X is an arbitrary ANR (see also Remark 3.3). This is understandable since
even in the single-valued case the available fixed point techniques for k-set (-ball)
-contractions (or condensing maps) require convex domains; some efforts to over-
come this shortcoming has been undertaken in [42] where the so-called special
ANRs and maps that remind condensing ones were studied. As we shall see be-
low, the application of permissible Krasnosel’skii-type maps allows to study their
fixed points on arbitrary (complete) ANRs by means of homotopical methods.
It seems therefore that (permissible) Krasnosel’skii-type maps provide a com-
promise of sorts between compact and k-ball-contractions (or condensing maps)
since they are properly chosen in order to deal with local homotopy invariants
on arbitrary ANRs.

We are now in a position to define a fixed-point index for permissible Kras-
nosel’skii-type maps. Namely, suppose that ® = F ¢ C' € (X, X), a complete
space X € ANR and let U C X be open and such that Fix(®) NbdU = 0.
Since the map F o C is acyclic-decomposable (as the composition of acyclic-
decomposable maps) with the acyclic decomposition given as D(F) o D(C)
(which, later on, will be identified with the pair (F,C)) where D(C) and D(F)
are the given acyclic decompositions of C' and F, respectively, and F o C' is
compact, we are in a position to define a fixed-point index

(3.4) Ind(®, U) = inds (X, (F,C),U)

remembering that the index thus defined depends strongly on particular decom-
positions of F and C'. It is clear that definition (3.4) is consistent with (3.1), i.e.
if o= foce K(X,X) is single-valued, then both definitions agree.

Let us collect some properties of Ind.

THEOREM 3.17. Let ® = FoC € K,(X,X) where X € ANR and letU C X
be open.

(a) (Existence) If Fix(®)Nbd U =0 and Ind(®,U) #0, then Fix(®)NU #0.

(b) (Additivity) If Uy,... Uy C U are open disjoint and Fix(®) N [c1U \

Ule U] =0, then

k
Ind(®,U) = > Ind(®,U;).
i=1
(c) (Homotopy invariance) If ® = F o C € K,(X x [0,1],X) is a K-

homotopy joining ®¢ := ®(-,0) to &1 := ®(-,1) and Fix(®(-,N)) N
bdU =0 for each X\ € [0,1], then Ind(®y,U) = Ind(Py,U).
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PrROOF. (a) It is easy to see that Fix(®) = Fix(F o C); if Ind(®,U) # 0,
then Fix(F o C) # 0.

(b) is an immediate consequence of the additivity property of indg.

To see (c) observe that, for i = 0,1, ®; = F; o C; where F; := F(-, -,i): X X
Y —-Y,C;:=C(+,i): X =Y, foryeY,

Fily) =Fix(F;(-,y)) = Fix(F(-,y,1)) = F(y,1).

Thus F; is acyclic-decomposable with the acyclic decomposition being the re-
striction of the given acyclic decomposition of F to Y x {i}. Therefore these
acyclic decompositions are homotopic. Similarly, the acyclic decompositions of
C;, 1 = 0,1, being restrictions of the given acyclic decomposition of C' to X x {i},
are homotopic. Hence the decompositions of ®; are homotopic in view of argu-
ments similar to those from Remark 3.7. Thus, by the homotopy invariance of
indg, we get the assertion. O

REMARK 3.18. (a) Suppose that ® = F o C € K,(X,X) where X € ANR
is complete, F: X xY — X and C: X — Y. Suppose that Y € ANR as well.
Then the map C o F:Y — Y is also acyclic-decomposable with the acyclic
decomposition given as D(C) o D(F). Given an open V C Y such that Fix(C o
F)NbdV =0, the index indg(Y, D(C) o D(F),V) is defined. Its nontriviality
implies the existence of fixed points of ®, too. Let, as above U C X be open,
Fix(®) N bdU = 0 and suppose that V := {y € Y | F(y) € U}. If Fix(C o
F)NbdV = 0 and F[Fix(C o F) \ clV] N Fix(®|y) = 0, then — in view of
the commutativity property of indg, Ind(®,U) = indg(Y, D(C) o D(F),V). In
particular, if U = X, then V =Y and Ind(®, X) = L(D(C) o D(F)).

(b) The following slight generalization (in the spirit of the already mentioned
observation of Burton in [10]) may be useful. Namely suppose that X’ is a space
and ® = FoC € K,(X',X') where the maps F: X' XY — X’ and C: X' — Y
are as in Definition 3.9. Let X C X’ be a complete ANR and suppose that, for
each y € clC(X), F(y) C X. Then clearly the restriction F o C: X — X and
again the index Ind(®,U) is defined provided Fix(®) Nbd U = 0.

We shall now provide some simple statements which constitute direct exten-
sions of the Krasnosel’skii fixed point Theorem 1.1.

PROPOSITION 3.19. If® = FoC € K,(X,X) and X is a complete AR, then
Ind(®, X) = 1. Similarly if Y € AR (see Definition 3.9), then Ind(®,X) = 1.
In particular, in both cases, Fix(®) # (.

PROOF. By the normalization property of indg,

Ind(®, X) := inds(X, (F,C),X) = L((F,C)) = 1.
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To see the last equality recall that, by Remark 3.8, L((F,C)) = L((F,C,id))
where id is the identity on X. Since X is contractible, i.e. id is homotopic to
the constant map const: X — xy € X, we see, by Remark 3.7 and the homotopy
invariance of indg, that L((F,C)) = L(const) = 1.

The second statement follows from the commutativity property of indg (see
Remark 3.18(a)):

Ind(®, X) = inds(X, (F,C), X)
= indg (Y, D(C) 0 D(F),Y) = L(D(C) o D(F)) = 1.

The assertions follow from the existence property of Ind. O
Proposition 3.19 may be easily generalized.

COROLLARY 3.20. Suppose again that ® = F o C € K,(X,X), where X is
a complete ANR. If the space Y is contractible, then Fix(®) # (.

PRrROOF. Let D(C) be an acyclic decomposition of C: X — Y and let h:Y X
[0,1] — Y be a homotopy joining the identity on Y to a point, i.e. h(y,0) =y
and h(y,1) = yo € Y for all y € Y. Denote the constant map Y 2 y — gy by
¢. Then @ = F' o (" € K,(X x[0,1], X) where F": X x Y x [0,1] — X and
C': X x[0,1] — Y are given by F'(z,y,A) = F(z,y) and C’'(x, \) = h(C(z)x{\})
forz € X,y €Y and A € [0,1]. It is clear that ®" provides a K,-homotopy
joining ® to ¥ := F o c. Thus

Ind(®, X) = Ind(¥, X) = L((F, c)).

But evidently Foc = Fix(F(-,yo)). Therefore, in view of the Units property of
indg, we see that Ind(®, X) = 1. O

Having the general fixed-point index for Krasnosel’skii-type set-valued maps
on (complete) absolute neighbourhood retracts we may proceed as usual to get
some natural consequences as concerns solvability of equations (inclusions) in-
volving these maps (see for instance [28] where consequences of the Granas index
are carefully studied). Leaving the most obvious results to the reader we shall
study the generalized homotopy invariance which may be easily used as the
source of various connectedness results (continuation, bifurcation, etc.).

Let A be a space. Given a set A C F x A, where F is a Banach space, for
A€ A welet AN :={x € E| (z,\) € A}. We say that Z C E x A is an
ANR-tube if the map A 3 X —o Z()) is upper semicontinuous, there is an open
neighbourhood Q2 C F x A of Z and a continuous map 7:{2 — FE such that,
for each A € A, r(-, ) is a retraction of () onto Z(A). It is clear that, for
any A € A, Z(\) is a complete ANR. For instance, if X C F is an ANR, then
7 = X x A is a trivial ANR-tube.
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Let us consider the following situation. We assume that Z C E x A is an
ANR-tube, Y is a space, F: ZxY —o F and C: Z —o Y are upper semicontinuous
maps with compact values. Moreover we suppose that:

o forcach A€ A,z € Z(A\) andy €Y, F((x,N),y) C Z(\);
e (' is a compact map;
e there is a continuous function k:A x Y — [0,1) such that, for each
A€e AN yeV,if xa’ € Z(N), then D(F((z,N),y), F((a',N),y)) <
kA y)llz — 2]
Let ®(z) = F(2,C(z)) for z € Z. Then, for each A € A, ®(-,\) €
K(Z(N),Z(X\)). Tt is clear that if Z = X x A is a trivial ANR-tube, then
P e KX xAX).

LEMMA 3.21. Let F(\y) :={x € Z(\) | z € F((z,A),y)} for X € A and
y € Y. Then the map F: A XY —o E is upper semicontinuous with nonempty
compact values.

PROOF. It is clear that, for (A, y) € AxY, F(), y) is compact and nonempty
since Z(A) is complete. Let (A, yn,zyn) € Gr(F), ie. z, € Z(\,) and x,, €
F((xn, An),yn) for all n > 1, and let (Ap,yn) — (A\,y) € A x Y. As in the
proof of Proposition 2.9, there is a compact set K C Z(\) such that K =
F((K x {A}) x {y}). Since 2 (from the definition of an ANR-tube) is open, for
large n, n > N say, K C Q(\,). Let n > N and z € K. Then

SU(F((@n, An), yn), F((,A), )

SOF((ns An)s yn)s F((r(2, An)s An)s yn)
HA(E((r(2, An)s An ), yn), F((2,4),9))

<k yn)(ln — 2l + |2 = (2, An))
HA(E((r(2, An)s An )y yn), F((2,A),9))

where r: Q) — E is a retraction from the definition of an ANR-tube. Since z € K

d(zn, K)

is arbitrary,
d(zn, K) < (1— k()‘nvyn))_l Sgg(k(Anayn)Hx =7z, A
x
+O(E((r(z, An); An)s yn), F (2, A),9))) — 0
as n — oo. This implies that, up to a subsequence, x,, — x € F(\,y) in view of
the compactness of K and the upper semicontinuity of F'. O
Further on let us assume additionally that:
e the maps C: Z — Y and F: A X Y — E are acyclic-decomposable.

Thus, foreach A € A, ®(-,A) € K,(Z(N), Z(N\)) and the index Ind(®( -, A),U(N))
is well-defined.
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THEOREM 3.22. Under the above assumptions, suppose that A is path-co-
nnected, U C Z is open and, for each A € A, Fix(®(-,A)) NbdU(X) = 0. Then,
for all \,p € A,

Id(®( -, A), U\) = Ind(®( -, 1), U (1))-

PROOF. For A € A, let « € K()) if and only if (z,\) € clU and z €
®(z, ). Then K (\) C Z(X) and the correspondence A 3 A —o K () has compact
(possibly empty) values and is upper semicontinuous (in the usual sense). To
see this let A, — XA € A and z,, € K(\,); then (z,,\,) € clU and z, €
F(An,yn) where y, € C(zn, A\n), n > 1. The compactness of C' and the upper
semicontinuity of F (see Lemma 3.21) imply that, up to a subsequence, y,, —
y€Y and z, — x € F(\y). Thus (z,\) € clU and z € K(\) since y € C(zx, A).

Let C1:Q — Y be given by

Ci(z,A) = C(r(x, \),A)

for A € A and z € Q(A). It is obvious that C; = C on Z, Cy is com-
pact and acyclic-decomposable and so is the map Q > (z,A) o U(z,\) :=
F(\,Ci(z,A)) C E. Forany A € A and = € Q(A), U(z,\) € Z(\) C Q(N) and
Fix(¥(-,A)) NbdU(X) = 0 since Fix(¥(-,\)) = Fix(®(-, A)). Therefore

Ind(®(-,A),U(N)) = inds(Z(A), D(¥(-,A))[zn), UN))

where D(U(-,\)) stands for the composition of the acyclic decompositions
D(F(\, -)) and D(C(-,A)) of F(A, ) and C(-, A), respectively. In view of the
restriction property of indg (see Remark 3.8(d)), for A € A,

inds(Z(A), D(Y(-,A)|z(x), UN)) = inds(QN), D(¥(-, A)), V(A))

where V' C ) is is open subset of E x A such that V N Z = U. Finally ob-
serve that the map A 3 X o X(A) := clU(QA) x {A}) = cl¥(Z(N) x {A\})
is upper semicontinuous as the closure of the composition of ¥ with the upper
semicontinuous map A —o Z(A) x {A}.

Let us fix \g € A. The sets X (Ao) and K (\g) are compact, K (Ag) C X (Ag) C
Z (M) C Q(Xg) and K(Ag) C V(Ng). Therefore there are open neighbourhoods
0o, Vo, and Ay of X(Ng), of K(X\o) and of Ag, respectively, such that V C Qy,
Qo x Ao C 2, Vo x Ag C V. In view of the upper semicontinuity of X (-), K(-),
without loss of generality we may assume that X (\) C Qo and K(\) C V for
any A € Ag. In view of the additivity and restriction properties, for each A € Ay,

inds (Q(A), D(¥(-,A)),V(A)) = inds(Q(A), D(¥(A, -)), Vo)
= inds(Qo, DT( -, \))]a0, Vo)-
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Now let A,y € A. There is a path o:[0,1] — A such that A = ¢(0) and p =
o(1). If sg € [0,1], Ao = o(s0), then by the above argument and the homotopy
property of indg, Ind(®(-,o(s)),U(c(s)) is constant for s in a neighbourhood
of sp. The connectedness of [0, 1] implies that it is constant for s € [0, 1]. Hence
the assertion. O

When studying generalizations of the Krasnosel’skii theorem it makes sense
to consider combinations of contractions with completely continuous maps in-
stead of compact ones. In this way we get a variant of the result obtained
in [11].

THEOREM 3.23. Let 8=FoC € K,(X, X), where F: X XY —X, C: X —-Y
and X is a Banach space (see Definition 3.9), but assume that C is merely
completely continuous (i.e. C is acyclic-decomposable and, for each bounded B C
X, clC(B) is compact). Assume that there is yo € Y such that, for sufficiently
large R >0, if € X and ||z|| < R, then

(3.5) D(2(x), F(x,y0)) < IR
where | is a constant such that 0 <1 <1 —k(yo). Then ® has fized points.

PROOF. Let & € F(yo) and define F: X x Y, C: X — Y by
Fz,y):=Fz+&y)—& Ca) =Cx+¢), z€X, yeY.

Then, for each z,2’ € X and y €Y,

D(F(z,y), F(z',y)) =D(F(x +&y), Fla' +&y)) < k(y)|lz — 2|

Hence, for each z € X andy € Y, F(-,y) is a k(y)-contraction and F(z, - ) is up-
per semicontinuous; moreover C' and F:Y — X (given by F(y) := Fix(F(-,y))
= F(y) — £ for y € Y) are acyclic-decomposable. Observe that, for z € X,

D(F(w,90), F(0,0)) < k(yo) ]|

Let ®(z) = F(z,C(z)) for z € X, M := D(F(0,4),{0}), take a large r > 0
(such that, for R = r + ||€]|, condition (3.5) is satisfied) and = € X such that
lz]| < r. Then ||z 4+ &|| < R and

D(d(x), {0}) < D(P(x), Flz,y0)) +D(F(z,y0), F(0,90)) + M
<Ur+ €l + E(yo)r + M <r
provided r > (1—1—k(yo)) " (I]|¢]|+M). Thus ® = FoC € K,(D(0,7),D(0,r))

since C |D(0,r) is compact. Obviously D(0,r) is an AR and, in view of Proposi-
tion 3.19, there is zg € D(0,7) such that zo € ®(z0). Hence ¢ + £ € Fix(®). O
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4. Applications

It appears that Krasnosel’skii-type maps admit several nontrivial applica-

tions.

4.1. Coupled differential inclusions with constraints. Let E;, Fs be
separable Banach spaces and let J = [0,T] where T > 0. Suppose that sets X C
FE1,Y C FEs are closed bounded and let §: J X E1 XY — F;, 8: Jx X XY — Fs
be set-valued maps. Given zg € X, yo € Y, we look for solutions to the system
of coupled differential inclusions:

(4.1)

By a solution we mean a pair (z,y) of continuous functions z: J — X, y: J —= Y
such that, for all ¢t € J, x(t) = zo + fg w(s)ds and y(t) = yo + f(f u(s) ds where
w:J — Ei, wwJ — Ey are (Bochner) integrable functions such that w(s) €
S(s,x(s),y(s)) and u(s) € B(s,z(s),y(s)) for almost all s € J (in particular,
functions x,y are absolutely continuous).

Let us make the following standing assumptions:

ASSUMPTION 4.1.

(a) The maps §, & have compact convex (and nonempty) values;

(b) § and & are upper-Carathéodory maps, i.e. for all (z,y) (in E; xY and
XY, respectively), §(-,x,y), &(-,xz,y) are (strongly) measurable on J
and, forallt € J, §(¢, -, - ), &(¢, -, -) are (jointly) upper semicontinuous
(on By x Y and X x Y, respectively); moreover, § is product measura-
ble (*%);

(c) §, ® are integrably bounded, i.e. there is an integrable function ¢: J — R
such that, forallt € J,x € X andy € Y,

sup |[lzll, sup [z < e(t);
2€F(t,z,y) Z€6(t,1,y)

(d) foreacht € Jand y € Y, the map §(¢, -,y): E1 —o Ey is L(t)-Lipschitz,
ie. for xy,29 € Ep, D(F(t,21,9),8, 22,9)) < L(t)|Jz1 — 2| where
L e L'(J,R);

(e) & maps compact subsets of J X F; x Y into compact ones;

(f) the map & is compact, i.e. the set (J x X x Y) is relatively compact.

(13) Le. measurable with respect to the product o-algebra of the Lebesgue o-algebra in J
and the o-algebra of Borel subsets in E; x Y. Observe also that since the considered spaces
are separable, strong measurability coincides with the usual one.
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As we see the assumptions are rather mild. As a consequence of (a) and
(b), maps §, & are weakly superpositionally measurable (in view of the prod-
uct measurability, § is even superpositionally measurable and this is what we
actually need in what follows), i.e. given continuous functions z:J — E; (resp.
x:J — X) and y:J — Y, the map F(-,z(-),y(-)) is measurable (resp. the
map &(-,x(-),y(-)) has a measurable selection). Therefore, by (c¢), the (set-
valued) Nemytskii operators Nz: C(J, E1) x C(J,Y) — LY(J, Ey), Ng: C(J, X) x
C(J,Y) —o L'(J, Ey) given by

Nz (2,y) :={w € L*(J, Ey) | w(s) € §(s,2(s),y(s)) a.e. on J},
Ng(z,y) := {u € L'(J, Ey) | u(s) € &(s,2(s),y(s)) a.e. on J},

for x € C(J,Ey) (resp. x € C(J,X)) and y € C(J,Y) (1), are well-defined.
Condition (e) is satisfied if, for example, § is upper semicontinuous.

Observe that the immediate approach that reduces the existence of solutions
of (4.1) to the viablity issue for the Cauchy initial problem of the form

u'(t) = 9t u(t),  u(0) = (2o, y0),

where u = (z,y):J — X XY, 9(t,z,y) = F(t,z,y) x B(t,x,y), fails since
the map $ does not have sufficient compactness properties in y. Therefore we
shall suitably convert the solvability of (4.1) into the fixed point problem for
Krasnosel’skii-type maps.

First we shall try to explain our setting. Let

X:=C(JX), Y:=C(Y).

Suppose that, for each z € X, the set

Cla) = {y €y ’ o) = o + /Otu(s) ds for some u € N (x,y)}

is nonempty and closed, i.e. C: X — Y and that F: C(J, E1) x Y — C(J, Ey) is
given, by

u€ F(z,y) & Jw € Nz(x,y) u(t)=x0+/0 w(s) ds

for x € C(J,E1) and y € ), is well-defined. Then the map ® = F o C: X —o
C(J,E4) given by ®(x) = F(x x C(x)) is defined and if, additionally, for each
y € Y, the set F(y) = Fix(F(-,y)) C X, then F o C: X — X and z € Fix(®) if
and only if € F o C(z) if and only if there is y € C(z) such that = € F(x,y),
i.e. the pair (z,y) € X x Y is a solution to (4.1).

(1% C(J,E1) and C(J,X), C(J,Y) stand for the Banach space of continuous functions
J — Ej with the usual max-norm and the sets of continuous functions J — X, J — Y,
respectively.
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In order to use our theory (in particular Proposition 3.19) we shall make
some additional hypotheses.

ASSUMPTION 4.2.

(a) The set X is a bounded neighbourhood retract in F; and, for any y € Y,
X is strongly invariant with respect to the flow generated by the map
J X Ey 3 (t,z) o F(t,z,y(t)) (for the definition and the discussion of
the concept of strong invariance of a set with respect to a flow — see
Section 5.2);

(b) Y is closed convex bounded and, forallt € J,z € X,y €Y, &(¢t, z,y)N

Ty (y) # 0.

Above fory € Y, Ty (y) stands for the Bouligand contingent cone (see e.g. [2]),
ie.

lim inf
t—0+

Ty (y) = { ¢ B,

where dy is the distance Y (i.e. for instance dy (y) = inf,cy ||z — y|| for y € E»).
Since Y is convex, for all y € Y/,

dy (y + tv) _ 0}
t b

Ty (y) = cl U %

h>0

For technical reasons we introduce a new norm in C(J,E;) given, for z €
C(J, El), by

t
2l := sup e I KO &1 (1)|

for x € C(J, Ey). This formula correctly defines a (complete) norm (1) equiva-
lent to the usual max-norm.

Let us now make the following statements.

PrOPOSITION 4.3. Under Assumptions 4.1 and 4.2:

(a) the set X is a neighbourhood retract of C(J, Ey) (and therefore X €
ANR), the set Y is closed convex in C(J, E3);

(b) the above map C: X —o Y is well defined, compact and acyclic-decom-
posable;

(c) the map above F:C(J, E1) x Y — C(J, E1) is well-defined, has compact
convex values, for each x € C(J,Ey), the map F(x, -):)Y — C(J, Ey)
18 upper semicontinuous;

() for each y €Y, the map F(-,y): (C(J, Ey), |- |5) — (C(J, E) |l - )
is a k-contraction with k € [0,1) and F(y) := Fix(F(-,y)) C X.

(1%) Being a variant of the well-know Bielecki norm.
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PROOF. (a) Let U be a neighbourhood of X such that there is a retraction
rU — X. Clearly U := {x € C(J,E1) | (J) C U} is open in C(J, E1) (recall
that we consider the compact-open topology on C(J, E7)). Let R:U — X be
given by: R(z)(t) := r(z(t)). It is easy to see that R is a (continuous) retraction
of U onto X. It is evident that ) is closed and convex.

(b) By [4, Theorem 20], for x € X, C(x) is an Rg-set in C(J, E3) (see
Section 5.1 for the definition of Rs-set); hence acyclic. We shall establish the
compactness and upper semicontinuity of C'. To this aim let x,, € X and let y,, €
C(zy), n € N. It is now sufficient to show that the sequence (y,,) has a convergent
subsequence. For each n € N, there is u, € Ng(z,,y,) such that y,(t) =
Yo + fg un(s) ds. Assumption 4.1(c) implies that the sequence (u,,) is integrably
bounded (i.e. there is a function ¢ € L'(J) such that |u,(t)| < c(t)). Hence
the sequence (y,) is uniformly equicontinuous. The compactness of & implies
that the fibres {y,(¢)}, t € J, are relatively compact. Hence, by the Ascoli—

Arzela Theorem, the sequence (y,) has a convergent subsequence. To get the
upper semicontinuity it is enough to show that if x,, — x € X and y,, — y, then
y € C(z). Observe that the sequence (u, ), being integrably bounded and having
compact fibres, is — by the Diestel theorem (see [16, Corollary 3]) — relatively
weakly compact in L'(J, Ey), i.e. (passing to a subsequence if necessary) we
may assume that u, — u € L'(J, Ey) (weak convergence in L'). The function
Yn is almost everywhere differentiable and y/, = u,, a.e. for all n € N. Since
yn — y in C(J, E2) and u,, — u, by the so-called Compactness Theorem (see
[1, Theorem 0.3.4]), we infer that y(t) = yo + fot u(s)ds, i.e. y'(t) = u(t) a.e.
on J. Summing up: for each n € N, u,(t) = y,,(t) € G(t, x,(t),yn(t)) ae.
on J, z, — x in C(J,Ey), yp — y in C(J, Ey) and u, — u in L. Thus, by
the Convergence Theorem [2, Theorem 7.2.2], 3/(t) = u(t) € &(t, z(t),y(t)) a.e.
on J. Hence y € C(x).

(c) Tt is clear that values of F' are convex. In order to show that values of F'

—

are compact and that, for a fixed function x € C(J, E1), F(z, ) is upper semi-
continuous it is sufficient to show that given a sequence (yn, z,) € Gr(F(z, -)),
if y, — y in C(J, E1), then there is a subsequence (z,,) such that z,, — z €
F(z,y). By definition, for each n € N and t € J, z,(t) = xo + fg wp(s) ds
where w,, € Ng(z,yn). The compactness of fibres of the sequence (y,), As-
sumption 4.1(c) together with the compactness of values of §(t, z(t), -), t € J,
implies that the sequence (w,) is integrably bounded with relatively compact
fibres; hence — again, by the already used result due to Diestel and passing to
a subsequence if necessary — we may assume that w, — w € L'(J, Ey). It is
clear that, for each t € J and n > 1,

zn(t) —x9 = /Ot wp(s) ds € tclconv F([0,t] x x([0,t]) x K)
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where K := {y,(s) | n € N, s € [0,¢]} is compact. Thus, by Assumption 4.1(e),
we gather that the fibres of the sequence (z,) are compact. Since this sequence is
equicontinuous, again by the Ascoli-Arzela and Compactness theorems (passing
to a subsequence) we may assume that z, — z € C(J,E;) and z(t) — 29 =
fg w(s) ds. Again the use of the Convergence Theorem shows that z € F(z,y).

(d) Fix y € Y, let 1‘1,33‘2 € C(J, Ey) and take an arbitrary z; € F(x1,y).
Then 21(t) = zo + fo w1 (s) ds where wy; € Ngz(z1,y). The mentioned super-
positional measurability of 3 implies that the map J 3 s +o F(s,x2(s),y(s))
is measurable and, hence, the function J 3> s — d(wi(s),F(s,z2(s),y(s)) is
measurable, too. Therefore, for any € > 0, there is an integrable selection
wa(-) € F(-,z2(+),y(+)) for a.e. s € J such that

[wi(s) —wa(s)]| < d(wi(s),§(s; z2(s),y(s))) +
(8(s,21(s),y(s)), S (s, 22(s ) y(s))) +e
(s)l|1(s) — w2(s)]| + ¢

for almost all s € J. Let z2(t) := x0 + fot wa(s) ds. Then zy € F(x2,y) and, for
each t € J,

t
L 1) = 2y ()] < = K LO® [ () (o)) s
0

t
<e o L) ds) gy fxguB/ L(s)elo 4 gs 4 Te
0
=(1—e o L) gy — g+ Te < kljay — xol|p + Te

where k : (1 — e fo £ ) < 1 (enlarging L if necassary we may assume
that fo s)ds > 0). Hence, if we denote by dP, 0% and ©F the distance,
the Hausdorff “half”-distance and the Hausdorff distance induced by | - ||z,
respectively, then

dB(ZlaF(any)) S kal - xQHB'
Since z; was arbitrary, this implies that
DB(F(xlay)’F(x%y)) < k”x1 - x2||
and, analogously
02 (F(22,y), F(x1,y)) < kl|lz1 — 22|,
i.e.
DF(F(21,y), F(x2,y)) < klz1 — 22 5.

The second statement of (d) follows from Assumption 4.2(a). This completes
the proof. O
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THEOREM 4.4. Under Assumptions 4.1 and 4.2, problem (4.1) admits a so-
lution.

PROOF. According to Remark 3.18(b), the index Ind(®,X), where & :=
FoC,is defined. Remembering that ) is convex, i.e. ) is an AR, by Proposition
3.19, Ind(®, X) = 1. O

REMARK 4.5. (a) The separability of Fs is not necessary if & is upper semi-
continuous; otherwise we need to apply the so-called Scorza-Dragoni property
due to Rzezuchowski which require separability (see [4, Theorem 1, Remark 24]).
On the other hand, without separability of E; or Es the application of the Com-
pactness Theorem from [1] is impossible and in order to proceed one has to use
slightly different and more involved argument (the correct proof of the Compact-
ness theorem makes use of the Phillips theorem asserting that L!(.J, E;) may be
identified with L*°(J, E}) provided E; is reflexive or separable).

(b) The convexity of Y may be replaced by the so-called epi-Lipschitzeanity
of Y or its strict regularity in the sense of [4]. In this case however one has to
assume that additionally Y is an AR. If not, then in order to have Theorem 4.4
one has to assume that X € AR.

(c) It would be interesting to obtain an existence result concerning the solv-
ability of a coupled system of semilinear differential inclusions of the form

{ 2(t) € Aa(t) + F(t,2(t),y(t)),  2(0) = w0
y'(t) € By(t) + &(t,2(0), (1)), y(0) = o,

where A, B are the (infinitesimal) generators of Cy-semigroups of linear bounded
operators acting on F; and Fs, respectively, §, & satisfies the above assumptions
but instead of the compactness of &, the semigroup generated by B is compact.
It seems that if the semigroup generated by A is uniformly bounded, then it is
not a difficult task. The main difficulty is to get the strong invariance of the first
of the above inclusions with respect to X.

4.2. Constrained compact-periodic problem. Suppose now that FE is
a separable Banach space, X is a neighbourhood retract in £ and G: X — X is
a compact acyclic-decomposable map with a given acyclic decomposition D(G).
Let §:J x E — E, where J = [0,T], be a set-valued map with compact convex
values such that:

ASSUMPTION 4.6.

(a) for each z € E, §(-,x) is measurable, for each t € J and 1,22 € E,

D(S(t, 1), (t, 22)) < L(t)[|lz1 — 22|
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where L is a positive integrable function and the function J > t +—
SUP. e 5(1,0) ||z|| is integrable (16);
(b) X is strongly invariant with respect to the flow generated by §.

THEOREM 4.7. Under the Assumption 4.6, the following compact-periodic
problem
u € F(tu), uveX, u0)eGuT))
admits a solution, i.e. there is an absolutely continuous function u: J — X such
that w'(t) € §(t,u(t)) a.e. on J and u(0) € G(u(T)), provided the Lefschetz
number L(D(G)) # 0.

Proor. Consider a map F:C(J, E) x E — C(J, E) given by the formula

F(u,y) = {x e C(J,E)

t
z(t) =y —|—/ w(s) for some w € Ng(u)},
0
yeE, ueC(J,E).

Recall that Nz (u) := {w € L'(J, E) | w(s) € §(s,u(s)) a.e. on J}. Observe that

in view of Assumption 4.6(a), § has linear growth and, hence, Nz: C(J, E) —o

LY (J,E) is well-defined. It is clear that, for each v € C(J,E), F(u, -): E —o

C(J, E) is compact convex valued and upper semicontinuous. As before we

check that after the appropriate Bielecki renorming procedure, for each y € F,

F(-,y):C(J,E) — C(J,E) is a k-contraction where k:=1— e~ Jo L(s)ds
Exactly as before we see that, in view of Assumption 4.6(b),

F(y) =Fix(F(-,y)) Cc X :=C(J,X) foreachye X

(evidently X € ANR). Let C: C(J, E) — E be given by the composition G o er
where er(u) = u(T) for u € C(J,E) and G: E — E is an arbitrary compact
acyclic-decomposable extension of G (i.e. G(y) = G(y) for y € X). This exten-
sion may be produced as follows: let r: U — X be a neighbourhood retraction,
let V' be open and such that X € V C clV C U and let ¢: E — [0,1] be
continuous and ¢|x = 1, ¢|g\yv = 0. We put G(z) = ¢(z)Gor(x) for z € U
and G(x) := {0} for x ¢ U. Tt is clear that C is acyclic-decomposable having
(er, D(G)) as the acyclic decomposition.

Clearly ® := FoC € K(C(J,E),C(J, E)) and, for each y € clC(X) C X,
F(y) C X. Hence (see Remark 3.18(b)), the index Ind(®, X) is defined. It is
sufficient to show that Ind(®, X) # 0. Indeed in this case there is u € X such
that v € F(C(u)), i.e. u(t) € Gu(T)) + fot w(s)ds, where w € Ngz(u); thus
u(0) € G(u(T)) and v/ (t) = w(t) € F(t,u(t)) a.e. on J.

(16) We see that, in fact § is a Carathéodory map, i.e. (-, ) is measurable and F(t, -)

is continuous; consequently § is product-measurable, hence §(-,u(-)) is measurable for any
continuous function u: J — E.
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To complete the proof observe that F o C|x has the following acyclic decom-

position
er D(G) F
DFo(C)X —X — X — X.

According to the commutativity property of the Skordev index, we have (comp.
Remark 3.18(b))

Ind(®, X) = indg(X, D, X),
where

F er D(G)

DX —oXX—X — X
Consider an acyclic-decomposable map H: X x [0,1] — X having an acyclic
decomposition

F e D(G)
DH):X x[0,1] — X x[0,] - X —0 X
where F(y,\) = F(y) x {\} and e(u, ) := exr(u) = u(AT) fory € X, u € X
and A € [0,1]. Tt is clear that H provides a homotopy joining the decomposition
D to
/ F €o D&
DX —oX—X — X
Hence indg(X, D, X) = indg(X, D', X). On the other hand, the decomposition
D’ is related to the decomposition
. . D(G
prix 44 x L x M9 x
To see this take hi: X — X and hg = hg = hy = id: X — X as hi: X — X
is given by hj(u) = ep(u) = u(0) € X for u € X and compare Remark 3.8.
Therefore

indg(X, D', X) = indg(X, D", X) = indg(X, D(G), X) = L(D(G)) #0. O

4.3. Periodic problem for feedback controlled semilinear constrained
differential equations. Suppose that E is a separable Banach space, X is
a neighbourhood retract in E and let, as above, A: D(A) — E be the infinites-
imal generator of a Cy-semigroup U = {U(t)}+>0 of bounded linear operators
U(t): E — E such that |U(t)|| < e **, where w > 0, for all ¢ > 0. Suppose that
Y is a compact space and let §:[0,7] x E X Y —o E be a set-valued map.

We are going to study the existence periodic trajectories z: [0, 7] — X of the
feedback controlled semilinear differential inclusion of the form

(4.2) a'(t) € Ax(t) + F(t,2(t), y(t), y € C(a),

where the impulsive feedback rule C(x) defining the feedback control y(-) is
defined as follows. Assume that a finite sequence of prescribed switching times,
i.e. a partition {tg,...,tn}, where 0 = tg < ... < t, = T, of the interval
J :=[0,T] and a control rule, i.e. a set-valued map ¢: E — Y are given. For
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any function z:J — E, let C(z) be the set of functions y:J — Y such that
y(t) = y; for ¢ € [t;,ti41), ¢ = 0,...,n—2, and y(t) = ynp—1 for t € [t—1,T],
where y; € c¢(z(t;)) for i =0,... ,n— 1.

By a (mild) solution to our problem (4.2) we mean a continuous function
x:J — E such that z(0) = z(T), x(t) € X and

z(t) = U(t)z(0) + /0 Ut —s)w(s)ds

for all t € J, with w(s) € §(s,z(s),y(s)), where y € C(z).

Let )Y denote the space of piecewise constant functions on J with values
inY,ie. y €)Y if and only if there are points y; € Y, i =0,... ,n— 1, such that
y(t) =y; for t € [tiytiy1),4=0,... ,n—2, and y(t) = yp_1 for ¢ € [t,,—1,T]. We
see that actually C: C(J, E) — ).

Let us assume that:

ASSUMPTION 4.8.

(a) The map ¥ is integrably bounded, has compact convex values and maps
compact subsets of J x E X Y into compact sets;

(b) For each z € E and y € Y, the map §(-,z,y): J — E is measurable;
for almost all ¢ € J and all € E, the map §(¢t,z, -):Y —o E is upper
semicontinuous;

(c) there is a constant 0 < L < w such that

9(3(t,x1,y),§(t,x2,y))) S LHl’l - l‘QH
for almost all t € J, all y € Y and all x1,z5 € F.

(d) The set-valued map ¢: E — Y is acyclic-decomposable.

As above we shall explain a setting for the problem. For any x € C(J, E)
and y € ), let as usual

Nz (z,y) = {w € L*(J, E) | w(s) € §(s,2(s),y(s)) for a.e. s € J}

and define a map

F:C(J,E) x Y — C(J,E)
by saying that, for z € C(J,E), y € Y, u € F(x,y) if and only if there exists
w € Nz(x,y) such that

u(t) = [ - U(T)] ! ( / Ut~ syu(s)ds 1 U (1) / U - sus) ds),

where I: E — FE stands for the identity on E.
Observe that this definition is correct since I — U(T) is invertible in view of
the inequality ||U(T)|| < e~“T < 1. Moreover,

Iz =U@) <@ -e )™
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Moreover, given w € L'(J, E), U(t— - )w(-) is measurable and ||U(t— - )w(- )| €
LY([0,#],R) (similarly U(T — -)w(-) € L*([t,T}], E)).

Observe that if, for some y € Y, x € F(x,y), then there is w € N(x,y) such
that

x@%:U—UUﬂ”([ﬁU@—@w@ﬁk+UﬁX[ZﬂT—gw@yk)

Hence
T

mm:UfUaﬂ4A U(T — s)w(s) ds = «(T)
and, since U(t)[I — U(T)]™! = [I — U(T)]7tU(t), a simple computation shows

that .
z(t) = U(t)z(0) +/0 U(t — s)w(s)ds,

i.e. x is a periodic mild solution to the problem
2 (1) € Au(t) + (t,2(0), y(10).

Similarly we show that if x € F({z} x C(x)), then x is a solution to the original
problem (4.2).
In addition to technical hypotheses 4.8, let us make the following structural

assumption.

ASSUMPTION 4.9. We suppose that if y € ) and z: J — F is a periodic mild
solution of the inclusion 2/(t) € Ax(t) + F(t, z(t), y(t)), a.e. on J, then z(t) € X
for all t € J.

THEOREM 4.10. Suppose thatY is a compact contractible space. If Assump-
tions 4.8 and 4.9 are fulfilled, then there is a solution to problem (4.2).

PrOOF. First we shall show that F': C(J, E)xY — C(J, F) has compact con-
vex values and, for each x € C(J, E), F(z, -) is upper semicontinuous (in ) we
consider the natural metric d(y, y') = max;=1__ n{dyv (yi—1,¥;_;)} where y;_1 =
y(t), yioy =y'(t) fort € [tion,t;),i=1,... ,n—Tland yo—1 = y(t), Y1 = ¥'(?)
for t € [tp—1,T]). To this aim take a sequence (yn, z,) € Gr(F(z, -)) such that
Yn — y in Y. Then 2, = K(w,) where w, € Nz(z,y,) and K:L'(J,E) —
C(J, E) is given by

KWW%=U—UHN1<KUG—®M$w+U®ATWT—®M@%>

for w € L'(J, E). Clearly K is linear and bounded.

As before, using the integral boundedness of §, the upper semicontinuity of
3(t,z, ), the Diestel compactness criterion and the Convergence theorem, we
show that (passing to a subsequence if necessary) w, — w (weakly in L'(J, E))
and w € Nz(z,y). Moreover, similarly as in the proof of Proposition 4.3, we show
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that the sequence (z,,) is equicontinuous and has compact fibres and, hence (again
passing to subsequences) z, — z in C(J, E). Since z, = K(w,), this implies
that z = K(w), i.e. z € F(x,y). The convexity of the values of F' is clear in view
of the convexity of values of Nz and the linearity of K.

Next we shall show that, for each y € Y, F(-,y) is a k-contraction. Let
x1,22 € C(J,E) and z; € F(x1,y). As in the proof of the mentioned Propo-
sition 4.3, given wy; € Ngz(z1,y) such that z; = K(w;) and € > 0, we choose
wg € Ng(x2,y) such that

[wi(s) —wa(s)|| < d(wi(s), §(s, 22(s),y(s)) +¢

for almost all s € J (the choice of wq is possible since, as it is easy to see, the
map J X E > (s,z) — F(s,2z,y(s)) is product-measurable; to see this recall that
this map is Carathéodory). Hence

lwi(s) —wa(s)l| < Ll|zi(s) — za(s)l + &
Let 2o := K(w2). After easy computations we see that, for any ¢ € J,
1K (w1)(t) = K (wa) ()| < w™ (L Sup [z1(s) — za(s)]| + ).
Arguing as before, this implies that
DC(F(z1,y), Flz2,9)) < ksup 1 () — z2 ()],

where k :=w™!L < 1 and DY denotes the Hausdorff distance in C(J, E).

Let us now study the map C: C(J, E) — Y. It is clear that C' may be factored
in the following way C = go¢o f, where f:C(J, E) — E™ is given by f(z) =
(x(to),... ,x(tn_1)) for x € C(J, E), ¢: E™ — Y™ is given by ¢(20,... ,2n-1) =
c(z0) X ... X ¢(zp—1) for (z0,...,2n-1) € E", and ¢:Y™ — ) is given by
9Wos - s Yn—1)(t) = yio1 for t € [tiq,t:), i =1,...,n—2, g(yo,-- ,Yn—1)(t)
= yp—1 for t € [yn—1,T]. Tt is clear that f,g are continuous, ¢ is acyclic-
decomposable; hence C is acyclic-decomposable. Therefore ¢ := F¢C'is a Kras-
nosel’skii-type map.

It is clear that a map F: Y—o C(J, E), defined as usual by F(y) = Fix(F(-,y))
for y € ), is acyclic-decomposable (already in view of the Ricceri theorem and
Proposition 2.9). Thus ® € K,(C(J, E),C(J, E)).

Observe that, in view of Assumption 4.9, for any y € ), F(y) € X; thus
FoC:X — X. Since, as it is easy to see ) is contractible, arguing as in
Corollary 3.20, we show that L((F,C)) = 1. This shows that ® has a fixed point
and completes the proof. O

Let us finally remark Theorem 4.10 may be restated without Assumption 4.9
as follows.
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COROLLARY 4.11. If the spaceY is compact contractible and Assumption 4.8
is satisfied, then the set

S={zxeC(J,E) | z(0)=x(T), 2'(t)€ Azx(t) + F(t,z(t),y(t)) a.e. on J, y € Y}

is bounded. Let X C FE be an arbitrary neighbourhood retract such that, for
xe S, x(t) € X fort € J. Then there is a solution to problem (4.2) such that
z(t) e X forte J.

5. Appendix

In this short last section we shall provide a discussion of the alternative
approach to the fixed point index for acyclic-decomposable set-valued maps and
the discussion of the mentioned strong invariance properties.

5.1. Discussion of the fixed point index. The class of acyclic-decompo-
sable maps (see Definition 3.5) admits a different description. Suppose that an
upper semicontinuous map ®: X — Y has compact values and let pg: Gr(®) —
X, qo: Gr(®) — Y be the projection of Gr(®) onto X and into Y, respectively.
Then, for each z € X, ®(x) = ga(pg "' (x)). Moreover, it is easy to see that p is a
proper surjection, i.e. p:bl(K ) is compact provided so is K C X. If ® is acyclic,
then, for each z € X, the fiber pgl(x) is acyclic. This formalism leads to the
notion of an admissible pair due to Gérniewicz (see [24]): a pair of continuous
maps X L4, Y, where I is a space, is admissible if p is a proper surjection
and, for each # € X, the fiber p~1(z) is acyclic. Each admissible pair determines
an acyclic-decomposable map ® = ®(, : X — Y, &(z) := q(p~*(2)), = € X,
with an acyclic decomposition given by

o, g
D(p,q): X — T —Y,

where ®,(z) := p~!(z) for z € X. The class of maps determined by admis-
sible pairs is closed under composition: given maps ®;: X; — X; 1, ¢ = 0,1,
determined by admissible pairs, it is not difficult to show that the composition
®; 0 Py is determined by an admissible pair, too (see [24]). Since, as was shown
above, any acyclic map is determined by an admissible pair, we see that the class
of acyclic-decomposable maps (defined above after [18] or [51]) is identical with
that consisting of maps determined by admissible pairs.

An adequate theory of the topological degree and the fixed point index for
compact maps determined by admissible pairs was provided in [24] and based
on the Vietoris theorem. If X is a normed space, U C X is open and a compact
map ® determined by an admissible pair clU «*— T' = X is such that Fix(®)N
bd U = 0, then Gérniewicz defines (cf. [24] and comp. [34]) the coincidence index
indg((p, q), U) detecting the existence of fixed points of ® (or coincidences of p
and ¢). As in the case of the Skordev index (where the index was defined for
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a particular decomposition of a given acyclic-decomposable map), the Gérniewicz
index indg depends on a particular admissible pair determining ®. The index
has most of the standard properties and constitutes a direct generalization of
the ordinary Leray—Schauder fixed-point index. However, due to the lack of the
commutativity property of indg, it is not known whether indg may be lifted
to the case when X € ANR (7). This is the reason we decided to use the
Siegberg—Skordev index instead of the simpler and more intuitive approach due
to Gérniewicz (even though their definition requires that ® has to be defined
on the whole X).

Contrary to the fixed point index, Gérniewicz [24] constructs the full Lef-
schetz theory of compact maps ®: X — X, where X € ANR, determined by
admissible pairs X L r L x , and defines the generalized Lefschetz number
L((p, q)) having standard properties (see [24]). Therefore, from the view-point
of applications where we mainly deal with the Lefschetz number, the use of the
Goérniewicz approach would be completely sufficient. It is not known whether
(in case X is a normed space) approaches of Siegberg—Skordev and Gérniewicz
coincide.

Still a different, simple and sufficient in most of applications, construction of
the fixed point index has been provided in [3]. Let X € ANR and assume that
a compact map F: X — X have a decomposition

Fo P Fp_s Fn_1

(5.1) DF): X=Xg—oX;—o--— X, 1 —0 X, =X

(ie. F=F,_10...0F) such that X; € ANR fori=1,...,n—1 and, for i =
0,...,n—1, F; € Ry, i.e. F; is upper semicontinuous with Rs-values (a compact
subset K of an ANR is an Rs-setif K is contractible in each of its neighbourhoods
(see [29]); clearly any compact contractible or convex set is Rg; in particular any
compact AR is an Rs-set). By [39] it is easy to see that Rs-sets have trivial Cech
cohomology (with coefficients in any abelian group); thus in view of [24, Theorem
(5.1)] they are acyclic (*®); in particular F given by (5.1) is acyclic-decomposable
and D(F) € DA(X,X). Let U C X be open and Fix(F) NbdU = . Using
approximation results from [25] (comp. some refinements in [37]), Bader and
Kryszewski in [3] define the fixed point index ind g (F, U) of F with respect to U.
As in the case of the Skordev index, ind g depends strongly on a factorization
D(F) of F. The substantial difference between indpx and indg is that the
latter does not require that in a decomposition D(F') € DA(X, X) all spaces
X; € ANR, ¢ = 1,...,n — 1. Hence, the approach of [51] is more general;

(17) Under slightly stronger hypotheses concerning p and using a different approach, the
first author in [36], [35] constructed the full coincidence index theory for compact admissible
pairs U L4 X, where U is an open subset of an ANR X.

(1) In fact [3] deals with maps having the so-called proximally co-connected values [17]
being more general than Rs-sets (see also [37]).
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however the approach from [3] is simpler and needs no complicated algebraic
apparatus.

5.2. Strong invariance. Let X be a closed subset of a Banach space E and
assume that §:J x E — E, where J = [0,T], is a set-valued map. We say that
X is strongly invariant with respect to the flow generated by § if any solution
x:J — F of the Cauchy problem

(5.2) ¥ €F(t,z), z(0)=z0€X

stays in X, i.e. z(t) € X for all ¢t € J.
The following results is perhaps known. However, since we could not find
a direct reference, we provide its full statement and proof.

THEOREM 5.1. If, for all t € J, the map §(t, - ): E — E is L(t)-Lipschitz
with L € LY(J,R), for allz € X and t € J,

(5.3) F(t,z) C Tx(x),
then X is strongly invariant with respect to the flow generated by §.

As above
Tx(x):= {v ek ’ lim inf

t—0+

dx(z +1tv) _ 0}

is the Bouligand contingent cone to X at x € X (dx is the distance from X).

LEMMA 5.2. For each o > 0, all x € bd X, (where X, :={z € E | d(z) :=
dz,X)<a}), t€J and u € F(t, ),

Jim sup A& AW — @

< L(t)a.
h—0+ h ()a

PRrROOF. For o =0 thisiseasy: fixx € bd X (Xo = X),t € Jand u € §(¢, x).
Let z,, € X and z,, — z. By the lower semicontinuity of §(¢, - ), we gather that
there is u,, € §(t, z,) such that v, — u. Hence

€ Liminf F(¢,y) C Liminf T C Ck(z),
w € i $(es) © Linhf, Tx6) < Cxe)

where C'x (z) stands for the Clarke tangent cone, i.e.

d h
Cx(z):= {’UEE lim sup M:O}.
h—0t, y—x, yeX h
Thus p )
lim sup M =0.
h—0t h

Suppose to the contrary that there are « > 0, z € bd X, t € J and u €
§(t, x) such that

) d(x + hu) — «

limsup ——

> La
h—0+ h
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where L := L(t). Let ¢ € (0,1) be such that

lim sup dzthu) —a > Lo+ 2¢).
h—0+ h
Hence, for each n > 0, there exists h € (0,7) such that
d(z + hu) — a > hL(a + 2¢).

Clearly we may assume that u # 0; then we put

n:=¢e(ul| + Lla+1+¢)) !

and choose an appropriate h € (0,17). Moreover let us take 0 < v < hLe and
y € X such that || — y|| < @ ++. Then

D(y + hu,hL(a+¢€)) N X = 0.
If z € D(y+ hu,hL(a +¢)) N X, then ||z —y — hu|| < hL(a + €) and

hL(a+2¢e) <d(x+hu) —a <z —z— hu| — «
<llz—y—hull +llz -yl —a < Lh(a+¢) +7,
i.e. v > hLe: a contradiction.
Now we shall recall the following Drop Theorem due to Danes [14]:
If X is a closed subset of a Banach space E, yo € E, d(yp,X) >r >0andy € X,
then there is zg € X Nconv (y, D(yo, 7)) such that X Nconv (zg, D(yo,7)) = {20}
In our situation (yo := y+hu, r = hL(a+e¢)), there is zg € X Nconv (y, D(y+

hu, hL(a+¢))) such that X Neconv (29, D(y + hu, hL(a+¢€))) = {20}. Therefore,
for some A € [0, 1],

20 =ty+ (1 =1)(y+hw) =y + (1 - t)hw,
where |[w — ul| < L(a 4 ¢€). It is easy to see that A > 0 for otherwise zy =
y+hw € D(y + hu, hL(ac+€)) N X. Observe that
Iz0 =2l <llz20 = yll + lly = =[] < (1L = MAfw| + o+~
< h(|lul| + L(a +¢€)) + hLe + «
=h(lul| + La+e)+ Le) + a < a+e.

By Lipschitzeanity of §, there is v € (¢, zo) such that
Ju— vl <D(F(t,2),5(t,20)) < Lz — 20| < L(av +¢).

Since v € §F(t,20) C Tx(20), there are sequences (s,) and (v,) such that 0 <
Sp — 0, v, — v and zg + spv, € X for all n. For large n, s, < Ah and
||lvn, — ul] < L(a + €); hence v, # 0 (for otherwise ||u|| < L(a + ¢€), ie. y €
D(y + hu,hL(a+€)) N X).
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Now observe that, for all large n,
Sn Sn
Z0 + Spop = (1 20 + —(y + h(w + AN(v, — w)))

Y Ah
€ conv (29, D(y + hu, hL(a +€))) N X.

Thus zp = z9 + s,v, and s,v, = 0: a contradiction. O

PROOF OF THEOREM 5.1. Let g € X and let 2: J — E be a solution to
(5.2), ie. z(t) = xo + fgw(s) ds, where w € L'(J,E) and w(s) € §(s,z(s))
for all s € J. Let g(t) = d(x(t)). Functions x and g are differentiable almost
everywhere. Let ¢t € J be a point of differentiability of z and g; then a'(t) = w(t)
and, for small h > 0, z(t + h) = x(t) + hw(t) + he(h), where e(h) — 0 if h — 0F.
By the above Lemma,

gt+h)—g(t) d(z(t) + hw(t) + he(h)) — d(z(t))

/ T —
gt = hlgng h hlg(r)l+ h
d(z(t) + hw(t)) — d(x(t
< limsup (2(t) + hw(t)) — d(z(t)) < L{t)g(t).
h—0+ h
Hence, by the Gronwall inequality, g = 0, i.e. z(t) € X. O

REMARK 5.3. (a) If F is separable and, for each « € E, §(-,z) is measur-
able, then, by the parameterized version of the Michael theorem due to Kucia
[38], it is easy to see that strong invariance of X implies that the tangency
condition (5.3) is satisfied.

(b) Tt is easy to see that Theorem 5.1 holds true when §(¢, - ) is L(t)-Lipschitz
for almost all ¢t € J and, if E is separable, when for all z € bd X and almost all
teJ, 3t ) CTx(z).

(¢) If X is a proziminal, i.e. for each y € E\ X, the set mx(y) := {x €
X |||z =yl = d(y,X)} # 0, then the tangency condition (5.3) may be relaxed.
Namely it is enough to assume that, for all z € bd X, ¢ € J and u € §(¢, x),
(5.4) sup (v,u)y <0

veNE (z)
where N (z) stands for the prozimal normal cone to X at x and (-, -)4: Ex E
is the (positive) semi-inner product, i.e. (v, ) := sup,e j(,) (P, ) where J(v) :=
{p € E* | (p,v) = |Ip||> = |[v||*} is the duality map. Condition (5.4) is also
sufficient if X is no longer proximinal, but F is reflexive, £ and E* are smooth
in the sense that their norms are Fréchet differentiable off the origin. Indications
as to the proofs (in case of a Hilbert space) may be found in [13].

(d) Condition (5.3) may be replaced also by the following external tangency
condition: there is an open neighbourhood €2 of X such that, for all ¢t € J,
z € Q\ X, §F(t,x) C ddx(x)~, where ddx(x)~ denotes the (negative) polar
cone to the Clarke generalized gradient ddx (z) of the distance function dx(-),
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ie. ddx(x)” :={u e E| forallp e ddx(z), (p,u) < 0} — see [12]. Indeed,
if x(t) = zo + fot w(s)ds, where w(s) € §(s,z(s)) on J and there is t € [0,T)
such that x(t) ¢ X, then there are t;,t3 € [0,7] such that z(¢;) € X and
x(t) € Q\ X for t € (t1,t2]. As above the function f := dx o x is differentiable
almost everywhere on [t1,ts]. If f/(¢), t € [t1,t2], exists, then

ff(t)<  sup  (p,2'(t)) <0.

p€ddx (z(t))
Thus, for all t € (t1,t2),
t
dx (2(t)) = dx(x(t)) —dx(z(t1)) = [ f'(s)ds <0,
ty
a contradiction.
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