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ON THE FUCIK SPECTRUM FOR ELLIPTIC SYSTEMS

EUGENIO MASSA — BERNHARD RUF

ABSTRACT. We propose an extension of the concept of Fuéik spectrum to
the case of coupled systems of two elliptic equations, we study its struc-
ture and some applications. We show that near a simple eigenvalue of the
system, the Fulik spectrum consists (after a suitable reparametrization)
of two (maybe coincident) 2-dimensional surfaces. Furthermore, by varia-
tional methods, parts of the Fucik spectrum which lie far away from the
diagonal (i.e. from the eigenvalues) are found. As application, some ex-
istence, non-existence and multiplicity results to systems with eigenvalue
crossing (“jumping”) nonlinearities are proved.

1. Introduction

In this work we propose an extension of the concept of Fuéik spectrum for
the case of coupled systems of two equations, we study its structure and some
applications.

The notion of Fucik spectrum was introduced for the scalar Laplace problem
in [10] and [4]; it is defined as the set Ygca1 € R? of the points (AT, A7) for which
there exists a non trivial solution of the problem

—Au= ATyt —A"u" in Q,

(1.1)
Bu=0 in 09,
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where € is a bounded domain in R", u®(r) = max{0,+u(z)} and Bu = 0
represents Dirichlet or Neumann boundary conditions.

We will consider here the following generalization to the case of coupled
systems: we will call Fucik problem the system

—Au=XTvt —X7v~ inQ,
(1.2) —Av=ptut —p~u” inQ,
Bu=Bv=0 in 09,

and we define the Fucik spectrum as the set
Y ={(\", A7, ut, ) € R* such that (1.2) has nontrivial solutions}.

For the scalar problem, in dimension n = 1 the Fuéik spectrum g, is
explicitly known and consists of curves in R? containing the diagonal points
(Mg, Ak). In dimension n > 2, the Fucik spectrum is only partially known; we

recall some important known cases:

e The so-called trivial part of the spectrum, corresponding to positive or
negative solutions.

o If )\ is a simple eigenvalue, then the Fuéik spectrum in (Ap_1, A\gr1)?
consists of two curves (maybe coincident) which pass through the point
(Mg, A\k), see [11], [18]; for the case of multiple eigenvalues, see [15].

e The first nontrivial curve, passing through the point (A2, A2), see [8].

The knowledge of the Fuéik spectrum is important in many applications such
as oscillations of suspension bridges (see e.g. [12], [17]), motions of ships (floating
beam) in water ([14]), stationary solutions for the equation of competing species
([5]), etc. We believe that also the systems considered here will prove useful in
applications.

Also, we recall that if a variational characterization of the Fucik spectrum is
known, then other interesting results can be obtained, cf. [2], [8], [9] and [3].

In this paper we will first deduce some properties of the set ¥ and of the
corresponding non trivial solutions for the Fuéik system (1.2). This will serve to
obtain the main results, i.e. to find nontrivial points in the Fuéik spectrum. In
Section 5 we will characterize the Fuéik spectrum for points near a simple eigen-
value of the system: it consists, after a suitable reparametrization of the Fucik
spectrum which in fact reduces the parameters to three, of exactly two (maybe
coincident) spectral surfaces of dimension 2. Furthermore, in Section 6 we will
use a variational characterization to obtain also points of the Fucik spectrum
which are “far away” from the diagonal points.

More precisely, we will prove the following results (here H is H}(Q) for the
Dirichlet problem and H!(Q) for the Neumann problem):
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THEOREM 1.1. Let Mg, k > 2, be a simple eigenvalue of the Laplacian with
corresponding eigenfunction ¢, and let d = min(Agy1 — Mg, Ap — Ap—1). Then
for every fized pair (v,0) satisfying 0 < |0| < v < d/6, there exists a unique
At € [Ak — 37, Ak + 37| such that system (1.2) with coefficients

/\+:/‘+:)‘k+7 AT =Xk = B =Mt — 0,

has a (unique) solution (u,v) € H x H with (u,v) - (¢r, x) = 2 ([L*(Q)]? scalar
product). Moreover, a second value \,— is obtained by imposing (u,v)-(Pr, dr) =
—2, and no solution exists with (u,v) - (¢r, o) = 0.

THEOREM 1.2. For any r,s € (0,00), we can find and characterize varia-
tionally one point in X of the form

M=pt=X+& A= N+sE pm =M +7¢,

for some € > 0, where Ay is the first eigenvalue of the Laplacian.

Observe that this result implies the existence of points in ¥ which are “far”
from the diagonal AT = u™ = A~ = ™, since we are not asking r, s to be near
to 1.

We will also see that the points found in Theorem 1.2 form a continuum in X
which contains the second eigenvalue of the Laplacian.

As a consequence of the Theorems 1.1 and 1.2 we will also see that the
Fucik spectrum for the system is much richer than that for the scalar problem.
Actually, it is known that the linear spectrum for the system consists of Ag
and —\, where A\;, k € N, are the eigenvalues of the scalar problem, and the
corresponding eigenfunctions are always composed by a pair of eigenfunctions (in
fact, the same eigenfunction) of the scalar problem. In contrast with this, we will
prove in Section 7 the existence of nontrivial solutions of the Fucik problem for
the system that have no relation with any solution of the scalar Fuc¢ik problem
and for which at least three of the four products utv™, uTv=, u=vT and u=v~
are not identically zero.

Finally, as an application we will consider the problem of existence of solu-
tions for sublinear perturbations of system (1.2), i.e. we consider systems with
“eigenvalue crossing” (or “jumping”) nonlinearities:

Let fi, fo € C(Q x R) such that (uniformly for z € Q)

fim 1158 m 1158
S$—00 S S— —00 S
m 208 5 gy 2@,
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Then, in dependence on the location of A with respect to the Fucik spectrum,
the system
—Au= fi(z,v) + hi(z) in Q,
(1.3) —Av = fo(x,u) + he(x) in Q,
Bu=Bv=0 on 012,
has either a solution for all hy, he € L?(2), or it has no solution for some hy, hy €

L?(Q), and at least two solutions for other hy, he € L?(2). More precisely, we
will show:

THEOREM 1.3. Let v, § be as in Theorem 1.1 and A € [Ar — 37, \r + 37].
Then, problem (1.3) has a solution for any hyi, hy € L?(Q) provided that X\ < \j—
or A > Agg. If instead Ap— < A < Apy, let (hl,hg)l denote the component
of (h1,ha) orthogonal (in the [L*(Q)]? scalar product) to (¢, dr) and set 2s =
fQ(hl + ho)or; then there exist two real numbers S and Sy, which depend on
(h1,h2)t, such that problem (1.3) has no solution for s < S and at least two

solutions for s > Si.
The above three theorems will be proven in the Sections 5, 6 and 5.4, respec-
tively.
2. Some properties of ¥
and of the corresponding nontrivial solutions

In this section we will derive some properties of > and of the corresponding
nontrivial solutions. We begin with

2.1. Some useful identities. By testing the first equation of (1.2) against
v and the second against u one gets

(2.1) /QVqu:)\+/Q(v+)2+>\*/Q(v’)2 :/ﬁ/ﬂ(uﬂeru*/Q(u’)z.

By testing the first with v and the second with v one gets

/|Vu|2 :)\+/v+uf)\7/v7u,
Q Q Q
/|V1}|2 :pﬁ/u*vfu*/u*v,
Q Q Q

while by using only the positive and negative parts the following relations are
obtained:

(2.2) /|Vu+|2 =/\+/ v+u+—)\7/v7u+,
Q Q Q

(2.3) /|V1f|2 :—)ﬁ/vﬂf—&—)f/v*u*,
Q Q Q
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(2.4) /\VU+|2 :,u+/ u+u+—/f/u_v+,
) Q Q

(2.5) /|Vv_|2 = —;ﬁ/ uto~ +u_/u_v_.
Q Q Q

For the Neumann problem (¢; = const.), by testing both equations with ¢
one gets

(2.6) )\+/v+:)\_/v_ and ,u+/u+:,u_/u_.
Q Q Q Q

For the Dirichlet problem, instead, one cannot uncouple the equations and
then obtains, by testing both with ¢; and first summing them and then sub-
tracting:

@0 (=0 [0t =) [ e

=07 =) [ oo+ =) [ won
@8) (a0 [ vt =+ ) [ wten

=0+ [oer =+ ) [ o

2.2. Symmetries of the Fuéik spectrum. The following properties may
be easily verified:

LEMMA 2.1. If (u,v, \T, A7, ut, u™) satisfy (1.2) then

(a) (u,dv A+/§ A" /6,0ut, 67 satisfy (1.2) for any & > 0,
(b) (U’? —v,— 7)‘+ 7.u+7 7/L7) satisfy (12)7

() (vyu, ™, =, A, A7) satisfy (1.2),

(d) (—u, —v, A7, AT, u=, ut) satisfy (1.2).

2.3. Solutions which change sign or not. Now we deduce some prop-
erties of the nontrivial solutions of (1.2) corresponding to a point in X; these
properties will help us to understand better the structure of X.

We first consider the Dirichlet case:

PROPOSITION 2.2. With Dirichlet boundary conditions, let (u,v) be a solu-
tion of (1.2) with coefficients AT, u*, then:

(a) Both u and v change sign or none of the two.

(b) If both u and v change sign then all the coefficients have the same sign
(and no one is zero); in fact, when they are positive \/ATut > A\ and
\/ﬁ > A\ and when they are negative \/W > A1, \/m > Al

(¢) Ifu and v do not change sign then they are both non zero multiples of &1
and two of the coefficients are respectively A1 and A1 /8§ for some real
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6 # 0, while the others may be any real. In particular if we normalize
by imposing the two coefficients to be equal we have the cases

U =v= ¢ and AT =pt =)\,
U =v=—@ and AT =pu = A,
U =-v=ae and AT =put =)\,

u =—v=—¢; and )\+:,u = =)\

PROOF. (a) Let (without loss of generality) « > 0 and p > 0, then equation
(2.5) gives [, [Vu~[* <0.

(b) To prove that no coefficient may be zero, suppose without loss of gener-
ality At =0 and A~ > 0: then (2.2) gives [, |[Vu™|? < 0, contradiction.

Let now, without loss of generality, AT > 0. This implies A~ > 0, otherwise
(2.3) would give [, |Vu~|? <0, contradiction. Then by equation (2.1) at least
one of the other coeflicients must be positive and reasoning as above the last one
is too.

Finally, let all coefficients be positive (the argument for the case in which they
are all negative is analogous) and deduce from equations (2.2)—(2.5), Poincaré
and Holder inequalities that

MlluFlIZe < IVu L < Al flo* | e,
MllvFlZe < IVoFllEe < uflufl|zellvtllze,
Mlul7e < IVuTllZ: < A7l gz flo”llze,
MllvTIZe <IVoTllze < p”llu”llzz v ]lze,
(the inequalities on the left are strict since equality holds only for multiples of

¢1, which is not the case); by multiplying the first two and the second two and
taking the square root, we deduce

Allutllzefot e < VAt pt]lutpe vt e,
Afle” 2 llo” ]2 < VAT lu™ [z llo || 22,

which imply the result since ||u®||z2||v¥| 2 > 0.

(c) Consider the case u,v > 0: then, from (2.2) and (2.4), AT, u™ > 0 while
A~ and g~ may be any real. Now, if (A1, u™) were not of the form (61, A1 /d) for
some real § > 0, then, by using the symmetry (a) in Lemma 2.1, we could obtain
the existence of a point (A™, A=, i*,i~) in © with (At — A))(AT — A1) > 0 and
such that the corresponding nontrivial solutions are positive multiples of u and
v; then equation (2.7) would give a contradiction. Finally, with such coefficients
u and v result to be multiples of ¢.

The other cases may be proven by a similar argument. O

For the Neumann problem we obtain the corresponding result:
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PROPOSITION 2.3. With Neumann boundary conditions, let (u,v) be a solu-
tion of (1.2) with coefficients A\*, u*:

(a) Both u and v change sign or none of the two.

(b) If both u and v change sign then all the coefficients have the same sign
(and no one is zero).

(¢) If u and v do not change sign then they are both multiples of ¢1 (one
of the two may be zero) and one of the coefficients is Ay = 0 while
the others may be any real. If both u and v are monzero, then two
of the coefficients must be \y = 0. In particular if we normalize the
eigenfunctions we have the cases

U =v=a¢ and AT =pt =0,
U =v=—¢@ and N~ =p =0,
U =—-v=q¢ and A~ =pt =0,
U =-—v=—¢ and N =p" =0,

u =g (resp. u=—¢1), v=0 and pu= =0 (resp.

7
I

u=0,v=a¢ (resp. v=—¢1) and X" =0 (resp.

PROOF. (a) Let u > 0, then by (2.6) ™ = 0 and then v is a constant, that
is it does not change sign.

(b) If at least one coefficient is not zero then the result follows from equations
(2.1) and (2.6). If one is zero then in the same way one would obtain that they
must be all zero, but in this case the solutions would be constants and so would
not change sign.

(¢) By the same argument as in the previous point. O

3. A more concise definition of the Fucik spectrum

From Propositions 2.2 and 2.3 we have already a complete description of the
Fucik spectrum when the nontrivial solutions do not change sign. Thus we may
concentrate on the case in which the solutions change sign. Moreover, the points
in ¥ with (all) negative coefficients may be obtained from points with positive
coefficients by the symmetry (b) in Lemma 2.1.

But we may do more: by the symmetries of the spectrum (see Lemma 2.1),
we see that four parameters are redundant to describe this non trivial part of
the spectrum. More precisely, if we restrict to the case in which the solutions
change sign and the coefficients are positive, we may always make a change of the
unknown functions (that is, to exploit the symmetry (a) in Lemma 2.1), in order
to obtain one single point that represents the whole curve generated by this
symmetry for § € R*. In particular, we may choose § such that u™ = A1 /4.
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Thus, we may consider the problem
—Au =X Tt —A7v™ in Q,
(3.1) —Av=XA"ut —p"um in Q,
Bu=Bv=0 on 0f).

In view of this we define what we will call Fu¢ik spectrum from now on:
here f]t denotes the trivial part

(33) Si={At, A, p ) eRP: A T >0

and (3.1) has nontrivial solutions which do not change sign},
and im the non trivial part

(34) S ={At A, ) eRP A >0
and (3.1) has nontrivial solutions which (both) change sign}.

With this new definition we see that int still has the following symmetries:

PROPOSITION 3.1. If (u,v, AT, A7, AT, u™) satisfy (3.1) then

(a) (v,u, AT, ™, AT, A7) satisfy (3.1),

(b) (=, =/ A~ /=0, /A== X/ A7 /A e AN /) satisfy
(3.1).

That is

A AT ) e = (AT, A7) es,

. - A .
AT A1) €S = < Au,)\ﬂ//;_,)\ﬂ/u_> €S

Moreover, the set f]t may be explicitly calculated from Propositions 2.2
and 2.3:

e for the Dirichlet case
Se={AT=MPU{AT >0, A =T

where the plane {\™ = \;} corresponds to the family of solutions u =
v = k¢i, k > 0, while the surface {\=,u~ >0, A=~ = A2} corre-

sponds to the family u = /A= /u~v = —he¢1, h > 0;
e for the Neumann problem

5= =0 U{AT =0}U e =0},
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where the tree planes {A\* =0}, {\~ =0} and {u~ = 0} correspond
respectively to the solutions (u = k¢1, v = he¢y : bk > 0), (v = —¢1,
u=0) and (u= —¢1, v =0).
Finally, we can prove that f)mg lies completely in one of the regions bounded
by it: in fact

PROPOSITION 3.2. (AT, A, ™) € Sy implies At > Ay and /A~ i~ > Ay.

PROOF. For the Neumann case (¢; = 0) this is trivial by the definition
of ¥,,. For the Dirichlet case this follows straightforward from point (b) in
Proposition 2.2. O

Up to this point we have given a complete description of it and we exhib-
ited regions where we may guarantee the absence of points in i; now we will
present some points in int, and we will give some properties of the corresponding
nontrivial solutions of problem (3.1).

A first set of points in f]mg may be obtained from the Fué¢ik spectrum for the
scalar problem Yg..1: in fact

LEMMA 3.3. If (AT, A7) € Seear with AX > Ay, then (AT, A7, A7) € S,.,.

PROOF. Let u be the non trivial solution for the scalar problem correspond-
ing to (AT, A7); then the pair (u,u) satisfies problem (3.1) with coefficients
(AT, A7, A7); moreover, since AT > A, it is known that u changes sign, and
then (AT, A7, A7) € S,y O

A general property of the nontrivial solutions corresponding to points in int
is given in the following proposition:

PROPOSITION 3.4. Let (AT, A", u7) € S and (u,v) be a corresponding
nontrivial solution: then utv™ £ 0 and v~ v~ £ 0.

PRrROOF. In the equations (2.2)-(2.5), we have that the left hand sides must
be all strictly positive since u and v both change sign; then [, u*v* > 0 and
Jou v >0. O

REMARK 3.5. The above proposition depends on our choice to consider

AT > 0: obviously, by the symmetry (b) in Lemma 2.1, one sees that for AT < 0
one finds uTv™ # 0 and v~ vt # 0.

4. Extension of some classical results

In the introduction we have briefly recalled some properties of the Fuéik
spectrum for the scalar case. In this section we show how we can recover some
of these results in the case of the system.
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4.1. The linear spectrum of the system. Consider first the eigenvalue
problem

—Au=Mv in Q,
(4.1) —Av = u in €,

Bu=Bv=0 on 99,
Let E=H x H. If we denote by 0 < A1 < Ao < A3 < ... < )\ < ... the eigen-
values of —A in H and with (¢, k = 1,2,...) the corresponding eigenfunctions,

taken orthogonal and normalized with ||¢g||z2z = 1 and ¢ > 0, then it is known
that the eigenvalues of problem (4.1) are:

e )\, k=1,2,... (with corresponding eigenfunctions the pairs (¢, ¢r)),
o )\, for k = 1,2,... (with corresponding eigenfunctions the pairs

(ks —¢K))-
In view of the above structure, we define
ET ={(u,v) € E:u=v}, E™ ={(u,v) € E:u=—v},
Ef ={(u,v) € E:u=v €span{dy,... ,dn}},
E, ={(u,v) € E:u=—v €span{p1,... ,dn}},
and finally one notes that
E=Et9E~, E,=E'0E,.
4.2. Regions void of spectral points. Consider now the problem
—Au=Xv+ f in
(4.2) —Av=MAu+g in§,
Bu=Bv=0 on 99,
with f,g € L?(Q); summing and subtracting the equations one gets, with
straightforward computations,
(A =XN(u+v)=f+g inQ,
(FA+MN(u—v)=f—g inQ,
Bu=Bv=0 on 0f).
Then, if £\ & o(—A), one may invert the operators. Let

w=> widi, v=Y vs, [f=) fiti and g= g
=1 =1 i=1 i=1

then
v — 1 fi+gi+ L fizgi _ AifitAgi
D VD S R VNI S X2z
1 fita L fi—gi  Mit+XNigi

v, =

ANi—A 2 N+ 2 A2 )2
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Thus, we may consider the operator (well defined for £\ & o(—A))
D [L2QP = [P, (f,9) = (u,0)

where (u,v) is the (unique) solution of problem (4.2); simple computations give

1
Ty = —
73l = -

where dy = dist({£A},0(—A)).
Let now p = (A\*, A7, ut, u~) € R*, and define
) M@ — @),
(u,0) = (AT =X = (A7 = N7, (" = Nut = (= = Nu").

It is clear that M} is Lipschitz with constant m?
8 = max{I\* — A, ]AT = Al [t = Al [0~ — Al}.
Making use of these operators we may prove the following result:

PROPOSITION 4.1. IfA\*, u~ > 0 are such that \y < A\t /6, A7 /5,00F,6u~ <
Ait1 for some § >0, k> 1, then (AT, A", u~) € 2.

The analogue of this result for the scalar problem asserts that if both coeffi-
cients are between two consecutive eigenvalues, then (A, A7) is not in the Fuéik
spectrum (see for example [4]).

We remark that by Proposition 3.2 we already knew a region without points
in f]; proposition 4.1 provides more of such regions.

PROOF. Let p= (A*, A7, ut, u~) € R*: problem (1.2) may be written as
(4.4) (u,v) = TAM}?(UH v);
so we have, for u = (u,v), y = (v, 2)

p
my

T\MPa — T\M? 212 < — 2)2.
TG = TRyl < et I = vl

Thus, if we consider two consecutive eigenvalues Ay < Ax41 and we suppose
Ak < AT, pF < Apy1, we may set
max{A*, A7, ut, p )+ min{ AT, AT, u, 7}
B 2

and we obtain that T\ M? is a contraction and then problem (4.4) (and so prob-

lem (1.2)) admits a unique solution: the trivial one.
Finally, considering the symmetries in Lemma 2.1, we obtain the claim. O

4.3. Some implications for the degree. Another useful known property
of the Fucik spectrum which may be recovered in our case is the following:
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LEMMA 4.2. Let p= (AT, A7, AT, u7), p= (AT, A7, AF, i) with all compo-
nents positive, and X such that =X ¢ o(—=A); if the line

S={tOF A B )+ (1= )\ AT, w), te[0,1]}
never intersects f], then
Deg(id — T\M?, By, 0) = Deg(id — T\M?, By, 0),

where Deg is the Leray—Schauder degree, and By = By (0) the unit ball in L? x L?.
Moreover, if p= (A, A\, A\, \) then Deg(id — Ta My, B1,0) # 0.

ProOF. Consider Deg(id — T,\(th + (1 —t)MY), B1,0): it is well defined
since T} is compact, M} and M} are continuous and the hypothesis that S never

intersects & avoids the existence of solutions in OB ; then it is constant.
Finally, for p = (A\, \, A\, \), M¥ =0 and so

Deg(id — Th MY, By, 0) = Deg(id, By, 0) # 0. O

COROLLARY 4.3. Deg(id — TaMY, B1,0) is constant if the coefficients in
the wvector p are such that \XT™ = p* and (A\T,\7,u™) is in a path connected
component of {AT, A7, u” >0} \ 2.

REMARK 4.4. Since for AT < A\; and A7, = > 0 no solution of (3.1) exists,
we may assert, by the same argument, that Deg(id — T\MY, By, 0) is the same
for all such points (also for AT < 0); in fact, it is zero, as will be proved below.

The above result may be applied to the following perturbed nonlinear prob-
lem:

—Au=ATv" = A"v" + gi(z,u,v) + hi(xz) in Q,
(4.5) —Av=ptut — pmu + go(z,u,v) + ha(z) in Q,

Bu=Bv=0 in 092,
where we assume h 2 € L2(Q), g12 € CO(Q x R?) with

t t
(46) lim 9172(53757 ) — O, m 91,2('1:’8’ )
s—+oo S t—+oo t

=0

uniformly with respect to x € 2 and to t (resp. s) in R. Then we have

THEOREM 4.5. If At = pt and (AT, A7, u™) belongs to a path connected

component of the set {\*, A", u~ > O}\i containing points with \* = A\~ =i~
then problem (4.5) has a solution for any hi,hy € L*(£2).

PRrOOF. We sketch the proof, which is analogous to that in [10]. The idea is
to find a zero of the map

S:[L2()]? — [L*(Q))?, u— u—Ty(M{u+ G(u) +h),
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where Ty and M} are defined as before with A\ = Aand p= (AT, A7, ut, w0
G:u — (g1(x,u,v),g2(x,u,v)) is the Nemytskil operator for the nonlinearities
g1 and gz, and h = (hq, hy). Since Ty MY is compact and p ¢ X, one obtains the
estimate

||11 — T)\Mg\)u”[gz]z Z CH11||[L2]2.
One then obtains an a priori estimate for the solutions of 0 = u — T\ (M{u +
t(G(u) + h)) for ¢t € [0, 1]: first estimate
(47) CHU-H[L2]2 S Hu - T)\Mqu[Lz]z
— T\ (G () + B) g < TG ) + Bl p2p2):

then, from hypothesis (4.6) one gets, for any e > 0, [|G(u)||;z2)2 < ellull(z2)2 +C,
and so, from (4.7)

(C — te| Ta)allizere < HITAN(C: + [l 2p)

This last estimate allows to use degree theory (on a sufficiently large ball Bg)
and Lemma 4.2 to assert that

Deg(ld — T,\(Mf\] + G( ) + h), Bg, 0) = Deg(ld — T)\M)\),BR,O)
= Deg(ld, BRvo) 7£ 07

then there exists a solution. O

Since multiplying the unknown functions by a constant does not affect the
hypotheses we have on g;2 and h; 2, we may generalize the above result as
follows:

COROLLARY 4.6. The same result of Theorem 4.5 holds for (AT, A~ u™, ™)
with \T # u™, if it may be transformed into a point as in the hypotheses of
Theorem 4.5 through one of the symmetries in Lemma 2.1.

Observe that for the Dirichlet problem we obtained (see Section 3) that
the region {AT, A=, u= > 0, At < Ay, or /A~ < A} contains no point in 3,
and so it is divided by ¥ into the three subregions

R ={0< At <\, 0< VA= <M},

Ry = {0 <At <A\, VA= > A,

Ry ={\" >\, 0< VA= <A}
It follows from Lemma 4.2 that Deg(id — Th M}, By1,0) # 0 if the coefficients in
the vector p are such that u™ = A" and (AT, A7, ™) is in Ry, since this region
contains points of the form (A, A\, \) with A ¢ o(—A).

The following theorem is concerned with the remaining two regions:
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THEOREM 4.7. If the coefficients in the vector p are such that u™ = AT and
(AT, A7, u7) is in Ry or Rs, then Deg(id — T\MY, B1,0) = 0.

PROOF. By the proof of theorem 4.5, it is sufficient to provide two examples
of systems like (4.5) with coefficients in each of the two regions, for which there
exists no solution.

Consider the case A\t = ut = X\ —c and A\™ = u= = \; + ¢ for a suitable
€ > 0 small enough, with g; = go = 0: by multiplying the two equations by ¢1,
integrating, then integrating by parts and summing one gets

—e/ﬂ<|v|+|u|>¢1+/ﬂ<h1+h2>¢1 o,

which gives rise to a contradiction if [,(h1 + ha)¢1 < 0.
The case At = u* =X +eand A\~ = u~ = A\ — ¢ is analogous. O

5. The Fucik spectrum in the neighborhood of a simple eigenvalue

In this section we show that in the neighborhood of each point in S corre-
sponding to a simple eigenvalue of the Laplacian, we can find a continuum of
points in S Indeed, we show that through each such point there pass exactly
two (maybe coincident) 2-dimensional surfaces belonging to S

The techniques we use are inspired from [18].

5.1. Statement of the result. We introduce the following notation: as-
sume (without restriction) AT > A\~, and set

A=AT, y=A-A", §=A—yu".
Then the system (3.1) becomes
—Au = +~yv~ inQ,
(5.1) —Av =X u+du” inQ,
Bu=Bv=0 on 0f,

which we will consider in the vectorial form:

e () ()

Assume that A\, k > 1, is a simple eigenvalue of the Laplacian on H, and let

{nmwAM1—AmAk—Ak1} if k> 2,

Xo— A if k=1

We assume throughout this section that

(5.3) 0< 0] << %.
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We denote by (-, -) the scalar product and by || - || the norm in L2, and by - the
scalar product in [L?]%.
Theorem 1.1 will be proved in the following form:

THEOREM 5.1. For every fized pair (v, 0) satisfying (5.3) there exists a unique
Mot € M — 37, Ak + 37] such that system (5.1) has a (unique) solution (u,v) €
H x H with (u,v) - (¢r, dr) = 2; in the same way, there exists a unique A\ €
[A — 37, Ak + 37| such that system (5.1) has a (unique) solution (u,v) € H x H
with (u,v) - (Qk, o) = —2. On the other hand, there exist no nontrivial solutions
(u,v) with (u,v) - (¢g, o) =0, for X € [Ax — 37, Ak + 37].

Thus, we obtain

THEOREM 5.2. Through each point (A, Ak, M) € ) corresponding to a sim-
ple eigenvalue of the linear system there pass exactly two (maybe coincident)
“Fucik surfaces”, parametrized by A = Mgy (7,0) and A = A\p—(,0), for which
system (5.1) (and hence system (3.1)) admits nontrival solutions.

REMARK 5.3. We will always suppose A\g— < Apy, since this may always be
obtained by taking —¢y in place of ¢y.

REMARK 5.4. We observe that by Lemma 3.3 we already know some parts
of the surfaces obtained in Theorem 5.2: the curves coming from the scalar Fu¢ik
spectrum. This provides also examples of both, the case in which the two points
Ak+,> Ak— coincide, and the case in which they are distinct (for example, in the
one dimensional Dirichlet problem they coincide for k& even and are distinct for
k odd).

5.2. Lyapunov—Schmidt reduction. We introduce the following nota-
tions: let Ey, F5 and F be subspaces of E such that

Ey=E"®E;,, F=[¢rén)" =E1&E, EilB,
P:E — [(¢r, ¢1)]", Pi:E — Ei, Py:E — E; orthogonal projections.

We want to apply a Lyapunov-Schmidt procedure. Thus, we consider for
fixed s € R the system

(5.4 ()= )P G- )

with (u,v) € F.

Observe that, since the considered subspaces are orthogonal and invariant
with respect to the operator —A, the projections commute with this operator
and one has, for every u,u € E, u- P,u = Pu- Pu (i = 1,2) in the scalar
product of F.

We prove several lemmas:
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LEMMA 5.5. Assume that (5.3) holds, and that
A€ [Ak =37, A+ 37].

Assume that (u,v) = (u1,v1) + (u2,v2) € E1 @ Ey solves system (5.4). Then we
have

(5.5) o |? + [Jva]|? < 01|8|2g with ¢; < 4,
(5.6) [ ||? + [Jon]|? < 02|5|2% with ¢y < 4.

In particular, we conclude that ug = vo = u; = v; = 0, if s = 0, that is, no
nontrivial solution of (5.4) exists in F.

ProoOF. Multiplying the vectorial equation (5.4) by (v1,u1) € F7 and inte-
grating over Q yields

2/ Vui1Vup :)\(||v1||2+||u1|\2)+7/(vl+v2+sq§k)7v1+5/(u1+u2+s¢k)7u1
Q Q Q
and thus, setting Q0 := {z € Q|v + s¢y < 0}, and similarly for Q,
Alloall? + llua 1) = Ae—a(oall? + flua|?)
1 1
<o [ g+ 0P + el £ o)
Q.
Lo 1 2 2 2
ol [ Rl S f? + uaf? + Jsuf?)
Qo
and then, using A — Ag_1 > A — A1 — [A— M| > d — 37
(5.7)  (d=4)(lor]? + ual?) < A= A1 =) (for]]* + ua]]?)

v 1] 1
~lvall* + 7IIU2II2 +50+ EER

2

IN

1
< lual? + el + 1]

Next, multiplying the vectorial equation (5.4) by (u2,v2) € E5 and integrating,
gives

O:/(‘Vu2|2+|vv2|2)_2>\/UQUQ
Q Q

+ ’}// (’01 + vo + Sd)k)Ug + 6 (u1 + ug + S¢k)vg
Qy Qy

g
> (Mgt = M (lluzll® + flo2[%) = SA{Nvall® + [lo2]1” + [s]) + [lua]1*}

_

5 {lall® + [lua® + 1s%) + [lva]*}
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and hence, using that (Ag41—A—7/2—19|/2) > [d—| A= x| —7/2—|0]/2] > d—4~,
and relation (5.7)

¥ ) 1
(d = 4) (| + 2®) < Zfon® + a2+ L+ o)l
i
< (ol + flua][*) +lsf?

IA

2
¥ 1
2 el + el + 1o 1o

d—4~y
Thus
2
Y 2 2 2 2
d—4y — ——— <~l1+ -
1 gy (el + Py <9 (14 52 1o
which yields
L+ 578y
el + | < &~ 20— fsf? = TeasP”.
o 7( + 16(d74w))

This gives (5.5). An easy calculation shows that ¢; < 4. Relation (5.6) now
follows by combining (5.7) with (5.5):

d
foulP + P < = [ e + 1] = Jealsl.

One checks that also ¢y < 4. O
PROPOSITION 5.6. Lety, § be as in Lemma 5.5. Then, once fized s = 1, for

every A as in Lemma 5.5 there exists a unique (u,v) € F which solves system

(5.4). Furthermore, (u,v) depends continuously on .

PROOF. Write (5.4) as

) =5 ) Q)= Gy ) = ()

One notes that A: F' — F' is invertible, and so we can write equivalently

()-ra(?).

One shows as in [18], using Lemma 5.5, that there exists K > 0 such that

(“) 7ATA1Q(“>, for all (“) with H(“)H > K and for all 7 € [0, 1].
v v v v

Thus, by the Leray—Schauder principle there exists a solution (u,v) € F'NBg(0)
of (5.8), and thus of system (5.4).

The uniqueness is a special case of Lemma 5.7 below. Finally, the continuous
dependence on the parameters A is easily seen, see also [18]. O
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LEMMA 5.7. Let «y, § be as in Lemma 5.5, and suppose that there exist two
values A and X in [Ay — 37, \g + 37] such that system (5.4) with s = 1 has
nontrivial solutions (u,v) and (u,v) in F. Then, for 0 < |0] <y < d/6, we have

=@ + o — 5 < 43(X - A1)
where co = (c17/d)Y/?/(d —9v/2), ¢1 as in (5.5).

PROOF. As before, we write (u,v) = (ug,v1) + (¢r, ¢x) + (u2,v2), and sim-
ilarly for (uw,v). Subtracting the two vectorial systems (5.2), multiplying the
resulting equation by (v; — U1, u; — 1) € E; and integrating gives

0 :2/ V(ul - ﬂl)V(’Ul - 61) - <)\7)1 - X”Jl,’l)l - ’171> - <)\7.L1 — Xﬂl,ul — ﬂ1>
Q
— 7((1}1 + o + Ug)_ — (51 + o + 52)_,1)1 — 51>
— ((ur + ¢ +u2)” — (U + ¢ + U2) ", U — U).

We estimate (using (Avy — Aoy, v1 — 01) = Aoy — 01|24+ (A= A)(@1,v1 — 01), the

analogue for uy,w; and |[a= — b7 | < |a — b|)

A =X )(lor = 0P + lus — @ ]|?)
<IN = A (@1, 01 = 0| + (@, w1 — T))
+ o1 +v2 — (V1 + V2)||[Jv1 — V1|
+ 0] flur + u2 — (w1 + u2)||[lur — |
<= (IBfllon = ]l + il — @)

- ~ - 0 -
+llor = wl* + %||U2 = Ta|* + 18] [lur — @ [* + %Huz —Us?
and hence, arguing as in Lemma 5.5, and using (5.6)

(5.9) (d =3y =)(lvr = 0u[* + llus — @)

< A=Ay fez S lon = Bill+ flu = @) + 3 (oa = > + [fuz = s 2.

Next, subtract again the two vectorial systems, multiply the resulting equation
by (uy — Ug,vo — U2) € Es, integrate and estimate as before

/ |V(U2 — 172)|2 + / |V('U2 — 52)‘2 — >\<’02 - :[)IQ,UQ — 172> — )\<'LL2 — ”lIQ,'UQ — 52>
Q Q

<A = X (|(B2, uz — Tz)| + (T2, v2 — Ba))
+ vy +v2 — (01 + 02)|[[|ue — Uo|
+ 16] llug 4 up — (U1 + )| [|lva — 02|
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and hence, using Lemma 5.5 and estimating |[v; + vo — (01 + 02)||||us — s <
(lor = Bl + [lvz = Dal* + [luz — 2]|)/2,

(Mg = A)(lu = o[ + [Joz — af|?) < [A = A Clg(Huz = Uzl + |lva — v2|)

v+ 19|
2

which gives, arguing as in Lemma 5.5,

(5.10) (d =3y = )(|luz = G* + [Jv2 — T2]1*)

<A =Ay/a %(

+

- ~ . ) .
(lva = Balf* + lluz — u2*) + %Ilm -0+ %Ilm - ?

llug — wal|| + |Jve — U2|) + %(Hm — 1~)1||2 + ||lug — ﬂ1|\2).

Adding (5.9) and (5.10) gives
ol _ _
(a=v=F ) o =307 + u =P
N v - ~ N ~ -
< A=Al feeg (o =il + lun = wall) + A = Aly fer 7 (lJuz = | + [l = B2 ).

Using ¢; = cg, and setting co = (c1y/d)*/?/(d — 97/2), we get
lo =Bl + [|u — @]
< colA = Al (Jor — vi|l + [[ur — wall + ug — uz|| + [[v2 — v2]])
1~ 1, 1~ 1, .
< IR ARG+ gl — vl R AP+~
1~ 1 1~ 1, -
+ §|)\ - )\|2C(2) + §||u2 — ’LLQHQ + §|)\ - )\|20(2) + 5”’02 - U2||2
and then
I =l + [[7 = l* < 4cg|A — A% 0

5.3. The reduced equation. Multiplying the vectorial equation (5.2) by
(¢k, 1) and integrating over Q yields (with s = 1)

Mel1+ ()] = A1 — (V)] — / [ — ) x + (V)]

Q
T AL =t V] = AL+ E(N)] =6 [ [(1+E(A)¢r + u(N)] " ¢r = 0.
Q
Here t(\)¢r + u(A\) and —t(\)@r + v(\) denote the unique solutions in F =
[(¢x, #1)]" given by Proposition 5.6, where for convenience we wrote separately
the component ¢(dx, —¢r).
So, consider the map I';: [Ag — 37, \p + 37] C R — R defined by

(511) A Tp() =200 — A) — 7 /Q [ — ) x + (V)]

5 / (1 + £)) b + u(N)] .
Q
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We show

PROPOSITION 5.8. For 0 < || < < d/6 there exists a unique point A4 €
(Ae — 37, Ak + 37v) such that Ty (Ag4) = 0.

PROOF. First we estimate, using Lemma 5.5 (we will omit in the notation
the dependence on A in u,v and t)

\v/ﬂmt>¢k+v1¢k+a[2[<1+t>¢k+u}¢k

= &+ = tn + o] + |8 6 + 16l + ul
[(1—t)¢pr+v<0] [(1+t)pr +u<0]
<2+ lltdk +ull + 1| - ter + oll)

1 1
<7<2+ 5\\15@ + ul|? + 5|| — toy, +v||2+1>

1
§7<3 + 5+ Cz)Z) <4y,
To conclude we prove that 'y (A — 3v) > 0 and '} (A\x + 37) < 0:

Ty (A — 37) =67—V/Q[<1—t>¢k+v]-¢k—5/9[<1+t>¢k+u1-¢k

1
>67—7v 3+*(C1+Cz)l >0
2 d
and

I (e 4 37) = 76777/Q[<17t>¢k+vr¢k f5/[<1+t>¢k+ur¢k

Q

1
< —67—&—7(34— 5@ -‘1-62)’;) <0.

Hence, the proposition is proved, except for the uniqueness, which follows from
the following lemma. 0

LEMMA 5.9. The mapping U'y is strictly decreasing, in the sense that

Te(A) =TLA)A=X) <0 for A+ A

PROOF. We have, assuming again 0 < |§| < ~, and using Lemma 5.7
{55 -2 1= 0640~ (- Dor +9) o
Q

—5 [+ Do) - <<1+%“>¢k+a>-]¢k}u—i>
Q

—2[A —X‘Q +(|(t = t)pr +v =T + ||(t — ) +u—17||)|>\_x|

~ 2 —~ - 2 —~ . ~
< =20 = NP+ LUE = )n + 0 =5 + Tt - Do+ u — TP + X - AP

IN

— A= AP+ %23 A — A%
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the last expression is negative provided that v22¢3 < 1; this is the case, since

d 4
72262 = 422 ay/ 29 “ _*a

@922 < %6y 2 < -

PrROOF OF THEOREMS 5.1 AND 1.1. The case (u,v) - (¢, o) = 2 follows
from Propositions 5.6 and 5.8; the same procedure provides the result for the
case (u,v) - (¢, or) = —2. In fact, we get a unique solution for the system

A (“) e (7(_8¢k +U)_) :
v S(—sop +u)”
as in proposition 5.6, and then we find a zero A;_ of the increasing function

F—:[Ak _377)‘/64_3’7] CR_)R7

(512) A T_(A) = — 20— A) —7 /Q (1 — 6(0) + (V)]
5 / (=14 t))de + u(N)] .
Q

Finally, in the case (u,v) - (¢r, ¢r) = 0 (which means (u,v) € F' and so s = 0),
a solution of (5.2) would also be a solution of (5.4), but this was excluded in the
last claim of Lemma 5.5. O

5.4. The inhomogeneous problem. We will consider in this section the
system (1.3), written in the form

—Au=X v+~ +gi(z,v)+h; inQ,
(5.13) —Av=Au+du" + ga(x,u) + hy in Q,
Bu=Bv=0 on 0},

so that one has g1 9 € C(Q x R), limg 400 g12(2,8)/s = 0 and hy o € L% we
will consider this system in the vectorial form:

u v Yo~ gi(z,v) + hy
5.14 —A = .
(5149 <U> (U>+<5U_>+<92($,U)+h2)
We will now prove Theorem 1.3: we consider A € [A; — 3, A\x, + 3] fixed and
prove

PRrROPOSITION 5.10. Let~, d, A be as in Theorem 1.3. Then, for every s € R

there exists a (not necessarily unique) (u,v) € F which solves

a5 a (1) = (1) er Qo) (B o,
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PROOF. Proceeding as in Proposition 5.6 and denoting by Q ( Z) and G ( Z)
the last two terms in (5.15), one needs to show that there exists K > 0 such

that

o () fo2) e ()

if ‘(u)HzK and for all 7 € [0, 1],
v

so that, by the Leray—Schauder principle, there exists a solution (u,v) € F N
Bgk(0) of (5.15).

To prove this, one supposes the existence of sequences (u,,v,) € F with
(e, v0)]| — o0 and 7, € [0, 1] for which inequality (5.16) does not hold; then
one divides the system by ||(un, v, )], defines (Uy, Vi) = (tn, vn)/||(tn, v,)|| and

obtains
U, 1 U u
() = [ ()~ ()]
(Vn) [ (2, vn) | U U,
s a T,50r + vn) +h
_ b ”(nmmvnﬁ”v") o p " ||Zl,vn>|)| 1
- 5 s op+ U B " g2(x, s + up) + ha |’
o))" [ (uns va)

where the right hand side is bounded in [L?]? and then (since A~! is compact)
we may assume (Uy,,V,,) — (U,V) € F in the [L?]?> norm (then (U,V) is not
trivial) and 7,, — 7 € [0,1]. Then

1 Up, YV~ 1 U,
()= (). . ()~
([ (2, vn) | U, U [[(tns vn) | Un

and then one concludes
U TV~
=A"lp .
(v) =277 (G- )

Thus (U, V) is a nontrivial solution in F of (5.4) with s = 0 (and coefficients 70,
7y, with 7 € [0, 1]), which is excluded by the last claim in Lemma 5.5. O

Observe that we do not know if the solution obtained in the above lemma
is unique; however, by the topological properties of the topological degree, we
may assert as in [18] that there exists a continuum of solutions connecting two
arbitrary values of s.

Now we consider on the space R x F' the (continuous) map ®:R x F' — R,
defined by

(517) (s (1)) — 200 — N)s — 7 /Q lshi + v i — 8 /Q [s6s + ]~ b
- / 91 (s + )]k — / g2 (s + W),
Q Q
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and the set
T ={(s,(u,v)) € R x F: (s, (u,v)) satisfies system (5.15)}.
LEMMA 5.11. Given H > 0, there exists Cyg > 0 such that
|D(s, (u,v))| < Crg, for (s,(u,v)) €T and |s| < H.

Moreover, we have:

fors - o00:  lm®(s, (u,v)) =—00 if (s,(u,v)) €T and A > Mgy,
lm ®(s, (u,v)) =00 if (s,(u,v)) €T and X\ < Ag,
fors — —oco: lm®(s, (u,v)) =00  if (s, (u,v)) €T and A > Ag_,
lm ®(s, (u,v)) = —oc0 if (s,(u,v)) €T and A < Aj—.

PRrROOF. The first part of the claim follows as in Proposition 5.10: indeed,
if we assume that the sequence (uy,v,) considered in the proof gives equality
in equation (5.16) for 7 = 1 but together with a bounded sequence s,, instead
of considering a fixed s € R, then we get the same contradiction, furnishing an
estimate for any solution with s in a bounded set, and then for .

Now let x = £1 and suppose s, — xoo and (Sp, (Un,v,)) € T. We first claim
that ||(wn,vn)||/|Sn| is bounded: otherwise suppose |[(tn,vn)|/|$n] — oo and
proceed as in Proposition 5.10, dividing the system by || (un, vy,)|| and considering
the sequence (Up, Vi) = (un, vn)/||(tn, vp)||:

U, 1 U, Up,
A T~ s Gs
(Vn> [l (wn, vn) | {Qn<vn>+ n(vn)]
gl(gjv Sn(bk + Un) + hy

. _
Wi ¢ +V>
—pP ((Umvn)H g +P H(unavn)”
- G2(x, spdr + Un) + ho

(( w2 U ) (s )]

again the right hand side is bounded in [L?]? since we are assuming || (ty,, vy )||/|$n|
— o0, and then we may assume (U,,V,,) — (U, V) € F in the [L?]?> norm, with
(U, V) nontrivial, and again deduce

1 Unp, 7V7 1 Un,
| (n, o) || Un oU | (n, vn) || Un

and then
vy YV~
(v) =477 (- )

)

which is impossible.
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Now divide the system by |s,|, let (U, Vi) = (un, vn)/|sn| (observe that this
is bounded by the previous claim) and obtain

Un B 1 U, Unp
4 (Vn> B m [an (Un> G <Un>}

g1 (Ia 5n¢k + vn) + hl

_ (VX +Va)T |5
-7 (5(X¢k + Un)_) P 92(%, 80Pk +un) +ha |’

|snl
so that again (Uy,,V,,) — (U, V) € F in the [L?)? and now

|sn|QS"(vn) P(fs(xqskw)-’ s G\ ) 70

(V)= Greonion- )

and then it is the unique solution obtained in Proposition 5.6 (or the analogue

Then

in the case x = —1).
Now divide also equation (5.17) by |s,|:
D (sp, (Un,vn))
|5n‘

=2(Ag — A)x — V/Q[Xﬁbk + Val "ok — 5/9[x¢>k + U, o
_/ [gl(sn@c + Un)]¢k _/ [92(3n¢k + Un)]
Q Q

|55 ] |81 ]

Ok,

where again the last two terms go to zero and so we have (compare with (5.11)
and (5.12) and use the fact that (U, V) is the unique solution of Proposition 5.6)

(I)(Snv (Umvn))

|$n]

lim :2<Ak—x)x—w/ﬂ[x¢k+vr¢k—6/@[><¢k+m—¢k

'y (\) for x =1,
r_(\) forxy=-1.

Finally, we know by Proposition 5.8, Lemma 5.9 and the analogues for I'_,
that T4 (A)(A — Agy) < 0 and T_(A)(A — Ag—) > 0 and this concludes the proof
of the lemma. O

PrROOF OF THEOREM 1.3. The equation which still has to be satisfied in
order to obtain a solution of problem ((5.13)) is

D(s, (u,v)) = /Q(hl + ho)¢r, with (s, (u,v)) € T.

By Lemma 5.11 and the existence of a connected component in T" going from
s — —oo to s — oo, one deduces that there exists a solution for any value of
Jo(h1 + h2)¢y when the two limits have opposite sign, while one deduces the
existence of at least two solutions for [, (h1+ha)¢y, sufficiently (in dependence of
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the other components of (hy, ha)) positive when both limits are positive. The ex-
istence of no solution for sufficiently negative values of the integral follows from
the same limits and the boundedness of ®(s, (u,v)) in T when s is bounded. O

REMARK 5.12. As done in Section 4.3 for system (4.5), the result in Theo-
rem 1.3 may be extended to the case in which we have different coefficients for
u and v, provided the new system may be transformed into system 5.13 through
one of the changes of unknowns used in Lemma 2.1.

6. Variational characterization of points
in the Fuéik spectrum above the first positive eigenvalue

In this section we take a variational approach to finding points in the Fuéik
spectrum. We will find a variational characterization of a continuum of points
in 3, with arbitrary ratios (A~ —A1)/(At — A1) and (= —A1)/(AT — A1), which
passes through the point (Mg, Aa, A2).

In particular we will prove Theorem 1.2 in the form:

THEOREM 6.1. For any r,s € (0,00), we can find and characterize one
intersection of the halfline {(A1 +t, A\ + st, Ay + rt), t > 0} with ;.

The possibility to obtain a continuum in f)m passing through (Ag, A2, Ag) will
be proved in Proposition 6.8 below.

6.1. A strongly indefinite functional. To obtain the variational charac-
terization for our problem, we will proceed basically as in [16] (see also in [8], [2]
for similar procedures), that is, we will find critical points of the functional

JiE=HxH—R,
(6.1) u = (u,v) — Ji(u) = / 2VuVu — A / (u?® +0?),
Q Q

constrained to the set in equation (6.6) below: the constrained critical points of
J1 will be nontrivial solutions of problem (3.1).

However, here we encounter the difficulty that the principal part of the func-
tional is strongly indefinite, that is, there exist two infinite dimensional subspaces
of E on which it is unbounded from above and from below, respectively. This
follows from the following lemma (see Section 4.1 for the definitions of the con-
sidered spaces)

LEMMA 6.2.

(6.2) / 2VuVu > A1 / (u? +v?)  foru=(u,v) € (B~ @ EH)*,
o o

(6.3) / 2VuVo < —Agy1 / (u? +v?)  foru= (u,v) € (B, ® ET)*,
Q Q
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(6.4) / 2VuVo < A / (u? +v?) foru=(u,v) € E- ® E},
Q Q

(6.5) / 2VuVu > =X / (u? + v?) foru= (u,v) € E, @ ET.
Q Q

PrROOF. In (E~ @ E}f)* one has u = v and then

/2%%:2/ |Vul|? > 2>\k+1/ u? :)\k+1/(u2+v2),
Q Q Q Q

proving (6.2). Then observe that
_1 2 _ N2
2VuVu = IV(u+v)* = |V(u—0)
Q 2 Jo

and that for u € E~ @ E; one has (u+v,u+v) € E}}, then

1 1
/QVuVUS 7/ IV (u+v)? S)\kf/(u2+v2+2uv) S)\k/(u2+v2),
Q 2 Ja 2 Ja 0

proving (6.4).
The same argument gives the other two estimates.

6.2. Finite dimensional approximation. As a consequence of the strong

indefiniteness of the functional J; the classical linking theorems may not be

applied. Some of the techniques used in approaching this kind of problems may

be seen in [1], [7], [13], [6].

In particular, we will use here an approximation technique, that is, we will

restrict the functional to a sequence of finite dimensional subspaces of F, in order

to obtain (with classical linking theorems) critical points for these restrictions;

then we will prove that from this sequence one can deduce the existence of a

critical point for the functional in the whole space F.

This technique is known as Galerkin approximation procedure; one example

of its application to this kind of problem may be seen in [6].
Let r,s € (0,00), n > 1 and define

(6.6) Qr,s = {u cek: /(u+)2 +ru )+ (wh)2+s(v)? = 1},
Q

(67) Qr,s,n = Qr,s N Ena

(6.8) L, =Qr:N(E, ®EY).

Then consider

(6.9) dp, = inf sup Ji(u)
YET R uey(Bn+1)

where

(6.10) T, ={y€C®B",Qrsn): V|opn+1 is a homeomorphism onto L, },
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and B" = {(zy,... ,z;) € R": 2?21 z? <1}
We claim that

PROPOSITION 6.3. The values d,, are critical values constrained to Q. s n for
the restriction to E, of the functional J,. Moreover, up to a subsequence, d,, —
d > 0 for n — oo, and the critical points corresponding to the values d,, converge
to a nontrivial solution of problem (3.1), with coefficients (A1 +d, A1 +sd, A1 +rd),
which then is a point in im.

We first prove some lemmas:

LEMMA 6.4. For u= (u,v) € Qs we have

1 </ 2 1
o ut vt < —/—m—.
max{r,s,1} = Jq ~ min{r,s,1}

PROOF.
L fo )+ @wh)? r(u)? + s(v)?
max{r,s, 1} max{r,s, 1}
w2 (M2 L ()2 (0 )2 = [ w2 2
< [P @ P = [
JoW)?+ @) +r(w)? +s(v7)* 1
= min{r, s, 1}  min{r,s, 1}’ -

The following lemma establishes a kind of Palais—Smale property for the
functional J; (or more general ones) constrained to Q. s.

LEMMA 6.5. Let (a™,a™,3%,37) € R* and the sequence {u,} = {(un,v,)}
C Qs with u, € E,, be such that

(6.11)

[ 2V = [ 8 5 ) e @R+ a2 < €
Q Q
and, for all (¢, ) € E,,
(6.12) / Vu,V+ Vv, Vi) — / (BYuf — B u )+ (atvt —a v,)e
Q Q
=, [ (uf =)o+ o] = ),
Q

for a suitable sequence {6,} C R. Then, up to a subsequence, u, Eou =
(u,v) € Qv s and 6,, — § € R, such that for all (v, ¢) € E,

(6.13) /QVquZ) + VoV — /Q(ﬂﬂﬁ —Bu )Y+ (Tt —aTvT)e

= ut —ru” vt — sv7)o.
Ik o+ o
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PROOF. Since {(un,v,)} C Qys, it is a bounded sequence in [L?(Q)]?. By
choosing ¢ = v, and ¥ = u,, in (6.12) one gets

/ 2Vu, Vv, — / B () + B (uy)? + ot (1)) + a” (vy)?
Q Q
5, / (W) + r(u)? + ()2 + 5(u7)? = 6,
Q

and then d,, is bounded by (6.11).

By choosing ¢ = u,, and ¥ = v,, in (6.12) one gets, by the boundedness of §,,
in R and of (un,v,) in [L?]?, that [, [Vu,|* +|Vo,|? is bounded, which implies
that u,, and v,, are also bounded in H. Then, up to a subsequence, §,, — § € R
and u,, — u € E, weakly in E and strongly in [L?]?. The strong convergence
in [L?)? implies that u € Q,s. Then we obtain (6.13) for a given (¢, ¢) € E,
by taking limit in (6.12) and, since |J,,cy £r is dense in E, this remains true for
arbitrary (¢, ¢) € E.

Finally, we show that the convergence of u,, to u = (u,v) is in fact strong.
Let P,: H — span{¢1, ..., ¢} be the orthogonal projection map, then P,u — u
and P,v — v in H and so P,u—u, — 0 and P,v—v, — 0in L?. Then consider
equation (6.12) with ¢ = wu,, — P,u and ¢ = 0:

/VunV(uannu) :/(a*v:{fa*v;)(unfpnu)qtén/(vifsv;)(unfpnu);
Q Q Q

the right hand side tends to zero and then
/ Vu,V(u, —u+u— Pyu) — 0,
Q
that is

/ |V, |2 —/ VuVau, +/ Vu,V(u— Pyu) — 0
Q Q Q

and since also the last term tends to zero, we conclude that ||Vu, |2 — | Vul| L2
and then u,, — u strongly in H.

The same argument gives v,, — v strongly in H. g

Finally, we estimate the functional J; on v(0B"*!) and v(B"*!), respec-
tively, in order to apply the linking theorem:

LEMMA 6.6. Ji|y9pnt1) <0 for any v € T'y,.

PROOF. Since v(0B"*1) C Q.. N (E; ® E{") we have, by Lemma 6.2,

Ji(u) < ()\1*)\1)/U2+02:0, for all u € y(OB™1). O
Q
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LEMMA 6.7. There exist (,n > 0 such that ¢ > inf.er, Supyey(gn+1) J1(u) >
n >0, for any n > 1.

PROOF. By a topological degree argument one sees that for all v € T';,, there
exists a point u € y(B"t1) N (E;,, ® E;)*, the orthogonal being intended in E,,;
for such u one has (we use Lemmas 6.4 and 6.2)

A2 — A1
J > (A=A 2 2> = T >0
1w = (A 1)/Qu v ~ max{r,s,1}
Moreover, one may easily build a map 7 € T, such that ¥(B"*!) C E; @ Ej,
so that (again using Lemmas 6.4 and 6.2)

Ao — Aq
su Ji(u) < (A — A Wt =0
ueﬁ(BIZJrl) 1) = (2 1)/Q ~ min{r,s,1}

Now we are in the position to give the

PrROOF OF PROPOSITION 6.3 AND THEOREMS 6.1 AND 1.2. The above
lemmas allow to apply a linking theorem to obtain that the levels d,, are critical
values constrained to @, s, for the restriction to F,, of the functional Ji, that is
there exist, for n > 1, u,, = (uy, vp) € Qps,n, and 6, € R such that Jy(u,) =d,
and

Vu,Vo + Vu,Vip — A\ / Upt) + U = Oy, / (wf —ru, )+ (v — sv)))o,
Q Q Q
for all (¢, ¢) € E,. By choosing ¢ = v, and ¢ = u,, one gets

/ 2Vu, Vo, — )\1/ u 02 =d, =0,
Q Q

Moreover, we have the estimates ( > d, > 1 > 0 and then we may apply
Lemma 6.5 to obtain that (up to a subsequence) 6, = d,, — d € [,(] (then
d > 0) and u, Fou= (u,v) € Qs such that, for all (¢, ¢) € E,

/QVuV¢+VvV¢:/Q(()\l—i—d)u+—(A1+Td)u_)¢+((A1+d)v+—()\1+sd)v_)¢

implying that (A +d, A\ +sd, A1 +7d) € int and u is the corresponding nontrivial
(being in @, s) solution: indeed, this point is in i, and since d > 0 it does not
belong to 3 (which is explicitly known).

Theorems 6.1 and 1.2 follow immediately from Proposition 6.3. g

6.3. A continuum in f]m passing through (A\g, A2, A2). In this section
we make more precise the notation introduced in equations (6.9) and (6.10): in
particular we will denote d,,, d by d,(r,s), d(r,s) and T',, by T'y, ;- 5, in order to
make explicit the parameters r, s we are considering.

We will prove:
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PROPOSITION 6.8. Fized a compact interval [a,b] C (0,00) with a <1 < b,
it 1s possible to choose the subsequence in Proposition 6.3 in such a way that the
limit points (A + d(r,s), A + sd(r, s), A\ +rd(r,s)) € Sy describe, for (r,s) €
[a,b]?, a continuum which passes through the point (Ao, Ao, A2).

First we need

LEMMA 6.9. Fized a compact interval [a,b] C (0,00), the sequence of func-
tions of v, s: dyn(r,s): [a,b]> — R is (uniformly) equicontinuous.

PRrROOF. The claim would follow if we proved
(614)  |du(r,5) — du(p,0)| < C(lr — pl +|s — al) for |r = p| +|s — o] < D,

where C' and D do not depend neither on n nor on (r, s) € [a, b]%.
First note that, looking at the definitions in equations (6.6) and (clGam-
manone), it is clear that the projection map:

P Qrs = Qoo
(u, v)
(Jo@®)2+ (T2 +p [o(u™)? + 0 [o(v7)?)H/2

gives a one to one relation between the elements of the two families I';, , s and

(u,v) —

Iy po, for any n € N:

POy = Taprs 7 PO 07,

By the inf sup characterization (6.9), fixed € > 0 there exists v € Iy, . s such that

x:= sup Ji(u) <d,(r,s)+e.
ue (B )
Then consider
(6.15) Y= sup J1(u)
LIGP((:‘? '7))07(3"+1)
= sup Ji(w)
uey(Bnt1) f 2+ fQ('U+ +pf +0'f
Since (u,v) € Q. s, we have f 2 <1/rand [,(v7)* <1/s, so that
1
w ) / (7<=
/Q( Q R a’
and the denominator in (6.15) is 1+ (p—r) [ (u~ —5) [o(v7)?. By using
1/(L+E&+n) <1+ 2[5]+2/n], for [§]+ |n| < 1/2, we get

. <14 2(r—pl+1s - o)
PR (7 PR P i e A
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for (Jr — p| +|s — o|) < a/2. Then, by (6.9), since P((Tp’:)) oy €T, 5.0, we have

2
dn(p,0) <y < 2(1+ —(Ir = pl+1s —ol))

< (du(r,5) +<)(1+ (1 = pl +1s — o))

this provides
2 2
dn(p,0) = dn(r,5) < dn(r,s)—(Ir = pl +|s —of) + (1 + = (|r = pl +[s = o).
To conclude, we know by the proof of Lemma 6.7 that
A2 — A1 < A2 — A1 A2 — A1 < Ao — A1

< <
max{b,1} ~ max{r,s,1} — dn(r;s) <

1
(6.16) min{r,s,1} ~ min{a,1}’

and then
Ao — A 2

_ PO —
dn(pa o’) dn(ra 5) — min{a,l} a

(=l bs = ol e (14 20 = pl 15 = o))

valid for |r — p| + |s — 0| < a/2.
Since we may estimate analogously the difference d,,(r, s) — d,(p,0), and
is arbitrary, we get the claimed estimate (6.14). O

PROOF OF PROPOSITION 6.8. The equicontinuous and equibounded (by
equation (6.16)) sequence d,(r,s) admits a subsequence converging uniformly
to a continuous function (I(r, s), by the Ascoli Arzeld theorem.

Observe that in Proposition 6.3 we obtained the levels d and the nontrivial
solutions (u,v) but we had no idea whether they were unique. However, if we
apply the procedure which proves Proposition 6.3 to the subsequence obtained
here, we are sure to converge to the levels dN(T, s) above, that is to a continuous
function.

To conclude, we just need to see that for r = s = 1 the resulting point in
f]nt is indeed (A2, A2, A2): in fact, it follows from (6.16) that d,(1,1) = Aa — A;
for any n > 1. O

7. Behaviour of the nontrivial solutions

As mentioned in the introduction, we will prove now that there exist points
in f)nt which are not related to any point in the Fu¢ik spectrum of the scalar
problem.

It is interesting to remark that in the case of the linear spectrum of systems,
the eigenvalues and the corresponding nontrivial solutions are always related to
those of the scalar problem; actually, as seen in Section 4.1, the latter consist of
pairs of eigenfunctions (in fact, the same eigenfunction) of the scalar problem,
and so at least two of the four products uTv™, utv™, u=vT, and v~ v~ are
identically zero.
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We prove here (we restrict to Dirichlet boundary conditions) that for points
of the Fuéik spectrum of the form (A*, u=, A7) with u= # A~ (i.e. if Lemma 3.3
does not apply), the corresponding nontrivial solutions w and v have opposite
sign is some region. More precisely, we prove the following

PRrROPOSITION 7.1. Consider the Dirichlet problem with 0 sufficiently reg-
ular. If AT, p=, A7) € int with = # A~ then for the corresponding nontrivial
solutions u, v at least three of the products uwtv™, uTv™, u”v™, u” v~ are not
identically zero.

PROOF. First we claim that u,v are in fact classical solutions: since weak
solutions of problem (3.1) are by definition in H!(f2), then the right hand sides in
the equations are in LP* for some p; > 2, which gives, by a boot strap argument,
u,v € W2Pt and so also u,v € LP? for a ps > py; by iterating this procedure
one obtains u,v € W?2P? for any p > 2, but then the right hand sides are at
least WP, giving (again by boot strap) u,v € WP for any p > 2, which finally
implies u,v € C2(Q) UC(Q), and then they are classical solutions, as claimed.

This regularity allows us to consider the nodal domains of v and v, that is
those maximal connected opens subsets of {x € : u(z) # 0} and of {z € Q :
v(z) # 0}, and also to apply, later, the strong maximum principle.

Suppose now, for the sake of contradiction, that the positive and negative
nodal domains of u and v coincide (observe that by the definition of im there
exist at least one positive and one negative nodal domain).

In any positive nodal domain w™, the functions (u,v) satisfy
—Au=\"v inwT,
—Av ="y inwT,
u=v=0 on Ow™,

and then u = v = ¢ ,,+, where ¢, ,,+ is a positive multiple of the first eigen-

function of the Laplacian with Dirichlet boundary conditions in w™.

In a similar way, we have that in any negative nodal domain w™, the functions
(u,v) satisfy
—Au=A"v inw,
—Av=p"u inw,
u=v=0 on Jw™.

By replacing the function u with the scaled function U = u /= /A~ one gets
—AU =+\/A p~ v inw”,
—Av=\/A"pu U inw,

U=v=0 on dw™,
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and then U = u m =0 = —¢q ,- where ¢y - is a positive multiple of the
first eigenfunction of the Laplacian with Dirichlet boundary conditions in w™.

Now, by subtracting the equations in (3.1) (remember that we are assuming
that uTv™ = u~v" = 0) we obtain

—Alu—v)=AT(r —ut) +p u” —A"v™ inQ,

(7.1)
u—v=20 on 01,

but, by the computations above, u* — v™ = 0 while p~u™ — A"v™ = p~u~ —
ATV /AT = (= /T AT )uT £0.

This means that the right hand side in (7.1) does not change sign and then,
by the strong maximum principle, the C?(Q) U C°(Q) function u — v may not be
zero in the sets w™: contradiction. O

A remark on the one dimensional case. If we concentrate on the one
dimensional case, where everything is simpler, it is known that the eigenfunctions
of the scalar problem (and then also of the system) are of the form sin(y/|A|z),
while the nontrivial solutions of the scalar Fu¢ik problem are built by suitably
gluing bumps of the form sin(vA+z) and — sin(vA~z).

What appears new in the Fuéik problem for the system is the existence of
regions where u and v have opposite sign even if the coefficients are all positive
(observe that the proof in Proposition 7.1 is given for the Dirichlet problem, but
in dimension one it is simple to extend it also to the Neumann problem): in
these regions we then have sign(—u") = —sign(u) and sign(—v") = —sign(v) and
then u and v have also a component of the form of the hyperbolic functions sinh
and cosh.
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