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ON A SECOND ORDER BOUNDARY VALUE PROBLEM
WITH SINGULAR NONLINEARITY

VIERI BENCI — ANNA MARIA MICHELETTI — EDLIRA SHTETO

ABSTRACT. In this paper we investigate in a variational setting, the elliptic
boundary value problem —Au = signu/|u|*t1 in Q, u = 0 on 99, where Q
is an open connected bounded subset of RV, and o > 0. For the positive
solution, which is checked as a minimum point of the formally associated

functional L

1 1
E(u) = §/Q|Vu|2+a/0—|u‘a,

we prove dependence on the domain 2. Moreover, an approximative func-
tional E¢ is introduced, and an upper bound for the sequence of mountain
pass points ue of E-, as € — 0, is given. For the onedimensional case, all
sign-changing solutions of —u/’ = signu/|u|*t1 are characterized by their
nodal set as the mountain pass point and m-saddle points (n > 1) of the
functional E.

1. Introduction
This paper is concerned with the singular boundary-value equation

—Au(z) = F'(u(z)) x€Q,

(1) u(z) =0 x € 08,
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where (2 is a sufficiently regular bounded subset of RV, N > 1, and F(u) =
1/(a|u|™) with a > 0.
In the onedimensional case, this equation comes out from some problems in
fluid dynamics and pseudoplastic flow. The boundary value problem
)+ — =0, O<uv, <1, u>0,
(1.2) { p ()"
7(0)=7(1) =0,

arises in the investigation of the hydrodynamical equations for the steady flow
of an incompressible viscous fluid over a semi-infinite flat plate (see [14]). Here
7 is the so-called shear stress, and v, is the component of the velocity parallel
to the plate. In order to satisfy the above problem both these quantities must
be properly normalized. The parameter p enters in the non-Newtonian relation
between the shear stress 7 and the gradient of the parallel velocity v, along the
direction x| perpendicular to the plate,

(9’1} 1/p
T = const - (ﬁ) .

For ;1 = 1 the above relation describes an ordinary Newtonian fluid. When
1 is larger or smaller than one the fluid is called ‘dilatant’ or ‘pseudoplastic’,
respectively. The pseudoplastic case is investigated in [1].

Positive solutions of the N-dimensional problem have been studied by Cran-
dall et al. in [6], in a general setting of second-order elliptic operators and of a
nonlinearity F(x, s) which is the primitive of a singular function, f(z, s), in the
sense that f is well defined only for s > 0, and lim,_ o+ f(x, s) = oo, uniformly
for z € Q. Existence and uniqueness of the positive solution v € C%(Q2) N C(Q)
of (1.1) is proved for 9 of C? class and f € C1(Q x |0, c[), by means of the
upper-lower solution method.

In a later work by Lazer and McKenna [13], which treats the case f(z,u) =
p(w)u_("“"l), is presented a simple proof of the existence and uniqueness of the
positive solution u € C**7(Q) N C(Q), 0 < v < 1, when Q is of C?T7 class.
Moreover, it is proved that u € Hy?(2) if and only if o < 2.

In the case f(z,u) = p(x)u" (@t there exist some other results on the
behavior of the gradient Vu of the solution of the problem (1.1) (see [16], [11]).
In [16], a uniform bound for |Vu/| in , is obtained assuming suitable hypothesis
on the function p and on 2. In this work the solution is obtained as the limit of
a sequence of solutions of approximating problems. These solutions are checked
as the minimum points of the relative associated functionals.

Moreover, the case f(x,u) = \g(x,u) + p(x)u~ (@t with ¢ non singular, has
been investigated in [4] and recently in [21], showing existence of positive weak
solutions in suitable assumptions on the functions ¢ and p.
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Sign-changing solutions have been studied lately in [15]. The authors assume
that the domain € is of C? class, and such that Q@ = Q; U Qy with Q; a C?-
subdomain. I' = 99 is called a free nodal set. Using the very precise information
obtained on the behavior of the positive solution, u, when u — 0, it is shown the
existence of two solutions u; and uy for the problem

—Au—i—PVp(p(x)) —0 inQ,

ua+1

(1.3) u=0 ondQUT,

u(x) #0 in Q\T,

with u; = —ug, u1,uz € C*7(Q\T)UC(Q), 0 < v < 1, and PVt is the principal
value around T, i.e.
(PVrp,v) = lim o dx
e—0 Q\S.
for p € LL (Q\T), ¥ € C§°(Q2) and S. = {z € Q : dist(z,T') < £}. This result
has been proved in dimension one for a > 0 and in more dimensions for o > 2.
Essentially, the solution of (1.3) is made by gluing together the positive

22 As the authors observe, it exists a

solution u® and the negative one, —u

continuum of solutions when T" is deformed homeomorphically inside €2, but in

this setting none of this solutions can be distinguished, even in dimension one.
We use a variational approach to study the equation (1.1). We consider the

formally associated functional
1 1 1
(1.4) E%(u) = —/ |Vul|? dz + —/ —dx.
2 Ja a Jo |ul

It is obvious that E* is not well defined on all HO1 2(Q) because of the singularity
on the nonlinear potential. We assume that the open bounded set €2 is such that
the set £2 = {u € Hy*(Q) : Jo(1/u|*)dx < oo} is not empty. We call Q
admissible if it satisfies this assumption.

In Chapter 2 we prove (see Theorem 2.14) that if Q is admissible, the func-
tional E has exactly two minimum points ufﬁ and fuﬂ, with uﬂ > 0 on €2,
such that +uf € H,?(Q) are solutions of (1.1). We point out weakness of the
regularity assumptions on 2. (see Remark 2.1). Recalling the result of [15], we
have that if  is of C?17 class, then £? # () implies a < 2.

In Chapter 3 we give some information on the behavior of the minimum
points ug > (0 and —uﬂ of the functional E*? depending on the set 2. We have
a result of monotony (see Lemma 3.1) and a result of convergence of ui" to uﬂ
where €2, is a non decreasing sequence of admissible subsets, and Q = J,, 2, is
an admissible subset (see Lemma 3.3). Moreover, in the case of domains of C?
class, we prove the continuous dependence of minimum points :l:ufﬁ with respect
to Q (see Theorem 3.4).
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In Chapter 4 we prove (see Proposition 4.4) the existence of a mountain pass
point u. for the approximating functional

1 1 1
1.5 E% :—/ Vul?d —/7d for all u € H}%(),
(1.5) s (W) =3 Q| ul*dz + — o (ul 4oy 0 forallu € Hy (€)

which is locally Lipschitz continuous; thus it admits the Clarke’s subdifferential.
We prefer to consider the functional ES}(u) as an approximating functional of
E% because of the strict convexity of the function s + 1/(|s| 4+ &)® either for
5> 0or s < 0. In Theorem 4.9 we prove the boundedness of u. in Hy*(2) with
respect to €.

In Chapter 5, for the onedimensional case, we show in Theorem 5.4 that wu.
converges to ug weakly in H&’Q([O, 7]), as € — 0, where ug is a point of mountain
pass type for El%7] The only vanishing point of g is /2, and, according to the
definition of McKenna and Reichel, ug is a “sign-changing solution” of (1.1).

In Theorem 6.6 of Chapter 6, for the onedimensional case we show that a
“sign-changing solution” of (1.1), such that the nodal set divides the interval
[0, 7] in equal parts, is characterized by a “variational argument.”

2. Minimum points of the functional F

Let Q be an open, bounded, connected set in RY. In the following, given
a > 0, we consider the functional F: £ — R defined by

1 1 1
(2.1) Bw = E%0) =5 [ [VuP 4 [ oo

2 Jo a Jq lul
where £ is the subset of HS’Q(Q) defined as

(2.2) E=¢£"= {u € Hy?(Q) : /Q L oo}.

|ul
We can observe that £ is a cone without internal points such that 0 ¢ £.
REMARK 2.1. We can exhibit some cases in which £? # ).
(a) Let Q =10, 7[ x ]0,7[. We consider
u(z1,29) = (sinzy - sinxy)”

with 1/2 < 3 < 1/a, where o € ]0,2[. Then, u € £
(b) Let Q be of C? class. We can consider 4 € Hy*(Q) such that @ > 0
in Q and

(2.3) (z) := dist(z,00)°, zeQ

where Q = {z € Q : dist(z, Q) < p}, for some p > 0, with 1/2 < § <
1/a. Then if a € ]0,2][, we have u(z) € £%.
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(c) Next, let Q = Q1 N Qy, where ; are open bounded connected sets of
C' class such that 9Q; N O is a manifold of codimension 2 made of
a finite number of connected components. Then we have that if

u(x) = min(uq (z), uz(x)),

where u; on €7 and us on 2y are defined as in (2.3), then @ € EL We
have easily the same result for = (I_, Q;, with €; open bounded con-
nected sets of C! class such that (), 9€; is a manifold of codimension 2

made of a finite number of connected components.

DEFINITION 2.2. The set (2 is called admissible with respect of the functional
E® if Q) is an open bounded connected subset of R such that £ # (.

In the following we assume that ) is an admissible subset. Moreover, we
denote C = {u € Hy*(Q) : u(z) > 0}. Then C; NE is a convex cone. We set
EL =F|c,re-

LEMMA 2.3. The following hold

(a) E is weakly lower semi-continuous and coercive; so there exists a mini-
mum point of £ in &;

(b) Ey has a unique minimum point uy in C+ NE;

(€) 0< [, VurVeo — [o(1/ug)p, for all p € Hy*().

PrOOF. (a) The coercivity derives from the positivity of [1/|u|®. Using the
Fatou Lemma, we get the weak lower semicontinuity of the functional [ 1/u|®
and then the weak lower semicontinuity of F.

(b) By (a) we have the existence of the minimum point of E; on Cy N E.
Since the real function of the real variable k(s) = 1/|s|* is strictly convex for
s> 0 we get

dx t 1—1¢t
0= /g () 1 (L Dua@)® /z m@)e ™ *fg )

for t € [0,1] and uy,u2 € Cy NE. Then E. is strictly convex on the convex set

C+ N &, which implies the uniqueness of the minimum point of £ in it.
(c) If t > 0, and ¢ > 0 with ¢ € Hy*(2), then uy +tp € Cy NE, and we get

E(uy +tp) — / 5 / /
. < =
(24) 0< ; [Vl Vuy Ve (u+ n 191580)0‘“

for 0 < ¥ = ¥(z,t) < 1. By Fatou Lemma and (2.4) we have

¥ ¥ 24
— <hm1nf/ < 1m —/ Vi /Vu V.
/ui‘* tn—0 J (uy + 9y tngp)O“H Vel *

Then the thesis follows. O
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REMARK 2.4. Let us denote by uy € Cy NE the unique minimum point
of 4 on Cp NE. By the symmetry of £ we have that any minimum point w,
of F on €& is such that |w| = u. Indeed

E(jw]) = E(w) < E(uy) < E(|w]).

So E(w) = E(uy), |w| = us, and so u4 is a minimum point of E on all £.
Now let us introduce the perturbed functional E.: Hé 2(Q) — R defined by
1 , 1 1
(22) £ =3 1+ 2 [ e
We prefer to consider the functional E. as an approximating functional of F
because of the strict convexity of the function s +— 1/(e + |s])® either for s > 0
or s < 0, which gives straightforward the uniqueness of the non negative and
non positive minimum point, respectively in the positive and negative cone.
We observe that F. is locally Lipschitz. Thus, the functional E. admits the
Clarke sub-differential (see [3]). We recall its definition and that of the critical
point.

DEFINITION 2.5. The sub-differential of a functional f, defined in a Banach
space X, is

Of(u) ={&e X" : (§,0) < f(u,p) forall p e X}
where
fO(u, ) ;= limsup flwtte) - f(w)
w—u,: tN\,0 t
Moreover, u € X is a critical point for f if 0 € 9f (u).

Let us now calculate the Clarke sub-differential of our functional F.. We
consider again E = [, 1/[ul*.

B (u, ) = Tim sup 2 (Bw + t¢) — B(w))
WU N\ 0 t

1 / ol d / signu
= | dr — — 0.
et Jruzoy {usto} (€ + [u])ot?
So we get

" signu W
(2.6) OF:(u) 2§ =u—1i (W}({u#O}) -1 <Wx{u—0}>v

where v € R and [y| < 1. Here, x{yz0}(z) = 1 if u(z) # 0, and x{yz03(z) =0
otherwise. Analogously we define X,y ().

By definition, we have that u is a weak critical point for the functional F. if
it exists 7 € [~1,1] such that, for all p € Hy*(Q)

signu

1
2.7 0= VuVyp — —— [ 7 —_— .
(2.7) /Q uve = oh /Q TPX (u=0} JF/Q (e + [u])*+! PX (a0
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REMARK 2.6. Arguing as in Lemma 2.3 and Remark 2.4 we get that it exists
a unique minimum point 5 € Cf for K, restricted on the positive cone. By
the symmetry of F,, v is a minimum point of F, on the whole space H&’Q (Q),
hence u5 is a weak critical point for E.; thus it satisfies (2.7).

LEMMA 2.7. The set Z. = {x € Q: uS () = 0} has zero measure. Moreover,

1t holds
1

—Au§ = ————.
+ (E + ui)a—&-l
PROOF. By contradiction let us suppose that meas(Z;) := |Z;] > 0. Given
)

e, we can find two closed subsets F; and F5 such that F; C Fy C Fy C © and
|F; N Z:] >0 for i =1,2. We consider the function

1 ze€ Zg N Fl,
Xs(x) = .
0 otherwise.

We choose ¢, € H&’Q(FQ) such that for any n, ¢, > 0, supp @, CC Fs, and ¢,
converges to x- in L?(Fy). Since uf € HIQOCQ(Q) we get

1
0 < Ec(uf +ton) — Ec(u}) = t/F2 (—AUi - W)son

1 (a+1)p?
t2 ~|Venl? =tA, +t*B,
+ /FQ <2| onl”+ (e + U5 + Dtpy) T2 +

where ¢t > 0 and 0 <9 < 1.

Since lim, A, = —(1/¢%)| 2. N F1| < 0, for n large enough we get A, < 0.
Then for ¢t small enough we obtain tA, + 2B, < 0. This is a contradiction, so
we get —Aus =1/(e +uf )t ]

LEMMA 2.8. There exists a > 0 such that, for any e > 0,

api(z) <uf(x) forallzeQ

where ¢1(x) > 0 is an eigenfunction of the first eigenvalue Ay of the Laplacian
operator —A.

PrROOF. We have —A(u%. — ap') = H(z) - (uf. — ap1) + K(x) where
(e+ui) ™ —(et+ap)™!

H(x) = ug —apr
0 us = aepr,

5 # ag,

and

K(z) = (e +ap1) ' —alior.
It is easy to check that the function H(z) € L*(Q2) is negative. Moreover,
K(x) € L*®(Q), and it exists a > 0, which does not depend on ¢, such that
K (z) > 0. Then, by the maximum principle we get our claim. O
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At this point we obtain the following statement

LEMMA 2.9. It holds uy(x) > 0 for any x € Q.
PrOOF. We have
E.(u%) < Ec(uy) < E(uy), foralle>0.

Hence u5 is bounded in HO1 2(Q) Thus, it exists a subsequence u3* which con-
verges to u weakly in H&’2(Q) and punctually a.e. Then u > ap;. By Fatou
Lemma and the weak lower semicontinuity of the norm of HO1 2(Q) we get that

E(u) <liminf E.(ug) < E(uq).

Then by the uniqueness of the minimum point of £ on the convex cone C; NE
we have that u = uy, so we get the claim. g

LEMMA 2.10. For any ¢ € C§°(Q) it holds

(2.8) /VU+V<,0—/ Z =0
Q Q Uy

PRrROOF. Given ¢ € C§°(Q2), we can find 7 > 0 such that for any ¢ with
t < ||, we have uy +tp € Cy NE. Tt is easy to verify that the real function

t — E(uy + tp) for t < |7 is of C! class, and ¢t = 0 is a minimum point. Then
(2.8) follows. O

REMARK 2.11. The minimum points of £ = E® on £& = £9 are exactly
Uy = ufﬁ and —uy = fufﬁ. Indeed, if there exists a sign-changing function w,
which is a minimum point of E, by Remark 2.4 follows that |w| = u4. Hence
we get {z € Q : ug(x) = 0} # 0, which contradicts the strict positivity of uy
proved in Lemma 2.10.

Analogously we get that minimum points of E. on Hé 2(Q) are exactly uS.
and —uf .

REMARK 2.12. By Lemmas 2.10 and 2.9 we get [, [Vuy|* = [, 1/uf. In-

deed,
1
/VU+V50,L:/ a—-i-lcpn’
Q Q Uy

where ¢, = (uy — 1/n)*, and supp ¢, CC Q. Since 0 < ¢, < uy we get the
assert by the Lebesgue convergence theorem.

REMARK 2.13. Arguing as in the proof of Lemma 2.9 we get
Bluy) = lminf E.(uf),  uf —us ase—0, [ = lminf Jus ]
Hence there exists e, — 0 such that u., — u, strongly in Hy>(Q).

By Remark 2.11 and Lemmas 2.9, 2.10, 2.3 and Remark 2.4 we have the
following
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THEOREM 2.14. If  is an admissible subset of RY, then the functional B
defined by

1 1 1
E%(u) = —/ |Vu|? + —/ T forallue £L,
2 Ja a Jo |ul
has exactly two minimum points uy and —uy, with uy > 0 in Q, and it holds:

/ VuVy = / QLH, for all p € C5°(Q), suppp CC Q.
Q Q Uy

REMARK 2.15. As we mentioned in the Introduction, in [13] was proved
that if 0Q is of C%7 class, 0 < 7 < 1, then the unique positive solution u, €
C2(Q)NC(Q) of (1.1) is in Hy*(Q) if and only if a < 2. Hence by Theorem 2.14
we get that if £2 # () and 99 is of C?*7 class, then o < 2.

3. Dependence of the minimum points of £ on the domain

Next we give some information on the behavior of the minimum points w4
and —u, of E = E with respect to the domain . We recall that for the
moment € is an open bounded connected subset of RV such that £ # ().

LEMMA 3.1 (Monotony). If ul+ and u2+ are the positive minimum points of
the functionals EY and E*2 respectively on the admissible subsets Q1 and Qo
of Q, with O C Qa, and vl =0 in Qo \ Q, then

1 2 .
uy <uf  ae. in .

PROOF. Let us consider the positive function (u} —u2 )" € H}(Q2). We can
observe that the function v} +t(u} —u2)" € C4 NE C HY(Qo), for all —1 < ¢.
Moreover, the function ¢ — E(ul + t(u? — ul)*) is of C* class and t = 0 is a
minimum point. So

(uh —u3)*
Vul V(ul 7u2)+7/ ~—t .
/Ql + + + (951 (u}i-)a+1

Concluding, by (c) of Lemma 2.3 we have
0< / V(ad — 2 )2 = / V!, — )PVl — )t
Qg QZ
<[ o oy
~ o, (uh)et? , (uf)et!

= /521(U1+ U2+)+{(u3r;a+1 B (ui;““} < 0.

Then, (v} —u3)" =0. O
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DEFINITION 3.2. If {Q,} is a sequence of admissible subsets of R™V such that
Q, C Qpqy for any n, and Q = J,, 2, is also an admissible set, we define the
function

o - {300 220

0 z € Q\Q,
where u'} is the minimum point of En,

The following result gives a “weak continuity” of the map {Q,, — u,}; “weak”
in the sense that it holds only in the case where €, is a non decreasing sequence
of admissible subsets of RYV.

LEMMA 3.3. The sequence {uy} defined in (3.1), converges strongly inHy> ()

to the positive minimum point uy of the functional E.
Proor. By Lemma 3.1 we have u; <us < ... <y < ... <uyp. We set
u(z) = sup u, (x);
n

so u1 < u < ug. First we verify that ||u,|| is bounded. Indeed, by Lemma 2.3(c),
since u4 > u, > 0, we have

(3:2) o [1* = ffun|* = (Veuy = Vg, Vg = Vi) p2(0)

= |lug —un® + 2/Q Vu,V(uy — uy)

Uy — U
— oy =42 [

=
u’ﬂ
In the same way, if we consider u,; instead of uy we can prove that ||u,|| is

increasing. Then, we can assume that the sequence u,, converges to u weakly in

H,y?(9), strongly in L2(Q) and punctually a.e. in Q. Hence
(33) Jull < timnf | < ]

Moreover, by Lemma 2.10 for any ¢ € C§°(Q2), for n large enough we get

1
0= Vu, Vi — /
Q, Q

s
Since the sequence {1/u®*!} is positive and monotone, by Beppo-Levi Theorem

n

we get
1
0= / VuVe 7/ —% forall p € Cg°(2).
Q o u®
Arguing as in Remark 2.12 we get [, [Vu|* = [, 1/u®. Then, by (3.3),

1 1 , (1 1 )
B0 = (5+ 2 )l < (54 3 ) sl = %)

By the uniqueness of the positive minimum point of B we get u = u,.. (|
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THEOREM 3.4 (Continuity of minimum points with respect to the domain).
Let Q,, be a sequence of C? bounded open connected subsets of RN such that
limy,—0o Qn = Q, and let Q CC Q*, where Q and Q* are of C? class. Moreover,
let a < 2 and let u’} and uy be respectively the positive minimum points of Ef»

and E®. We define
ult in Q,, uy in £,
Up = u =
0 in QF, 0 inQ*\Q.
Then u, converges to u in Hy”(Q*).
PRrROOF. For a small enough we have Q_, C ,, C Q,, for n large, where
Oy ={zeQ:dist(z,00) > a}, Q= {xeQ :dist(z,00) <a}UQ.
By Lemma 3.1 we have u}“ < u/} < u%, where ufa are respectively the positive
minimum points of F% and E®-«. By (3.2) we have
P < flulp ] < [l [}

By Lemma 3.1 and Lemma 4.7 (in the following chapter), letting a — 0 we have
that v “ and u$ converge to u in Hy?(Q%). Hence u’} converges to u. O

4. Boundedness of the mountain pass points u. of F.

Our aim now is to show the existence of a third critical point of the functional
E. which changes sign. This will be a mountain pass point for E.. Referring to
the definition of the (PS) condition for a locally Lipschitz functional we have

DEFINITION 4.1. We say that E.: Hy*(2) — R satisfies the (PS) condition
if every sequence {u,} such that

(a) E:(up) <c< oo,
(b) there exists v, € [—1,1] such that

sign uy,
(e + Junl)o X"

where x,,(z) =1 if u,(z) # 0 and x,(x) = 0 if u,(z) =0,

(4.1) Up — 1 [ (1 = xn) — —0 in H23(Q),

admits a subsequence which converges strongly in Hy*(Q).
LEMMA 4.2. E. satisfies the (PS) condition.

ProoOF. Let {u,} be a (PS) sequence. Then since E.(u,) is bounded, we
have that {u,} is bounded in H,*(Q). Then we can assume that it converges
to a function u, weakly in Hy*(Q) and strongly in L2(Q). Moreover, we can
assume that v, — v. Next we set

(1 ) sign uy,
vn - n - n T T N~ n -
R N CE T I
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We have that {v,,} is bounded in L?(£2). Thus we can assume that {v,, } converges
to a function v weakly in L?(Q). Recalling that {u,} is a (PS) sequence, for all
¢ € Hy?(Q), we get

0= h?Iln(<u7l7 ¢>Hé’2(ﬂ) - <1}n, SD>L2(Q)) = <’LL, ¢>Hé’2(ﬂ) - <U, SD>L2(Q)'
Then, respectively, for ¢ = u,, and ¢ = u, we have
(4.2) 0 =1i£n(||un|\§{é,z(m = (Vn, Un) 2(0)) = lim 2.2 0y = (v 1) 2@,
(43) 0 :h}}l(@mm[{;ﬂ(g) — (v, u)r2()) = HU”?{;?(Q) — (v, u)2(0)-

By (4.2) and (4.3), lim,, HunH?{é,z(Q) = Hqué,z(Q). Hence the claim. O
LeEMMA 4.3. There exists p > 0 such that E.(u) > E.(u%), for all u with
||u — ui” = p, where us. € Cy is the minimum point of E..

PROOF. The proof is based on an argument of De Figuerido—Solimini which
we adopt for functionals which admits Clarke’s sub-differential. We suppose by
contradiction that, for all p > 0,

inf  {E.(u):ue Hy*(Q)|lu—ui} = p|| = Be(uf).
u€Hy " (Q)

We consider E. restricted to R = {u:0 < p— 8 < ||u—ui| < p+6}. Let uy,
be such that ||u, —us || = p and E.(u,) < E-(uS) + 1/n. Now we apply the
Ekeland Variational Principle and obtain a sequence v,, such that

Ee(vn) < Ec(un) [un = vnl <1/n,

E.(v,) < Ec(u)+ ||vn —ul| /n for all u € R.
Let us choose u = v, + tg, where supp ¢ C {z € Q : v,(x) # 0}. Then

E (v, +tv) — Ec(vy,
A(vp, ) == limsup eon £ tv) — Ee(vn)
v—@, t\,0 t

1 i n
= <Una(p>H1'2(Q) - _/ Teny 1 ®,
0 " Jivaz0y (€+vn)ot

since f{v (2)=0} |o] = 0. Moreover, since E.(v,) < Ec (v, + t@) + (t/n) ||¢]|, we

have
{ —A(vn, ) < [l /n,
A(vn, p) = —A(vn, —¢) < [[—¢ll /n.

|A(vn, #)|
Il
We notice that the map & ¢ — A(v,, ), ¢ € Hy?(Q), belongs to dE-(v,) C
H=12(Q). So if ¢, € OE.(vy,), and ||¢]| = min, ||&, ||, then
[A(vn, )| _ 1

[énll < ——— < —.
Il n

So
1

< — forall p, suppp C {v,(x) # 0}.
n
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Using the (PS)-condition we get that v, — v in Hy*(2), hence E.(v) = Ec(u?.).

Moreover, 0 € OE.(v) and Hv - uiH = p. But this is a contradiction since by
Remark 2.11 we know that uS and u® = —uf are the only minimum points
of E.. O

PRroOPOSITION 4.4. We have that
= mi ax F,
= e el

is a weak critical point for the functional E. where
I. = {y€C([0,1], Hy*(2)) : 7(0) = u, (1) = u}.

PRrROOF. By Lemmas 4.2 and 4.3, using for example the Deformation The-
orem for nonsmooth functionals proved in [5], we get the existence of a weak
critical point u. for E.. |

The following steps consist on showing that the set {u.}.>0 of the mountain
pass point for the perturbed functional E. is bounded in H&’Q(Q). For this
purpose we build a continuous path from u% to u®. We can connect uf with
uy, and u_ with u® by segments, so it suffices to construct only a continuous
path which connects w4 with u_. In the following €2 is a bounded open connected
subset of R” with boundary C?, and oo = 2. We can assume that 0 < z; < 1 for
any ¢ = (21,...,zn) € Q. We slice Q with an hyperplane I, = {« : 1 = A\}. To
simplify, we assume that Q N I is connected.

DEFINITION 4.5. For 0 < A < 1weset Q) ={r € Q:0< 2 <A} with
Qo = 0 and Q; = Q. We define ui such as to be equal to the positive minimum
point of E** on €, and u} =0in Q\ Q.

u(x,y)

Moreover, we define Ei to be equal to the positive minimum point of E2\2x
on 0\ Q,, and Ei =0 on Q). Finally

u?) for x € Q,,
(4.4) ux = { i *

—u} for x € Q\ Qy,

and we call ¥ the path A — wuy.
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Here ug = —u4 = u_ and u; = uy, where uy is the positive minimum point
of E*. We observe also that since Q is of C? class, by Remark 2.1 we have that
Q) and Q\ Q) are admissible subsets, so the function uy is well defined.

LEMMA 4.6. When A — 0, then ui converges to 0.

PrOOF. By Remark 2.12 we have

1 1 2 .
(5 a) Il = o) = im0

If we consider the function
dx(z) = min[(dist(z, dQ))?, (A — 21)7] € Hy* (%)
where 1/2 < 8 < 1/a, it is easy to see that E**(dy) — 0 when A\ — 0. O

LEMMA 4.7. Let A, \, Ao €]0,1[ asn — oo. If we denote by u,, the function
such that Un|Q>\n = ui"’ and by u® the function such that UO|Q>\0 = ui", then u,

converges to u® strongly in H&’Q(Q).

Proor. By Lemma 3.1 we have uy > ug > ... > up > -+ > u?. We set

u(z) = inf, u,(z). Analogously to Lemma 3.3 we can show that the sequence

{un} is decreasing, hence bounded. Then we can assume that u, converges to

u weakly in HS’Q(Q) and punctually a.e. in Q. Arguing again as in the proof

of Lemma 3.3, by the monotony of {u,} we get [, [Vul* = [, 1/u® Then
o o

since 1/u(z) < 1/u’(x) for z € Q,, we obtain

1 1 1 1 1 1
E®o(u)=(5+— / — <[5+ = / —— = B u°).
2 a)Ja,, u* 2 o) Jo,, (W0)”

By the uniqueness of the positive minimum point of E®* we get u = u°. So
||u0|| < lim,, ||u,||. Moreover, being u,, the minimum point of E» we get

EQ)\TL (un) < EQAO (UO) _"_EQ)\TL_Q)\O (:J’i) _ (% + %)(HUOHQ + | ﬁi||2)

7Q>\0

where u'} is the positive minimum point of E%n In the same way as in

the previous Lemma we have that u'} converges to 0. Then lim, HunH2 < ||u0||2.
So u, — u° strongly in Hy>(5). O

At this point, by (4.4) and Lemmas 3.3, 4.7 and 4.6, we get the continuity
of the path

which links vy with u_, is continuous.
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REMARK 4.8. Let v1(t) = tug +(1—t)uy where 0 <t < 1. Since the segment
1 = [u%, uy] is connected in the convex cone C, of the positive functions, and
E. is strictly convex in C, we get

E.(tuy + (1 —t)uy) < E-(uy) < E(uy) forallt e [0,1].

If we consider o (t) = tu® +(1—t)u_ (12 = [u®,u_]) with 0 < ¢ < 1, analogously
we get

E.(tu® +(1—tu_) < E.(u-) < E(u-) forallte]|0,1].

THEOREM 4.9. The set {u:} of the mountain pass points for the perturbed
functional E, is bounded in H&’Q(Q). When €, — 0 there exists a subsequence
{ue, } which converges to ug weakly in Hy>(S2). Moreover, E(ug) < maxy I,
where the path ¥ is defined by (4.4).

PRrROOF. Step 1. E.(u.) < maxy E.
We consider the path 7. = [u%,uy] U5 U [u_,u®]. By Remark 4.8 and by
the definition of the path 7 (see (4.4)), we get

E.(u.) <maxE. <maxFE. <maxFE.
e 7 7

Hence ||uc|| is bounded.
Step 2. If e < &1 then E., (ue,) < E., (ue,)-

Indeed by the convexity of E. on [uS!,u??] and [u, u?] we get
E., (us,) < max E., <maxFE., <maxF,,
[ult ui?1Uye, Ulus u?] Vea TVea

for any path 7., from u3? to u=. Hence the claim.

Step 3. There exists a subsequence {u, } such that u., — wug weakly in
Hy?(Q) and E(ug) < maxs E.

By Step 1 we get the boundedness of ||uc||. Hence we get the first claim. So
we can assume that ¢j, is decreasing to 0 and u., — uo weakly in Hol’2 (©Q). By
Fatou’s Lemma, by Step 2, and by Step 1 we get

E(ug) < limkinf E., (ug) = h}{:nEEk (te,,) <max E. O
Bl

LEMMA 4.10. If we is a weak critical point of ES, we get

sign we

“Aw. = ——
We (5 + |U)5|)a+1 X{’UJE#O}

with w. € H2(Q) N CH(Q).

PROOF. By (2.7) we have

sign we

Y
Aw, — — B _ SiehtWe
We (Ea+1)X{w570} + (e + [we )+t X{we#0}
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for some 7 such that |y| < 1. So w. € H*2(Q) N C*(Q). Since —Aw,(x) = 0 for
all z such that w.(z) = 0, If we suppose that meas({z : w.(x) = 0}) > 0, we get
that 0 = v/(e**1). O

REMARK 4.11. We consider the open set Q5 = {x : uc(z) > 0}. Then the
restriction . of the weak critical point u. on Q% coincides with the positive

o . . Q5 ~ . "
minimum point of the functional FE.*. Indeed . € H&Q(Qi) is a positive

solution of the equation —Au = 1/(g + u)**!

on Q% , and by the maximum
principle the positive solution of the previous equation is unique, hence the

claim. Then by regularity we get that u. € C*(Q%.).

REMARK 4.12. Let u. be a critical point for E. with E.(u.) > E.(u% ). Then
u. changes sign. By contradiction, we have —Au, = (1/(e 4+ ue)* ™) x(u. 20}, if
ue > 0. If w CC Q with dw smooth, we get u. € C?(w), and by the strong
maximum principle u. > 0 onw. Then, u. > 0on Q, and —Au. = 1/(e + u.)*!.
If ue + p > 0 we get

2

1 '
B+ ) = Belue) = 5 [ V6P + (04 1) [ o 20

with 0 < ¢ < 1. Hence u. # u} is a minimum point of E. on the cone of positive
functions. By uniqueness on Remark 2.6 this is a contradiction.

5. Mountain pass points for F. in the onedimensional case

In this chapter we assume Q = [0, 7]. Let u. be a weak critical point of the
functional E. We define the nodal set of the function u. as

(5.1) Z.:={z €]0,n: us(z) = 0}.

Firstly we will characterize the nodal set Z. of the weak critical points of E..
Next we will show that for the mountain pass points we have #2. = 1.

LEMMA 5.1. It holds

(a) #2. < oo and the elements of Z. divide the interval [0,7] in ve + 1
equal parts, where ve = #2..

(b) If uc is a mountain pass point of E., then there exists a sequence ), con-
vergent to zero such that ue, converges to ug uniformly and the integer
Ve, 1S constant for e small enough.

PROOF. (a) Given ¢, we consider u.. If uc > 0 for z € ]a, b[ with uc(a) =
us(b) = 0, then —u/(x) = 1/(e + uc(x))*™ for x € Ja,b[. Hence (ul(x))? —
2/a(uc(x) +€)~% is a constant on ]a, b[. So

0 < ul(a) = —ul(b) = \/§ ERresTas
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where M. is the maximum for u. on [a,b]. Then u. changes sign and there exist
¢ such that u.(z) < 0 for z € 1b, ¢[ and u.(c) = 0. It is easy to see that c =2b—a
and uc(x) = —us(z +a —b) for b < x < 2b — a. So we have (a).

(b) By Theorem 4.9 there exists a sequence €, — 0 such that u., — wug
uniformly. Hence /v, is a vanishing point of u.,. Moreover, 7/v,, is bounded
by the uniform convergence of u.,; this implies that v,, is constant for €5 small
enough. |

In the following u. is a mountain pass point of E..
LEMMA 5.2. It is false that # Z. is an odd integer larger or equal than 3.

PROOF. By contradiction we assume that #2Z. > 3. We define the following
function for [t| <1

(1+ t)2/<a+2>ug<1i+t> 0<z<(1+t)B,
= 2B —
(52) We,t _(1 _ t)Q/(a+2)u8< _ tx) (1 + t)B S x S 2B,
ua(x) 2B <z <.
—92/(at2)y, (B f) 0<az<2B,
(53) We,—1 = 2
ue(x) 2B<z<m

92/(a+2),, (f) 0<z<2B,
(54) We,+1 = 2

ue () 2B <z <.
We will show first that, for |¢| <1,
(5.5) E2(wey) < B (ue).
By (5.2) we have
E(we) = ELUHDB) (g ) + BLAFOB2B) () 4 BRB (),

so, it suffices to show that EL27! (wer) < EL25] (ue). Now by a changing

variable argument we get

1 — « B
6.0 BRI, =g [ )2 a

1 [P (1+1t)d¢
" E/o (e + (1 + 02 D ()

1 —Qx [e% b
(6:7) BB ) = (1 - 1) Ee)/Ere) /0 (ul(€))* ¢

1 /B (1—t)d¢
i 5/0 (e + (1 — )2/ Dy ()~
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Let us define ¢(t) = Elo’(Ht)B](wE,t) + E£(1+t)B’2B](wg,t) for |t| < 1. By
(5.6), (5.7) and by the symmetry of u. with respect to the point B, we get
»(0) = EL2B (ue). By calculating ¢’ (t) and ¢”(t) we have that ¢’(0) = 0 and
¢©"(0) < 0. Hence we have

(5.8) EL2Bl(y, ) < E2Bl(y,), for 0 < |t| <1,

which implies (5.5). By (5.3) and (5.4) we have also E(w. +1) < ES(ue).

Next we define the following function for |7| < 1

ue () 0<z<2B,
-~ 2B
(1JrT)Q/(‘D“LQ)ng(:E1 n ) 2B<z<(3+71)B,
(5.9)  ver = 4BT
(17')2/(O‘+2)u5< . x) 3+ 7)B<x<4B,
-7
e () 4B <z <.
ue(x) 0<z<2B,
(5.10) v,y ={ —2¥(a+2)y, (23 — g) 2B <z < 4B,
ue () 4B<z<m
ue () 0<z<2B,
(5.11) wv. g = 2¥/(@F2y, <B - g) 2B < z < 4B,
ue () 4B <z <m.

Arguing as in the previous case, we consider 3(7) = B3 (v, 1) + El*(ve, 7)
for || < 1, where Is = [2B,3B + Br] e Iy = [3B + Br,4B], and we see that
7 = 0 is the unique strict maximum point for ¢. Moreover, by (5.10) and (5.11)

we get

(5.12) ERBABl(y_ 41) < ERBABl(y,).
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To simplify some notation in the following we consider the case # Z. = 3, and
ue positive in [0, B]. Since u. € C*([0,7]) it is easy to verify that the application
[:Q — Hy?([0,7)) where Q = {(t,7) : [t| < 1,|7| < 1}, defined by

It 7) = we,t|[0,2B] + v5»7|[2B,4B]

is continuous. Here Wet| o om is the restriction of w, ; to the interval [0,2B] and
zero on the interval [2B,7]. Analogously we define UE,T|[2 pap)- Then we have
that

ES(T(t,7)) < E&(u.), forall (t,7) € @\ {0,0}.
Indeed, ES{('(t, 7)) = [0.25] (wet) + pRBAB] (ve,7), then by (5.8) and (5.12) we
get the claim.

Next we consider the continuous path ¢t — T'(¢,t), t € [0,1], which links
the positive function I'(1,1) to ue in Hy?([0,7]). Moreover, the map {\ —
Aug + (1= ANI(1,1)}, with 0 < A < 1, is in the cone of the positive functions
C,. By the convexity of E? on Cy and by the fact that uS is the positive
minimum point of ES* we get ES (Aug +(1—A)I'(1,1)) < EX(I(1,1)) < B2 (ue).

Analogously we build a continuous path from u. to u® such that u. is the
maximum point of E? on this path. So finally, since u. is a strict maximum
point for E.|po\{(0,0)}), it is clear that we can build a path from u® to u5 such
that the maximum of E? on this path is strictly smaller than E(u.). And this
is a contradiction since u. is a mountain pass point. (|

We can argue analogously in the cases in which # Z. is an even integer larger
than 2. Indeed we have the following

LEMMA 5.3. It is false that # Z. is an even integer larger or equal than 2.

PROOF. Let us suppose # Z. = 2 and u. > 0 in |0, B[. Here B = 7/3. We
define

14 t)%/(@+2) ‘T <r<(1+1)B
L T N P Y

24+ 7)B—=x

1- 2/(a+2), (2+T)B -2

(1—t+7) vel Ty,
(1+t)B<z<(2+7)B,

(5.13) T.(t,7) =

3B —
(1- 7)2/(‘”2)%( w) (24 7)B <z < 3B.

1—71 - =

[o(—1,1) = =322y _( B - —) 0<xz<3B,

2/(a+2) 9
§ Ue | =2 0<z< §B,
1 1 2 3 2
Te(z,—=]=
27 2

2/(a+2)
2
(o 3) ee
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where (t,7) € Q. Here
Q=1{(t,7):|t| <1, |7| <1, T>t—1}U{(-1,1),(1/2,—1/2)}.
Since a < 2 and u. € C*([0,7]), is is easy to see that r..Q — H&’Q([O,w]) is

continuous. By calculations of the same type as in those of Lemma 5.2 we can

verify that (0,0) is the unique maximum point of E. on I'.(Q) since

Eo(To(t, 7)) = [(1 + £)0)/(+0) (1 _ 1)2=)/(2+a) 4 (] _ 4 4 7)@-e)/(24a)]

B 1+¢ (B d§
[ weraer 2 [ ey

1—7 [P dg
T / e+ (-2 ()e

1—t+7 (B d¢
o [;(8+U—t+TF“%®u48W'

Moreover, we can consider the segment which links the positive function I'c(1/2,
—1/2) to the w5 in the cone Cy of the positive functions of Hy*([0, 7)), and
the segment which links the negative function I'.(—1,1) to the u® in the cone
of the negative functions. So we can build a path from u5 to u® such that the
maximum of E on this path is strictly smaller than E(u.).

1 1
I/""\I‘(E’_?)
- N
’/’,’ \\\ R

7 i

N 1o .-

~
-
\\_——’

This is a contradiction since u. is a mountain pass point. By Lemma 5.2 and
the previous argument we can prove that # Z. is not an even integer. O

At this point we can characterize variationally the function ug which was
found as the weak limit in Hy'*([0,7]), as € — 0, of the sequence of mountain
pass points {u.} (see Theorem 4.9).
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THEOREM 5.4. The function ug (defined in the Theorem 4.9) is such that
o — ,[07/2] — 27 n 0.7/2] 0 d 4 l7/2:7] ;
olo,r/2) = uy 7, Uoljn2,m = —uy , where u and u are respec

tively the positive minimum points of E%7/21 and EI*/27] Moreover,

E®™(4y) = inf max E107)
yeA v

where A = {7:0,1] — £ is continuous v(0) = uy,y(1) = —uy}.

PROOF. Step I. ug changes sign and the only vanishing point in ]0, 7[ is 7/2.
The restriction of ug either to ]0,7/2[ or Jm/2, 7| is of C? class and it satisfies
the equation —ufj = 1/|ug|**! sign ug.

By Lemmas 5.2 and 5.3 and by the existence of a subsequence of u. conver-
gent to ug in CP-sense (see Theorem 4.9), we get that the only vanishing point
of ug in ]0, 7[ is /2. Hence for any ¢ € C§°(]0,7/2[) we get

w/2 w/2
[ v [ s
0 : o (etue)rtt

When € — 0, by the existence of a subsequence of u. convergent to ug in C%-sense
and in Hy?(9) we get

w/2 . w/2 1 Lo
/ ugpyp = / —5ay, forall g € Hy™(Q).
0 0 Uq

Hence ug is a weak solution of —ufj = 1/u$*! in the interval [§,7/2 — 4] for all

§ > 0. Thus, by a regularity argument we have that ug is of class C? in ]0, 7/2].
Hence, the claim.

Step 2. The function ug is the maximum point of the functional E7 re-
stricted to the path 7, where 5(¢) represents a function made by gluing together
the positive minimum point of E07/2049] with the negative minimum point of
ElrQ+t)/2,7]

Indeed if we consider

(14 1)/ (@ F2)y, (lith) 0<z<(1+ t)ga
Uo,t =
: 14z
- t)2/(o‘+2)uo(g + %) (1+ t)g <r<n

we obtain that ¥(t) = ug+ and
Bl (ug ) = [(1 4 )27/ Fa) (1 — )@=/ @Fe)) plo/2] (),

Then, 0 is a maximum point for the map {t — E(ug,)}.
Step 3. B0 (ug) = inf. ¢ 4 max, B0,
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If L =inf,c4max, E S E(up), then there exists 5 € A such that maxs E <
E(ug). Now if we consider the path 7. = [uS ,u4]U7U[u_,uZ]. By the convexity
of E. on [u%,uy] and [u_,u® ] we get

E.(u.) <max E. = max E. <max E = E(up).
Je gl 3
Hence sup, E.(us) < E(ug). Arguing as in the Step 3 of Theorem 4.9, by the
fact that maxy E = E(ug), we have

E(ug) < sup Ec(u:) < max F = E(ug).
£ vy

And this is a contradiction. O

6. Saddle points of F. in the onedimensional case

If we divide the interval [0, 7] is equal parts, I;, we prove that the function,
made by gluing together the minimum points of EX| with alternate sign, is a
saddle point of B,

DEFINITION 6.1. Let I; = [(i — D)7/(n+ 1),iw/(n+1)], i = 1,...,n + 1,
n € N, be the equal subintervals of [0, 7]. We define the functions ul™ such that

u™|y, = (—1) Dy’ foralln € N
where %" is the positive minimum point of EL.

To simplify the notation we consider the case n = 2.

(2)
€

REMARK 6.2. By (2.7) we can verify that us”’ is a weak critical point of E..

By the following inequality we get that ||u§2) | is bounded:

2
(6.1) EL ) < 37 B ().

i=1
Now using Definition 6.1 and Remark 2.13 we get that ug) converges to u(?
weakly in Hy?([0, 7)) as e — 0, and u@|p, = (1) ul,
At this point we define I'c(¢,7) as in (5.13)

o X
(14 1)/ (@422 <1—+t) 0<z<(1+t)B,

24+7)B—=x
N (1t (2rTB -2
(6.2) T.(t,7) (1=t+7) A\t )

(1+t)B<xz<(2+7)B,

B —
(1 — 7)2/(2F2),(2) <37x> (2+7)B <z <3B,

1—71
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where u'? takes the place of u.. Here B = 7/3. Since u? € CcL([o,7]) N
H?2([0,7]) and u? is a weak critical point of E., we get that I.: [-1,1] x
[—1,1] — Hy?([0, 7)) is of C" class. Hence the following functions

v] = lim ,
t—0 t 7—0 T

are well defined and we get

2 s
H—aug)(x) — x(u®) 0<z< 3
2 27
—§:;¢”C§‘$)
(6.3) v =
— 2_77_55 (u(2))' 2_7T_x z<$<2_7T
3 ¢ 3 3~ 37
2
0 ?”gxgw,
T
0 0<or< =
_55_37
B 24+4a ¢ \ '3
(6.4) V2 = T\ (o) [ 2 T 2
|- |w) |- -2 5 Sz < —,
3 3 3 3
2 2
~5r uP(r —z) + (7 — 2) (WP (7 — 2) ?ngﬂ.
«

Let us consider the subspace V¢ of Hy*([0,7]) spanned by v and v5. Then we
have that Hy*([0,7]) = V= & W, where
(6.5) W = {w € Hy*([0,7]) : w(n/3) = w(2r/3) = 0}.
Indeed for u € Hy*([0,7]) we have u = ¢1v5 + cav5 + w where w € W and
u(m/3) u(27m/3)
C1 = y C)p —= ————.
’U1(7T/3) 112(27T/3)
LEMMA 6.3. The function ug) is the unique 2-saddle point of the functional
E., i.e.

(6.6) E.(u®)= inf sup E.(¢(Tc(t,7)))
PEA Jt]24|r[2<p?

for some p > 0, where
A = {§:T=(B,(0)) — Hy*([0,7]) | ¢ continuous, lz_yp (o)) = id}-
Here B,(0) = {(t,7) e R x R: [t|* +|7|> < p?}.
PROOF. By Definition 6.1 and by (6.5) we have

(6.7) E.(u® +w) > E.(u®) for all w e W.
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By formulas (6.2), (6.3) and (6.4) we get

(6.8) L(t,7) = u® + tv, + vy + o(t, 7).

Analogously as in the proof of Lemma 5.3 we have that ug) is the unique max-

imum point of E. on fE(Bp(O)) for p small enough. By a version of the Saddle
Point Theorem for locally Lipschitz functionals we get that ug) is a saddle point
for E. satisfying (6.6).

At this point we prove that u§2) is the unique two-saddle point of E, i.e. it
is the unique saddle point of E. satisfying (6.6).

If w, is a saddle point satisfying (6.6), then it is a weak critical point for E.,
hence by Lemma 5.1 and Remark 4.11 we have that the vanishing point of w,
divide the interval [0, 7] in a finite number v, of equal parts I;, and

ws|1i = (71)i+luj-’i

where uil is the positive minimum point of Efi. If we argue as in Lemma 5.2
and 5.3 we can verify that the number of the vanishing points of w, is exactly 2.
We use respectively for v, > 4 the function

I(t, 7, s)(x)
(14 1)@+ <1L+t) 0<z<(1+t)B,
2+7)B—
—(1 =t + 7)Y+, @ <%) (1+t)B<z<(2+71)B,
3B —
- 7—)2/(2+0‘)u§2)( bos Tw) (2+7)B < <3B,
— 3B
(14 )2/ @00y ) (xl . ) 3B<z<(4+s)B,
B —
(1 — )2+ (2 (%) (4+s)B <z <5B,
ue(x) x > 5B,
and for v. = 3 the function
L(t,7,5)(x)
o X
(14 )% 2+ (1—+t> 0<z<(1+1)B,
2+7)B—

—(1—t+ T)2/(2+Q)U£.2) (%) (1+t)B<z<(2+7)B,

- 3+5)B—
(1—7+ 5)2/(2+“)u§2) (( ;:i = S:c) 2+7)B<z<(3+9)B,

4B —
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with B = m/v.. So the number of vanishing point of w, is 2, hence w, = ug).D

Now we get a property which characterizes the solutions of (1.1) found in [15]
which are made by gluing together the minimum point of the functionals Ei
where I; = [(i — )7 /(n + 1),in/(n + 1)].

THEOREM 6.4. The function ugf) € Hy?([0,7]), such that u®|;, = ull,
with I; = [(i — 1)w/3,imw/3], i = 1,2, 3, can be characterized as the weak limit in
H&’Q([O,ﬂ]), as € tends to zero, of uéz), which is the unique 2-saddle point of E..

Moreover,

6.9 EO (D) = inf EL (T (¢
(6.9) (ug") = jnf e (¢(To(t,7)))

for some p > 0, where
Ao = {¢:To(B,(0)) — glo.m] | ¢ continuous, ¢|p0(aBP(O)) =id}.

PRrROOF. By Remark 6.2 and Lemma 6.3 we get the first claim. Now we prove
(6.9). Firstly we define

2/((¥+2) (2) z < <
(1+1) U <1+t) 0<z<(1+1¢)B,
(1 —¢ 2/(a+2),,(2)
610) Totr) = O tFDY I (S e
1+t)B<xz<(2+7)B,
3B
(1 — T)2/(O‘+2)u62) (7) (2 + T)B B,

with || <1, |7] < 1 and B = 7/3. We get
EO™(Do(t, 7)) = [(1 + )2/ CF) L (1 — ¢ 4 7))/ (2+a)
+ (1 — ) me)/te glo.m/3](,(2)y
Then (0,0) is the unique maximum point for the functional
(t,7) — EC™(Do(t, 7)) with |t| <1 and |7| < 1.

So maxjyz 4 r2<p2 EO™(To(t, 7)) = EL(uiP).

Moreover, given € > 0, we show that it exists an homeomorphism between
the sets S1{tv§ +7v5 € Ve : |t|>+|7]? < p?} and So = {To(t, 7) : [t +|7|> < p?},
for some p > 0. We set

Pye(To(t, 7)) := ac(t, 7)v] + Be(t, T)v5

where Py<: Hy?([0,7]) — V¢ is the projection onto V<. We have
To(t 3 To(t 27 /3
RGN (A3 1)

—(n/3) () (x/3) —(21/3)(u) (21/3)
a-(0,0) =0, £(0,0) =0.

a(t,T) =
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Using (6.10) we get that the operator (¢,7) — (a.(t,7),B:(¢,7)) is an homeo-
morphism between the sets S; and So, for ¢t and 7 such that [t|> + |7]? < p?, for
some p > 0. By Definition 6.1 and by the definition of the subspace W (see (6.5))

we have

E[o,ﬂ] (2) Z Bl (y (2) + w) > plo] (ué2))_
By a well-known argument of the topologlcal degree we have that

6(To(B,(0))) NW # 0
for any ¢: To(B,(0)) — Hy*([0,7]) continuous with Plry(aB,(0)) = id. Then

max_ B (¢(To(t, 7)) > B ().

[t12 4|2 <p?

By the fact that max|s.¢|,2<,2 EO™(Dy(¢, 7)) = EO7 (u$?) we get the claim.O]

REMARK 6.5. For u( " with n > 2, the generalization of Lemma 6.3 and
Theorem 6.4 are straightforward. So we can characterize the saddle points of
EL™ by their nodal set. For n-saddle point of F>™ we mean a saddle point of
EX™ with respect to the decomposition of H, % ([0, 7)) of the type: Hy?([0,7]) =
Vo W, with dim V = n.

THEOREM 6.6. The function ué") e Hy?([0,7)), such that ug")hi = ull,
with I; = [(i — 1)w/(n+1),ix/(n+1)], i = 1,... ,n+ 1, can be characterized
as the weak limit in Hy*([0,7]), as € tends to zero, of ul™ which is the unique
n-saddle point of E.. Moreover,

B0l (MY = inf B (¢(To(ty, ... tn
(ug ) Jnf E?jl‘%ﬁzgp (@(Lo(tr,. .. tn))),

where Ay = {¢:To(B,(0)) — £ | ¢ continuous, ¢|ry@op,0) = id}. Here
B,(0) ={t:=t1,... ,tn: >0 |t:i]* < p?} and

« n €z
(—1)2(1 + ty)¥/ e+ ><m> <(1+t)B,
2+t2)B
C1)3(1 — #y g2/ (a2) () (7
(=171 =t + 1) R r———
(1+t)B<z<(2+12)B,

w ((3+1t3)B
— —1)4(1 - 2/(at2), () B+ 13)B—x
Lo(t) = 3 (11 —t2+15) O\ TT 11

(24+1t2)B <z < (3+13)B,
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Here B=7/(n+1).
REMARK 6.7. Using the definition of McKenna and Reichel introduced in [15],
if we denote by Z = {r/(n+1),27/(n+1),... ,n7/(n+ 1)}, we have
2
dt?
u(im/(n+1)) =0, i=1,...,n+1,

u§” (t) + PVz(u§”)~ D (t) = 0,

where PVz stands for the principal value centered at w/(n +1),27/(n+1),...,
nr/(n+1), ie.

n/(ntD)—p  p2m/(nt1)—p w
(PVzp, ) = lim +/ +...+ / p(t)w(t)dt
r=0.Jo 7/ (n+1)+p n/(nt+1)+p

for all ¥ € C§°([0, 7).
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