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ABSTRACT. In this paper we deal with the Peano phenomenon for general
initial-boundary value problems of quasilinear parabolic equations with ar-
bitrary even order space derivatives.

The nonlinearity is assumed to be a continuous or continuously Fréchet
differentiable function. Using a method of transformation to an operator
equation and employing the theory of proper, Fredholm (linear and non-
linear) and Nemitskil operators, we study the existence of solution of the
given problem and qualitative and quantitative structure of its solution and
bifurcation sets. These results can be applied to the different technical and
natural science models.

Introduction

The Peano phenomenon of the existence of a solution continuum of the initial
value problem for ordinary differential systems is well-known. This phenomenon
has been studied by many autors in [3]-[5], [8], [17], [28]. The structure of
solution sets for second order partial differential problems was observed in the
authors papers [12], [13].

In this paper we shall study the existence, nonuniqueness and generic prop-
erties of quasilinear parabolic initial-boundary value problems for the equation
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of an even order with the continuous and continuously differentiable nonlineari-
ties and the general boundary value condition. In the case of continuous nonlin-
earities we use the Nikol’skii decomposition theorem from [30, p. 233] for linear
Fredholm operators, the global inversion theorem of [9], [6] and [7, pp. 42-43|
and the Ambrosetti solution quantitive results from [2, p. 216]. In the considera-
tion on surjectivity the generalized Leray—Schauder condition is employed which
is similar to that one in [20]. Stronger results are attained by the main Quinn
and Smale theorem from [23] and [25] for nonlinear Fredholm operators in the
case of differential nonlinearities.

The present results allow us to observe different problems describing dy-
namics of mechanical processes (bending, vibration), physical-heating processes,
reaction-diffusion processes in chemical and biological technologies or in the ecol-

ogy.

1. The formulation of problem, assumptions and spaces

The set 2 C R™ for n € N means a bounded domain with the boundary 9f2.
The real number T will be positive and Q := (0,7] x Q, I := (0,T] x 9Q. If
the multiindex k = (ki,...,k,) is given with |k| = D1 | k;, then we use the
notation DF for the differential operator 8!¥! /(9z%* ... dxk») and D, for 8/0t. It
the modul |k| = 0 then D¥ means an identity mapping. The symbol cl M means
the closure of the set M in R™.

In this paper we consider the nonlinear differential equation of an arbitrary
even order 2b (b is a positive integer)

(1.1) A(t,, Dy, Dy)u+ f(t, 2, Dyu) = g(t,x) for (t,z) € Q,
where

A(t,z, Dy, Dy)u := Dyu — Z ay(t,z)Dru — Z ar(t,z)D*u
|k|=2b 0<|k|<2b—1

and BZ u is a vector function whose components are derivatives DJu with the
different multiindex 0 < |y| < 2b— 1.
The system of boundary conditions is given by the vector equation with b

components
(1.2) B(t,z, Dy)ular := (Bi(t,z, Dy)u, ... , By(t,z, Dy)u)’|ar =0
in which

Bj(t,z,Dy)u = Z bjk(t,x)D’;u
0<[|k|<r;

for an integer 0 <r; <2b—1and j=1,...,b.
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Further the initial value homogeneous condition
(1.3) u(0,z) =0 forz e clQ

is considered.

Here the given functions are following mappings:

ar:cl@Q — R for 0 < |k| < 20,
bjp:cll’ =R for 0 < |k| <7, j=1,...,b,
fiel@Q x R® — R,

where £ is a positive integer given by the inequality

n—1 n n+1 n+ |yl —2 n+lyl—1
o< w1+ ("3 ( ¥

( 0 ) 1 2 =1 ]
and g:cl@ — R.

We shall be employed with parabolic problem (1.1)—(1.3) in the following

sence:

The hypothesis (P) of the uniform parabolicity. We shall say that
equation (1.1) or the differential operator A(t,x, Dy, D,) is uniformly parabolic
with parameter § in the sense of I. G. Petrovskii on cl@ (or shortly parabolic) if
and only if for the main part

Ao(t»l’th, DI)U = Dtu - Z ak(t,l’)D’;U
|k|=2b

of the equation (1.1) there exists 6 > 0 such that the inequality

n b
(1.4) (—1)>+1 Z ap(t,x)okt . gk > 5(205)

|k|=2b i=1

is true for all (¢,2) € 1@ and all (o1,...,0,) € R™.
For the correctness of problem (1.1)-(1.3) we have to stay a complementary
condition for the boundary operators B;, j=1,...,b (see [19, pp. 14-16]).

DEFINITION 1.1 (The reduction polynomial). Let (to,z¢) € cIT', (v1,... ,vp)
be a unit inner normal vector to 9Q in zg and £ = (&1,... ,&,) be a vector from
the tangential space Tpo(zo) to I at the point 2y and 7 be a complex parameter.
Denote by

uy = {(a,€) € C x Toa(zo) : la] + [€]IFn > 0
and Req > —d1||€||&., where §; € (0,0)}.

Here § > 0 is a constant from the parabolicity condition (1.4). Now, let us
take the complex roots T;r(tmxmq,f) € C for j = 1,...,b with the positive
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imaginary part of the 2bth degree polynomial Ay (o, xo,q,i(§ + 7v)) in 7 for an
arbitrary (q,&) € I'y,. Then the polynomial of the degree b in the variable 7

b
A+(t07x07Qa€7T) = H(T - TJ+(t07I07qa§))

j=1
is called the reduction polynomial.
REMARK 1.2. For any (¢,§) € T'y, the polynomial Ag(to, o, q,i(§ + Tv))

has just 2b conjugate complex roots and so the reduction polynomial is correctly
defined. Really, if there exist a real root 7 of

Ao(to, w0, q,i(€ +7v)) = ¢ — (—1)° Z ar(t, ) (€ + )M L (G i)

|k|=2b

for some (q, &) € Tz, then from condition (1.4) we get

0 =Re Ao(to, 20, ,i(€ +7v)) > Req+8[(&1 +711)° + .. + (En +710)°]
—Req+0[2+...+ &+ >Req+0[2+...+ €] >0

which gives a contradiction.
Using the denotations from Definition 1.1 we can pronounce:

The hypothesis (C) of the uniform complementarity. Define an oper-
ator

Bo(t,x, D) = (Byo(t,z,Dy), ..., Byo(t,z, D))"
formed by the main parts of the operators B, (¢, z, D,) for j =1,...,b. Namely

Bjo(t,x, Dp)u= Y bjx(t,x)Diu, j=1,...,b.
|k|=r;

For (tg, o) € ¢l and (q,&) € T'y, we put
C(to, x0,&,7) := Bo(to, o, i(§ + TV/)),

the column matrix whose rows are polynomials in 7 of the degree at most 2b— 1.
Further by C™(tg, zo, ¢, &, T) we note the column matrix which elements are
remainders of a division of polynomials from the matrix C(to,xo,&,7) by the
reduction polynomial A (tg,9,q,&, 7).
Let elements cj(to, %0,q,&,7) for j =1,... b of the matrix C*(tg, zo,q,&,T)
have the polynomial form

b

C;L(t07x0,Q7'£,T) = Zdjl(t07x0,q7£)7_l717 .7 = 13 s 7b'
=1
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We shall say that problem (1.1)—(1.3) satisfies the uniform complementary con-
dition (C) if and only if the rang of the matrix

D(to,z0,q,§) = (djl(t07$0>Q7§))[])‘7l:1

is b for all (tg,x0) € clT" and all (q,&) € T'y,.
With respect to the continuity of |[det D(to, xo, ¢, £)| the complementary con-
dition (C) and the condition

e there is a constant 6+ > 0 such that for all (¢y,z9) € cl' and all

(q,€) € 'y, satisfying the equation |q| + [|€[|2% = 1, the inequality

|det D(to, zo,q,€)| = 6"

holds,
are mutually equivalent.

REMARK 1.3. If we consider a second order differential operator

A(t,z, Dy, Dy)u = Z a;j(t,x)Diju + Z a;(t,z)Diu + ag(t, x)u

i,j=1 i=1
and
n
B(t,z,D;)u = Z bi(t, z)Diju + bo(t, x)u
i=1
then the uniform complementary condition (C) with the constant §+ > 0 repre-
sents the inequality

n

> bilt, )&+ 7 (t g, )] > 0t

i=1
for all (¢,2) € clT, (¢,§) € T,.

Now, we define for problem (1.1)-(1.3) a compatibility condition. With re-
spect to [19, p. 21] we have

The hypothesis (Q) of the compatibility. Let 0 < r; < 2b — 1 for
j=1,...,bbe an order of the differential operator B;(t,z, D,) from (1.2). We
shall say that problem (1.1)—(1.3) satisfies the compatibility condition (Q) if and
only if for all indices j for which r; = 0 the equality

(15) bjk(oax)g(ovx) - jk(oax)f(oa'ra ®)|w€89 =0

holds for |k| =r; = 0 and ) € R” is the zero vector.

REMARK 1.4. In the case, if 7; is a positive integer for all j = 1,...,b,
then the associated compatibility condition of problem (1.1)—(1.3) is satisfied
automatically by the homogenity of boundary (1.2) and initial condition (1.3).
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To formulate a smoothness assumption we define Holder spaces. The deno-

tations
|U(t, $) B U(S, $)|
(W = sup " ,
(t,x),(s,x)€clQ |t - S|
t#s
lu(t, z) — u(t, y)|
(Wi, o= sup ~ ,
(t,z),(t,y)€clQ ||IE - y| R
Ty

will be used.

DEFINITION 1.5. Let a € (0,1) and I be a nonnegative integer.

(a) The Banach space of continuous on cl @ functions u:cl@ — R with the
continuous derivatives D¥u on cl1@ for 1 < |k| <[ and with the norm

k
lulg =Y. sup [|Djult,z)]
Oélklél(t,w)Ele

will be denoted by C!(clQ,R).
(b) The symbol Ctl
functions u:cl @ — R with the continuous derivatives Dfo Dy for 1 <

2bko + |k| <1 on ¢l @Q and with the norm

7/35(%)’ l(le, R) represents the Banach space of continuous

lliyenie= >, swp [DfDiu(t ).
0§2bk0+|k\§l(t7r)€le

(¢) The symbol CL¥%(cl @, R) means the Banach space of continuous func-
tion u:cl@Q — R with the continuous derivatives DFu for |k| =1,... 1
on cl @ and with the finite norm

lullivag = lullg + > (Dku)¥ , o
k=1

(d) By the symbol Ct(f:a)/(Qb)’ o (cl @, R) we shall denote the Banach space
of continuous functions u: ¢l Q — R with the continuous derivatives D¥u
for |k| = 1,...,1 and D DFy for 1 < 2bko + |k| < on clQ and with
the finite norm

k
[ull@ray/em)itae =lullyenie+ Y, (DfDiwi, q
2bko + k| =
k k,\s
+ Z (D D3u)y (14 a—2bko—|k]) /(26),Q"
0<l+a—2bko—|k|<2b

(See also 11, p. 147.)
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DEFINITION 1.6. Let 7 € (1,00) and  C R™ be a bounded domain. We
shall say that boundary 0f) belongs to the class C" if and only if:

(a) There exists a tangential space Ty (z) to I in any point z € Q.

(b) Assume y € 9Q and let (y; z1, ... , z,) be alocal orthonormal coordinate
system with the center y and with the axis z, oriented like the inner
normal to 02 at the point y. Then there exists a number b > 0 such
that for every y € 99 there is an neighbourhood O(y) C R™ of y and a
function F € C"(cl B,R), where the part of boundary

NNOy) ={(,F())eR": 2 =(21,... ,2,_1) € B} and
B ={7 e R ||2|gn-1 < b}

Here C"(cl B,R) is a space of the functions C!(cl B,R) for [ = [r] and with the
finite norm ||u||;+q,0 Whereby o =7 —[r] € (0,1) and r =1+ .

DEFINITION 1.7. Let 2 C R™ be a domain and 9Q2 € C" for some r >
1. Put Sy :=002NO(y) and T'y = (0,T] x S for y € 9N, where O(y) is a
neighbourhood of the point y (see Definition 1.6). Let again a € (0,1) and !
be a nonnegative integer. The symbol Ct(l;_ @)/ (2b), Le (cIT',R) means the Banach

space of continuous functions u:cll' — R with the continuous derivatives DFu
for |k| = 1,...,1 and DFD¥ for 1 < 2bko + |k| < on cIT’ and with the finite

norm
”uH(lJra)/(Qb),lJra,F = sup ||u||(l+a)/(2b),l+a,f‘y-
YyEIN
The norm on the right-hand side of the last equality is defined by Defini-
tion 1.5(d) such that we write in it I'y instead of Q.

The hypothesis (S/*) of the smoothness. Let a € (0,1) and [ be a non-
negative integer. We shall say that problem (1.1)—(1.3) satisfies the smoothness
condition (S'*°) if and only if

(a) the coefficients of the operator A(t,z, Dy, D;) from (1.1) satisfy
a, € CL VPN QR),

(b) the coefficients of B(¢,x, D,) from (1.2) satisfy

bip € Ct(f;thQbfrj )/ (2b), I+a+2b—r; (Cl T, R)

for0<r;<2b—1forj=1,...,b,
(C) 0N e C’l+a+2b.
In the conclusion of this section we pronounce the existence and unique-

ness theorem of the classical solution of problem (1.1)—(1.3) with the nonlinear
member f = 0.



320 V. DURIKOVIC — M. DURIKOVIEOVA

PROPOSITION 1.8 (see [19, p. 21] and [15, pp. 182-183]). Let the conditions
(P), (C) and (S*) be satisfied for ac € (0,1). A necessary and sufficient condition
for the existence and uniqueness of the solution

= Ct(ib+a)/(2b),2b+a (Cl Q, R)
of linear problem (1.1)—(1.3) for f =0 is
g€ C(AQR)

with the compatibility condition (Q). Moreover, there exists a constant ¢ > 0
“independent of g” such that

c_1||g||a/(2b),a,Q < ull264a) /(20),20+0,0 < cllgllay2b),a,0-

2. Preliminary notions and general results

In this part we remind some notions and assertions from the nonlinear func-
tional analysis applied in the fundamental lemmas and theorems.

Throughout this paper we shall assume that X and Y are Banach spaces
either both over the real or complex field.

In the Zeidler books [33, p. 667] and [32, pp. 365-366] we find the following
definitions of the linear and nonlinear Fredholm operator.

DEFINITION 2.1. The linear operator F: X — Y is called the Fredholm map-
ping if and only if
(a) F is continuous on X and
(b) dim N(F) < oo and codim R(F) = dimY/R(F) < oo,
where the kernel N(F) of F and R(F) = F(X) are closed sets in X and Y,

respectively. The index ind F' of the operator F' is defined as the difference
dim N (F) — codim R(F).

The following proposition gives the necessary and sufficient condition for a
linear operator to be Fredholm.

PROPOSITION 2.2 (S. M. Nikol’skil, [30, p. 233]). A linear bounded operator
A: X — Y is Fredholm of the zero index if and only if A = C + T, where
C:X — Y is a linear homeomorphism and T: X — Y s a linear completely

continuous operator.

DEFINITION 2.3. The nonlinear operator F: D(F) C X — Y defined on the
open set D(F) is called a Fredholm mapping if and only if:
(a) F e CY{D(F),Y) and
(b) the Fréchet derivative F’(u): X — Y is a linear Fredholm operator for
every u € D(F).
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If the index ind F’(u) is constant for all w € D(F), then we call this number the
index of F' and write it as ind F.

REMARK 2.4. According to the perturbation invariance of the index in
Proposition 8.14 from [32, p. 366] that ind F’(u) is constant on D(F') whenever
D(F) is connected set and

ind F = dim N(F’(u)) — codim R(F'(u)), u € D(F).

For the compact perturbation of C'-Fredholm operator we shall use the fol-
lowing proposition.

ProposITION 2.5 (E. Zeidler [33, p. 672]). Let A:D(A) C X — Y be a
C'-Fredholm operator on the open set D(A) and B: D(A) — Y be a compact
mapping from the class C*. Then A+ B:D(A) — Y is a Fredholm (possibly
nonlinear) operator with the same index as A at each point of D(A).

DEFINITION 2.6. Let D C X be a nonempty open set and F: D — Y.

(a) A point ug € D is called a regular point of F if and only if the Fréchet
derivative F’(ug): X — Y is a linear homeomorphism of X onto Y (i.e.
bijective and both F'(ug) and (F'(ug))~! are continuous mappings).

(b) If u; € D is not regular point of F, then it is called a singular point
of F.

(¢) The point us € D be called a critical point of F if and only if the
equation F’(us)h = 0 € Y has a nontrivial solution h € X. The critical
point of F' is a singular point of F.

(d) The image F(u3) of a singular point uz € D is called a singular value
of F. If S C D is a set of all singular points of F: D — Y, then F(S)
is called a set of all singular values of F and Y \ F(S) is a set of all
reqular values of F'.

(e) A subset of a topological space Z is residual if and only if it is a countable
intersection of dense and open subset of Z.

By the Baire theorem in any complete metric space or locally compact Haus-
dorff topological space, a residual set is dense in this space.

DEFINITION 2.7. Consider the operator F: X — Y (in general nonlinear).

(a) F is called proper (or o-proper) if and only if for each compact set
K C Y the set F71(K), is compact (or a countable union of compact
sets).

(b) The mapping F' is closed if and only if for each closed set S C X the
set of images F'(S) is closed in Y.

(¢) F is called a coercive mapping if and only if for each bounded set S C Y
the set F~1(9) is bounded in X.
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REMARK 2.8.

(a) Clearly F is coercive if and only if

m |[F(u)]ly = oo.

llullx —o0

(b) If X and Y are finite dimensional Euclidean spaces and F: X — Y is
continuous on X, then F' is proper if and only if F' is coercive (see [24,
pp. 57-58)).

The most important theorem for nonlinear Fredholm mappings is due to
S. Smale [25, p. 862] and Quinn [23]. It is also in [7, pp. 11-12] and [21, p. 217].

PROPOSITION 2.9 (A Smale—Quinn Theorem). If F: X — Y is a Fredholm
mapping (possible nonlinear) of the class C* in the Fréchet sence and either

(a) X has a countable basis (S. Smale), or

(b) F is o-proper (Quinn),
then the set Rp of all reqular values of F is residual in Y. Moreover, if F is
proper, then Rp is open and dense set in'Y .

DEFINITION 2.10. The mapping F: X — Y is called a local C*-diffeomor-
phism at ug € X if and only if there exists a neighbourhood U (ug) C X of ug
and Us(F(ug)) CY of F(up) such that

(a) F is bijective, and
(b) both F and F~! are C! mappings.

PROPOSITION 2.11 (A Local Inverse Mapping Theorem, [32, p. 172]). Let
F:U(ug) C X — Y be a C'-mapping in the Fréchet sense. Then F is a local
C'-diffeomorphism at ug if and only if ug is a reqular point of F.

PropoOSITION 2.12 ([22], [24, p. 89]). Let dimY > 3 and F: X — Y be
a Fredholm mapping of the zero index. If ug € X is an isolated singular point
of I, then F is locally invertible at ug.

DEFINITION 2.13. Let My, M> be two metric spaces and F: My — Ms.

(a) The mapping F is called locally injective at the point ug € M if and
only if there is a neighbourhood U(ug) of ug such that F is injective in
U(up). F is locally injective in My if and only if it is locally injective at
each point u € M;.

(b) Let the mapping F be continuous on M;. Then F' is called locally
invertible at the point uy € My if and only if there is a neighbour-
hood Uy (F(up)) of F(ug) such that F' is homeomorphism of U (ug) onto
Ui (F(ug)). F is locally invertible in M, if and only if it is locally in-
vertible at each point u € Mj.
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(¢) Let F be continuous on M;. We denote by ¥ the set of all point u € M;
at which F' is not locally invertible. The set M; \ ¥ is open and ¥ is
closed in M;.

The following proposition says on the number of solutions of the operator
equation F'(u) = q.

PROPOSITION 2.14 (Ambrosetti Theorem, [2, p. 216]). Let F € C(X,Y) be
a proper mapping. Then the cardinal number card F~1(q) of the set F~1(q) is
constant and finite (it may be zero) for every q taken from the same component
(nonempty and connected subset) of the set Y \ F(X).

A relation between the local invertibility and homeomorphism of X onto Y
gives the global inverse mapping theorem.

ProposITION 2.15 (R. Cacciopoli [9], E. Zeidler [32, p. 174]). Let F €
C(X,Y) be a locally invertible mapping in X. Then F is a homeomorphism
of X ontoY if and only if F' is proper.

The following propositions give necessary and sufficient conditions for the
proper mapping.

PROPOSITION 2.16 (See [32, p. 176], [24, p. 49], [28, p. 20]). Let F €
C(X,Y).
(a) If F is proper, then F is a nonconstant closed mapping.
(b) Ifdim X = oo and F is a nonconstant closed mapping, then F is proper.

PROPOSITION 2.17 (See [24, pp. 58-59], [32, p. 498] and [28, p. 20]). Suppose
that F: X —Y and F = Fy| + F5, where
(a) F1: X —Y is a continuous proper mapping on X, and
(b) Fo: X — Y is completely continuous, or
(¢) F: X - X, F=1—F,, where I: X — X is the identity and F5: X — X
is a condensing map (for the definition see [10, p. 69]).

(i) The restriction of the mapping F to an arbitrary bounded closed set in
X is a proper mapping.
(ii) If moreover, F is coercive, then F is a proper mapping.

DEFINITION 2.18. Let F := I — f: X — X be a field (I: X — X is the
identity mapping).

(a) We shall say that F is strictly surjective if and only if it is

e a condensing field (i.e. f is condensing), and
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e for each y € X there is a sequence {7y }reny C R such that
klim rp=o00 and deg(F —y,U(0,7;),0)#0
— 00

for every k € N. Here U(0,7) = {u € X : |lu||x < r}.
(b) We shall say that F' is strictly solvable if and only if it is
e a condensing field, and

e there exists a sequence {7y }reny C R such that limg_,o rp = 00
and deg (F,U(0,r),0) # 0 for every k € N.

In both definitions the degree of a condensing field is understood in the sense
given in [10, pp. 69, 71-72].

REMARK 2.19. It is clear that if F is strictly surjective, then it is surjective
and if F is strictly solvable, then it is also solvable (i.e. there is x € X with
F(z) = 0). Moreover, if F is strictly surjective, then it is stricty solvable, too.

Now we can formulate some sufficient conditions for the surjectivity of an
operator.

PROPOSITION 2.20 (See [28, pp. 24 and 27]). Let X be a real Banach space.
Suppose

(a) P=1-f:X — X is a condensing field,

(b) P is coercive,

(c) there exists a strictly solvable fielld G =1 —¢g: X — X and R > 0 such
that, for all solutions u € X of the equation

P(u) = kG(u)

and for all k < 0, the estimation ||u||x < R holds.
Then the following statements are true:
(i) P is a proper mapping,
(ii) P is strictly surjective,
(iii) card P~1(q) is constant, finite and nonzero for every q from the same
connected component of the set Y \ P(X).

PROPOSITION 2.21 (Schauder invariance of domain theorem [32, p. 705]). Let
F: (M C X) — X is continuous and locally compact perturbation of identity on
the open nonempty set M in the Banach space X. Then:

(a) If F is locally injective on M so F' is an open mapping.

(b) If F is injective on M so F is a homeomorphism from M onto the open
set F(M).
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3, A nonlinear problem and Green function

Using results on the Green function for problem (1.1)—(1.3) with f = 0 we
shall study the existence of the given nonlinear problem from Section 1.

DEFINITION 3.1 (Green function). A function of four variables G: D(G) — R
with the values G(¢t, z;7,&) for

(t,2;7,€) € D(G) = {(t,m;7,6) €clQ xclQ: 0< T <t < T, z,£ €Q}
and with the following properties:

(i) G is a continuous function on D(G).
(ii) G has the first derivative with respect to ¢ and the derivatives of |k|th
order DG for 1 < |k| < 2b on D(G).
(iii) G is defined by the equality

Gt z;1,8) = Z(t,x;71,8) —v(t,;1,8), (t ;7€) € D(G),

where Z: D(G) — R is a fundamental solution of equation (1.1) with f = 0
(for the definition see [14, p. 63]) and the function v: D(G) — R satisfies the
initial-boundary value problem
(a) A(t,z, Dy, Dy)v(t,x;7,€) =0 for (t,2;7,&) € D(G),
(b) v(t,z;7,€)|4=r = 0, if at least one of points z or ¢ lies inside of the
domain £2,
(c) Bj(t,z,Dy)v(t,x;7,&) = Bj(t,x,Dy)Z(t,x;7,&) for (t,z) € clT' and
j=1,....b

is called the Green function of linear problem (1.1)—(1.3) with f = 0.

The following proposition says on the existence and estimations of the Green
function.

PROPOSITION 3.2 ([15, pp. 182-183]). Let o € (0,1) and the assumptions
(P), (C), (S%) be satisfied. Then:

(a) there exists the Green function of linear problem (1.1)—(1.3) with f =0
which has derivatives D DEG for 0 < 2bkg + |k| < 2b, thereby the
estimations

(3.1) |D{°DyG(t ;7€)

—(n+2bko+|k|)/(2b |z — &llgn
< ey(t — 7)~ (2o KD/ >exp{02(t_T)1/(%_l)

for (t,z;7,£) € D(G),
(32) |DfOD§G(t,$;T,§) - DfDDI;G(t7y77-7§)|

e (o —(n2bko-+|k|+a)/(2b) ol = €Ik
< el =yl (¢ — )20 exp{ -l
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for (t,z;7,€), (t,y;7,.§) € D(G), if
2bko + |k| = 2b, ||lz* — &[lgn = min{[|z — {[|gn, ly — &llrn },

(3.3) |DF°DEG(t,x;7,€) — DF°DEG(s,2;7,€)|
S o) (t _ S)(2b(1—k0)—|k\+a)/(2b)(8 _ 7_)—(n+2b-‘,—(x)/(2b)

_ = Elkn
exp €2 (t — )1/ (2b=1)

for (t,z;7,€), (s,2;7,€) € D(G) such that T < s <t and 0 < 2bko+]|k| <
2b hold.

Here r = 2b/(2b—1) and the constants c1, co depend on & and 5% from hypotheses
(P) and (C), respectively, on the constant which bounds the associated norms of
all coefficients ay, bjx, from (1.1)—(1.2), respectively, on the measure of the variety
0Q from condition (S3%) and on the numbers n, b, r; forj=1,... ,band o, T.

(b) If moreover to the hypotheses of (a) we take g € C’%z’a(le,R) and
hypotheses (Q) for f =0, then the function u:cl@ — R defined by

(3.4) u(t,x)z/o dr QG(t,x;T,f)g(T,f)df

is a solution of linear problem (1.1)—(1.3) for f = 0 and belongs to
Ct(ib+a)/(2b)’2b+a(clQ,R), Hence, the operator L: D(L) onto R(L) where
Lu= A(t,x, D,, D¢)u and
D(L) = {u € CZT/CO24 (1 R) : B(t,, Dy)ulr = 0, u—g = 0},
R(L) ={g € C71*"(AQ.R) : g(t,) =0, cc0n = 0}

has the inverse
L™ R(L) 22 D(L)
defined by (3.4).
(¢) There exists an extension

LT Ly(clQ,R) 228 R(LT) C Ly(clQ,R)

of the operator L=1 (see (b)) and
L1 [ ar [t d
T ta) = [ ar [ Gl eatr.e)de
for g € La(clQ,R) (see [1], [27], [26] and [15, pp. 183, 212]).

REMARK 3.3.

(a) Pay attention to Proposition 3.2. The exponent kg takes only values
0, 1. Estimation (3.2) holds either for the pair (ko,|k|) = (1,0) or
(0,2b). The estimate does not hold for kg = |k| = 0.
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(b) Statement (c) of Proposition 3.2 says that for g € La(cl@Q,R) the inte-

gral
/dT/Gthf (1,6) d¢

gives a mild solution of (1.1)—(1.3) with f = 0. (It is a classical solution
of this problem for a sufficiently smooth right-hand side g.)

LEMMA 3.4. Let assumptions (P), (C), (S) be satisfied for some « € (0,1).
Then

(3.5) IDEDEG(E, |;7,€) < et — 7) ||z — &[|p nHEPRotIED

for 0 < 2bko + |k| < 2b and p < (n + 2bko + |k|)/(2b), thereby 0 < 7 <t <T
and x,€ € clQ), x # £. The positive constant ¢ does not depend on t, x, T, £.

ProOOF. From (3.1)
D DG |:7.8) S ert —7) | — gl T
e — €12 /(¢ — 7)ok =2b/ 2
-oxp{—eafllz — &I /(£ — )]/
Since n + 2bko + |k| — 2bp > 0 and ||z — £|jgrn < dlamQ sofor0 < <t—7<T
the estimation (3.5) is true. If 0 < ¢ — 7 < §, then with respect to
lim y“exp{—cy’} =0
y—o0
for every u,v € R and ¢ > 0, we get estimation (3.5). O

REMARK 3.5. For any z = (x1,...,z,) € R" the inequalities

n n
(3.6) cn Y Jzil < llallzn < il
i=1 i=1

holds for ¢, € (0,1/(v/2)""1), n € N independent of z.

The aim of this part is to show that nonlinear problem (1.1)—(1.3) has at least
one mild solution u € C2*~1(clQ, R) for continuous functions f and g. Then we
formulate examples of nonuniquely solvable problems.

THEOREM 3.6 (The existence theorem). Let hypotheses (P), (C), (Q), (S*)
for o € (0,1) be satisfied and g:cl@Q — R be a continuous function at clQ. Let
ficl@ x R — R be continuous and bounded function at c1@ x R*, where k is
the positive integer given in the formulation of problem (1.1)—(1.3). Then there
is at least one mild solution u € Cpl(le,R) for 0 <|y| <2b—1 of (1.1)—(1.3).

PROOF. We use the Leray—Schauder fixed point theorem from [32, p. 56].
First, from Proposition 3.2(c) we can see that the mild solution u € ch! (cl@,R)
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of problem (1.1)—(1.3) satisfies the equation

37 ult2) /dT/G L7, 0)g(r€) — f(r &, Dl €))] de
Su)(t,z) for (t,x) € cl@

and on the contrary the solution v € C’pl(le,R) satisfying (3.7) is a mild
solution of (1.1)—(1.3).

Let us take an arbitrary u € C’pl(le,R) where 0 < |y| < 2b—1. Then there
is a constant M > 0 such that

|g(t,x) - f(t,x,ﬁ;’u(ux))\ <M
for all (¢,x) € cl Q. Put estimation (3.5) into (3.7) and embed cl € into the ball

B(z,R) :={(eR": |jx —&|lgr < R, R> 0}

/ ” fHQb# ("+|k|)

M _
sl—Tl o N ER
— K B(z,R)

Hence, putting = = (z1,... ,2p), £ = (§1,...,&,) and using the spherical trans-

for every = € cIQ). Then

|(DySu)(t,2)] <

25# (n+|k]) de.

formation

& =x1 +rcosyr,
{2 =3 + 7rsin @y cos py,

€n—1 =%p_1 +rsine;sines...sine,_2cosY,_1,
&n =xp +rsing;sings...sing,_ssing,_1,

for r € (0,R), ¢; € (0,m), i = 1,...,n—2 and p,—1 € (0,27) in the last
integral, we get the estimation (the Jacobi determinant of this transformation is
" lsin™ 2 oy sin™ %y ... sin g, o # 0):

|(DF Su)(t,z)| < 27" PT P R2OP=IFINT ¢/ (200 — |K|)(1 — 1) := dy,
for (t,z) € 1@ and |k|/(2b) < u < 1, where |k| =0,...,2b— 1. This considera-

tion implies the inclusion

(3.8) S(G(0,d)) C G(0,d), d< >
0<|k|<2b—1

where

G(0,d) :={v e CP(cQ,R) : |v] <d, 0<y<2b—1}.

(1 Q,R)
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To prove the relative compactnes of the set S(G(0, d)) we apply Ascoli-Arzela
theorem [31, p. 85]. The equi-boundedness of S(G(0,d)) follows from (3.8).
For the equi-continuity of S(G(0,d)), observe the difference ((¢,z), (s,y) € clQ,

t<s,y= (Y, - ,Yn))
(3.9)  [(DISw)(tz) — (DISu)(s,y)|
<M/ dr/\DVG T, §)DIG(t, [;7,&)yll d€
+M/O dT/Q|DgG(t, [ 7,€)y] — DIG(s,y;7, )| dé
M / dr /Q DYG(s,y; 7€) de.

To estimate the first integral of (3.9) we use the mean value theorem, estimation
(3.5) from Lemma 3.4 and inequalities (3.6) for the difference

n

(3.10) |D)G(t,x;71,&) — DIG(t,y;7,€)| Z — || DYDG(t, 2k, 7, €)

b,
< lla = ylla (= 7) 03 — D
=1

Here the multiindex (i) = (v1,.-. ,Yi—1,% + L, Yit1,--- ,7n) € R" and zf =
(Y1, -+, Yio1, Ziy Tit1,--- »Tn) € R™. The point z; lies between the numbers x;
and y;, |7(i)]/(2b) < p < 1 and ||33 —9y|lgn > ||z — zF||gn. By the last inequality
we obtain for |y| =0,...,2b—

t
(3-11)  Jy, ::/ dT/)IDZG(t,—;ﬂ&)DZG(t, 7. 8yll d§ < Collx — ylln,
0 €

where the constant Cy > 0 does not depend on ¢, x, y.

In the case |y| = 2b — 1, we take the points x,y,£ € cl satisfying the
inequality 2||xz—y||r, < ||€—2||r,. Then, by the triangle inequalities, it is obvious
that ||z — yllr, < ll2; — €], Hence |z — éllx, < |z — ollx, + 1z} — €], <
lz — yllr, + =5 — &g, < 2|jzf — £]||r,. From estimation (3.10) we obtain the
inequality

DIG(t, =57 ) DIG(E [ 7€)yl
< (c/en) - |l —yllr, (t — 7)Hn (27 @ — £||g, )20 (20,

If we put By = {£ € R": ||§ — z||r, > 2|l — y|lr,}, B2 = R" — By and for
méeN,m>2B;={ R ||€ —z|grn < m |z —y||g~} such that Q C Bs,
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then we have for (26— 1+ «)/(20) <p <1, a € (0,1)

Jiop—1 < (ncfe,)2nT20720m

t
[ o[ - <||$—y||Rn||fE—€|2b“ "*2*’>)d5
B1NBsg
/dT/ t—7)""||z —yllr

<Cillz -y, ¢ >0

o €0

R,

Again employing the mean value theorem and (3.5) we find t* € (¢, s) such
that

DGt y:7.€) = DIG(s.y:7.6)| = [DDIG(E" y: 7. )| (s — 1)
< (s = t)(t =)y — gl

for p < (n4+20+|7])/(2b) (0 <t—7 <t*—7),0 < |y| < 2b—1. Hence, if we put
Sy ={cccdQ:|ly—E&lrn < (s =)/} and Sy = c1Q — Sy, then by estimate
(3.5) we get for the two last integral members of (3.9) (0 < || < 2b—1)

t
(312) Jo = / dr /Q IDIG(t, ;7. €)y] — DIG(s,y: 7 €)|de
+ / dr / DYG (s, y; 7, €)|deé
t s
< / dr | D2 €l de + / dr /S D3G5 7€)

t
+ [ar [ 1016000 - D16, ) de
0 Sa

+ [ar [ piG(sr ol ae
Sa
<e i [G=n - g
+c/(h/ls—7 “ly — &llpn D ge

+C/ dT/ s—t)(t—71)"Hy— §||f$f‘ (n+2b+|7|) de
P

/dT/ 5= 1)~y — €[t g

for 0 <A < (n+y1)/(20), 0 <v < (n+[])/(20), 0 < pu < (n+2b+ |7])/(20)
and 0 < o < (n+ |v|)/(2b). If apply the spherical transformation for £ with the
center y and radius 7 € (0, (s — t)*/(?)) in the two integrals over Sy, such for
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[v]/(2b) < A <1 and |vy]|/(20) <v <1

(2.13) /dT/ (t—7) My — €l =D g

e R )(2”*“”‘)/(2”)/(21)A =N =A)

and

t
i) [dr [ (5= - gt ag
0 Sl
< oI Y (5 — )=/ f(9py — |y[)(1 — v).
If we embed the set Sy into the set
By, (s =)/ R):={¢ e R": (s =)/ < ||y —{|]gn <R, R>0}D 5,

and we use the spherical substitution for £ with the center y and radius r €
((s —t)*/(® R) in the two integrals over Sy, then we get for |y|/(2b) < pu < 1
and |v]/(20) <o <1

(3.15) (st / dr / Eor) 7y — g2 g

< 2n" T (s — )TV (9 - [y| - 20p1) (1 — p)

and

(3.16) / dT/ (s— 1) ly — ¢ 2o~ (nthiyg
Sa
< 2" LRI (s — )17 /(2b0 — |4])(1 — o).

From inequality (3.9) and estimations (3.11)—(3.16) we can conclude that the
operator S is compact. O

The following examples ilustrate a non-uniqueness of classical solution of
(1.1)—(1.3) type initial-boundary value problems.

ExAMPLE 3.7. Consider the two Neumann type initial-boundary value prob-
lems (parabolic and non-parabolic)

ou 0%u

(3.1%) N :I:a 5+ f(t,z,u), (t,x)€(0,T)xQ=Q,
. ou _ Ou B
(3.2%) S (1,0) = Z=(6,1) =0, te (0,7),

(3.3%) u(0,2) =0, z €.
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(a) If f(t,z,u) = |u|*, a € (0,1), the given problem has a continuum of the
solutions u, € C;’Q(CIQ,R) for r € (0,T)

x

t.9) 0 if (t,2) € (0,7) x Q,
up(t,r) = _
" (1—a)Y/ =) (¢ — )Y/ (=) if (£ ) € (r, T) x Q,

up(t,z) = (1 — a)/0=1/(=2) and up(t, 2) = 0 are solutions of (3.1%)—(3.3*),
too.

(b) Similarly, if f(t,z,u) = |u['/? — au, a > 0, we have a continuum of
solutions of (3.1*)—(3.3*) for r € (0,T)
0 if (t,x) € (0,r) x 0,
ur(t,z) = § 1 2 _
2(1—exp{—;(t—7")}> if (t,z) € (r,T) x Q.
a

The functions ug(t, ) = (1/a?)(1 — exp{—at/2})?, ur(t,r) = 0 are solutions of
the given problem, too.

(iii) We obtain an analogical situation for f(t,z,u) = t%|u|® with a € (0,1)
and 8 > 0. Other nonlinearities f can be taken, too.

EXAMPLE 3.8 (see [18, p. 48]). (i) Consider the initial-boundary value prob-
lem for the nonlinear equation

ou  u \/5 4
1) = z t,y)sinyd
(B17) 5 =32t 77‘/0 u(t,y)siny dy

31 7 1/2
+ \/7‘/ u(t,y)sin2ydy| sin2x
T Jo

for (t,z) € (0,T) x (0,7), with the Dirichlet type boundary value condition

1/2
sinx

(3.2%%) u(t,0) =u(t,m) =0, te€(0,T)
and the initial value condition
(3.3*%) w(0,2) =0, € (0,m).

A continuum of solutions belonging to C’tlf (c1 @, R) of this problem represents
the set of functions

u(t,z) = a-(t)sinz + b,.(t) sin 2z, (t,x) € clQ

for r € (0,T). Here for r € (0,T)

© { 0 if t € (0,7),
T A —exp{—=(t—r)/2))? ifte (rT),
and
0 if t € (0,7),
br(t) = { 1 9 .
1—6(1 —exp{—2(t—r)})* ifte(rT).
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Further, ag(t) = (1 — exp{—t/2})2, ar(t) = 0 = br(t), bo(t) = (1/16)(1 —

exp{—2t})%.
The functions a, and b,:(0,7) — R are the solutions of the initial value
problems
d
ta=la'% te(0.1), a(0) =0,
LTSNIVE _
respectively.

4. Operator formulation and fundamental lemmas

Consider the following operators:
(a)
(4.1) A X =Y,

where
(Au)(t,x) = A(t,x, D¢, Dy)u(t,x) = Dyu(t, z) — Z ax(t, z)D*u(t, ),
0<|k|<2b
for (t,z) € clQ, u e X,
X ={ueC2(lQ.R):B;(t,z,D)ulr =0, j=1,...,b,
u(0,2) =0 for z € clQ}

and Y = C(clQ,R).
(b) The Nemitskii operator for the function f from (1.1)

(4.2) N: X =Y,

where (Nu)(t,z) = f(t,x, D, u(t,z)) for (t,z) € c1Q, u € X.
(¢) The operator

(4.3) F: X —>Y,

where (Fu)(t,z) = (Au)(t,z) + (Nu)(t,z) for (t,z) € cl@Q, u € X.
Together with the solution sets of given problem (1.1)—(1.3) we shall search

the bifurcation points sets.

DEFINITION 4.1.

(a) A couple (u,g) € X xY will be called the bifurcation point of (1.1)—(1.3)
if and only if u is a solution of this problem and there exists a sequence
{gk}ren C Y such that limg_.o, gr = ¢ in Y and initial-boundary value
problem (1.1)—(1.3) with g = g has at least two different solutions

ug, v for each k € N and limyg_, o up = limy_ oo v = u in X.
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(b) The set of all solutions u € X of (1.1)—(1.3) (or the set of all functions
g € Y) such that (u, g) is a bifurcation point of (1.1)—(1.3) will be called
the domain of bifurcation (resp. the bifurcation range) of (1.1)—(1.3).

EXAMPLE 4.2. The point (u,,0) € X xY for r € (0,T) is a bifurcation point
of the Neumann problem from Example 3.7(a) and (b). Really, there is the zero
sequence {gi }ren, where g, = 0 for k € N, of the right-hand side of (1.1) for
which there exist two different sequences of solutions

{urtren = {trs1)/(e+2) foeny  and  {vxtren = {U@r)/(e+1) fren
with the same limit u, € X. O
The following equivalence result is true.

LEMMA 4.3.

(a) The function uw € X is a solution of initial-boundary value problem
(1.1)—(1.3) for g € Y if and only if Fu = g.

(b) The couple (u,g) € X XY is a bifurcation point of (1.1)—(1.3) if and
only if Fu = g and u is a point at which F is not locally invertible, i.e.
u € ¥ (see Definition 2.13).

PROOF. The first assertion is clear.

(b) If (u,g) is a bifurcation point of (1.1)—(1.3), then with respect to Defi-
nition 4.1 we get Fu = g, Fuy, = g = Fug, up # vg. Thus F is not locally
injective at w. Hence, F is not locally invertible at u, i.e. u € X. Conversely,
if F'is not locally invertible at u and Fu = g, then F is not locally injective
at u. Hence, it follows that the couple (u,g) € X x Y is a bifurcation point
of (1.1)—(1.3). O

The following lemma gives sufficient conditions for the operator A to be of
Fredholm type.

LEMMA 4.4. Let the operator A from (4.1) satisfy smoothness hypothesis
(8%), a € (0,1) and

(A.1) There exists a linear homeomorphism H: X —Y with
Hu= Dy — H(t,z,D)u, wue€X,

where

H(t,z,D;)u = Z ay(t,z)DFu + Z hy(t, ) DEu
|k]=2b 0<|k|<2b—1

satisfying (S%), a € (0,1).



TOPOLOGICAL STRUCTURE OF SOLUTION SETS TO PARABOLIC PROBLEMS 335

Then:
(a) dim X = oo.
(b) The operator A: X —'Y is a linear bounded Fredholm operator of the

zero-index.

PrROOF. (a) We use the decomposition theorem from [29, p. 139]: Let Z be
a linear space and 0 # z*: Z — R be a linear mapping on Z and z¢ € Z \ M,
where M = {x € Z : *(z) = 0}. Then every element z € Z can be expressed

by the formula
_ 2" (x)
z* ()
where m € M, i.e. there is a one-dimensional subspace L of Z such that Z =
Lo M.
Now, we put

xo + m,

M ={ue C'tlyfb(le,R) :Bj(t,x,Dy)ulr =0for j=1,...,1}
for I = 1,...,b. We see that Ctlﬁfb(le,R) D My D ... D M. There exist

one-dimensional spaces L; for [ = 1,...,b such that

CH2(AQ,R) =Ly ® My, My =Ly&M,,... ,My_1=Ly®M,.

ta
If we put
My ={ue Ctl”fb(le,R) :Bj(t,z,Dz)ulr =0for j=1,...,b,
w(0,2) =0on clQ} = D(A) = X C M,,
then we can write
(4.4) C2(AQR) = L1 &...® Ly & M,
=L1®...0OLy® Lyt1 D M1
=11®...8Ly P Ly11 & X,
where Ly, 1 is a one-dimensional subspace of Mj. Since
dim C’tlyfb(le, R) = oo,

from (4.4) we get dim X = oco.
(b) Since the coeficients ay for 0 < |k| < 2b are continuous on the compact
set cl @ there is a positive constant K > 0

|Aully < K(|Dyully + Y |[Dkully) = K|ju|x
0<|k|<2b
for all u € X, whence the operator A is bounded on X.
By Proposition 2.2 [30, p. 233], it is sufficient to show that

Au = Hu+ (H(t,z,D,) — A(t,x, D,))u :== Hu + Tu,
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thereby the mapping T: X — Y is the linear completely continuous operator. It
will be proved by the Ascoli-Arzela theorem from [31, p. 85].
From the hypothesis (S*), the equi-boundedness of

Tu = Z (hi(t,z) — ag(t,z))Dru
0<|k|<2b—1

holds at the bounded set S C X, i.e. there is a constant K;(n,«,T,€) > 0 such
that ||Tully < Killu||x for all u € S.
With respect to (S%) we obtain for all w € S and (¢, z), (s,y) € clQ

|Tu(t, z)— Tu(s,y)]
< Y (e —ar)(tx) = (he — ax)(s,9)|: [Dhult, )|

0<|k|<2b—1
+ ) h(s,y) — ak(s,y)]: |DEult, x) — Diu(s, y)]
0<|k|<2b—1
<Ky Y (e —an)(tx) — (e — ax)(s,y)]
0<|k|<2b—1
+Ks Y |Dhu(t,x) — Dyu(s,y)l,
0<|k|<2b—1

where Ko, K3 are positive constants only dependent of n, «, T, Q. Using as-
sumption (S%) for the first member and the mean value theorem for the second

member in the previous estimation, we obtain

|Tu(t, z)— Tu(s,y)|
< KyKycard{k : 0 < |k| < 20— 1}[|t — 5| 4+ ||z — y||%.]

S [|DtD£zu<t*,x>|t—s|+Z|D’;<“u<t,xr>||xi—yi|.
0<|k|<2b—1 i=1

Here t* lays between ¢ and s, zf = (y1,.-- ,Yi—1,&, Tit1,- - , Tpn) With & laying
between x; and y;. The modul of multiindex k(i) = (k1,... ,ki—1,ki+1,... k)
is |k(i)| = |k|+1<2bfori=1,... ,n.

For |t—s| < 0, ||z —y||rr < d with a sufficienly small 6 > 0 the every member
of the last inequality is smaller than a fixed arbitrary ¢ > 0. This proves the
equi-continuity of the set T'(S). O

COROLLARY 4.5. Let £ mean the set of all linear differential operators A =
D,—A(t,z,D,): X — Y satisfying the hypothesis (S*), a € (0,1). Then, for each
A € L, the initial boundary value homogeneous problem: Au = 0, (1.2), (1.3)
has a nontrivial solution or any A € L is a linear bounded Fredholm operator of
the zero index.
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PrROOF. Really, if there exists an operator A € L such that the problem
Au = 0, (1.2), (1.3) has only trivial solution, then A is a homeomorphism of
X onto Y. Then, by Lemma 4.4, all operators of £ are Fredholm of the zero
index. g

LEMMA 4.6. Suppose
(N.1) feC(cl@ x R*"R).

Then the Nemitskit operator N: X — Y from (4.2) is completely continuous
on X.

ProOOF. For any bounded set S C X the N is equi-bounded in Y. Also, for
[t —s]?+ ||z —y|3. < 2 with a sufficiently small § > 0 we get the equi-continuity
of N. O

LEMMA 4.7. Let (S%), (A.1), (N.1) and an almost coercivity condition

(F.1) Let r be an integer 0 < r < 2b — 1. Suppose that coefficients aj, and
hi of operators A and H from (4.1) and (A.1), respectively are equal
for |kl =r+1,...,2b at clQ and there is a multiindex k with |k| = r
for which ay, # hy at c1@Q. Put a = max{|y|,r}. Moreover, we assume,
there exists a constant K, > 0 such that the inequality

(4.5) lulo, =Y sup |Dju(t,z)| < K,
0<[k|<a (tyx)ecl@
holds for all solutions u € X of problem (1.1)—(1.3) with the right-hand
sides g from bounded set S CY.

be satisfied. Then:

(a) F from (4.3) is coercive on X.
(b) F is proper and continuous.

PRrROOF. (a) We need to prove that if the set S C Y is bounded in Y, then
the set of arguments F~1(S) C X is bounded in X.

By (4.5) and assumption (F.1) it follows that the set F~1(S) is bounded in
the norm || - ||4,¢. Hence and by (N.1) one obtains the estimation ||Nully < K4
for all w € F~1(S). From Lemma 4.4(b) also ||Aully < ||Fully + || Nully < K5
for any u € F~1(S), where K, K5 are positive constants.

On the other hand, condition (A.1) ensures the existence and uniqueness of
the solution u € X of the linear equation Hu = y for any y € Y and (see the
Green representation of solution from Proposition 3.2 and the estimation (3.5))
the estimation

(4.6) lullx < Kellylly, Ko >0, ue F7'(S)
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is true. Then for u € F~1(S) we have

Hu= Au+ Z (ar(t,z) — hy(t, ) DFu.
0<k|<2b

With respect to (S¢) and (F.1)

lylly = [|Hully <|[Aully + > llax — hully | Diully
0<[kl<r

< K5+ Kr|lull,, @ < Ks + Krllulla, @ < K5 + K7 K., K7 >0.
Hence and by (4.6)
lullx < Ko(Ks + K7Ka), uwe F(S).

(b) Since dim X = oo and A is a nonconstant and closed mapping on X,
then by Proposition 2.16(b) it is proper on X. From Lemma 4.6 the operator
N is completely continuous on X. From (b) of this lemma F' is coercive on X.
Proposition 2.17(b) concludes the proof of (b) and the proof of Lemma 4.7. O

The following lemma gives conditions for the continuous F-differentiability
of the Nemitskii operator N.

LEMMA 4.8. Let the Nemitskii operator N: X — Y satisfy the condition
(N.1) and

(N.2) 0f/0vg € C(cl@ x R*,R) for the multiindices 5 with the modul 0 <
|B] < 2b—1, where k represents the number of the components in the
vector function Tg = Efu from (1.1).
Then
(a) the operator N is continuously Fréchet differentiable on X, i.e. N €
CH(X,Y).
(b) If moreover (S%) for o € (0,1) holds, then F € C1(X,Y).

PRrROOF. (a) We need prove that the Fréchet derivative N': X — L(X,Y)
defined by the equation

o _
(4.7) N'(uh(t,z)= > i[t,w,DZU(t,z)]th(ta x)
81)5 ’ ’
0<|B]<2b—1
card{B}=k
is continuous on X for every u,h € X. Here 8 = (f1,..., ) represents every
multiindex v = (y1,...,7,) appearing in the nonlinearity f. It is sufficient to
show for every fixed v € X the condition:

Ve >030(e,v) >0Vue X, lu—v|x <d=|Nu—-Nvlpxy) <e,
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ie.

(4.8) sup |IN'(u)h — N'(v)h|y <e.
heX, ||h||x<1
Let us take an arbitrary ¢ > 0 and v € X such that |ju — v||x < J, ie.
|Dyu(t,z) — Dyo(t,z)| < & and |DFu(t,z) — DEv(t,z)| < 6 for all multiindices
0 < |k| <2boncl@. Hence with the respect to the uniform continuity of 9f/0vg
for 0 < |8] < 2b—1 on every compact subset of cl@ x R* we get

|N'(u)h(t, z) — N'(v)h(t, )]

< Y | Brutt )] - 2w, Dot )| D22 < <
0<|8<2b—1 ve
card{B}=k

for [|h||x <1 and all (¢,z) € c1@Q. It finishes the proof of (4.8).
(b) We easily see that Fréchet derivative F': X — L(X,Y) is defined by the
equation

F'(u)h(t,x) = Dih(t,z) — Z ar(t,2)D¥h(t,z) + N'(u)h(t, z)
0<|k1<2b

for u, h € X. Hence and by (c) of Theorem 5.2 we get F' € C1(X,Y). O

LEMMA 4.9. Let the hypotheses (S*), a € (0,1), (A.1), (N.1) and (N.2) be
satisfied. Then F = A+ N: X — Y is a nonlinear Fredholm operator of the zero
index on X.

PROOF. According to Lemma 4.4(b) the operator A: X — Y is a linear
continuous and C'-Fredholm mapping of the zero index. By Lemma 4.6 the
operator N: X — Y is compact. By Lemma 4.8 it belongs to the classs C'.
Then Proposition 2.5 implies that F' is a nonlinear Fredholm operator with the
zero index. g

5. The structure of solution sets
for continuous nonlinearities

The first result for that proper mapping F' is given by the following theorem.

THEOREM 5.1. Let hypotheses (S%) for o € (0,1), (A.1), (N.1) hold. Then:

(a) For any compact set of the right-hand sides g € Y of (1.1) the corres-
ponding set of all solutions of (1.1)—(1.3) is a countable union of compact
sets.

(b) For ug € X there exists a neighbourhood U (ug) of ug and U(F (ug)) of
F(ug) € Y such that for each g € U(F(ug)) there is a unique solution
of (1.1)~(1.3) if and only if the operator F is locally injective at ug.
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(¢) Let moreover (F.1) hold. Then for any compact set of the right-hand
sides g € Y from (1.1), the set of all solutions of (1.1)—(1.3) is compact
(possibly empty).

PROOF. (a) Since F' = A+ N (see (4.3)) by the decomposition of A =C+T
(Proposition 2.2) we have F' = C' + (T'+ N) where C is a continuous and proper
mapping from X onto Y (see Proposition 2.16), A is a Fredholm operator of the
zero index, T and N are completly continuous mappings. Since X is a countable
union of closed balls in X, so with respect to Proposition 2.17(a) the operator
F is o-proper (continuous). Lemma 4.3(a) implies the assertion (a).

(b) Suppose that F' is injective in a neighbourhood U(ug) of ug € X. From
the decomposition (for H see Lemma 4.4)

F=H+(T+N)

we obtain H™'F = I + H=Y(T + N) which is a completely continuous and
injective perturbation of the identity I: X — Y in U(ug). According to Proposi-
tion 2.21(a) the set H'F(U(ug)) is open in X and the restriction H~'F|y(,,) is
a homeomorphism of U (ug) onto H 1 F (U (ug)). Therefore F is locally invertible
at ug. Again by Lemma 4.3() we obtain (b).

(c) By Lemma 4.7(b) the operator F': X — Y is proper which implies the
given assertion and includes the proof of Theorem 5.1. d

On futher qualitative and quantitative properties of solutions of (1.1)—(1.3)
the following theorem says.

THEOREM 5.2. Let the hypotheses (S%), o € (0,1), (A.1), (N.1), (F.1) be
satisfied. For solutions of (1.1)—(1.3) the following statements are true:

(a) The set of solutions for each g € Y is compact (possibly empty).

(b) The set R(F) = {g € Y : there exists at least one solution u € X of
(1.1)—(1.3)} is closed and connected in'Y .

(¢) The domain of bifurcation Dy, is closed in X and the bifurcation range
Ry is closed in' Y. The set F(X \ Dy) is open in'Y.

(d) If Y \ Ry, # 0, then each component of Y \ Ry, is a nonempty open set
(i.e. domain).

(e) If Y\ Ry # 0, the number ng of solutions is finite and constant (it may
be zero) on each component of Y \ Ry, i.e. ng is the same nonnegative
integer for each g belonging to the same component of Y \ Rp.

(f) If Ry = 0, then the given problem has a unique solution uw € X for each
g € Y and this solution continuously depends on g as a mapping from
Y onto X.

(g) If Ry # 0, then the boundary OF (X \ Dy) is a subset of F(Dy) = Ry
(OF (X \ Dy) € F(Dy)).
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PROOF. Assertion (a) follows directly from Theorem 5.1(c).

(b) Take the sequence {gn }nen C R(F) CY converging to g € Y as n — oo.
Since F is proper, the set F~1({g1,92,...}U{g}) C X is compact. Thus there
exists a subsequence {u,, tren C F~1({g1,92,..-} U{g}) converging to u € X
and F(up,) = gn, — g in Y as n — oo. Since the mapping F is proper
(Lemma 4.7(b)) by Proposition 2.16(a) it is closed, whence F(u) = g, i.e. g €
R(F). The set R(F) is closed. R(F) = F(X) is connected as a continuous image
of the connected set X.

(c¢) According to Lemma 4.3(b) Dy, = ¥ and R, = F(D) = F(X). Since
X \ X is an open set then D is closed in X and its continuous image R} is
a closed set in Y.

The difference, X \ D, = X \ ¥ represents the set of all points at which
the mapping F is locally invertible. Then for each uy € X \ D, there is a
neighbourhood U; (F(up)) C F(X \ Dp). It means that the set F(X \ Dp) is
open.

(d) The set Y\ R, =Y \ F(Dy) # 0 is open in Y. Then each its component
is nonempty and open, too.

(e) This directly follows from Proposition 2.14.

(f) By Ry = 0 we have D, = () and the mapping F is locally invertible in X.
Proposition 2.17(b) asserts that F' is a proper mapping. Then the global inverse
mapping theorem (Proposition 2.15) implies that F' is homeomorphism from X
onto Y.

(¢) From Lemma 4.3(b) D, = ¥ and by (c) of Theorem 5.2 Dy, and F(Dy)
are closed. Then OF (X \ Dy) = OF (D) C F(Dy).

This finishes the proof of the theorem. O

The following two theorems concern the surjectivity corresponding to prob-
lem (1.1)—(1.3).

THEOREM 5.3. Under the assumptions (S%), c € (0,1), (A.1), (N.1), (F.1)
each of the following conditions is sufficient to the solvability of problem (1.1)—
(1.3) for each g € Y:

(a) For each g € Ry, there is a solution u € X \ Dy of (1.1)—(1.3).
(b) The set Y \ Ry is connected and there is g € R(F') \ Ry (for R(F) see
Theorem 5.2(b)).

PRrOOF. First of all we can see that conditions (a) and (b) are mutually
equivalent to the conditions:

(a’) F(Db) C F(X \ Db),
(b’) Y\ R, is a connected set and F(X \ Dy) \ Ry # 0,

respectively.
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From the proof of Theorem 5.2(c) we have Dy = X.

(a) From (a’) we have F(X) = F(Dp) UF(X \ Dp) = F(X\ Dy). So R(F) =
F(X) is closed and connected in Y (Theorem 5.2(b)) as well as open set in Y
(see Theorem 5.2(c)). Thus R(F) =Y which implies the surjectivity of F.

(b) By (e) of Theorem 5.2, cardF~1({g}) is a constant k > 0 for every g
from the same component of Y\ Ry.

If k=0 foral g € Y\ Ry, then F(X) = R,. Hence F(X \ D) C Ry.
However, it is a contradiction with (b’). O

THEOREM 5.4. Let (S*), a € (0,1), (A.1), (N.1), (F.1) hold together with
hypothesis
(S.1) All solutions u € X of the initial-boundary value problem for the equa-
tion
Hu+ p(Au— Hu+ Nu) =0, pe(0,1)
with data (1.2), (1.3) fulfil inequality (4.5) from Lemma 4.7. H is the
linear homeomorphism from hypothesis (A.1).
Then:
(a) problem (1.1)—(1.3) has at least one solution for each g € Y,
(b) the number ng of solutions (1.1)-(1.3) is finite, constant and different

from zero on each component of the set Y \ R, (for all g belonging to
the same component of Y \ Rp).

PRrROOF. (a) It is sufficient to prove the surjectivity of F: X — Y. By
Lemma 4.4 (see proof of (b)) we can write

F=A+N=H+(T+N).

The mapping
H'FP=I+H "(T+N):X - X
is a completely continuous and condensing field (see [32, p. 496]).

Let S C X be a bounded set. Then H(S) is a bounded set in Y. From
the coercivity of F' (see Lemma 4.7(a)) the set F~[H(S)] = (H 1F)~1(9) is
bounded at X. Hence H~'F is coercive.

Now we show that condition (¢) from Proposition 2.20 is satisfied for the con-
densing and coercive field P = H~1F. Take the strictly solvable field G(u) = u.
The equation P(u) = kG (u) is equivalent to

(H7'F)(u) = ku.
Hence we get, for u € X and k <0,

Hu+ (1 — k) '[Au — Hu + Nu] = 0,
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where (1 — k)% € (0,1). With respect to condition (S.1)
[ulla, < Ka

for a = max{|y|,r}, where |y| =0,1,...,20 —1 and 0 < r < 2b—1 are fixed.
Using the same method as in Lemma 4.7(a) we obtain for all solutions of

(H'F)u = ku

the estimation |lul|x < Ks, Kg > 0. By Proposition 2.20 we have the strict
surjectivity of H='F and so F. This proves (a).

(b) From the surjectivity of F' on X it follows that ny # 0. The other
assertions of (b) follow from Theorem 5.2(e). O

6. The solution set of C! nonlinearities

With respect to the C!-differentiability of the operator N from (4.2) we prove
here several stronger results than in Section 5 for the solutions of (1.1)—(1.3).

THEOREM 6.1. Suppose that (S*), o € (0,1), (A.1), (N.1) and (N.2) be sa-
tisfied and Ry, means the bifurcation range of (1.1)—(1.3). Then the set Y \ Ry is
open and dence in'Y and thus the bifurcation range Ry of initial-boundary value
problem (1.1)—(1.3) is nowhere dense in'Y .

PROOF. The openess of Y'\ R}, follows from the statement (c) of Theorem 5.2.

From Lemmas 4.8 and 4.9 the operator A: X — Y is a linear continuous
Fredholm mapping of the zero index and the Nemitskii operator N: X — Y is
compact and N € C1(X,Y).

For every u € X the linear operator N'(u): X — Y from (4.7) is completely
continuous on X. By the Nikol’skif decomposition theorem (see Proposition 2.2)
the operator F'(u) = A+ N'(u): X — Y is a linear Fredholm mapping of the
zero index for each u € X. By Lemma 4.8(b) we know that F' € C1(X,Y) and
by Lemma 4.9 the F' is a nonlinear Fredholm operator of the zero index.

According to the Banach open mapping theorem (see [31, p. 77]) the mutual
equivalence is true: F’(u) is a linear homeomorphism if and only if it is a bijective
mapping. Since F’'(u) for every u € X is a linear Fredholm mapping of the zero
index so F'(u) is bijective if and only if it is injective (in this case the the
injectivity implies surjectivity, see Proposition 8.14 (1) from [32, p. 366]). Then
by Definition 2.6 we see that u € X is a singular point of the Fredholm operator F’
if and only if u is a critical point of F.

From Proposition 2.11 we obtain that set ¥ (of all points u € X for which F'
is not locally invertible) is contained in the subset of all critical points of F.
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Then, evidently ¥ is a subset of the set S of all singular points of I, i.e. X C
S. Hence we get for the set of regular values Ry of the operator F' the relations

Rp=Y\F(S)CY\F(E)CY\R,CY,

where R, C F(X) is a bifurcation range of F'.

Since F: X — Y is a nonconstant closed mapping with dim X = oo, by
Proposition 2.12 we obtain that F is a proper mapping. By Proposition 2.9 (the
Quinn version) the set Rp is residual, open and dense in Y. Hence Y \ Ry is
dense in Y, too. With respect to Lemma 4.3(b) we can conclude the proof. O

In the following results we shall deal with the linear problem in h € X
(6.1) Ah(t, )+ ) Fos b2, Dyu(t, 2)l D h(t 2) = g(t, @)
0<[B3|<2b—-1 Y
card{|B|}=r
for (t,z) € @ and some fixed v € X with the conditions (1.2), (1.3). The
left-hand side of equation (6.1) represents the Fréchet derivative F”(u)h of the
operator F= A+ N: X - Y.

THEOREM 6.2. Let the hypotheses (S)%, o € (0,1), (A.1), (N.1), (N.2) and
(F.1) be satisfied. Then

(a) For any compact set of Y (of the right-hand sides g € Y of equation
(1.1)) the set of all corresponding solutions of (1.1)—(1.3) is compact
(possibly empty).

(b) The number solutions of (1.1)—(1.3) is constant and finite (it may be
zero) on each connected component of the open set Y \ F(S), i.e. for
any g belonging to the same connected component of Y \ F(S). Here S
means the set of all critical points of the operator F = A+ N: X — Y.

(¢) Let ug € X be a regular solution of (1.1)—(1.3) with the right-hand side
go € Y. Then there exists a neighbourhood U(gy) CY of go such that
for any g € Ul(go) initial-boundary value problem (1.1)—(1.3) has one
and only one solution uw € X. This solution continuously depends on
g. Associated linear problem (6.1), (1.2), (1.3) for u = ug has a unique
solution h € X for any g from a neighbourhood U(gy) of go = F(ug).
This solution continuously depends on g.

(d) Denote by G the set of all right-hand side g € Y of equation (1.1) for
which all corresponding solutions uw € X of problem (1.1)—(1.3) are its
critical points. Then G is closed nowhere dense in'Y .

(e) If the singular points set of (1.1)—(1.3) is empty, then this problem has
unique solution u € X for each g € Y. It continuously depends on the
right-hand side g.
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PROOF. (a) Since the operator F is proper (see Lemma 4.7) we have the
assertion (a).

(b) In the proof of Theorem 6.1 we have showed that set of all singular points
of F' is equal to the set of all critical points of F'. Then the Ambrosetti theorem
(see Proposition 2.14) implies the statement (b).

(c) Since ug € X \ S, where S is a set of all singular (in our case all critical)
points (see Definition 2.6(b) and (c)), then by Proposition 2.11 the mapping F' is
a local C*-diffeomorphism at ug. This proves the first part of (c) for (1.1)—(1.3).

Since F is a C!-diffeomorphism, it follows that F’ € C(X,Y), (F~ ') €
C(X,Y), where F’(u)h is the left-hand side of (6.1) nd (F~1) (Fu) = (F'(u))~}
for every u € X. Hence linear problem (6.1), (1.2), (1.3) for u = up has a unique
solution h € X for any g € U(go) with go = F(ug). This solution continuously
depends on a right-hand side g. The proof of (c¢) is completed.

(d) In our case the equality G = F'(S) holds. By the Smale-Quinn theorem
(Proposition 2.9) we obtain the expected results.

(e) By Proposition 2.11, the operator F: X — Y is a local C'*-diffeomorphism
at any point © € X. Hence, the last assertion follows. O

By the point (c¢) of Theorem 6.2 we obtain the following.

COROLLARY 6.3. Let the hypotheses of Theorem 6.2 hold and moreover:

(H.1) The linear homogeneous problem (6.1), (1.2), (1.3) (for g = 0) has only
the zero solution h =0 € X for any u € X.

Then initial-boundary value problem (1.1)—(1.3) has a unique solution u € X for
any g € Y. Moreover, linear problem (6.1), (1.2), (1.3) has a unique solution
h € X for any uw € X and the right-hand side g € Y of (6.1). This solution
continuously depends on g.

COROLLARY 6.4. Let the assumptions of Theorem 6.2 be satisfied. Then we
have:

(a) If the set S of all singular (in our case all critical) points of F is
nonempty, then OF (X \ S) C F(S).

(b) If F(S) C F(X \ S), then problem (1.1)—(1.3) has the solution v € X
forany g €Y, i.e. R(F) =Y (F is a surjection of X ontoY').

(¢) If Y\ F(S) is connected and X \ S # 0, then R(F) =Y (the solvability
of (1.1)-(1.3) for any g € Y).

PrOOF. (a) By Theorem 6.2(d) the set F'(S) is closed in Y and by Propo-
sition 2.9 F(X \ S) is open in Y. Also the set F(X) is closed by Lemma 4.7.
Hence we obtain the equations

(6.2) F(S)UF(X\ S) = F(X) = F(X) = F(S) UF(X \ 5).
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The inclusion in (a) follows directly from (6.2).
(b) From the first equation of (6.2) we have F(X) = F(X \ S) and so R(F)
is an open as well as a closed subset of the connected space Y. Thus R(F) =Y.
(¢) Since Y \ F(S) is connected, by the Ambrosetti theorem (see Proposi-
tion 2.14) we obtain the card F~1({g}) = const =: k > 0 for each g € Y\ F(S).
If it was k = 0, then there would be F(X) = F(S) and F(X \ §) C F(S)
and this is a contradiction with X \ S # (). Then k > 0. O

THEOREM 6.5. Suppose that hypotheses (S%), a € (0,1), (A.1), (N.1), (N.2)
and (F.1) hold together with the condition

(H.2) Each point u € X is either a regular point or an isolated critical point
of problem (1.1)—(1.3)

Then for every g € Y there exists exactly one solution u € X of (1.1)—(1.3). It
continuously depends on g.

PRrROOF. The associated operator F: X — Y is a proper C'-Fredholm map-
ping of the zero index. By Proposition 2.11 the F is a local C*-diffeomorphism
at a regular point of F. In the isolated singular point, by Proposition 2.12, F
is locally invertible. Since F is proper, the global inverse mapping theorem (see
Proposition 2.15) implies the statement of this problem. O

In the conclusion of this paper, let us notice that the previous results can be
proved without parabolic (P), complementary (C) and compatibility (Q) con-
ditions of initial-boundary value problem (1.1)—(1.3). Thus all previous generic
properties keep for the general evolution problems of type (1.1)—(1.3). Such
models describe different natural science phenomena (a reaction-diffusion and
environment models, a diffusive waves in fluid dynamics — the Burges equation,
the wave propagation in a large number of biological and chemical systems —
the Fisher equation, a nerve pulse propagation in nerve fibers and wall motion
in liquid crystals).

The results of the present paper can be generalized also to the quasilinear
parabolic and general evolution systems of type (1.1)—(1.3). It enables to apply
the Fredholm theory to hyperbolic equations modeling different nonlinear vibra-
tion problems, to a nonlinear dispersion (the nonlinear Klein—Gordan equation),
a propagation of magnetic flux and the stability of fluid notions (the nonlinear
Sine-Gordan equation) and so on.
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