Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 25, 2005, 275-296

NON-COLLISION PERIODIC SOLUTIONS
OF PRESCRIBED ENERGY PROBLEM
FOR A CLASS OF SINGULAR HAMILTONIAN SYSTEMS

SHINJI ADACHI

ABSTRACT. We study the existence of non-collision periodic solutions with
prescribed energy for the following singular Hamiltonian systems:

G+VV(q) =0,
1.
Sl +V(e) = H.
In particular for the potential V(¢q) ~ —1/dist (¢, D), where the singular

set D is a non-empty compact subset of RV, we prove the existence of a
non-collision periodic solution for all H > 0 and « € (0,2).

1. Introduction

In this paper we discuss the existence of non-collision periodic solutions for
the following singular Hamiltonian systems with prescribed energy:

G+ VV(g),=0,

(HS) Lo
SO+ V() =H  forallteR,
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where ¢ = (q1,...,qn) € RN, N > 2, " =d/dt, H e R, V(q):R¥\ D — R is
a given potential and D C R¥ is a set of singularities of V' (g). More precisely,
we assume that D C RY is a non-empty compact subset of RY and

(V1) V(q) € CY(RYN \ D,R),

(V2) V(q) <0 forallge RN\ D, V(q), VV(q) — 0 as |q| — oo,
(V3) =V (q) — oo as dist (¢, D) — 0, where

dist (2, D) = inf |z — y|.
ist (2, D) ylngfv yl

Recently there exist many papers which deal with singular Hamiltonian sys-
tems in view of both prescribed energy problem and prescribed period problem.
As to prescribed period problem, we refer to [1]-[3], [6], [9], [11]-[14], [17], [19].
See also a book by Ambrosetti-Coti Zelati [4] and references therein.

A typical example of potential satisfying (V1)—(V3) is

1

(1.1) Vi(g) = " dist (¢, D)

and the order « of the singularity plays an important role. Here we define strong

force condition as follows:

(SF) There exists a neighbourhood Q of D in RY and U € C*(Q\ D, R) such
that

— 00 as dist (¢, D) — 0,
~Vi(q) > |VU(g)]* forall g€ Q\ D.

Condition (SF) is firstly introduced in Gordon [12] for D = {0}. We remark
that (1.1) satisfies (SF) if and only if o > 2. In fact, if @ > 2, then we can see
that (SF) is satisfied with U(q) = — log|dist (g, D)|.

In this paper we consider the existence of non-collision periodic solutions of
(HS) under weak force case (« € (0,2)) and the general singular set D. Here we
assume

(S) The boundary S = dD of D is a compact C3-manifold of RV,

Without loss of generality, we assume that 0 € D. We also consider the
potentials which generalize (1.1). More precisely, we set

1

(1.2) Wi(g) =V(g) + dist (g, 5)™

and assume
(W1) W(q) € C*(RN \ D,R),

(W2) dist (¢, 5)*W(q), dist (¢, S)**'VW(q), dist (¢, S)***VZW(q) — 0 as
dist (¢, S) — 0.
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We remark that for the potential V(q) of the form (1.2) satisfying (W1)—
(W2), we can easily verify V(¢) satisfies (V1) and (V3).

It is well-known that the order a of the singularity has a close relation to
the energy H € R in the existence of periodic solutions of prescribed energy
problem. Our main result is the following

THEOREM 1.1. Assume N > 2, (S), (V2), (W1)-(W2) and a € (0,2). Then
(HS) have at least one non-collision periodic solution for all H > 0.

Theorem 1.1 claims that even if V(q) = —1/dist (¢, D)* and « € (0,2),
we can obtain a non-collision periodic solution of (HS) for all H > 0. This
case presents a great contrast to the case D = {0} and V(q) = —1/|¢|*. By
simple calculation, we can see that for D = {0} and V(¢) = —1/|q|®, (HS) have
a periodic solution if and only if

(1.3) H >0 fora>2,
(1.4) H =0 fora=2,
(1.5) H <0 forae(0,2).

Thus Theorem 1.1 is distinct from (1.5) with respect to the energy H. Indeed
we also obtain the following non-existence result for a € (0,2) and H < 0.

THEOREM 1.2. Assume N > 2, D = B,(0) = {z € RN : |z] < p}, a € (0,2)

and
1 1
V = — " = — .
e e ) LR TR

Then there exists a negative constant H_(p) € (—00,0) such that (HS) have no

non-constant periodic solutions for all H < H_(p). Moreover, we have
H_(p) » —oc0 asp—0.

Many authors generalized all cases (1.3)—(1.5) and showed the existence of
periodic solutions for general potentials V(q) ~ —1/|q|*. See [15], [16] for the
case (1.3), [22] for (1.4) and [8], [10], [18], [20], [21] for (1.5). See also [5] in
which both (1.3) and (1.5) are studied. However, most works deal with the
potentials which have only one point singular set, say, D = {0} and it is natural
that H > 0 under strong force condition (« > 2) and H < 0 under weak force
condition (« € (0, 2)).

In the following sections, we give proofs of Theorems 1.1 and 1.2. We use
variational methods to show Theorem 1.1. In Section 2, we introduce the modi-
fied potential

B 1 ep(q)
Ve(g) = W(q) — dist (g, S)  dist (q,9)*
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for e € (0,1], where ¢(q) is a function whose support is contained in a small
neighborhood of S and ¢(q) = 1 near S. Then we set the following modified
functional

1 1 . 1
L= [ P [ -V
0 0

Main purpose of Section 2 is to show the modified functional satisfies the Palais—
Smale compactness condition and obtain the global existence of a deformation
flow. In Section 3, we find a critical point wu.(t) through minimax methods
for N > 3 and minimizing method for N = 2 due to Bahri-Rabinowitz [6].
We also obtain uniform bounds for critical values I.(u.). In particular, we can
obtain a positive lower bound for I.(u.) by studying the orbits round singular
set D precisely. A positive lower bound plays an important role in the proof of
Theorem 1.1. In Section 4, we take a limit as € — 0 and show the existence of at
least one non-collision periodic solution of (HS) for all H > 0. In the limit process
we use re-scaling argument with respect to scale-change g(-) — §~1q(§(@+2)/2.),
See [1] and [19]. Lastly in Section 5, we prove Theorem 1.2.

2. Preliminaries

In this section we define modified functional I.(u) and show some properties
for I.(u).

1.1. Functional setting. Firstly we recall some basic properties of distance
function dist (z,.S). Then we introduce the modified functional I, (u).

For z € S, we denote by n(z) the unit outward normal vector of the surface
S at z. We consider a map ®:S x [0,00) — R defined by

D(z,8) = 2+ sn(z).
By the implicit function theorem, we have
LEMMA 2.1. Assume (S). Then there exists a constant hg > 0 such that
Pl5x[0,h0): S X [0, ho) — Npy (S)
is a diffeomorphism, where
Nio(S) = {z € RN\ D : dist (z,5) < ho}.
Moreover, writing (z(x), s(x)) = ®~1(x), we have for x € Ny, (S)
dist (x,5) = s(z), Vdist(z,S) = n(z(z)).
Let ¢ € C*°(]0, ), R) satisfy ¢'(r) < 0 for all r € [0, 00) and

1 for r €[0,ho/3],
p(r) =
0 for r € [2hg/3,0).
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For a potential V(q) satisfying (V1)—(V3), we define a modified potential V(q)

by

p(dist (¢, 5))

Velg) = V() — e~

(@) =VI9) ~ £ 55 70 57

Then we can easily see that V.(q) satisfies (SF) for all € € (0, 1].
Next we use the following notation:

for e € (0,1] and ¢ € RV \ D.

E ={ue H(0,LRY):u0) =u(1)},

nw%zthWﬁ+mw,mMﬂm=Aumﬁ

(1, ) :/0 i dt + [u][o],
A ={uecE:u(t)¢D foralltel0,1]},
0N ={ue E:u(t) € S for some t € [0,1]}.

1 1/p
|wu<A|WWQ

for p € [1,00). We define the following modified functional on A:

We also use the notation

(2.1) @W):%/MP&/J%JQ@&
ap(dlst (u, S))
7”u”2/ H=V( ~dist (u, S)* dt.

We remark that A is open in F and I.(u) € C%(A,R). If u € A is a critical point
of I.(u) with I.(u) > 0, then we have ||it||3 > 0, that is, u # const. Moreover,
setting

[ )2) [y fa?de \ 1
22) T(ﬁH—%@ﬁ) =0
(23 qu>=u(;),

we see that ¢(t) is a non-collision T-periodic solution of

{6'1'+VVE(Q)=0

1
jWW+%WW:H for all ¢ € R.

Thus in what follows, we study the existence of critical points of I.(u) with
positive functional levels and then pass to the limit as € — 0.

2.2. Palais—Smale condition for the modified functional. Firstly we
remark that since V;(u) satisfies (SF), the following lemma holds.
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LEMMA 2.2. Let (u;) C A be the sequence satisfying u; — ug € ON weakly
in E. Then

/1 —Ve(uj)dt — oo asj— oo.
More precisely, we have ’
G(u;j) :/;Wdtﬂoo as j — oo.
We set N = {u € A: u(t) € Np,(S) for all ¢ € [0,1]} and for u € N, we
define
(2.4) X(u) = n(=(u(1))) € RY,

where we use the notation u(t) = z(u(t)) + dist (u(¢t), S)n(z(u(t))) for u € N as
in Lemma 2.1. Since X (u) is a constant vector in RY, we identify X (u) with
the element of E. It is clear that || X (u)||g = 1 for all uw € N. We also define for
u € A,

d(u) = inf ||u— &||5.
(u) ggsllu e

We remark that if d(u) small enough, then v € A. That is, there exists a
constant h, > 0 such that if d(u) < h., then u € N. Tt is easily seen that
d: A — R is a locally Lipschitz continuous function.

LEMMA 2.3. Suppose (u;) C A satisfies

(2.5) I.(u;) <M for some M > 0.
Then
(2.6) u; = ug for some ug € 0N as j — oo

if and only if

(2'7) d(u]) — 0.

PRrROOF. The sufficiency is obvious. We prove only the necessity. We assume
(uj) C A satisfies (2.5) and (2.6). Then it follows from (2.6) and Lemma 2.2
that

1
/ H—V.(u;)dt = 00 asj— oo.
0
Together with (2.5), we have ||i;]|3 — 0 as j — oo. Using (2.6) again, we can

see that ug = 0, that is, ug = £ for some £ € S and ||u; — §||g — 0 as j — oo.
Thus (2.7) holds. O

In what follows, we always assume H > 0 and identify £ and E* by the
Reisz representation theorem. We prove the following
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LEMMA 2.4. For e € (0,1] and M > m > 0, there exists a constant hy =
hi(m, M) € (0,min{ho/3, h.}) such that if u € A satisfies
(2.8) I.(u) € [m,M],
(2.9) d(u) < hy,

then we have

(2.10) (I'(u), X (u)) < —m,
(2.11) (G'(u), X (u)) <O0.

Proor. We can find a constant hy € (0,min{ho/3,h.}) such that (2.9)
implies

, oo ! 4eVdist (u, )X (u)

{e(u), X () = 5llull2 ; “VV(u)X(u) -

dt
dist (u, S)°

and )
3 < Vdist (u, $)X(u) <1 forall ¢t € [0,1].
Thus we have for u € A satisfying (2.9),
2e
2.12 I =
@12 (L. X() < J08 [ -IV@X @ - e

Moreover, choosing hy > 0 smaller if necessary, by (W1)—-(W2), we obtain the
following pointwise estimates:

2e €
“VVEXEO) T G sE S @t @0
(2.14) H— V(@) + o :

<
dist (z,5)* — dist (x,5)°

for all x € RY with d(z) = dist (x,S) < hy and £ € S. By (2.12) and (2.13), we
have

1 ! €
2.1 IL(u), X(w) < —=al3 | ———==
(215) (1), X () < ~3hil} | gt
for all u € A satisfying (2.9). On the other hand, by (2.8) and (2.14), we have
2.1 <I(u) == H - dt
216) T R ——

< <l / B
_2 tllz o dist (u,S)°

for all w € A satisfying (2.8) and (2.9). Thus we obtain (2.10) from (2.15) and
(2.16). For u € A satisfying (2.9), we can easily obtain

! ist (u U L
(G'(u), X (u)) = —/0 4V(2i;((1;7?))5(( ) dt < —/O mdt <0.
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This completes the proof of Lemma 2.4. O

REMARK 2.5. Lemma 2.4, espcially (2.11) plays an important role in show-
ing the global existence of a deformation flow. More precisely, near the singular
set D, we define a deformation flow as a solution of d/dsn = X (n). Since X (u)
is an unit outward normal vector of S, our deformation flow can not approach
to D. See Lemma 2.8 for details. We also use Lemma 2.4 to show that I.(u)
satisfies the Palais—Smale condition. See below.

Now we prove the following Palais—Smale condition for I.(u).
PROPOSITION 2.6. Suppose that (u;) C A satisfies the following conditions:
(2.17) I.(uj) € [m,M] for some M >m > 0,
(2.18) I IZ(uj)||gx — 0 asj— .
Then there exist a subsequence (uj, ) C A and some ug € A such that
— ug  strongly in E.

Ujy,

PrOOF. We devide the proof of Proposition 2.6 into several steps.
Step 1. Boundedness of (u;).
Since Vz(u) < 0, we have

Lo [ H, .
() = gl [ 1 = Vi) de = Gl

Thus it follows from (2.17) that

. 2M
(2.19) 13 < - = O

Next we show that there exists a constant Cy > 0 such that

(2.20) 5]l < Gs.

Arguing indirectly, we assume that |[u;]| — oo as j — oco. Since
g < s = [us)| + ;| for all ¢ € [0, 1

and (2.19), we obtain

. . 1/2

inf Ju; ()] 2 [[uy]| = maxfu; = [u;]| > [fus]] = [li;ll2 = [[u]| - 0? - o
Hence
(2.21) luj(t)] = o0 asj— oo.

Moreover, by (2.19) again, we have

. 1/2
luy — [ug]lls < gl < C12
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Thus we have from (2.18) that
o(1) = IZ(uy)(uj — [uy])

) 1 1 ) 1
= Vil | # = Vel a5l [ VYl oy — )

=21, (uy) = 5l | Vi) = [ .

By (2.21) and (V2), we obtain VV.(u;) — 0 as j — oo. Consequently we have
I.(u;) — 0 and this contradicts (2.17). From (2.19) and (2.20), we see that (u;)
is bounded in E. As a consequence of Step 1, we can extract a subsequence —
still denoted by (u;) — such that

(2.22) u; = up € E weakly in £ and strongly in L°°.

Step 2. ug € A.

Arguing indirectly, we assume that up € JA. From (2.17), (2.22) and
Lemma 2.3, we have d(u;) — 0 as j — oo. Hence there exists a jo € N such that
d(uj) < hq for all j > jo, where hy > 0 is a constant given in Lemma 2.4. By
Lemma 2.4, we obtain

(2.23) (Il(uj), X (uj)) < =m

for all j > jo. Since | X (u;)||g =1 for j > jo, (2.23) means ||I.(u;)| g~ > m for

all j > jo and this contradicts (2.18). Thus we have ug € A.

Step 8. u; — ug strongly in E.

Since I.(u;) > m, we have
N Y N T
lim Sfla;lly | H = Ve(uo)dt = lim Zfjally [ H —Ve(uy)dt
J—00 2 0 J—00 2 0
= lim I.(u;) > m > 0.
j—00
Combined with ||i;]|3 < C4, we obtain
1
(2.24) / H = Vi(uo) dt > 0.
0
It follows from (2.18) that I.(uj)uo — 0, that is,
1 1 1 1
[ ade [ H =iy der Sl [ -Viuuodt —o.
0 0 0

Passing to the limit, we have

1 1
. 1o
(2.25) 0= |lol3 / H = Ve(uo)dt + 5 lim iy |3 / —VV(uo)ug dt.
0 0 0
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Similarly it follows from I.(u;)u; — 0 that
1 1
1
(2:20) 0= Jim iy} [ H = ViGwo) e+ 5 Yo il [ =V V(uo)uodt.
j—oo 0 j—oo 0

By (2.24)-(2.26), we have lim; o ||t;]3 = |/%0]|3. Thus we obtain u; — ug
strongly in FE as j — oo. U

2.3. A deformation flow. Next we construct a deformation flow and prove
the following proposition, which is so called Deformation Lemma.

PROPOSITION 2.7. For ¢ € (0,1], we assume that b > 0 is not a critical
value of I.(u). Then for any 6 > 0, there exists a constant § € (0,8) and
n(s,u) € C([0,1] x A, A) such that:

(a) n(0,u) =u for all u € A.

(b) n(s,u) =u for all s € [0,1] if I.(u) & [b— 6,b + 6].
(c) lIn(s,u) —ullg <1 for all s € [0,1] and u € A.

(d) Ic(n(s,u)) < I (u) for all s € 0,1] and u € A.

(e) If I.(u) < b+, then I.(n(1,u)) <b—4.

)
)
)
) 1

In the proof of Deformation Lemma, usually we can obtain a deformation
flow n(s,u) as a unique global solution of the negative gradient flow for I.(u).
However, in our case, it is not obvious that a deformation flow exists globally.
That is, we need to show that n(s,u) never enter the set dA. To prevent 7(s, u)
from entering A, we construct 7(s,u) in a different way from usual one. Near
the singular set, we define n(s,u) by using the unit outward normal vector of S
instead of the negative gradient flow for I (u). Our construction is originated
in Tanaka [21]. In [21], the construction of a deformation flow was studied in
the case where the singular set D consists of finitely many points, say, D =
{v1,--. ,va}. ~

Suppose b € (m, M) is not a critical value of I.(u). Let 6 > 0 be a given
number in Proposition 2.7. Since I.(u) satisfies the Palais—Smale condition in
the interval [m, M], we see that there exist constants d; € (0,5/3) and ag > 0
such that

(2.27)  |IZ(w)]

g >ag >0 forallue A with I.(u) € [b—261,b+ 201].

We may assume without loss of generality that [b — 261,b + 26;] C [m, M]. We
introduce the following “cut-off” functions. x(r), w(r) € C*(R,[0,1]) satisfy
the following respectively:

1 forre (—o0,h1/2],
x(r) =

0 forr € [hy,00),

1 forrel[b—6b1,b+d1],
w(r) =

0 forr ¢ [b—261,b+ 201].
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Then we set

Y (u) = W(Is(u)){x(d(u))X(u) —(1- X(d(u)))lé(“)}

() -

where X (u) is defined by (2.4). We remark that Y: A — E is a locally Lipschitz
continuous function and

(2.28) Y (w)|lg <1 forallueA.

We consider the following ordinary differential equation:

(229) Ly =v),
(2.30) 7n(0,u) = u.

From Lemma 2.4, we have the following

LEMMA 2.8. For any initial data u € A, (2.29)—(2.30) have a unique solution
n(s,u) and
n(s,u) € C([0,00) x A, A).

PROOF. By the definition of Y (u), we can easily see that there exists a
unique local solution 7(s,u) of (2.29)—(2.30) for all u € A. We argue indirectly
and assume that 7(s) = n(s,ug) does not exist globally for some initial data
up € A and we denote its maximal existence time by [0,7). By (2.29) and
(2.28), we see

‘ d

<1 forall se[0,T).
B

EW(S)

Thus we have
In(s) —nt)||g <|s—t|] foralls, te]0,T).

Let (s;) be the sequence satisfying s; , T. Since 7(s;) is a Cauchy sequence,
there exists no € E such that

(2.31) n— 1o stronglyin Fass /T.
Moreover, since T is the maximal existence time of 7)(s), we see
(2.32) no € OA, that is, no(so) € S for some sy € [0,1].
From (2.31), (2.32) and Lemma 2.2, we obtain

(2.33) G(n(s)) o0 ass /T.
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On the other hand, from Lemma 2.4 and (2.27), we see

230 4 100(6) = (L) n(e) ) = (005D, Y ()

ds
= w(e(m){x(d(m){IZ(n), X (1)) — (1 — x(d(m)))[ILZ(n)]
< —w(le(n))(x(d(n)m + (1 = x(d(n)))ao) <0,

B}

that is, we have

I (n(s)) < I(n(0)) = Ic(uo).
Hence it follows from (2.31), (2.32) and Lemma 2.3 that d(n(s)) — 0 as s / T.
Thus there exists a Ty € (0,T) such that d(n(s)) < hy for all s € [Ty, T). By the
definition of Y (u), (2.29) and Lemma 2.4, we see

356006 = (G 0ts). ()
= (6 (n(5)). ¥ (n(s)) < (G (n(s)). X (n(s))) <0

for all s € [Tp,T). This is not compatible with (2.33). Therefore the unique
solution n(s,u) of (2.29)—(2.30) satisfies n(s, u) € C([0,00) x A, A) for any initial
data u € A. 0

PROOF OF PROPOSITION 2.7. (a) follows from (2.30). By the definition of
w(r), we have
Y(u)=0 if I.(u) € [b—8,b+9)].
Thus we obtain (b). Integrating (2.29) from 0 to 1 and using (2.28), we obtain
(c). By (2.34), we see that (s, u) satisfies (d). Finally, if I.(u) € [b— d1,b+ 1],
then by (2.34) again, we have

d
IIE(U(Sau)) < 7min{m, ao} =: —aj.
s
Thus setting § = min{éd1, a1/2}, we obtain (e). 0

3. Minimax methods for the modified functional

This section is devoted to showing the existence of a critical point of I.(u).
We use minimax methods for N > 3 and minimizing method for N = 2.

3.1. Definition of minimax values of I.(u). In this subsection we set
minimax values of the modified functional defined in (2.1). When N > 3, we
set minimax values b. as follows. Identifying [0,1]/{0,1} ~ S, we can associate
each v € C(SNV~2 A) with a mapping 7: SV =2 x §1 — §N-1 by

e = 22

———= forx N-2 1~ '
Yo e esTT te St (0.1)/{0,1)
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Since 0 € D and y(x)(t) # 0 for allz € SN2 and ¢ € [0,1], (=, t) is well-defined.
We denote the Brouwer degree of 4 by degy and define

[ ={yeC(S" % A) : deg¥ # 0}.
We can see ' # ) as in [6]. Then we set

b5 = inf Ig 5 byp = inf I )
Inf DX, (y(x)) o= inf max, (v())

where we define )
1.
Iu) = 5||uug/0 H = V(u)dt.

When N = 2, we adopt the minimizing method. We associate each u € A a
winding number wind u of u(¢) concerning 0 € D. Then we define

I'={ueA:wndu=1}

and set

be = inf I (u), bo = inf I(u).
yel vyel’

Since 0 < I'(u) < I.(u) < I (u) for all w € A and € € (0, 1], we have for N > 2,
(3.1) 0<by<b.<b foree(0,1].

3.2. Uniform bounds for b. and their consequences. Next we obtain
uniform bounds for b.. In particular a positive lower bound for b. plays an

important role.

PROPOSITION 3.1. There exist constants M, m > 0 independent of € € (0, 1]
such that 0 < m < b, < M.

Existence of an uniform upper bound for b, follows from (3.1). To prove b,
is bounded below away from 0, by (3.1), it suffices to show that by > 0. We
remark that we can not obtain by > 0 if D = {0}. See Remark 3.4 below. We
prove Proposition 3.1 for N =2 and N > 3, respectively. Firstly we give a proof
of Proposition 3.1 for N = 2.

PROOF OF PROPOSITION 3.1 FOR N = 2. We choose a pg > 0 small enough
so that B,,(0) C int D and fix it. Then for all u € A, we see that ||4||; > 2po.
Thus we have

1. ! H . H, .
1) = 51l [ H = Vi) dt = Tl = 5ol = 2Hsbr > 0
0
for all u € T. By the definition of by, we obtain by > 2H p2n? > 0. Therefore we
have a desired lower bound. 0
When N > 3, to show by > 0, we need several lemmas. We set for N > 3,

(3-2) A={ueA:|[u]] <o}
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Then we have the following
LEMMA 3.2. Assume N > 3. Then

(3.3) Y(SN2YNA£D forallyeT.
PrOOF. We use the following notation:

Ao ={ue E:u(t)#0forall t €[0,1]},
To = {7 € C(S"2, Ag) : deg # 0}.
We remark that A C Ag and I' € I'p. Thus it suffices to show (3.3) for all

v E Ty. We prove indirectly and assume that y(SV=2)N A = for all v € L.
Since y(z) ¢ A for all z € SV~2, we have ||§()||2 < |[y()]|. Thus we obtain

Jnax (@) () — [y(@)]] < [[9(@)]l2 < [[v(=)]]-

That is, we see that

(3.4) V() C Bjpy(ay ([v(2)))-
Next we set
Vs(x) = s[y()] + (1 = s)y(x) ().

By (3.4), we see that v,(x) € C([0,1] x SN=2,Ag). Moreover, since vo(z) =
v(x) € fo, it follows from the homotopy invariance of Brouwer degree that
v (x) € To. Thus y1(z): SN2 x §1 — SN=1 is an onto mapping. On the other
hand, v1(z) = [y(z)] is independent of t. Consequently ~;: SV=2 — SN=1 s
onto. This is a contradiction. g

LEMMA 3.3. There exists a constant m > 0 such that

inf I(u) >m > 0.
u€A

PRrOOF. We choose a py > 0 small enough so that B,,(0) C int D and fix

it. If [u] € B,,/2(0), then we have dist ([u],S) > po/2. Taking into account of
u € A, that is, u goes around of D, we see that ||i]l; > po/2. Thus we have

]2 > % for all u € A with [u] € B,, 2(0).

On the other hand, if [u] & B, /2(0), then we have
a2 > |[u]] > % for all u € A with [u] & B,, ;2(0).
Hence we obtain

||é]]2 > % >0 forallue A

Therefore

H H
I(u) > 5||u||§ > gpg >0 forallue A
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and this completes the proof of Lemma 3.3. O

PROOF OF PROPOSITION 3.1 FOR N > 3. From Lemmas 3.2 and 3.3, we

have
> i > r.
Iél;gv)izl(v(x))_iggl(u)_m>0 forally el
Thus
bp = inf 1 >m > 0.
0= inf max, (v(@)) 2 m
By (3.1), we have a desired lower bound. O

REMARK 3.4. by > 0 is a key of our proof. In general, we can not obtain
bp > 0 if D = {0}. For example, if D = {0} and V(u) = —1/|u|®, then we have
by = 0. Indeed for N > 3 and y(z) € Ty, we see that fy(z) € Ty for all £ > 0.
Moreover, we have

1
1(67(2)) = 5164(2)13 / i W "
1

H 1 !
:7)62 |’_y x) 2_1_762—(1 ’Y-/L‘ 2/ -
2 | ( H2 2 || ( )H2 0 h/(x)‘a

Thus we obtain

max I(y(x)) -0 asf—0.
zeSN-2

Therefore by = 0. When N = 2, we also obtain by = 0 in the same way as N > 3.

From Propositions 2.6, 2.7 and 3.1, we see that each b, > 0 is a critical value
of I.(u) and we obtain the following

PROPOSITION 3.5. For e € (0,1], there is a critical point u:(t) € A of I.(u)
such that

I (us) = be, I'(u:) =0.
Moreover, there exist constants m, M, C > 0 independent of € € (0, 1] such that,
fore € (0,1],
mSIE(uE) <M, ||u5||E‘ <C,

1
§|1'L5(t)|2 +T2Vo(uc(t)) =T?H for allt € R,

.2 1/2
o (e Y
JEH = V(s dt

PROOF. One can easily obtain |Ju:||g < C by repeating Step 1 of Proposi-

where

tion 2.6 with u; replaced by u.. O

As to the period T, we have the following
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LEMMA 3.6. There exist constants T1, To > 0 independent of € € (0, 1] such
that
0<T) <T.<Ty forallee(0,1].

ProoF. Since I (uc) € [m, M] and V.(u) < 0, we have

1o 1 H, . .
M > I.(u) = 5”“5”2 ) H — V. (u.)dt > ?Huenz

Thus we have

0 112/9 2 ari/2
n:( el ) e
Jo H—Ve(uc)dt H

Arguing indirectly, we assume, for some £; — 0, T, — 0 as j — oo. Then we

have

(3.5) Hu5]||§ —0 asj— o0

or
1

(3.6) / H —V_ (uc;)dt — oo asj— oc.
0

Since I.(uc) € [m, M], both (3.5) and (3.6) hold. Thus we can easily see that,
for some £ € S,

(3.7) e, = €llz =0 as j— oo.

It follows from (3.7) that there exists a jo € N such that d(u.,) < h; for all
7 > jo. Thus we have

1
3 < Vdist (ue,, S) X (ue;) <1 for all j > jo.
Hence we have for j > jg

, 1. '
B8) =1L, (ue) X () = i, [f [ —IW ) X ()
aVdist (ue,, S) X (ue;)  4e;Vdist (u;, S)X (uc,)

dist (ue,, S)>t1 a dist (ue,, S)® dt
1
< Mlic 8 [ -TW e X
_ « _ 2€j dt
2dist (ue,, S)+t  dist (ue,, )"
1 o
< e, 3 / W ()X (e,) = ety di

Moreover, choosing h; smaller if necessary, we see

« o

< _
2dist (z, S)>+l = 4dist (x, S)ot!

(3.9 VW (x)X (&) —
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for all z € RY with dist (z,9) < hy and £ € S. By (3.8) and (3.9), we have for
J = Jo
0= 1 (ue )X (ue) <+ ||2/1—adt<0
— te;\ Mgy €i/ = 9life;li2 0 4dist (u€j75)a+1 ’

This is a contradiction. O

By Proposition 3.5 and Lemma 3.6, we can choose a sequence ¢; — 0 such
that for some ug € E and T € [Ty, Tb]

(3.10) ue, —ug weakly in F,
(3.11) T., =T asj— oc.

There is a possibility that the limit function ug € OA, that is, ug may enter the
singular set D. qo(t) = ug(t/T) is called a generalized solution in [6]. If we can
show

(3.12) up € D for all t € [0,1],

then the proof of Theorem 1.1 is established. In the following section, we show
(3.12).

4. Limit process of the sequence of critical points
and proof of Theorem 1.1

In this section we study the regularity of uy and give a proof of Theorem 1.1.
The argument in this section is similar to [1], but we give a proof for reader’s
convenience. Let u., € A be a critical point of I, (u) obtained in Proposition 3.5,
which satisfies (3.10) and (3.11). We show (3.12) indirectly and we assume that
up(teo) € D for some to € [0, 1].

Since uc, (t) — up(t) in L>°(0,1), we can find a sequence (t;) C [0, 1] such
that
(4.1) ;= dist (ug, (t),5) = tIEI%(i)fll] dist (ue,(t),S) — 0.

After extracting a subsequence, we can assume
tj = too and uc,(t;) — uo(teo) € S.

For notational convenience, we assume 0 € S and ug(t) = 0, that is, uc, (t;) —
0. We also choose an orthonormal basis {ey, ... ,enx} of RY such that n(0) = e;.
Setting z; = z(uc,(t;)), we introduce a re-scaling function x;(s) by
1 a+2)/2
zj(s) = 5—j(u6]. (5]( 2g 4 tj)) — z;) for s €R,
where §; > 0 is defined by (4.1). We obtain the following properties as to the
behavior of z;.
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LEMMA 4.1. x;(s), z; and 0; > 0 satisfy

4.2 6; =0, z -0 asn— oo,
j J
|z;(s)| takes its minimum at s =0,
|z;(0)] = 1, ;(0) L &;(0),
zj(0) > e1 asn— oo,
(4.5) iy(s) + 00T T2V, (04T 2s 1ty 0,0 +2;) =0 in R,

1 o .
(4.6) §|¢j(s)\2+5y:r§jv;j(5; TIPS by, 05w+ 2) = 09T H  inR.

Moreover, if 0;2;(s) + z; € Ny, /2(S), then we have

0oT?
« +2)/2 £
5 Tfj"s_,»(5§a 26 415,655 + 2;) = ~ dist (6jajj +J2’ja S)>

Saq2
;05 1Z,

a2 (a+2)/2
+ 07T W(9; s +t5, 052 +25) = 7 G0, 5, 9)°

2
dist (z;, (5;1(5 —2j))®
2 T

ol dist (w0 (S — 2;))

+ O TEW (D5 41,6+ 2)

and we can rewrite (4.5)—(4.6) as
aTin(z(ch:cj + z;))
dist (z;, 5]71(5’ — zj))ett
= 0e T2 YW (5325 1, 850 + )
de;  T2n(2(0525 + z5))

(47) #;(s) +

=0 inR
" §A=e dist (27,0-1(S — 7)) e
1 T2
4.8) =l|i;(s)]? — J
( ) 2|x](8)| dist ($j7(5;1(5—2j))a
+ 5?T37VW(5§()+2)/28 + tj, (5]‘1']' + Zj)
4 T2
= o — T2 16

o dist (w05 (S —z))t T
As to the behavior of Ej/é?_a, we have

LEMMA 4.4.
Ej < 2—«

lim sup
Jj—o00

d—a — 2
J
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05505 Im P = @50),5,0) + 5O

S
Since z;(0) — e1, n(d;z;(0) + z;) — e1 and dist (xj(O),ch_l(S —zj)) =1, 1it
follows from (3.11), (4.2), (4.7), (4.8) and (W2) that

2¢;

4—o "
J

0<2—a—limsup O

Jj—oo

Extracting a subsequence, still denoted by j, we may assume there exists a
constant d € [0, (2 — «)/2] such that

€j

4—a
6J'

(4.9)

—d asn — oo.

Using (3.11), (4.4), (4.8) and (4.9) again, we may assume, without loss of gener-
ality, that
i;(0) — (201 + d))/?Tey asn — oc.
Since
dist (d;, (5;1(5 —2j)) — |(x,e1)], n(d;x + zj) — e,
the continuous dependence of solutions on initial data and equation implies the
following

LEMMA 4.3. For any { > 0, z;(s) converges in C*([—(,¢],R) to a function
x(s), which satisfies
aT?e; 4dT?%e,
i+ + -0 R,
[CASY N (CAI

z(0) = ey, @(0) = (2(1 +d))*/*Te,.

Moreover, |(x(s),e1)| takes its local minimum at s = 0.

END OF THE PROOF OF THEOREM 1.1. Writing z(s) = (z1(s),... ,xn(s)),
we have
. aT?  4dT? .
(4.10) T+ o + 5 =0, 1‘1(0) =1, 33‘1(0) =0,
1 1
iy =0, (0) =0, @2(0) = (2(1+d)"°T,

0
i =0, 2;(0) =0, @;(0)=0 fori=3,... ,N.
It follows from (4.10) that
#1(0) = —aT? — 4dT? < 0.

But this contradicts the fact that |z1(s)| = |(x(s), e1)| takes its local minimum
at s = 0. Thus we see that ug(te) & D and this completes the proof of Theo-
rem 1.1. O
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5. Proof of Theorem 1.2

In this section we give a proof of Theorem 1.2. We assume D = {z € RV :
|z] < p}, a € (0,2) and
1 1

e ey P T (R

and consider the following Hamiltonian system with prescribed energy:

. aq
(5.1) R ——
(lg| = p)otiq|
1 1
(5.2) iP-—— —H
2 = G =

The corresponding functional to (5.1)—(5.2) is

(5.3) i3 / et e ‘ S

We claim that there exists a constant H_ = H_(p) € (—o0,0) such that if (5.1)—
(5.2) have a non-constant periodic solution, then H > H_(p). Indeed if u € A
is a non-constant critical point of (5.3), then we have

(5.4) 0=1I"(u)u= ||u||§/0 H—V(u)— %VV(u)u dt.

Since u is a non-constant critical point of I(u), we obtain ||#||3 > 0. Thus we
have from (5.4)

(5.5) H= / )+ VV( Yudt

for any non-constant critical point u € A. We study the behavior of V(u) +
(1/2)VV (u)u precisely. Setting |u| = R for u € A, we define f: (p,00) — R by
1 1 « 1
5.6 R):=V -VV — = R
(5:6) )= V() + 5TV = — ot G
- 1 (p— 2—«
T (R-p)ot! P 9

Since « € (0,2), direct calculation yields

that is,

(5.7) f’( 5 ) —o.

2
By (5.6) and (5.7), we define H_(p) € (—o0,0) by

— a+1
68 =t = () =5 (3]
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It follows from (5.5)—(5.8) that if there exists a non-constant periodic solution
of (5.1)-(5.2), then H > H_(p). Therefore (5.1)-(5.2) have no non-constant
periodic solutions for all H < H_(p). Moreover it follows from (5.8) that we can

easily see

H_(p) » —oc0 as p—0. O

Acknowledgements. The author would like to thank Professor Kazunaga

Tanaka for bringing singular Hamiltonian systems to my attention and his helpful

discussions.

REFERENCES

[1] S. ApacHi, K. TANAKA AND M. TERUI, A remark on periodic solutions of singular
Hamiltonian systems, to appear, Nonlinear Differential Equations and Applications.

[2] A. AMBROSETTI AND V. CoOTI ZELATI, Critical points with lack of compactness and
singular dynamical systems, Ann. Mat. Pura Appl. 149 (1987), 237-259.

[3] A. AMBROSETTI AND V. COTI ZELATI, Non-collision orbits for a class of Keplerian-like
potentials, Ann. Inst. H. Poincaré Anal. Non Linéaire 5 (1988), 287-295.

[4] A. AMBROSETTI AND V. COTI ZELATI, Periodic solutions of singular Lagrangian sys-
tems, Birkh&user, Boston, 1993.

[5] A. AMBROSETTI AND V. COTI ZELATI, Closed orbits of fized energy for singular Hamil-
tonian systems, Arch. Rational Mech. Anal. 112 (1990), 339-362.

6] A. BAHRI AND P. RABINOWITZ, A minimaz method for a class of Hamiltonian systems
with singular potentials, J. Funct. Anal. 82 (1989), 412-428.

[7] A. BEAULIEU, Etude des solutions généralisées pour un systéeme hamiltonien avec po-
tentiel singulier, Duke Math. J. 67 (1992), 21-37.

[8] V. CoT1 ZELATI, Periodic solutions for a class of planar, singular dynamical systems,
J. Math. Pure Appl. 68 (1989), 109-119.

[9] V. Coti ZELATI AND E. SERRA, Some properties of collision and mon-collision orbits
for a class of singular dynamical systems,, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat.
Natur. Rend. Lincei (9) Math. Appl. 3 (1992), 217-222.

. Cor1 ZELATI AND E. SERRA, Collision and non-collision solutions for a class o

10] V. C Z E. S Collisi d llisi luts f l f
Keplerian-like dynamical systems, Ann. Mat. Pura Appl. 166 (1994), 343-362.

[11] M. DEGIOVANNI, F. GIANNONI AND A. MARINO, Periodic solutions of dynamical systems
with Newtonian type potentials, Periodic Solutions of Hamiltonian Systems and Related
Topics, NATO ASI Series (P. H. Rabinowitz et al., eds.), vol. 209, Reidel, 1987, pp. 111—
115.

[12] GoRrDON, Conservative dynamical systems involving strong forces, Trans. Amer. Math.
Soc. 204 (1975), 113-135.

[13] C. GRECO, Pertodic solutions of a class of singular Hamiltonian systems, Nonlinear
Anal. 12 (1988), 259-269.

, Remarks on periodic solutions for some dynamical systems with singulari-

14 R k. iodi luti d ical ith singulari
ties, Periodic Solutions of Hamiltonian Systems and Related Topics, NATO ASI Series
(P. H. Rabinowitz et al., eds.), vol. 209 Reidel, 1987, pp. 111-115.

[15] , Remarks on periodic solutions, with prescribed energy, for singular Hamiltonian
systems, Comment. Math. Univ. Carolin. 28 (1987), 661-672.

[16] L. P1saNI, Periodic solutions with prescribed energy for singular conservative systems

involving strong forces, Nonlinear Anal. 21 (1993), 167-179.



296
[17)
18]
[19]
[20]
[21]

(22]

SH. ADACHI

M. RAaMOS AND S. TERRACINI, Noncollision periodic solutions to some dynamical sys-
tems with very weak forces, J. Differential Equations 118 (1995), 121-152.

E. SERRA AND S. TERRACINI, Noncollision solutions to some singular minimization
problems with Keplerian-like potentials, Nonlinear Anal. 22 (1994), 45-62.

K. TANAKA, Non-collision solutions for a second order singular Hamiltonian system
with weak force, Ann. Inst. H. Poincaré Anal. Non Linéaire 10 (1993), 215-238.

, A prescribed energy problem for a singular Hamiltonian system with a weak
force, J. Funct. Anal. 113 (1993), 351-390.

, A prescribed energy problem for a comservative singular Hamiltonian system,
Arch. Rational Mech. Anal. 128 (1994), 127-164.

, Periodic solutions for singular Hamiltonian systems and closed geodesics on
non-compact Riemannian manifolds, Ann. Inst. H. Poincaré Anal. Non Linéaire 17
(2000), 1-33.

Manuscript received July 10, 2004

SHINJI ADACHI

Division of Applied Science
Faculty of Engineering
Shizuoka University

3-5-1 Johoku, Hamamatsu-shi
Shizuoka 432-8561, JAPAN

E-mail address: tsadati@ipc.shizuoka.ac.jp

TMNA : VOLUME 25 — 2005 — N° 2



