Topological Methods in Nonlinear Analysis
Journal of the Juliusz Schauder Center
Volume 22, 2003, 53-68

A MULTIPLICITY RESULT
FOR A DEGENERATE ELLIPTIC EQUATION
WITH CRITICAL GROWTH
ON NONCONTRACTIBLE DOMAINS

ErisA GARAGNANI — FRANCESCO UGUZZONI

ABSTRACT. In this paper we consider the semilinear problem with critical
growth in the Heisenberg group —A,, u = w@F2D/(Q@=2) 4 Ay in Q,u>0
in Q, u =0 in 92, and we provide a multiplicity existence result involving
Lusternik—Schnirelmann category.

1. Introduction

We consider the critical boundary value problem
—Au= w(@+2)/(Q@=2) 4 Ny in Q,
Py () u>0 in Q,
u=0 in 09,
where ) is a smooth bounded open subset of the Heisenberg group H", A, is
the subelliptic Laplacian (also called Kohn Laplacian) on H", @ = 2n + 2 is the

homogeneous dimension of H™ and A is a real parameter. In what follows we
also denote by A; the first eigenvalue of —A, .
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When 0 < A < A1, Py(€) has at least a solution whatever the topology of Q
is (see [8]). This is the Heisenberg-counterpart of a classical result by Brezis and
Nirenberg ([6]) related to the Laplacian operator.

The aim of this paper is to show a first multiplicity result for Py (). Indeed,
we find at least m+1 solutions of Py (1), where m = catq(2), if A is small enough
and if € is assumed to satisfy a suitable geometric condition of regularity, which,
broadly speaking, means that 9Q is “flat” near its characteristic points (see
Definition 2.1 of H-flat domains). Precisely, we prove the following result.

THEOREM 1.1. Let Q be a H-flat bounded domain of H™ noncontractible in
itself. Then there exists A € (0,\1) such that for all A € (0,)\) problem Py(2)
has at least cato(Q) + 1 distinct solutions.

Throughout the paper we denote by catx (Y") the Lustenik—Schnirelman cat-
egory of Y in X i.e. the least nonnegative integer m such that Y can be covered
by m closed and contractible subsets of X.

In order to prove the above theorem, we consider the functional fy(u) =
[Vnull3 — AlJul|3 constrained to the manifold V' = {u € S§(Q) | |lu*|,. =1},
whose critical points give solutions of Py(£2) (see below for the notations). In

analogy with the Euclidean case in [21] and [16], we find m critical levels be-
low the best Sobolev constant S (see (2.3)) corresponding at least to m distinct
solutions (see Theorem 4.1). Moreover, we establish the existence of a further
solution, as in [20] for the Euclidean setting. Indeed, in this paper, we find m —1
other critical levels greater than .S, corresponding to different values of the cate-
gory of a fixed set with respect to a varying ambient space (see Proposition 4.2).
We expect that these critical levels give at least other m — 1 distinct solutions
(in addition to the one already found). However this is still an open problem,
even in the setting of the classical Laplace operator.

The main tools in the proof of Theorem 1.1 are a representation theorem for
Palais—Smale sequences (see Theorem 2.2) and some techniques introduced by
Benci and Cerami in [1] and by Passaseo in [20]. We stress that the proof of the
cited representation theorem is much more delicate than in the Euclidean setting
and leads to the further H-flat assumption for the domain Q (see also [9]).

For the reader convenience we now fix the main notation before recalling the
background results related to the problem Py (2). The Heisenberg group H" is
the homogeneous Lie group whose underlying manifold is R2"+! with the group
law defined by

(1.1) E-& =@+ y+y t+t +20"y —zy)),

for every £ = (x,y,1), &' = (', ¢/, ') € H".
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The subelliptic Laplacian on H"” is defined as

Ay = (X7 +Y7), where X; =0, + 2y;0;, Y; = 0,, — 2,0,
j=1
Consider the left translations on H"™ and, for A > 0, the natural H-dilations so
defined
(12) HN S H, () =¢-€,
. S H™ = H", 0x(z,y,t) = (A, \y, \*t).

Denoting by V.. = (X1,...,Xn,Y1,...,Y,) the subelliptic gradient on H",
then both V,, and A
are homogeneous (respectively of degree 1 and 2) with respect to the dilations.

an are invariant with respect to left translations and they

pn W © 6}\7

In other words we have V,(uo7) = Vy,uo e, Vo (uody) = AV
Ay (uote) = Ay uome, Ay, (uody) = )\ZAM,,Lu 00dy. The Jacobian determinant
of 0y is A9, where Q = 2n + 2. This number Q is called the homogeneous
dimension of H"™ and it plays a role analogous to the topological dimension in
the Euclidean case. The homogeneous norm of the space is

(1.3) do(w,y. 1) = ((Ja® + [y*)? +¢3)1/*

and the natural distance is defined by d(¢',€) = do(¢71 - ¢’). We shall denote by
By(&,r) the d-ball of center £ and radius r. Notice that, by definition of d, we
have 7¢(Bq(0,7)) = Ba(§,7), 6-(Bq(0,1)) = Bg(0,7). A basic role is played by
the following Sobolev-type inequality:

(1.4) Jul, < ClIVaull?, for all u € CS°(HM),

2
o
where Q* = 2Q/(Q —2) and C' > 0 only depends on the homogeneus dimen-
sion @. This inequality ensures in particular that

(1.5) [ull = [1Vin ull2

is a norm on C§°(£2). We denote by S (£2) the closure of C§° () with respect to
this norm. Then with the inner product (u,v)g1) = [o(Vinu, Vi), S3(Q)
becomes a Hilbert space. Notice that the number Q* in (1.4) is the critical
Sobolev exponent for A, since the embedding S§(Q) «— L9 (Q) is continuous
but not compact, even if ) is bounded.

Following the arguments in [6] for the classical Laplacian case, it is easy to
prove that if A > Ay, then Py (£2) has no solutions, where A; is the first eigenvalue
of —A,, in S§(Q),

(1.6) A= min ||V, ul3.

u€Sy ()
[Jull2=1
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The existence of a solution to Py () is also strictly related to the topology
and the geometry of Q. For instance, we refer to [13], where the notion of
d-starshapedness is introduced. Let us define the vector field

X = Z (0, +y;0y,) + 2t0;.
Jj=1

Then a piecewise C! open set of H", Q # H", is said to be J-starshaped with
respect to a point & € Q if X - N > 0 at every point of 5‘(7’50_1(9)), where N
denote the outer unit normal to the boundary of 7, -1 (€2). In [13], it is proved that
if Q is d-starshaped and A < 0, then P5(£2) has no solution. A remarkable fact
is that in the same paper they give a first example of noncontractible domain,
precisely Q = {(z,t) € H"|rg < |z| < 71, |t| < T} for fixed 79,71, T > 0, in which
P, () has at least one solution for A < 0.
The case A = 0, i.e. the problem

—A L u= w1 inQ,
Py(2) u>0 in €,
u=20 in 09,

has been intensively studied. First of all in the case 2 = H"™ Jerison and Lee
found an explicit solution w of Py(H™) (see [14], [15]) and proved that any other
solution in S§(H™) can be obtained from w by H-dilations and left translations.
On the other hand, if Q is a halfspace of H" then in [17], [23] it is shown that
Py(€) has no solution in S (€2). These uniqueness and non existence results allow
the proof of a representation theorem based on the concentration compactness
principle. Since the exponent Q* is the critical exponent, the Palais—Smale
sequences of the functional naturally associated to the problem P,(2) are in
general not compact. In [9] the authors studied this loss of compactness for
A = 0 and they proved that the nonnegative Palais-Smale sequences can be
represented in terms of the solutions of the same problem on a different open
subset D of H", called set at infinity. In the same paper, a complete description
of such sets D was given along with a definition of H-flat domains for which the
sets at infinity can only be the whole space H™ or a halfspace. In conclusion,
since in a halfspace there is no solution while in the whole space all the solutions
are known, one can obtain a complete characterization of the compactness levels
for a H-flat domain (see [9, Theorem 3.5]). This allows the authors in [9] to
prove a Bahri-Coron type existence result for the problem Py(€2). In [9] it is
also proved that there exist contractible domains in which Py(2) has solution.
As it is well known, the above mentioned characterization is crucial in the proof
of the existence results for semilinear problems with critical growth. For this
reason in Section 2 we sketch the proof of an analogous representation theorem
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for a functional related to Py (§2). Then, in Section 3, properties of the functional

[ constrained to V' are studied and in Section 4 we prove our main results.
We would like to end this introduction by citing the recent papers [2]-[5], [7],

[11], [12], [18], [19] where related topics on the Heisenberg group are investigated.

2. Representation theorem
Let us first recall the definition of H-flat domain introduced in [9].

DEFINITION 2.1. Let ©Q be a smooth bounded domain of H", & € 0f2
and ¢ be a smooth function which describes 02 in a neighbourhood of &, i.e.
: Bg(&o, R) — R such that p(£) = 0 if and only if £ € 9Q N By(&o, R), ©(&) >0
if and only if £ € Q2N By(&o, R), Vp(§) # 0 for all £ € By(&o, R) (V denotes the
Euclidean gradient). The point & is called characteristic if V, ¢(&) = 0. In
this case, (2 is called H-flat at & if

QHSO(fO) =0

where g, (&) is the quadratic form associated to the Hessian matrix VZ, ¢ along
the vector fields of the subelliptic gradient V,, i.e.

2n

(qHSD(EO))(Z) - Z ((V]HI" )i(vu{" )JQD)(&))ZPZJ for allz € Rzna

i,j=1
where (V,,); denotes the i-th component of V,,,. We say that Q is H-flat if it
is H-flat at any characteristic point of its boundary.
If w € S§(Q), > 0,& € H", we will denote
(2.1) Upe = p@=2/2y04, 0 Te-1.
Then uye € S5(7e(3,-1(2))), lupellge = l[ullge and [V upellz = [V ull2.
For the case A = 0, Jerison and Lee found an explicit solution of the problem
A u=u?"1 inQ,

H”™

Py(Q) u>0 in Q,
u=0 in 09,

when = H" (see [14], [15]). Precisely, let K: S3(H™)\{0} — R be the functional

[V 13
(2.2) K(u) = —2-—=

[[ull?.
and
(2.3) = inf
Sg (H)\{0}

Then, by (1.4), we have S > 0. S is called the best Sobolev constant for the
embedding of S}(£2) in L2 (). Moreover, S = infg1 () oy K for all non empty
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open set @ C H" and the infimum is achieved when €2 = H"™, while this does
not happen when 2 # H". Indeed Jerison and Lee proved that, up to a positive
constant C, the function

c
((+ o+ [yR)2 + ) @278

(2.4) w(€) =

is such that K(w) = K(wue) = S. Moreover, w is the unique solution of the
problem Py(2) in Q@ = H" (in the sense that all other solutions are of the
form wye).

We recall that in [9, Theorem 3.5] a representation theorem for Palais—Smale
sequences of the functional F(u) = (1/2) [, |V ul> = (1/Q%) [, |u|?" associated
to Py(Q) is proved when (2 is H-flat. We shall now consider these functionals

1 1 N
@5) FuSi® R B = [l -3 - o [ @
2 Jo Q* Jo

1 1 .
260 Fus®) R Folw) =3 [ Vel - o [ 09
2 Ja Q* Ja

Q"

1 1
(2.7) Foo: SHHM) = R, Foo(u) = 7/ IVHnuF——/ ot
2 Jun Q* Jun

Our main goal of this section is to prove the following representation theorem
for Palais—Smale sequences of F).

THEOREM 2.2. Let Q be a H-flat domain of H" and let (ug) be a sequence
in S3(Q) such that

Fyx(ug) =1 and Fy(ug) —0 ask — oo.

Then there exist a function ug € S§(Q), Fi(ug) = 0, an integer m > 0, m
divergent sequences (Aig), ..., (Amg) in RY and m sequences (1), - 5 (Emk)
in Q such that (up to subsequences)

(a) up =up+ ey Wriesr + 0(1) in S§(H™) as k — oo,

(b) Fi(ug) = Fx(ugp) + mFoo(w) + 0(1), as k — oo,
where wx,,¢,, s according to (2.1) and w is defined in (2.4). We observe that
Foo(w) = 5972/Q.

REMARK 2.3. The hypothesis Q H-flat allows to characterize the problems
at infinity and to obtain a complete description of the compactness levels of the
Palais—Smale sequences. Without that hypothesis, one can still obtain existence
results but only at low levels (as in [8]).

The proof is based on standard techniques already adopted on proving anal-
ogous theorems present in literature. But, since Theorem 2.2 is not directly
referable to the representation theorems in [8], [9], neither to the results in the
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Euclidean case in [22], [1], it is opportune to give a sketch of the proof and un-
derline the main differences. The first lemma allows us to consider Palais—Smale
sequences of Fjy weakly convergent to 0 instead of Palais—Smale sequences of F}.

LEMMA 2.4. Let ug be as in Theorem 2.2. Then there exist ug € Si(Q)
such that (taking a subsequence if necessary) u, — ug weakly in S§(Q) and

F{(up) = 0. Moreover, vy, = ur—ug is a Palais—-Smale sequence for Fy, precisely

(a) Fo(ur —uo) = Fx(ug) — Fx(uo) + o(1),
(b) Fy(ur —uo) = o(1),
(©) [IVen (ur = u0)l13 = (Vo urll3 = [[ Vi uoll5 + o(1).

We refer to [1] or [22] for the proof of an analogous proposition.
If £ € H" and A is a subset of H", we denote d(§, A) = inf{d(§,a) | a € A}.

LEMMA 2.5. Let Q be a H-flat domain of H™ and let (vi) be a sequence in
S3(9) such that vy — 0 weakly but vy, - 0 in SF(Q) and Fj(vy) — 0. Then there
exist a sequence (&) in Q, a divergent sequence (A\;) in R, Apd(&, Q) — oo,
and a function @ in S§(H) such that F' (w) =0 and

U = /\,;(Q_2)/21)k 0 Tg, © 5;}3 —w  weakly in S5(Q).

PRrOOF. The construction of the sequences (Ax), (£) and of the function w
solution of the problem P (D) : —A, ,u = (uT)? 1 in D (set at infinity related
to Q, i.e. D is obtained as limit of the subsequence of sets ), = 5,\k(75;1(ﬂ))),
can be made as in [8, Lemma 2.3]. However in our case  is H-flat, so D = H"
or D is a halfspace. The last case is not possible because we already pointed
out that Pf (D) has no solution in an halfspace (see [17] and [23]). So we can
conclude that D = H" and F/_(w) = 0. We explicitly notice that in this case the
hypothesis of v to be nonnegative is not necessary because w > 0 is consequence
of our definition of F. In fact, because of F/ (w)h = [4.(Vent,V . h) —
Jign [ut|9" 71, choosing as test function h = @™ in F. (w)h = 0, it is easy to
conclude that w™ = 0. O

LEMMA 2.6. Let vg, Mg, &, @ be as in Lemma 2.5. Then it is possible
to consider a projection Py:S§(H) — S§() (that can depend on k) with the
following properties

() IV (Prwne, )5 = o(1),

(0) 11V, 07 5 = V08— Vi 3 (1), where v = o4 = Pimnes,
(c) Fo(vy’ )— Fo(vr) — Foo(w) +0(1),

(d) F5(v}”) = o(1).

PROOF. Even if our metric is different from the Euclidean one, the idea
introduced in [22] can be adopted also in this case. In particular we choose
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p € CP(H™), 0 < <1, p=1in By(0,1), ¢ = 0 in H" — By(0,2) and we
denote A\ = )\,16/2 (d(&k,09))Y/2. Then we define

Prwne, (§) = @xe (§)(p 0 03, 0 7e-1)(E).

Using the invariance with respect to left translations of the subelliptic gradient,
its homogeneous property with respect to dilations and (2.1), as in [22], all the
properties can be verified. O

From these results, Theorem 2.2 easily follows.

PROOF OF THEOREM 2.2. Using a standard iteration (see [8] or [22]) based
on Lemma 2.5 and on the properties of Lemma 2.7, it is easy to find m so-
lutions w™®, ... w(™ of the problem at infinity F’ (u) = 0 such that u, =
g 4+ Yo Wi +0(1) in SF(H™) as k — oo. However we explicitly observe
that if w® is such that F/_(w®) = 0, then w® > 0 and so it is a solution of
P, (H™) and, in particular, it can be obtained from w by translations and dila-
tions. In conclusion, noting that Fi, (wg\?kém) = Fo(w®) = Fo(w), we get the
thesis. 0

3. Preliminaries

Let © be a bounded domain of H" and let fy:S3(€) — R be the functional
defined by

(3.1) f@ = [ [V A [
Q Q
We consider the following C2-manifold of S}(Q)

o =11

Then there is a correspondence between critical points of the restriction fyy

(3-2) V={ueSQ)]|[u]

and solutions of the problem Py (£2). More precisely

REMARK 3.1. If A € (0,A;1), then w is a solution of Py() if and only if

7= u/|ul,. is a critical point of fyy and u = (fr(@)) /.

This fact becomes clear if we observe that every critical point @ of fyy is
nonnegative. In fact there exists u € R such that A, T + Xa + u(@+)? ~1 = 0,
but this implies (multiplying for @™, integrating and by definition of A;) that
(A= A1)|[w"]|3 < 0. So, since A < A, u~ =0. Then uw > 0.

PROPOSITION 3.2. Denoting by Sy = infy f, we have 0 < S\ < S for all
PNS (0, /\1)

ProoOF. First of all we notice that if w € V, then

1= u’]

& < C|Vyut |3 < CVaul3
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and so ||V, ul|3 > C~! > 0. This implies
0 < fa(u™) < fa(u) for all u € S§(Q) and A € (0, A\1).

In fact

2 A
_ 2(q _ [[wll3 Sso-1(1- 2 )
fk(u) ||VH—I”U||2( )\Hvﬂnu”% = C )\1 > 0

In conclusion Sy > 0. In order to prove that Sy < S, the function w plays a
basic role. In fact the following lemma shows that if we multiply the functions
wyo (see (2.1)) for a suitable cut-off function ¢, then v, = ¢w,o is such that

(3.4) fA< Y ><5, if > 1

[0l -

In particular, Sy < S. O

LEMMA 3.3. Let R > 0 such that B4(0,R) C Q (supposing 0 € Q) and
9 € CP(B4(0,R)), 0< 9 <1, p=11in By(0,R/2). We consider the functions

(3.5) Uy = Qw0

where p > 0, w is defined in (2.4) and wyo = p@=2/24 0 0, in according with
(2.1). Then

(3.6) fA(HvZ“Q*) <

for some positive constants c.

S 2540 asp—oo #Q>4

S Zplogu(l+ o) asju— oo, # Q=4

PRrROOF. The main point of this proof is the strict relation between the func-
tions w and the norm dy. In fact these functions have the same behavior far from
the origin. This fact allows us to use Heisenberg-polar coordinates. We recall in
fact that for every 0 < r; < r9 and for every measurable f:[ry, 3] — R, we have

(3.7) Fao(©))de = QB0 [ £()0*

Ld(O,TQ)\Bd(07T1)

if at least one of the two integrals exists (we denote by |- | the Lebesgue measure
on R?"*1). Let us first consider ||v,,||3:

1
ol > [ = W
" om0 12 Ja.rs2)

1 (1 n / Ly df)
cpi? Ba(0,R/2u)\Ba(0,1) (do(£))?9*

1 pR/2
= —_— 1 — d .
cu? ( +/1 pe=3 p)

Then, if Q > 4, |lv,|3 = (1+0(1))/cp? and, if Q = 4, ||v, |3 = log u(140(1))/cpu®.

v
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Q
Q

Q* Q* Q* Q* Q* Q*
ol = [wio - [a= 6"y =592 = fa-pT i,

Arguing as before we obtain

Concerning ||v,,| :, we have

Q*

0 s/(l—so“)wié s/ Wi dE = o dn
do(§)>R/2 do(m)>pR/2

1 / 1 1 [ 1 -Q
< - 76177:*/ o7 dp=0(n ) asp— oo
¢ Jagmy>urs2 do(n)* ¢ Jurs2 PO

This proves that Hv#HZi =59/ 4 O(u_Q).
Let us now estimate ||V, v,||3, using the fact that w,o is a solution of
P (H"),

/‘vr-n"v#|2 :/<V]H1nw,u03vu.nn (Wu0¢2)>+/|ang0|2w}2LO

Qx
:/Wpoﬁp+/|vﬂn90|2wuo-

Finally, following the lines of the other estimates, we obtain
IV vulls = S92+ O(u™?) + O(u=9*?) = 592 + O(u=92).
Consequently, if @ > 4,

58 fu () IVl Ml S92 AL+ o(1) e
| fouller A = 5@IR(1+ O(p-2) @7

2
Q*

= (5= 250 o) )+ 0 )@/

cp
A 2-Q _
=(S—=1+o01)) 14+ —=% A ) (1+0(1
(8- 2o 1+ 252069 )1 + o)
A
Arguing in the same way we also obtain the estimate for the case Q = 4. O

Our last goal for this section is to exhibit some levels where fy|y satisfies the
Palais—Smale condition. Precisely,

THEOREM 3.4. For all A € (0,A1) and for all ¢ € R such that 0 < ¢ <
(Sf\?/2 +89/2)2/Q gnd ¢ # S, if (uy) is a sequence in V satisfying

Plug) = 1>0 and fyy(ug) =0 ask — oo,

then there exists a subsequence of (uy) that converges in S§(€2).
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The proof of the analogous result in the Euclidean case, given in [20], is
also valid in our contest. But in order to apply those technique we have to use
Theorem 2.2.

4. Multiplicity results

The aim of this section is to show that, if A is small enough, then for noncon-
tractible H-flat domains it is possible to find more than one solution of Py ().
More precisely

THEOREM 4.1. Let Q be a bounded H-flat domain of H™. If  is noncon-
tractible, i.e. m = catq(Q) > 1, then there exists X € (0,\1) such that, for all
A € (0,), the problem Py\(Q) has a least m solutions ui x,... ,umx € S§()
satisfying fa(@ix) € [Sx,S[, where T x = w; x/||wiz|

owr Jori=1,... m.

Moreover, we will find another solution in the following way. First of all,
fixed r > 0 small enough, consider these two sets homotopically equivalent to 2

(41)  Qf ={¢eH"[d(EQ) <r}, Q ={£€Q]d09Q) >}

and the map 1,: ;7 — V defined by
UH [e] TE_l

low 0 Te-1 g

(4.2) Pu(8) =
where v, = @w, (see (3.5)). From now on, we will denote by f{ the sublevels

R={ueV]fi(u) <cj},
for ¢ € R, where V is the manifold defined in (3.2). We define the levels

/C\A7;47k = inf{c eR | catf§ (’lﬂu(ﬂ;)) < k‘}

for ke N, 1 <k <m—1. We will prove next proposition that is closely inspired
by Passaseo method in [20].

PROPOSITION 4.2. Let Q be a H-flat domain of H™. If m = catq(2) > 1,
then for all X € (0,\) (X as in Theorem 4.1) there exists fi > 0 such that for all
w> [ we have

(4.4) Ok €19, (S22 4 59122/ fork=1,... ,m—1.

Moreover, ¢y 1 are m — 1 critical levels of fxv.

Probably these critical levels correspond to distinct solutions but this is still
an open problem. However we can certainly conclude as follows
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COROLLARY 4.3. In the same hypothesis of Theorem 4.1, there exists also at
least one solution uy of Px(Q) such that fx(ux|uxll,.) €S, (SAQ/2 +89/2)2/Q.

Now we start with the proof of Theorem 4.1. Let 3: V — H" be the function
defined by

(4.5) Blu) = /Q (ut(€)? €.

REMARK 4.4. (¢, (§)) =& forall £ € Q.
PROOF. Applying the group law (1.1), we get

Bl (€)) = ol / (op(€ o) ndn

Bg(&,r)
—Q*
=||vHHQ*/ (€ o) (wu(n))
Bd(O,T‘)
—-Q* Q*
— oS ( / G
d 77"
/B IRGREONGITEE [y <n'>dn),
d 7’l”

Bq(0,r)

Q* d?’]/

*

where we denote £ = (z,t) = (z,y,t) and ' = (/,¥') = (2/,y',¢'). Now v;Q is

an even function, then we obtain

-qr Qr Qr
. |z v ,t/ v )z(z,t):f. O
@ ( /Bdm,r) " aon

The main step in the proof of Theorem 4.1 is the following result.

B(u(€)) = llval

LEMMA 4.4. We have

lim I Iy = inf .
,\i%l+ N> S, where Iy Inf falw)
Blu)gQ;t

PrROOF. We give a direct proof of this lemma making use of the repre-
sentation theorem cited in [9]. First of all we notice that this limit exists,
in particular limy_,o+ Iy = sup,soIx. By contradiction, consider a sequence
() in RY, lim; o g5 = 0, and a sequence (u;) in V, B(u;) ¢ F such that
limsup,_, o fu; (wi) < S. Then, by (3.3), limsup,_, fu..(u;) < S. Moreover,
[Vnui]|3 > S and (using Holder inequality) |lu;
get

2 < |Q/?/€. In conclusion we

lim ||V, uf |3 = S.
11— 00
We prove that this implies 3(u;) € QF for i > 1.

In what follows, for brevity, we will denote by || - || the norm in S}(Q) (see
(1.5)) and by F the functional Fy defined in (2.6).
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We fix §; > 0 such that if u € V, v € S}(Q), ||u— || < &; then B(v) € Qj/Q
implies B(u) € Q. This is possible; in fact, for example, fix R such that
Q C By(0,R) and 0 < &; < r/C22° Q*R where C is the constant in (1.4) and
suppose [lu — v|| < &. We have 3'(u)h = Q* [, £(ut)? ~1h, for all h € S§().
Then

*_1 « 1
o-hllg: < CQRullg- " |1k

8/ (uw)h| < Q"R /Q (W) Y] < Q*Rlu|

In conclusion || (u)|| < CQ*R||u|
that h = (1 — t)v — tu satisfies

g:_l. Moreover, there exists ¢ € [0, 1] such

do(B(v) = Bw) < |8/ (W)[o - ull < CQ*Ré:||Allg. ™"

But

[Plle- < [Ih = ulle-

=1 =1)(v = u)

and so, since 0; < r/C22 Q*R < 1/C because r is small,

o+ +1<Cllv—ul|+1<Coh +1

1B(v) = Blu)| < CQ*R&(Cs; + 1) H < CQ*R& 29 <r/2.

Then, if B(v) € QF,, [B(u)] < |B(v) = Blu)| + |B(v)] < 7.

Consider now the functional K defined in (2.2). We extend K on S§(Q)
defining K(0) = S. Then K:S}(2) — R is lower semi-continuous. Moreover,
since u; € V, there exists a sequence (g;) in R*, lim; ,o.&; = 0 such that
K(uj) = |Juf||> = S +&;. Applying Ekeland Theorem (see Theorem 1.1 in [10])
we can conclude that for all § > 0 and for all i € N there exists v; € S§(£2) such
that

(a) K(v;) = K(u) + &iljv; — ul|/d for all u € S§(Q),
(b) K(vi) < K(u]),
() llvi —wf|l <.

From (a) and (b), we have K (v;) — S and K'(v;) — 0 for i — oco. Define now

v = piloi] - where pi = Jlog][ (9722 o g7

Then F(7;) = &K (v:)9/? and so lim; oo F(7;) = S9/2/Q. Tt is also easy to
verify that lim;_ ., F'(7;) = 0. Then v; is a Palais-Smale sequence of F at the
level Fio (w) = S9/2/Q. Then from representation Theorem 3.5 in [9], there exist
a divergent sequence (u;), u; > 0 and a sequence (&;) in  such that (taking a
subsequence of T; if necessary)

T — wp,e. || = 0 for i — oo.
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Since {2 is bounded, we can suppose { — £;. By use of (2.1) and Lebesgue
Theorem, we obtain

hm g(wm& (E))Q* d§ = EOSQ/Q-
1= JB4(0,R)

Denoting by 711 = @j‘ — wy,¢, wWe have

*

B(w;) = / £(hi + wpie)?
B4(0,R)
Q-1 N
- W+ 3 o / £(h)? "kt ¢,
»/Bd(O,R) wi&i kZ:O Bd(O’R) T wi&i

< R/ |@‘ - w#i&i‘Q 7]6"")/]371&
B4(0,R)

k
Q>

QT-k _, ¢

‘ / g(hi)Q 7kw/]i71£i
B4(0,R)

8*7]6”"‘)#1‘&
= CR(S‘O /N [vi — wpe,

< R”ﬂl = W&

forall k =0,...,Q* — 1 and so lim; ., B(7;) = £&S%9/2. In particular

: B(v:i)
I R ner =

We infer that this implies, if § is small enough, the existence of 79 € N such that
|B(vi,) — &o| < r/2. In fact, from (c), follows ||v;||g+ < C'd + 1, since

il — 11 = [llvill- — llui -] < llvi — uf llg~ < Cllvi — uf|| < C6.
Then
Nt g @@ _B@)
|ﬂ(vl) £0| - HU’L|Q* K(Ul)Q/Q 50
_ Q2 B@i) Q*/2
= ‘Uz’|Q* (W—go + (HUZ|Q* —1)50

=o(1) + R((C6 +1)9/2 — 1) for i — co.

Taking now ¢ < d1, ¢ small enough and iy large we obtain |8(v;,) — &o| < r/2.
This implies, up to a new choice of r, that also d(v;,),&) < r/2. By the choice
of 41, we get B(u;,) € QF, in contradiction with the hypothesis. O

We are now able to prove Theorem 4.1.

Proor oF THEOREM 4.1. We set ¢y, = fa(vu/[lvull,. ). Then, by Lem-
ma 3.3, ¢y, < S for g > 1. Since Theorem 3.4, it is verified (PS) condition for
[ in f{**. Moreover, as in [6], using Lemma 4.5 and Remark 4.4, we can prove
that

(4.6) catpe (P(€2,)) = cato+ (€)= cato(2) =m for all ¢ € [ey 4, In[,
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and so there exist at least m critical points of fyi in fi*"". O

We conclude with the

PROOF OF PROPOSITION 4.2. For simplicity we write ¢ instead of €y , k.
Obviously we have ¢, < ¢p_1, for all k = 1,... ,m — 1. Moreover, I\ < ¢,,_1,
otherwise there exist ¢ € [cy ,, I5] such that ¢,_1 < c¢. Then, by definition of
Cm—1 and by (4.6), we get

catpe (¥,(2,)) < cat ., (Vu(2)) < cata(Q) < catpe (¥u(2;)),

that is a contradiction. Let now prove that ¢ is an asymptotic critical level,
for all k = 1,...,m — 1. In fact, if ¢y is not a critical level, we can consider
e € (0,¢ — S) and a homeomorphism 7: V +— V such that

(8) n(u) = wif [f2(u) — G| > & — S,

(b) m(f+*5)  f:75.
But ¢,(Q;,) C ff’“fs. Moreover, (a) leads to the identity

N () = (¥u(2;,))-
Consequently, using (b),

k> Catffk“ (Y () = catn(
in contradiction with the definition of ¢j,.

Finally, in order to prove that, when g > 1, ¢ € ]S, (Sg/2 + 5Q/2)2/Q] e
follow the lines of [20, Lemma 3.6 and Remark 3.7] with minor modifications

;\EkJrs)(qu)#(Q;)) Z Catffkfs (w#(ﬂ;))7

and using the estimates (3.6). We omit the computation for the sake of brevity.

So, since Theorem compactness, ¢ are m — 1 critical levels of fyy. O
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