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NONTRIVIAL CRITICAL GROUPS
IN p-LAPLACIAN PROBLEMS
VIA THE YANG INDEX

KANISHKA PERERA

ABSTRACT. We construct and variationally characterize by a min-max pro-
cedure involving the Yang index a new sequence of eigenvalues of the p-
Laplacian, and use the structure provided by this sequence to show that
the associated variational functional always has a nontrivial critical group.
As an application we obtain nontrivial solutions for a class of p-superlinear
problems.

1. Introduction

Let ® be a C! functional defined on a Banach space W. In Morse theory the
local behavior of ® near an isolated critical point ug at the level ¢ is described
by the critical groups

(1.1) Cy(D,ug) = Hy(2°NU,2°NU \ {uo})

where ¢ = {u € W : ®(u) < ¢}, U is a neighbourhood of uy containing no other
critical point, and H denotes singular homology. Critical groups distinguish
between different types of critical points and are extremely useful for obtaining
multiple solutions of variational problems (see e.g. [3]).
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In this paper we study the critical groups of
(1.2) IA(u):/Q|Vu|”—/\|u\p, uEW:WOLP(Q)

at the origin, where  is a bounded domain in RN, N > 1, 1 < p < oo, and A
is a real parameter. Nonzero critical points of I are the eigenfunctions of the
nonlinear eigenvalue problem

{ —Apu=AuP~?u in Q,

1.3
(1.3) u=0 on 0f),

where A,u = div(|[Vu[P72Vu) is the p-Laplacian, so when A\ ¢ o(—A,),
0 is the only critical point of I and hence Cy(I,0) are defined.

In the semilinear case p = 2, I is a C? functional defined on the Hilbert
space H}(2) and 0 is a nondegenerate critical point of Morse index [ if A €
(11, ti41), where {p; }1en are the eigenvalues of —A repeated according to their
multiplicity, so

(1.4) Cy(Ir,0) =0uG

where G is the coefficient group (see e.g. [3]). In contrast, the critical groups
seem difficult to compute in the quasilinear case p # 2 for a variety of reasons.
To begin with, we are no longer working in a Hilbert space, so the standard tools
such as the splitting lemma and the shifting theorem do not apply. Moreover,
except for the fact that there is an unbounded sequence of min-max eigenvalues
{1 }ien, very little is known about the spectrum, and there are no eigenspaces
to work with. The only results that the author is aware of in this case are those
of Dancer and the author himself (see [8]) showing that

0,09 i A€ (—o0,p1),
Cq(I)\,O) = 5q1g if \e (/,61,[@),
0 if X € (n2,00) \ o(—Ap) and ¢ =0 or 1.

In particular, it is not known whether there is a nontrivial critical group when
X € (p2,00) \ o(—Ap). We will construct an unbounded sequence of variational
eigenvalues {\; };en such that

PROPOSITION 1.1. If A € (A\;, \i1) \ 0(—4A,), then
(1.6) Ci(Ix,0) # 0.

REMARK 1.2. (1.4) and (1.6) also hold for [ = 0 if we set ug = Ag = —o0.

Recall that a connected component of {x € Q : u(x) # 0} is called a nodal
domain of u. We will also obtain the following estimate on the number of nodal

domains of an eigenfunction.
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PROPOSITION 1.3. If A € o(—A,) has an associated eigenfunction with 1
nodal domains, then A > X\;. In particular, any eigenfunction of A\; has at most
I nodal domains if \j < Ajy1.

After some preliminaries on the Yang index in the next section, we will prove
these propositions in Section 3. The usual Lusternik—Schnirelmann characteriza-
tion of y; involves a min-max over a class of sets of genus > [, but we will define
A; using the subclass of sets of Yang index > [ — 1, which have the advantage of
having nontrivial reduced homology groups in dimension [ — 1. This also implies
that )\l 2 M-

In the ODE case n = 1, y; is simple and has an eigenfunction with ! nodal
domains (see e.g. [7]), so we also have \; < u; by Proposition 1.3. When p = 2,
(N—1,N) C (=1, ) by (1.4) and (1.6), so A\; = p; again. Similarly, A\; = p
and Ay = pg for all p by (1.5) and (1.6). So we have

PROPOSITION 1.4. \; = pu; in the cases: (a) n=1, (b) p=2, (¢) I =1,2.

In the last section we consider as an application the p-superlinear problem

—Ayu = f(x,u) in Q,
(L) pu = f(z,u)
u=~0 on 02,

where f is a Carathéodory function on 2 x R satisfying
(f1) |f(z,t)] < C(|t]97 + 1) for some ¢ < Np/(N —p) if p < N and oo if
p=N,
(f3) 0 < pF(x,t) < tf(x,t) for |t| large, where F(x,t) = fot f(z,s)ds, for
some [t > p,
(f3) the limit A = tlgr(l) f(z,t)/|t|P~%t exists uniformly in z.
We will prove

THEOREM 1.5. If A ¢ o(—A,), then (1.7) has a nontrivial solution.

REMARK 1.6. This also follows from the mountain-pass lemma when A < Aq,
and the case Ay < A < Ay was proved by Liu (see [11]).

REMARK 1.7. Fadell and Rabinowitz in [10] have used the Yang index to
obtain results on the number of solutions of variational bifurcation problems in
Hilbert spaces. See Coffman [4]-[6] for other uses and a different definition of
the index.

Acknowledgements. The author wishes to express his gratitude to Pro-
fessor Simeon Stefanov for his helpful comments regarding the Yang index.

2. Yang index

In this section we briefly recall the definition and some properties of the Yang
index. Yang (see [12]) considered compact Hausdorft spaces with fixed-point-free
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continuous involutions and used the Cech homology theory, but for our purposes
here it suffices to work with closed symmetric subsets of Banach spaces that do
not contain the origin and singular homology groups.

Following [12], we first construct a special homology theory defined on the
category of all pairs of closed symmetric subsets of Banach spaces that do not
contain the origin and all continuous odd maps of such pairs. Let (X, 4), A C X
be such a pair and C(X, A) its singular chain complex with Zs coefficients, and
denote by T the chain map of C(X, A) induced by the antipodal map T'(x) =
—xz. We say that a g-chain ¢ is symmetric if T (c) = ¢, which holds if and only
if c=¢ +Ty(c) for some g-chain ¢’. The symmetric g-chains form a subgroup
Cy(X,A;T) of Cy(X,A), and the boundary operator 9, maps C,(X, A;T) into
Cy-1(X, A;T), so these subgroups form a subcomplex C(X, A;T). We denote
by

Zy(X,A;T) ={ce€ Cy(X,A;T) : 9yc =0},

(2.2) By(X, A;T) = {0y41¢: c € Cyy1(X, A;T)},
and
(23) Hq(XaA;T) :Zq(XvA;T)/Bq(XaA;T)

the corresponding cycles, boundaries, and homology groups. A continuous odd
map f: (X, A) — (Y, B) of pairs as above induces a chain map fu:C(X, A;T) —
C(Y, B;T) and hence homomorphisms

(2.4) for Hy(X, A;T) — Hy(Y,B; T).
ExAMPLE 2.1 ([12, Example 1.8]). For the I-sphere,

Zo for 0 < gq<l,

(2.5) Hy(S5T) = {

0 forg>1I.

Let X be as above, and define homomorphisms v: Z,(X;T) — Zy induc-
tively by

In(c) for ¢ =0,
(2.6) v(z) = { © K

v(dc) for ¢ >0,

if z = ¢+ Ty(c), where the index of a O-chain ¢ = ), n;0; is defined by In(c) =
>o;mi- Asin [12], v is well defined and vB,(X;T) = 0, so we can define the
index homomorphism v.: Hy(X;T) — Zg by v ([2]) = v(2).
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PROPOSITION 2.2 ([12, Proposition 2.8]). If F' is a closed subset of X such
that FUT(F) =X and A= FNT(F), then there is a homomorphism

ArHy(X;T) — Hyor (A1)
such that v« (Alz]) = vi([2])-

Taking F' = X we see that if v, H)(X;T) = Zs, then v, Hy(X;T) = Zs for
0 < ¢ < 1. We define the Yang indezx of X by

(2.7) iv(X) = inf{l > —1: v, Hyyy (X;T) = 0},

taking inf @ = co. Clearly, v, Ho(X;T) = Zo if X # 0, so iy(X) = —1 if and
only if X = 0.

ExXAMPLE 2.3 ([12, Example 3.4]). iy (S!) = 1.

PROPOSITION 2.4 ([12, Proposition 2.4)). If f: X — Y is as above, then
v (f([2])) = vu([2]) for [2] € Hy(X;T), and hence iy(X) <iy(Y). In particu-
lar, this inequality holds if X C Y.

Recall that the Krasnosel’skii Genus of X is defined by
(2.8) (X)) =inf{l > 0 : there exists a continuous odd map f: X — S'~1}
(see e.g. [3]). By Example 2.3 and Proposition 2.4 we have following propositions.
PROPOSITION 2.5. y(X) > iy(X) + 1.

PROPOSITION 2.6. If iy(X) = I > 0, then the reduced homology group
Hi(X) #0.

PrOOF. By (2.7),

Zo for 0<q<l,
(2.9) v Hy(X;T) =

0 forg>1L
We show that if [z] € Hy(X;T) is such that v, ([z]) # 0, then [2] # 0 in H;(X).
Arguing indirectly, assume that z € Bj(X), say, z = de. Since z € Bi(X;T),
Ty(z) = z. Let ¢ = ¢+ Tu(c). Then ¢ € Z41(X;T) since 9¢ = z +
Ty(z) =22 =0 mod 2, and v,.([¢]) = v(¢') = v(dc) = v(z) # 0, contradicting
v, Hy (X T) = 0. O
3. Variational eigenvalues and critical groups

As is well-known, the eigenvalues of (1.3) are the critical values of

(3.1) I(u) = /Q VulP, weS={ueW:|ul,=1}
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which satisfies the Palais—Smale condition (PS) (see e.g. [9]). Denote by A the
class of closed symmetric subsets of .5, let

(3.2) Fi={AeA:iy(A) >1-1},
and set
(3.3) A= Alg; max I(u).

PROPOSITION 3.1. \; is an eigenvalue of —A, and \; /" oo.

Proor. If )\; is not a critical value of I, then there is an € > 0 and an odd
homeomorphism 7: S — S such that n(I**) C I*~¢ by a lemma of Bonnet
([2]) (the standard first deformation lemma is not sufficient here as the manifold
S is not of class C1'! when p < 2). Take A € F; with max I(A) < A\, + ¢ and set
A =n(A). Then A € A since 7 is an odd homeomorphism and iy (A) > iy (A) >
I — 1 by Proposition 2.4, so Ae Fi, but max I(Z) < A\ — ¢, a contradiction.

Since F; DO Fi1, M < AN41. To see that \; — oo, recall that this holds

for the Lusternik—Schnirelmann eigenvalues p; := infseg, max,eca I(u) where
G ={Ae A:~(A) >1}. F; C G by Proposition 2.5, so A\; > p;. O

PROOF OF PROPOSITION 1.1. We can take U = W in (1.1) as 0 is the only
critical point of Iy;

(3.4) Ci(Ix,0) = Hy(I3, 13\ {0})

where I = {u € W : I, (u) < 0}. Since I, is positive homogeneous, I is radially
contractible to 0 and I9 \ {0} is homotopic to IS N S via the radial projection
onto S, so it follows from the long exact sequence of reduced homology groups
for the pair (19,19 \ {0}) that

(3-5) H(I3, I\ {0}) = Hi1 (13N S) = Hia (1)

where the last equality follows from Iy|s = I — \. Since I is even, I* € A, and
since A\ > \;, there is an A € F; such that A C I*, so iy (I*) > iy(A) > 1—1
by Proposition 2.4. On the other hand, I* ¢ 7,1 since A < A\jy1, so iy (I*) < L.

Hence iy (I*) =1 — 1, and H;_;(I*) # 0 by Proposition 2.6. O
PrOOF OF PROPOSITION 1.3. Take an eigenfunction u of A with nodal do-
mains €;, i = 1,...,[, and define a continuous odd map f:S'~! — S by
P aca,
[ullzr ()

(3.6) [, &) (x) = I
0 if o ¢ ).

The image A = f(S'"1) € A and iy(A) > iy (S'™1) =1 — 1 by Example 2.3 and
Proposition 2.4, so A € F;, and I = X on A. O
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4. Proof of Theorem 1.5

The condition (fy), originally introduced in the semilinear case p = 2 by
Ambrosetti and Rabinowitz ([1]), implies that

(4.1) [f(x, )] > C =", F(a,t) > Cl*

and that the variational functional

(4.2) D(u) = / [VulP —p F(xz,u), weW
Q

associated with (1.7) satisfies (PS) (see e.g. [11]).
First we construct a perturbed functional ® that has the same critical points
as ¢ and equals the asymptotic functional I near zero and ® near infinity.

LEMMA 4.1. There are p >0 and ® € CY(W,R) such that
- Iy(u)  for ||u|| < p,
) 5 [ D) Jor
D(u)  for |lull = 2p,
and 0 is the only critical point of ® and ® with |u|| < 2p.

PROOF. Let
t

glet) = fla.t) — AP, Glat) = / g(e.s)ds, W(u)=p / Gz, u),
0 Q

so that ® = I, — ¥. Since A ¢ o(—A4,), I, satisfies (PS) and has no critical
points on the unit sphere S; in W, so ¢ :=infg, ||I§] > 0.
By homogeneity, infg, [|1}|| = p?~' 6, while it follows from (f3) that
sup W] = o(p?) and  sup |¥'] = o(p" ")

as p — 0, so

(4.4) inf [|®7] > "7 (6 + 0(1)) > 0

for all sufficiently small p > 0. Take a smooth function ¢: [0,00) — [0, 1] such
that

(5) oft) = { 1 for0<t<1,
0 fort>2,
and set
(4.6) ®(u) = B(u) + o(||ull/p) U(u).
Since ||d((][ull/p))]| = O(p™1), (4.3) holds with ® replaced by ® also, and the
conclusion follows. O

Next we turn to the behavior of ® at infinity.
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LEMMA 4.2. There is an ag < 0 such that for all a < ag, ®, is homotopic
to S1 and hence contractible.

PRrROOF. For u € S7 and t > 2p,

(4.7 O(tu) =t* fp/ F(z,tu) <P — Ot ||ul}; — —o0 ast — oo
Q

by (4.1), and

(4.8) %é(tu) zp(tp_l - /Quf(x,tu)> = 1;(&3(tu) +/QH(x,tu)>

where H(x,t) := pF(x,t) —t f(z,t) < —(u —p) F(z,t) <0 for |¢| large by (f2).
Let

(4.9) ap = min{— sup H ||, inf ®}.
QxR Bap

If a < ag and ®(tu) < a, then ¢ > 2p and d®(tu)/dt < 0, so there is a unique
to = to(u) > 2p such that ®(tu) > a for 0 < t < to, B(tou) = a, and d(tu) < a
for t > to, and the map ty: S1 — [2p, 00) is C! by the implicit function theorem.
It follows that ®, = {tu: u € Sy, t > to(u)} has the homotopy type of S. [

Now we are ready to prove Theorem 1.2. We have \; < A < ;4 for some [, so
(4.10) Ci(®,0) = Cy(I,0) # 0
by Lemma 4.1 and Proposition 1.1. On the other hand, taking a as in Lemma 4.2,
(4.11) Cy(®,00) = Hy(W,®,) =0 for all q.

Since Cy(®,0) % Cy(®,00), ® must have a second critical point (see e.g. [3]).
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