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MULTIPLE SOLUTIONS FOR ASYMPTOTICALLY
LINEAR RESONANT ELLIPTIC PROBLEMS

Francisco O. V. DE Parva

ABSTRACT. In this paper we establish the existence of multiple solutions
for the semilinear elliptic problem

—Au = g(z,u) inQ,

1.1
(1) u =0 on 09,

where Q C RY is a bounded domain with smooth boundary 99, a function
9: QxR — Ris of class C! such that g(x,0) = 0 and which is asymptotically
linear at infinity. We considered both cases, resonant and nonresonant. We
use critical groups to distinguish the critical points.

1. Introduction
Let us consider the problem

—Au = g(z,u) in Q,

1.1
(L) u =0 on 012,

where  C R” is a open bounded domain with smooth boundary 92 and a func-
tion g: Q x R — R be of class C! such that g(z,0) = 0, which implies that (1.1)
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possesses the trivial solution u = 0. We will be interested in nontrivial solutions.

Assume that

t
lim sup g(i’ ) <{, LeR

The classical solutions of the problem (1.1) correspond to critical points of the
functional F defined on H = H}(Q), by

1
(1.2) F(u)zi/ |Vu|2dx—/G(as,u)da:, ueH,
Q Q

|t]— o0

where G(z,t) = fg g(z,5) ds. Under the above assumptions F' € C2.

Denote by 0 < A\; < ... < \; < ... the eigenvalues of (—A, Hj). We write
a(x) £ b(x) to indicate that a(x) < b(x) with strict inequality holding on a set
of positive measure.

We first assume the followings hypotheses on g.

(gl) g € CHQ x R) and g(z,0) = 0.

g(z,1)

t
(82) o)

is strictly increasing for t > 0, a.e. x € ), and

is strictly decreasing for ¢ <0, a.e. x € Q.

(g3) Aj £ L(z) = liminf 9(@.t) < lim sup @ = K(x) £ Aj41, uniformly

[t]—o0 [t|—oc0

in Q.
(g4) A\j £ L(z) and lim [tg(z,t) — 2G(x,t)] = o0, a.e. x € Q.

[t|—o0

THEOREM 1.1. Let g: QX R — R be a function which satisfies (gl) and (g2).
Moreover, suppose that there exist k > 2 and m > 1 such that
t t
Mec1 < g (2,0) < A < A < l'rlninf 9(@,t) < limsup @ < Metmats

|t|—o0 [t]—o0

g (2,t) < Mptmao forallz € Q andt € R,

where the limits are uniform for x in Q. If either (g3) or (g4) hold with j = k+m.
Then problem (1.1) has at least two nontrivial solutions.

THEOREM 1.2. Let g: QxR — R be a function which satisfies (gl). Suppose
that there exists m > 1 such that

t t
g (2,0) <A\ < A1 < llir‘ninfM < lim sup @ < Ao,
t|—o0 [t]| =00
where the limits are uniform for x in Q. Suppose that either (g3) or (g4) hold
with j = m + 1. Moreover, if (g4) hold assume that there exists C(z) € L'(Q)
such that tg(x,t) —2G(z,t) > C(x) for allt € R, a.e. x € Q. Then problem (1.1)

has at least three nontrivial solutions.
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THEOREM 1.3. Let ¢: QxR — R be a function which satisfies (gl) and (g2).
Suppose that there exists m > 2 such that

t
g (2,0) < A\ < Apyq < liminf M < lim sup

[t]—o0 |t] =00

z,t

9@t
t

where the limits are uniform for x in Q. If either (g3) or (g4) hold with j = m+1.

Then problem (1.1) has at least four nontrivial solutions, one of those changing

sign, another one positive and a third one negative.

THEOREM 1.4. Let g: QX R — R be a function which satisfies (gl) and (g2).
If there exists k > 2 such that

x,t
Q < Akt1,

M1 < g'(2,0) < A\ < . liin
g (x,t) < Apgp1 forallz € Q and t € R,

where the limits are uniform for x in €.
If 0 is an isolated critical point then problem (1.1) has exactly two nontrivial
solutions.

REMARK 1.5. We call (1.1) a resonant or double resonant problem when it
happens, respectively, that

lim Lx’t) =\
|t\—>oo t 7
t t
A; < liminf M < lim sup M < Ajta,
|t|—o0 [t|—oo L

for some j > 1, uniform for a.e. x € Q (cf. [2], [5]). Multiplicity for double
resonant problems were treated by recent papers [23]-[25]. In [23], the author
considered only the autonomous case and assume strong resonant hypotheses.
Theorem 1.6 below, gives a example of a function that satisfies the hypotheses of
Theorem 1.1 and does not satisfy the hypotheses in [24], [25]. Under the condi-
tions of Theorem 2.5, but assuming resonance only at one eigenvalue, Dancer and
Zhang ([13]) proved that problem (1.1) has at least one sign-changing solution,

one positive solution, and one negative solution.
Now consider the autonomous problem
—Au =g(u) in Q,
(1.3)
u =0 on 01},

where g:R — R is a function of class C! such that g(0) = 0. Castro and Lazer
(see [6]), and Ambrosetti and Mancini (see [1]) proved that if g € C2, tg”(t) > 0
a.e. in R, and
Me—1 < g'(0) < Ap < lim g'(t) < Apsa
t—+oo
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for some k > 1, then (1.3) has exactly two nontrivial solutions. In Mizoguchi
([19]), it was shown that if g € C?, tg”(t) > 0 a.e. in R, and

M1 £ ¢'(0) <Ak < Apa < lim g'(8) < Ak,

then there exist at least two nontrivial solutions of the problem (1.3). Our next
result extends the previous results in this autonomous case.

THEOREM 1.6. Let g:R — R be a function of class C*, g(0) = 0, which
satisfies
g(t) is convex if t > 0 and
g(t) is concave if t < 0.
If there exist k > 2 and m > 1 such that

Mee1 < G'(0) <M < o0 S X < Uy = . ligl G () < Xetm+1s

then problem (1.3) has at least two nontrivial solutions.

In fact, the above hypothesis on the convexity of g implies that (Proposi-
tion 3.1)
lim [tg(t) — 2G(t)] = 0.

|[t|—o0

Hence the previous theorem is corollary of Theorem 1.1.

REMARK 1.7. In [3], Bartsch, Chang and Wang showed that if ¢’(¢) > g(t)/t
for all ¢ # 0 and

g0) <A <A<\ < |t}£nm g t) < Mgg1, (k>2),

then problem (1.3) has at least four nontrivial solution, two of these solutions
change sign, one is positive and another one is negative. They observe that the
nonresonance at infinity in the above result can be removed using arguments
like in [4] and [9]. In [9], the author assumes a Ladesmam-Lazer condition and
that |g(t) — Ag+1t| is bounded for all ¢ € R. In [4], the authors suppose that
lg(t) — Apat] < c(Jt|” + 1), for some r € (0, 1), with the purpose of computing
the critical groups at infinity. The next result is a corollary of Theorem 1.3.

THEOREM 1.8. Let g:R — R be a function of class C*, g(0) = 0, which
satisfies
g(t) is convex if t > 0, and
g(t) is concave if t < 0.
Suppose that there exist k > 2 such that

t
g/(O) <A <A< A < tligl # = )‘/H-l'
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Then problem (1.3) has at least four nontrivial solutions, one of those change
sign, one s positive and another one is negative.

REMARK 1.9. The functional in the nonresonant case satisfies the Palais—
Smale Condition, (PS) in short, and the difficulty in the resonant case is the lack
of a (PS) condition. But if the function g satisfies

ltl‘im [tg(z,t) — 2G(x,t)] = 00 uniformly in £,

then in [11], Costa and Magalhaes showed that this condition is sufficient to
obtain a weak version of the (PS) condition, namely the (C) condition, which
was introduced by Cerami in [7]. The (C) condition was used by Bartolo, Benci
and Fortunato in [2] to prove a general minimax theorem (see [20] for this results
with the (PS) condition). The so called Second Deformation Lemma, proved by
Chang (see [9]), has a version with the Cerami condition replacing the usual (PS)
condition, as proved by Silva and Teixeira in [22].

In Section 2, we collect some results on Morse Theory, with the functional
satisfying the Cerami condition. In Section 3, we prove some lemmas about the
geometry of the functional and a compactness condition. In Section 4 we prove
the main theorems.

2. Remarks on Critical Point Theory

In this section some classical definitions and results in Morse Theory are
recalled. These results will be used in the proofs of main theorems. In [9] the
(PS) condition is used, whereas we use here a weaker compactness condition on
the functionals. This results can be found in [18] with others hypotheses.

Let H be a Hilbert space and f: H — R be a functional of class C''. Denote
the set of critical points of f by K. Given ¢ € R, we set f. = {zx € H: f(z) < ¢}
and K. = f~1(c)N K.

DEFINITION 2.1. Given f € C1(H,R) and ¢ € R, we say that f satisfies the
Cerami condition at level ¢ € R, denoted by (C)e, if every sequence {z,} C H
satisfying

flan) —c and (L4 [lzalDIIf (za)ll = 0, n — oo,

has a converging subsequence. If f satisfies the (C). condition for every ¢ € R,
we say that it satisfies the (C) condition.

It is clear that a functional satisfying the (PS) condition also satisfies the
(C) condition.
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DEFINITION 2.2. f € C*(H,R) is said to possess the deformation property
if it satisfies the following condition

(i) for every a < b such that K N f~1(a,b) = 0, then f, is a strong defor-
mation retract of fj, \ Kp.

The next result is a version of a deformation lemma (for references see [9])
proved in [21] (see also [22]).

LEMMA 2.3 (Deformation Lemma). Suppose that f € C1(H,R) satisfies the
(C) condition and a is the only possible critical value of f in the interval [a,b).
Assume that the connected components of K, are only isolated points. Then, f,
is a strong deformation retract of fp \ Kp.

This lemma is an important tool in Critical Point Theory. Now we state
some known results, which are also true under the (C) condition instead of the
usual (PS). For proofs of these results assuming (PS) see [9]. Where further
references can be found. These proofs can be early adapted for the case when
(C) condition is assumed.

Let Y C X be topological spaces, denote by H,(X,Y) the singular relative
homology groups with coefficients in Z.

DEFINITION 2.4. Let xg be an isolated critical point of f, and let ¢ = f(xg).
We call
Cp(f,m0) = Hyp(fe N Usq, (fe \ {z0}) NUs,)
the p-th critical group of f at g, p =0,1,..., where Uy, is a neighbourhood of
xg such that K N (feNUz,) = {z0}-

THEOREM 2.5. Assume that o € H;(f, fo) is nontrivial, and
¢ = inf sup f(z).
TEA gl

Suppose that f possesses the deformation property. Then there exists xg € K,
such that C;(f,x0) # 0.

DEFINITION 2.6. Let D be a j-topological ball in H, and .S be a subset in H.
We say that 9D and S homologically link, if 9D NS = @ and |7| NS # 0, for
each singular j chain 7 with 07 = 0D where |7]| is the support of 7.

The following proposition provides examples of sets homologically linking,
their proofs are a consequence of Examples 2, 3 and Theorem 1.2 in Chapter II
of [9].

PROPOSITION 2.7. Let Hy and Hs be two closed subspaces of a Hilbert
space H. Suppose that H = Hy & Hy and dim H, < oco. Then, if D1 = Bgp N Hy
and S, = Hs, 0D and Sy homologically link.
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PROPOSITION 2.8. Let Hi and Hs be two closed subspaces of a Hilbert
space H. Suppose that H = H; @ Hy and dim H; < co. Let e € Ha, |le|]| =1,
and R,r,p > 0 with p < R. Set Dy = {x +se:x € H NB,, sel0,R]} and
So = HoNOB,. Then 0Dy and Sy homologically link.

THEOREM 2.9 ([9, Chapter II, Theorem 1.1°]). Assume that 0D and S ho-
mologically link, where D is a j-topological ball. If f € C(H,R') satisfies

f(x)>a forallxeS and f(x)<a forallxe€dD,

then H;(fy, fa) # 0, for b > max{f(x) : x € D}.

We intend to compute the critical groups of an isolated critical point. For this
purpose we present the Shifting Theorem. First, consider the Splitting Theorem

THEOREM 2.10 (Splitting Theorem). Suppose that U is a neighbourhood of
xo in a Hilbert space H and that f € C?(U,R). Assume that o is the only
critical point of f and that A = d?f(zo) with kernel N. If 0 is either an isolated
point of the spectrum o(A) or not in o(A), then there exists a ball Bs, § > 0,
centered at 0, an ordering-preserving local homomorphism ¢ defined on Bs, and
a C' mapping h: Bs "N — N+ such that

foo(z+y) = %(Az,z) + f(h(y)+y) for all x € By,

where y = Pyx, z = Pyix, and Py is the orthogonal projection onto the sub-
space N.

We call N = ¢(U N N). The following theorem sets up the relationship
between the critical points of f and those of f := f|xr. It is proved in [9].

THEOREM 2.11 (Shifting Theorem). Suppose the hypotheses of the Splitting
Theorem. Assume that the Morse index of f at xg is u, then we have

Co(fr20) = Cpp(frm0), p=0,1,....

In addition, if d?f(z¢) has finite dimensional kernel, then we have

COROLLARY 2.12. Suppose that N is finite dimensional with dimension v
and xg s
(i) a local minimum off, then Cp(f,x0) = dpuZ,
(ii) a local mazimum of f, then Cp(f,20) = Op(usv)Z,
(iii) neither a local mazimum nor a local minimum of f, then Cp(f o) =0

forp<pandp>pu+v.
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3. Preliminary lemmas

Let g:Q2 x R — R be a function of class C! such that g(z,0) = 0. Suppose
that there exist k£ > 2 and m > 1 such that

Ae—1 < ¢'(2,0) < A,
. t t
(3.1) Metm € L(z) = liminf 9(x.t) < lim sup @ < Netmt1s

[t|—o0 [t|]—o0

where the limits are uniform for z in .

Let H = H}(Q) and denote the norms in Hg(2) and L*(Q) by || - || and
| - |2, respectively. Let Hq, Ho and Hs be the subspaces of H spanned by the
eigenfunctions corresponding to the eigenvalues {A1,... , Ag—1}, {Mk, oo Akt }
and {Aktm-1, .-}, respectively. The next result is similar to Lemma 1 in [19].
The proof given here is a variation of the one found in [19]. Let F' be defined as
in (1.2).

LEMMA 3.1. Under the assumptions above and the hypothesis (g2), the fol-
lowing statements hold:

(i) There arer >0 and a > 0 such that F'(u) > a for all w € Hy & Hs with
lull =7,
(ii) F(u) = —oo, as ||u]| — oo, for w € Hy ® Ha,
(iii) F(u) >0 for all uw € Hs, and
(iv) F(u) <0 for alluw € Hy.

PrOOF. By (g2) and (3.1), we can take the positive numbers «, ¢ satisfying
that
g(x,t)

t

for all ¢ € R with [¢] < §. Moreover, g(z,t)/t < £ = Agpme1 for all t € R
from (g2) and (3.1). Let H = ker(—A — ¢I). Then Hy ® Hz = V & W, where
V=Hy,®H' Foruc Hy® Hs, put u=v+w, v €V and w € W. Since V
is spanned by a finite number of eigenfunctions which are L*-functions. Then
there exists r > 0 such that

A1 < <a<

—/
<1 "5
e Yo

sup |v(z)| <

if ||v|| < 7, where v > £ and |Vw|3 > v|w|3 for all w € W. Suppose that [|v|| < r.
If |v(z) + w(x)| <4, then

1 1
§Ak\v\2+17\w|2 - G(z,v+w)

1 1 1
25)\“@\2 + 1’)’|w|2 - 504(0 +w)?
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1 1 1 1
:§Ak|v\2 + ny|w|2 — 5041)2 - éawz — avw

1 1 1
=— 1a|w\2 + Z(’y —o)w?® + 5()% —a)v? — avw

1 1
>— 1a|w\2 + 5()% —a)v? — avw

1
>— lwf*+ =M\ — a)v? — :
4£|w| —|—2()\k a)v® — avw
If jv(z) + w(zx)| > J, we have
1 1
|G(z,v 4+ w)| < if(v +w)? — 5(6 — )d?
and hence
1 2, 1 2
iAkM +Z’y\w| - G(z,v+w)
1 1 1 1
S - 2 1 2 4 2, L) 52
72)\k|v| +4'y|w| 2€(v+w) +2(€ a)d

1 1 1 1 1
= §>\k|v|2 + Zv|w|2 - §€|v|2 - §£|w\2 — lvw + 5(6 — a)6?

1 1
= — Z€|w|2 + i(Ak —a)|v|* — acvw

1 1 1
+ 700 = Ol + (@ = How + S(a = Ol + 5 (¢ = )0?

1 1
> — 1£|w|2 + 5()\;C —a)|v|* — avw,

(in order to see the last inequality, consider

1 1 1
Z(’y — €)|w|2 + (= Ovw + 5(04 — €)|v|2 + 5(6 — a)52

as a quadratic form in w and prove that it is positively defined). Therefore, we
obtain

1
F(u):§||v+w||2—/ﬂG(:ﬂ,u)dx
1 1 1 1 I\ A —«
> Zwl? = Zlwl2 + = (A, — 2>mind>(1-= 2,
> ol = 3t + 50w~ el 2 min {5 (1= £), 22 A

This implies statement (i). By the hypothesis Agy. € L(x), the Proposition 2
in [12] states that there exists §; > 0 such that

||u\|2—/QL(:U)Ungcg—61||u||2 for all u € Hy @ Ho.

To show (ii), let §; be given above and € > 0 be such that € < A1d;. By the
definition of L(x), there exists M = M () such that

2F(z,t) > (L(x) —e)t? = M forallt € R, ae. x € Q.
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Therefore, for u € H; & Hy we have

2F (1) < |[ul]? —/L(a:)u2 d + elul2 + M|Q|
Q
< (=0 )l 4 gl =0, as ] —
1

since /A1 — 61 < 0. We prove (iii) and (iv) by straightforward calculations. O

Let ug be a critical point of F', defined by Definition 2.1. The Morse index
p(up) of ug measures the dimension of the maximal subspace of H = H{ ()
on which F”(ug) is negative definite. We denote the dimension of the kernel of
F"(up) by v(ug). The next lemma evaluates v(ug) for a nonzero critical point
of F. Similar ideas used in the proof below can be seen in [19] and [6].

LEMMA 3.2. Under the hypotheses of Lemma 3.1, v(ug) < m + 1 provided
that ug is a nonzero critical point of F defined in (1.2).

PRrROOF. Let ug be a nonzero critical point of F', that is, a nontrivial weak
solution of problem (1.1). We denote g(z,up) = g(uo) and ¢'(z,up) = ¢'(uo).
Note that F"(ug)u = 0 if and only if

—Au = ¢'(up)u in Q,
u =0 on 0N.

From g(z,0) = 0, the problem (1.1) can be rewritten in the form

—Au =¢q(z)u in Q,
u =0 on 0,
where ¢(z) = g(uo)/uo if up(z) # 0 and ¢(x) = ¢'(0) if up(z) = 0. It is a standard
result that wug is a classical solution of (1.1). Then ug cannot vanish identically
on every open subset of {2, by the unique continuation property (see [15]). Let

ap <ay<...<a,<...and B < B <...< G, <... be eigenvalues of the
problems

—Au = aq(z)u in Q,

3.2
(3:2) u =20 on 09},
and

—Au = B¢ (ug)u in Q,
(3.3) By’ (uo)

u =0 on 02,

respectively. Let {¢,} and {¢,} denote the corresponding eigenfunctions of
problems (3.2) and (3.3) satisfying, for all n,m € N,

/ qUnm dr = Opm and / g/(u0)¢n¢7n dx = Opm.
Q Q
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Claim. B, < a,, for allm € N
In fact, by (g2) we have ¢'(ug(z)) > g(uo(x))/ug(z) and again by the unique
continuation property

m({x € Q: g (up(x)) > g(%(f@)}) > 0.

uo(x)
Then we use Proposition 1.12 A in [14], and so the Claim is proved.

Next, suppose that {v,,} and {6} denote the eigenvalues of the problems

—Au = VApypmp1u in
u =0 on 0f),

and

—Au =6 p_1u in Q,
u =0 on 012,

respectively. Immediately, this implies v,, = A, /Ak+miy2 and 6, = A\ /Ap—1. By
(g2) and (3.1), we have

Ap—1 < g(;f)o((;))) < g (uo(x)) < Megm2

for all z €  such that ug(z) # 0. By a method similar to the proof of 3, < a,
we obtain

a1 <0p—1 =1, 1=vpimi2 < Qppmez and 1= vpimio < Brpme2-
From ug # 0, 1 is an eigenvalue of (3.2). Therefore, it holds that a; = 1, or
Ap41 = 1, ey OF Opym+41 = 1. If Optm+1 = 1, the fact
Brtm+1 < Ohgmi1 =1 = Vprmi2 < Brgma2

implies that 1 is not an eigenvalue of (3.3), i.e. v(ug) = 0. If agysm = 1, the fact

Brtm < Whtm = 1 = Vigm42 < Brgm+2

implies that v(up) < 1. Analogously, if agym—2 = 1 then v(ug) < 2,..., if
aj =1 then v(ug) < m+ 1. This completes the proof of the lemma. O

Now we observe a compactness condition for the functional F' defined by
(1.2), in the resonant case.
Consider g: 2 x R — R be a C'-function and G(z,t) = fg g(x, s) ds such that

t t
(3.4) Aj < liminf M < lim sup g(a;, ) < Ajt1  uniformly in Q,

[t|]—o0

[t]|—o0
there exists C(z) € L'(Q) such that

(3.5) tg(x,t) — 2G(x,t) > C(x) forallt € R, ae. z € Q,
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and

(3.6) lim [tg(x,t) — 2G(z,t)] = 00, a.e.x €.

[t]—o0

In [11] it was shown that the assumptions (3.4)-(3.6) are enough to prove
that functional the F, defined by (1.2), satisfies the Cerami condition (see [16]).
Note that the hypothesis (g2) implies (3.5) with C(z) =

In order to prove that Theorems 1.6 and 1.8 follow from Theorems 1.1 and 1.4,
respectively, we have to prove that the function g satisfies (3.6).

PROPOSITION 3.3. Let g:R — R be a nonlinear function of class C', such
that g(0) = 0, and which satisfies
g(t) is convez if t >0, and
g(t) s concave if t <O0.

Moreover, assume that g(t)/t is bounded. Then

lim [tg(t) — 2G(t)] =

[t|—o0

ProoF. Fix t > 0, and note that

%[tg(t) _2G()] = /Ot (gg)s - g(s)) ds.

The convexity of g gives that (g(t)/t)s > g(s) for s € (0,t). Denote by A; the
region of the plane between the line s — (g(t)/t)s and s — g(s) in (0,¢). Let
s(t) € (0,t) defined by

9(t) 9(t)

I\ o(t) — — J\Y)

L s(t) — g(s(t Jmax | ,

and the triangle A; with vertices (0,0), (s(¢),g(s(t))) and (¢,g(t)). We have
Ay C As by convexity of g, hence

1
B < Stg(t) = 2G ()]
Therefore the proposition follows of
Claim. || — o0, as t — oo.
In fact, the height of A, with reference to base b, = [(0,0), (¢, 9(t))], is

10 = [0 (] s veon (22)).

Hence liminf;_, o h(t) > 0, since g(t)/t is bounded; and b, — oo as ¢ — co. The
claim is proved. The argument with ¢t < 0 is entirely similar and the proof of
proposition is complete. O
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LEMMA 3.4. Let g: Q2 x R — R be a continuous function satisfying g(x,t)/t
is bounded for t > 0, g(z,t) =0 for allt <0, and

t
(3.7) A < L(z) = lim @ <A1, G2

t—o0

Then the C*~%-functional Fy: H} — R defined by

Fi(u)= 1/ |Vu|2dx—/ G(z,t) dx,
2 Ja Q
satisfies the (PS) condition.

PROOF. Let {u,} € H} be a sequence such that {F, (u,)} is bounded, and
||F(un)]] — 0 as n — oo. It follows that for all ¢ € Hj we have

(3.8) (F' (un), ) = / Vu,Vp — / g(z,un)pdr — 0 asn — oo.
Q Q

Set ¢ = u,. We have
n P < /Q 92, 14 Ytind + O([Jun]]) < Clun[2 + O(|[un]])-

Therefore, we need to show that {|u,|2} is bounded, which implies that {||u,||}
is bounded. Since € is bounded and g is subcritical, then if {||u,||} is bounded,
by the compactness of Sobolev embedding and by the standard processes we
know that there exists a subsequence of {u,} in H¢ which converges strongly,
hence the Lemma 3.4 is proved.

Assume by contradiction that |u,|s — 00 as n — oco. Let v, = up/|unls.
Then |v,|2 =1 and {||vy||} is bounded. We can assume that v, — v weakly in
H}, strongly in Ly and a.e. in Q. Thus, u,(z) — oo a.e. x € Q. From (3.7) and
(3.8) it follows that

/ [VuVe — L(z)vtelde for all ¢ € H,
Q

where v*(z) = max{0,v(x)}. By the regularity theory we have
—Av = L(x)vT in Q.

By the maximum principle and by the unique continuation property, v = v™ > 0
and L = Aj or L = Aj4q. Since, j > 2, v = 0, which contradicts |v|o = 1. The
proof is completed. O

4. Proofs of main theorems

It follows from [11] that the functional F, defined by (1.2), satisfies the (C)
condition (or the (PS) condition on the nonresonant case). Then we can use the
theorems in Section 2. Without loss of generality, we assume that F' has only a
finite number of critical points.



240 F. O. V. DE PArva

Proof of Theorem 1.1. The cases (g3) and (g4) are considered simultane-
ously. Let H;, i =1,2,3 be as in Lemma 3.1. Consider

S1=B,N(Hy®H3) and Dy ={v+te:ve Hy, 0<t<R, ||lv+te]| <R},

where B, denotes the closed ball with radius r centered of 0, and e € Hs is
chosen such that

(4.1) F(u) > 0 for all w € Sy and F(u) <0 for all u € 0Dy,

this is possible by (i) and (iii) in Lemma 3.1. Since D7 and S; homologically
link and D; is a k-topological ball, by (4.1) we have Hy(Fy, Fy) # 0, where
b > max{F(u) : u € D} (see Theorem 2.9). Hence we can conclude, by Theorem
2.5, that there exist uy critical point of F', such that

(4.2) Cu(F,uy) # 0.

Next, set So = H3 and Dy = B N (Hy @ Hs). By (ii) and (iv) in Lemma 3.1,
we have

F(u) > 0 for all w € Sy and F(u) < 0 for all u € 9Ds.

Again, since 9D5 and S5 homologically link and Ds is a (k+m)-topological ball,
we have that there exist uy critical point of F', such that

(4.3) Crosm (F,uz) # 0.

Now we have to prove that u; # wuo, and are nontrivial. Note that 0 is a
critical point of F' and p(0)4v(0) < k—1. By Shifting Theorem (Theorem 2.11),
Cp(F,0) =0 for all p > k. So uy and uy are nontrivial, by (4.2) and (4.3). Again
by Shifting Theorem (Corollary 2.12) we have, either

(i) Cp(F,u1) = dpp(uy), OF
(i) Cp(F\ur) = Op(u(ur)+w(ur))s OF

(i) Cp(F,u1) =01if p < p(uy) and p > pur) + v(ug)).

If (i) or (ii) hold, then Clyim (F,u1) =0 by (4.2). If (iii) hold then k& > pu(u1) by
(4.2) and hence k + m > p(u1) + v(u1) by Lemma 3.2, again Cypp(F,u1) =0
by (iii). Therefore u; # ug by (4.3). The proof of Theorem 1.1 is finished. [

Proof of Theorem 1.2. Set
g(x,t) fort >0,

0 for t <0,

ng(x?t) = {

and consider the problem

—Au = g4 (z,u) in £,
u =20 on 0N.
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Define )
Fy(u) = 3 |Vu|? do — / Gy(v,u)dz, uc Hy(Q).
Q Q
Then F, € C?7° and, by Lemma 3.4, satisfies (PS) condition.
Since ¢'(x,0) < A1, u = 0 is a strictly local minimum of Fy. Let ¢; > 0 to

be the first eigenfunction of (A, H}), and consider v > A\; such that Gy (z,t) >
(7/2)t? — C for t > 0. Then

82
Folso) =5 [ 1VeiPdo— [ Gilosor)da

A 2 2
<2 /@%dm—ﬁ oidr+C
2 Ja 2 Jo

_ s (A —7)
2

By the Mountain Pass Theorem, F; has a nontrivial critical point u4. By the

/cp%dx+0—>—oo, as s — 00.
Q

maximum principle, u4 > 0. Therefore u is a critical point of the functional F’
defined by (1.2). Similarly, we get a negative critical point u_ of F'. Moreover,
as in [10], we have rank Cp,(Fi|c1,ut) = dp1. Thus,

ranka(F\Cé7ui) = rank Cp(Fﬂ:‘Cévu:ﬁ:) =0, forallp=0,1,2,...

By the proof of the previous theorem, there exists a nontrivial solution w such
that Chyt1(F,u) # 0, where m > 1. By Theorem 1 in [8], we have

Crm+1(Flop,u) = Cmya (Fyu).
Therefore u is a third nontrivial solution. O

Proof of Theorem 1.3. By the proof of the previous theorem, problem
(1.1) has at least three nontrivial solutions one is positive, another is negative
and a third solution w is such that

Cry1(F,u) #£0, with m > 2.

So the theorem follows of next claim.
Claim. (1.1) has a sign changing solution w such that C,(F,w) = 0p2Z.
PROOF. We use the notation as in [3]. Let P = {u € X = C}(Q) : u > 0},
D = PU(—P) and ¢; the normalized eigenfunction associated to A;, i = 1,2.
We have ¢; € int(P). O

The main ingredient in the proof of the Claim is the negative gradient flow
@' of Fin H, that is,
i(pt = _VFoyp', ¢'=id
dt ’
We have that ¢'(u) € X for u € X and ¢’ induces a continuous (local) flow on
X which we continue to denote by ¢f. The main order related property of ¢! is
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that P and —P are positively invariant (by g(x,t)t > 0). F has the retracting
property on X (see [13]).

Now the proof follows as in Theorem 3.6 in [3]. We sketch it briefly for
completeness. Here we denote by F* = {u € X : F(u) < a}.

As k > 2 by (ii) in Lemma 3.1 there exists R > 0 such that F(u) < 0 for any
u € span{p1, g2} with ||u|| > R. Now we set

B ={sp1+tps:|s| <R, 0<t <R},
OB = {sp1 +tps:|s|=Rorte{0,R}}.

We have B C FOUD. Let 3 = max F(B) so that (B,0B) — (FPuUD, FOUD).
Let {5 € Ha(FP U D, F° U D) be the image of 1 € Z = Hy(B,dB) under the
homomorphism
7 = Hy(B,dB) — Ho(FP U D, F° U D)
induced by the inclusion. For v < 3 let
jy: Hao(FYU D, FOU D) — Hy(FP U D,F°U D)

be also induced by the inclusion. Now we define

I'={y < f:&3 € image(j,)}

and ¢ = inf . It is a critical value by the next lemma and standard deformation

arguments.
LEMMA 4.1. &g # 0.
In fact, let e; € [(P) be the first eigenvalue of
—Au—¢'(z,0)u =M in Q,
v =0 on 01,

and set X; = span{e;}, Xo = Xi- N X. We have inf F(X> N 9dB,) > a > 0 for
some p > 0 small. This implies

(B,0B) C (FPUD,F°UD) C (X,X\ X2N08B,).
Therefore the lemma follows of that the homeomorphism
Hy(B,0B) — Hy(X,X \ XoN0B,)

induced by inclusion is nontrivial (it is showed in [3]).
As a consequence of previous lemma we have 0 ¢ T because jo = 0. As
F°U D is a strong deformation retract of F7 U D for v > 0 small enough (see
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Remark 5.2), we have ¢ > 0. Clearly 8 € T, hence ¢ € (0, 3]. We choose ¢ > 0
small enough. Consider the commutative diagram

Hy(F°=¢ U D, F'U D)
Y_E
J

Hy(FE+*UD,FOUD) . Hy(FPUD,F'UD)

Hy(Fe+ U D, Fe=¢ U D)

Since ¢ + ¢ € T there exists {.i.c € Ho(FT¢ U D, FO U D) with jeic(€eve) = €5

Now &.1. ¢ image(j) because ¢ — e ¢ I'. Therefore the exactness of the left

column yields Ho(F¢T® U D, F¢=¢ U D) # 0. This implies that there exists a

critical point w such that w ¢ D and Cy(F,w) # 0 (see the Appendix, below).
Let wy = max{w,0} and w_ = w; —w. By (g2) we have

<F”(w)w+’ w+>

= [ (Vs - gz wpud) = [ (wrgow) - gz w)ud)
Q Q

- /Qwi (g(ifv) - g/(x’w)> = /Q“’i (g(:j;)f” —g’(x,w+)> <0.

Similarly (F”(w)w_,w_) < 0. As w; and w_ are orthogonal, we have
(F"(w)u,u) < 0 for all v € span{wy,w_}, that is, the Morse index of w is 2.
By the Shifting Theorem we have C,(F,w) = 0p2Z. O

Proof of Theorem 1.4. Let a < b such that F(K) € (a,b) (see [1]). Then
by the hypotheses (g2) and

g(z,t)

(4.4) A1 < g’(a:,O) <A < . liI:El < Ak+1,

where the limits are uniform for x € Q, It is proved in [17], that
Cp(F,O) = p7k_1Z and Hp(Fb,Fa) = ka.

Moreover, note that if ug is a nontrivial critical point of F' by (4.4), the Lem-
ma 3.2 states that ug is nondegenerate and the Morse index of ug is k. Therefore

Cp(F, Uo) = ka.

Let m the number of nontrivial critical points of F, by the Morse identity, we
have

(=DF = =D+ m(=D.
It follows that m = 2. Then problem (1.1) has exactly two solutions. g
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5. Appendix

In this section we prove that if u,...,u, be all the sign changing critical
points of F' at the level ¢, then we can choose € > 0 such that

H,(F***UD,F*°UD)~@Cu(F,u).
1=0

Again F* ={u € X : F(u) < a}.
Let N’ C N be two closed neighbourhoods of {u1, ... ,u,} satisfying

dist(N',ON) > <6, > 0.

ool

By the (C) condition there exist constants b and € positive, such that
[|[F'(u)]| > b forallue FCTe\ (F° S UN’),
1 1
£ <min{ —6b*, —6b .
0 <€ < min { 10053 }
Define a smooth function:

p(s) =

0 forsé¢[c—%c+E],
1 forsefc—e,c+egl,

with 0 < p(s) <1and 0 <e <&/2. Let A= H\ (N');/5, where (N'); = {u €
H : dist(u, N') < 0}, and B = N'. Let

B dist(u, B)
 dist(u, A) + dist(u, B)’

We see that 0 < d(u) <1,d=0on N’ and d = 1 outside (N')5/5. Define

d(u)

(s) 1 for0<s <1,
ne= 1/s for s > 1.

Denote h(u) = d(u)p(F(u))q(||F'(uw)]]). Consider the ODE
(1) = —h(o(7))F'(o(7)),
a(0) = ug for all ug € X.

The global existence and uniqueness of the flow o(t) on R are known. Let
n(u,t) = o(t) with 0(0) = u. Then n € C([0,1] x X, X) satisfies

1, Fete\ N) C Fee.
"

This result can be found in [9, Chapter I, Theorem 3.3]. We use it to prove the

next result.
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LEMMA 5.1. Suppose that there are only finitely many sign changing critical
points uy, ... ,u,, of F at the level c. Then we can choose € > 0 and neighbor-
hoods N; C X \ D of u; with the following properties:

(i) NiNN; =0 fori#j,

(i) w; =N, NK,

(iii) F°~¢ U N; is positively invariant under ', and

(iv) there exists T > 0 with T (F°t¢) C FCSUN; U--- U N,.

PROOF. Let be ug € F~[c—¢,c+e]NX. By the (C) condition, we have that
there is a § > € such that 0 < h(u) is bounded when v € F~![c —d,c+ 6] N H.
Let

w(r,u0) = / hn(Couo)) e, T e [0,1],

let t = w(7,up):[0,1] — [0,00), and let (¢, ug) = n(T,up). Then

dp _dndr _ ., -
dt - dr dt =-F (77(7—7“'0)) =-F (QO(t7U0))

Now we choose the (IV;)'s satisfying (i)—(iii), € as in above result and we define
T = max{w(1l,up) : up € F~'[c —e,c+¢] N X} < co. Hence, by the previous
result, we have

QOT(FCJFE \ N) C F67€7
and using (iii) we have (iv). O

Setting N = N;U...UN, properties (iii) and (iv), in the above lemma, imply
that F'°~¢ U N U D is a strong deformation retract of F¢*¢ U D, hence

H,(F°*UNUD,F°UD)~H,(F‘"**UD,F’"°uUD).
The excision property of homology implies
H.(N,NNF“ )~ H,(F°"°UN,F‘°)~H(F‘"*UNUD,F‘*UD).

Now properties (i) and (ii) yield

H,(N,NNF¢) ~ @ H.(N;, N; N F*°) ~ P C.(F, wy).
=0 =0

How we want to prove.

REMARK 5.2. The same idea, in the Lemma 5.1, can be used to show that
F°U D is a strong deformation retract of FY U D for 4 > 0 small enough. In
fact, we can prove that the flow used in [21] have the same orbits of the flow ¢*.
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