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INDEX OF SOLUTION SET
FOR PERTURBED FREDHOLM EQUATIONS
AND EXISTENCE OF PERIODIC SOLUTIONS
FOR DELAY DIFFERENTIAL EQUATIONS

VLADIMIR T. DMITRIENKO — VIKTOR G. ZVYAGIN

ABSTRACT. We consider the index of the solution set of Fredholm equations
with f-condensing type perturbations. This characteristic is applied to the
existence of periodic solutions for delay differential equations.

1. Introduction

Let E, F be Banach spaces, f, k: E — F continuous maps. The authors of
paper [2] consider the situation when the operator equation

(1.1) flx)+k(z)=0

possesses some regular properties only on a certain neighbourhood of the so-
lution set. In particular, the main hypothesis of [2] includes the assumptions
that the solution set of (1.1) is compact, restriction of f onto a certain neigh-
bourhood of the solution set of (1.1) is a C"-smooth (r > 1) Fredholm map of
index n > 0 and k is a completely continuous map. Under these assumptions
it was proposed to construct the topological index of the solution set of (1.1)
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possessing the usual properties of the characteristic of this sort. By now this
program has been realized only for the case of a non-oriented index (see [16]).
In the mentioned paper some applications of the index to the solvability of the
Dirichlet problem for the Monge-Ampére equation were also presented. In work
[17] the index of the solution set for Fredholm equations with compactly re-
stricted perturbations was introduced and investigated. As an application the
solvability of the boundary-value problem for a system of ordinary differential
equations unsolved with respect to the highest-order derivative was considered.
Furthermore in [6] this approach was used also to solve the periodic problem for
ordinary differential equations.

It is well known that the periodic problem, being one of classical objects of
mathematics and mechanics, has attracted the attention of many researchers.
We mention here only the works closely related to the subject of the present
paper.

M. A. Krasnosel’skil in [10] has reduced the periodic problem for the differ-
ential equation

(1.2) i=F(t,x)

to the study of a fixed point of the translation operator along solutions of equa-
tion (1.2) (the Poincare—Krasnosel’skii map). Applying the theory of the rotation
of vector fields and appropriate homotopies along the trajectories of solutions
of (1.2) he proved the existence of periodic solutions under the condition that
the Brouwer’s degree of the map F'(0, -): B,(0) C R™ — R” differs from zero on
a ball B;.(0).

Another approach, based on the coincidence topological degree, was proposed
by J. Mawhin in [7] and [11], where the autonomous averaged vector field

fO:ZH%/O f(S,Z)dS

was chosen as the final point of homotopies. A detailed survey of related results
and further developments can be found in [4].

In paper [12] the existence of solutions for the periodic boundary-value prob-
lem for the equation

(p(t)2'(1))" = f(t,x(t),2"(t), 2" (8)) + y(t)

is proved. Further, in papers [13] and [14], these results were generalized to the
case of equations of a higher order. In these researches the degree theory for
A-proper maps was used as the main tool.

Note that the use of the degree theory requires, as a rule, some strong condi-
tions on the operators, generated by an equation, and therefore on the functions
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determining this equation. Usually these assumptions are imposed on the be-
havior of the functions on the entire domain. The application of the index of
solution set needs structural conditions only on a certain neighbourhood of the
solution set. This neighbourhood is chosen by some a priori arguments.

In the present paper the topological index of solution set, introduced in [17],
is applied to the investigation of periodic solutions of the differential equation of
the form

(1.3)  a(t,z(t),z(t —71),2'(t), 2’ (t — 7)) = b(t,x(t), z(t — 7),2'(t), 2" (t — T)).

We suppose that the functions a, b are w-periodic in the first variable and that
the delay 7 is commensurable with w.

The paper consists of the introduction and 5 sections. In Section 2 we present
basic notions and properties of the index of the solution set for equations with
local Fredholm and local f-condensing maps. Section 3 contains auxiliary results
concerning the properties of the superposition operator. In Section 4 we study
conditions under which the index of solution set is well-posed for each differential
equation from the studied family. The evaluation of the index for one of these
equations is contained in Section 5. We reduce the evaluation of the index to
that of the nonoriented degree for a finite dimensional map. Section 6 contains
the main theorem on the existence of a periodic solution for differential equation
(1.3). To prove it we evaluate the index of solution set using its main properties.
As an application, the existence of a periodic solution for a nonlinear differential
equation is considered.

2. The index of the solution set for Fredholm equations
with f-condensing perturbations

Let E, F be real Banach spaces, X be an open subset of the space F,
f: X — F be a C"-smooth map, r > 1.

We recall some known notions [1], [3], [6].

DEFINITION 2.1. The map f: X — F'is called a Fredholm map of the index 0
(briefly ®oC"-map) on the set M C X if at any point u € M the Frechet
derivative f’(u) is a linear Fredholm operator of the index 0, i.e. dim Ker f'(u) =
dim Coker f(u) < cc.

DEFINITION 2.2. Let V be closed in E, V C X. We say that the restriction
f=flv:V — Fis a proper map on V if f~1(K)NV is a compact set for any
compact K C F.
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DEFINITION 2.3. The measure of noncompactness in a Banach space F is
a function v assigning a nonnegative number (M) to any bounded set M C F'
such that the following conditions are fulfilled:

(a) ¥(co(M)) = (M), where c6(M) is the closure of a convex hull of the
set M,
(b) from inclusion M; C M, it follows that ¥(M7) < ¥(Ma).

We suppose below that all measures of noncompactness satisfy the following
conditions:
(¢) ¥(M) =0 if and only if M is relatively compact,
(d) (My U M) < max{p(My), (M)},
(e) Y(My + M) < (M) + (Ms) for any bounded subset M;, Ms in F.

As the example of a measure of noncompactness satisfying above conditions
we can present Kuratowski measure of noncompactness a(M):

a(M) = inf{d > 0, for which M may be covered

by a finite number of sets of diameter d}.

Let U be an arbitrary subset of a Banach space E, f,¢g:U — F be maps
acting from the set U to a Banach space F'.

DEFINITION 2.4. The map g:U — F is called f-condensing on the set U
with respect to the measure of noncompactness ¢ if ¥(g(M)) < ¢ (f(M)) for
any M in U such that ¢(g(M)) # 0.

Consider the equation
(2.1) flu)—g(u)=0, uwelX.

Denote by Q@ C X the set of solutions of the equation (2.1), i.e. Q = (f—g)~1(0).
We suppose that the following conditions are fulfilled:

(C1) The set Q is compact.

(Cz) There exists an open neighbourhood of the compact @ such that the
map f is a ®oC'-map on the set Q.

(C3) There exists an open neighbourhood U of the compact @ such that g|z
is a f-condensing map on the set U with respect to the measure of
noncompactness 1.

Under the above conditions the index of the solution set of equation (2.1),
indy(f — g, X,0), with values in the additive group Zs, is defined in [6].

We point out some properties of the index that we will need in the sequel.
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PROPERTY 2.5. If an indez indy(f — g, X, 0) differs from zero then equation
(2.1) has a solution in X.

In order to formulate the second property we consider the family of operator
equations

(2.2) fu,A\) —g(u,\) =0, uweX, Ae[0,1],

where f,g: X x [0,1] — F are continuous maps. Denote by Qr C X x [0, 1] the
set of all solutions (u, A) of family (2.2).

We suppose that the following conditions are fulfilled:

(T'1) the set Qr is compact in X x [0, 1],

(T'2) there exists an open neighbourhood U of the compact Qr with the
property: on the closure of U the map f is continuous in A uniformly
with respect to u and f(-,A):U N (E x {A\}) — F is a ®,C*-map for
any fixed A, whose derivative f!(u, A) is continuous in u and A,

(T's) the map ¢ is a f-condensing map with respect to the measure of non-
compactness ¥ on some neighbourhood U of Qr.

Under the above conditions the following property holds.

PROPERTY 2.6 (The homotopy invariance property of the index). Let con-
ditions (I'1)—(T's) be fulfilled. Then

indQ(fO - 907X7 O) = indQ(fl - gl7X7 O)u

where fi(u) = f(u.1), gi(w) = g(u,1), i = 0,1, u € X.

By virtue of the compactness of the solution set it is sufficient to investigate
the properties of f and g in some neighbourhood of each point g € Q.

DEFINITION 2.7. A map ¢g:U — F is called kf-bounded with respect to the
measure of noncompactness i at a point ¢ € U if for any € > 0 there exists § > 0
such that ¥[g(M)] < (k + )y[f(M)] for any M from B(q, ).

THEOREM 2.8. Let a map f be continuously differentiable on some neigh-
bourhood of the compact Q and f'(q) be a Fredholm operator for any q € Q. Let
a map g be locally kf'(q)-bounded with respect to the measure of noncompact-
ness a at any point ¢ € Q and k < 1. Then the map g is f-condensing with
respect to the measure of noncompactness a on some open neighbourhood U of
the compact (.

The proof can be found in [17].
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3. Auxiliary results concerning the properties
of a superposition operator

Here we present some necessary facts and statements concerning the proper-
ties of a superposition operator in the space of functions continuous on [0,w].
Let x be a vector in the space R™ and |x| be the norm of this vector.

THEOREM 3.1 (Implicit Function Theorem). Let the functions p,u:U C
R™ x R™ — R™ be continuous in a neighbourhood U of the point (xq,yo) and the
following conditions be satisfied:

(a’) ()0(:1707 yO) = /“L(x07y0)7
(b) the function p(x,y) has a continuous derivative dp/0y on U and

0
det aiz(x()a yO) # 07

(C) |M(x7y) 7”(‘%;?” < c|5<p/5‘y(x0,y0)(y—§)| fOT’ all (xay)v (SE,E) €U and
any constant ¢ < 1.
Then, in a certain neighbourhood of the point xg, there exists a unique function
y = y(x) such that it is continuous, y(xo) = yo and p(z,y(z)) = p(z, y(z)).

The statement follows from Banach fixed point theorem.
The following inverse function theorem is a simple corollary of Theorem 3.1.

THEOREM 3.2 (Inverse Function Theorem). Let the functions ¢, u:U C
R™ — R™ be continuous in a neighbourhood U of the point x¢ and let the following
conditions be satisfied:

(a) yo = p(x0) — p(xo),
(b) the function p(x) has a continuous derivative dp/dx on U and

dip

det — 0

€ dr (.130) 7é ;
(¢) |u(x) — uw@)| < c|(dep/dz)(xo)(x —T)| for all x,T € U and any constant

c<1.
Then, in a certain neighbourhood V. of the point yo, there exists a continuous
function, inverse to  — .
The statement follows from Theorem 3.1 applied to the equation
olx) —pulx)—y=0 forzeU, yeR™

Let Vy C [0,w] x R™ be a bounded set, closed in [0, w] x R™, and V be the closure
of a certain bounded open neighbourhood of the set Vj.

Denote by C([0,w],R™) the space of continuous functions with the norm
llzllo = max;epo,u] [2(t)] (Where |- | is the norm in R™, defined by the formula
lu| = maxi<j<p |uil, w = (u1,...,u,) € R"). As usual, C*([0,w],R") denotes
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the space of functions having continuous derivatives up to order k£ with the norm

& .
zlle = Zj:o Hx(j)HO'
Define the subsets Wy, W in the space C([0,w], R™) in the following way:

Wy ={ue C([0,w],R") : (t,u(t)) € Vp, forallte [0,w]},
W ={u e C([0,w],R") : (t,u(t)) € V, for all ¢t € [0,w]}.

Denote by Dy the set
Dy = {(t’u) ev: @(mu) - M(t7u) = 0}

Let {ug(t)} be an arbitrary sequence of functions from W. We say that the
sequence {u(t)} converges to the set Vp, if for any € > 0 there exists a number
ko such that for every k > ko the graphs of the functions {(¢, ux(t))} are contained
in the e-neighbourhood V, of V.

THEOREM 3.3. Let the functions ¢, u:V C [0,w] x R" — R™ be continuous
and for any point (tg,ug) € Do N'Vy there exists a neighbourhood such that:

(a) the function p(t,u) has a continuous derivative dp/Ou on V and

0
det %(to, UO) 7é 0,

(b) there exists a constant ¢ < 1 such that
_ dp _
lu(t, u) = ut, @) < ¢| 5 (o, uo)(u — )

for any (t,u), (t,u) from this neighbourhood.
Then if the sequence {uy(t)} of functions from W converges to Vi and the se-

quence
Yk (t) = (b, un(t)) — p(t, ug(t))
uniformly converges to zero-function on [0,w], there exists a subsequence, uni-

formly converging on [0, w].

ProOOF. The set V is bounded and compact, (0,ux(0)) € V, hence, without
loss of generality, we can suppose the sequence u(0) to be converging to u®. By
the conditions of the theorem (0,u’) € Vj and (0,u") € Dy. By Implicit Function
Theorem 3.1 there exists a unique solution ug(t) of the equation p (¢, u) = u(t, u),
whose graph starts from the point (0,u%). From the same theorem it follows that
the function ug(t) can be extended either on the entire interval [0,w] or up to
the moment when the graph leaves the set Vj.

Let the function ug(t) be extended on [0, tg]. By the Implicit Function Theo-
rem there exists € > 0 such that the e-neighbourhood of the graph of ug(¢) does
not contain the points (t,u) € Dy, t € [0,to] except the points of the graph.
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Denote by U, /3Dq the €/3-neighbourhood of Dy and by V'(Zo) the set V' (t9) =
{(t,u) € V :t € [0,%0]}. Then on the set V(to) \ Ue/3Do the function |¢(t,u) —
wu(t,u)| is positive and for some & > 0 we have |p(t,u) — u(t,u)] > § for all
(t,u) € V(to) \ Us/3Do.

Since the sequence yi(t) converges to zero uniformly on [0, o], |yx(t)| < d for
all t € [0,1p] starting from a certain member of the sequence. Thus the graphs
of the functions uy(t) are contained in the set U, ,3Dp.

By the hypothesis, the initial points of the graphs (¢, ux(t)) are contained
in the ¢/3-neighbourhood of (0,u°) for k sufficiently large. Hence the graphs
of these functions belong to the e/3-neighbourhood of the graph of ug(t) for all
t € [0,%]. Thus the sequence uy(t) converges to ug(t) uniformly on [0,tg] since
€ can be chosen arbitrarily small and § is getting smaller.

If [0,%0] = [0,w], the theorem follows. Suppose that (to,uo(to)) ¢ Vo and
to < w. Denote by e the distance from (tg,uo(to)) to V. Since (to,ur(to))
converges to (to,uo(to)), (to,ur(to)) does not belong to V/, for k sufficiently
large. This contradicts to the hypothesis that the sequence {uy(t)} converges to
the set V. Hence the graph of ug(¢) is contained in V and [0,t] = [0,w]. O

4. Conditions for the well-posedness of the index
of the solution set of equation (1.3)

Consider the equation
(4.1) ao(t,z(t),z(t —7),2'(t), 2" (t — 7)) = bo(t, z(t),x(t — 7),2'(t), 2" (t — T)).
We suppose that the maps

ag,bp: R x R" x ... x R" - R"
[ ——
4

are continuous and w-periodic with respect to the first variable.

Suppose that the delay 7 is commensurable with w, that is there exists 79 > 0
such that p7yp = w and k7p = 7 for some integer p and k, p > k.

Consider the existence problem for w-periodic solutions of equation (4.1) of
a class C1(R,R™). Let C1(R") be its subspace consisting of w-periodic functions
endowed with the norm from C?([0,w],R™). (In what follows we assume that
the norm of a vector u = (u1,...,u,) € R" is defined as |u| = maxi<;<n |u;].)

Introduce the maps

for CLR™) = Cu(R"),  fol2)(t) = ao(t,z(t),z(t — 7),2'(t), 2/ (t — 7)),
90: C4(R™) — Cu(R™),  go(2)(t) = bo(t, (), x(t —7),2'(t), 2" (t — 7).

Then equation (4.1) is equivalent to the operator equation

(4.2) fo(z) = go(z).
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We use the index of solution set to prove the solvability of this equation. We
consider the family of differential equations

(41>\) a(ta ‘T(t)7 l’(t - T)v I/(t), .’,El(t - T)v >‘) = b(tv SC(t), ‘T(t 77-)7 xl(t)7 l‘l(t*’r), A)
and the corresponding family of operator equations
(4.2)) folz,N) = gu(z,N), Xe€][0,1].

We suppose that the functions a and b are continuous, w-periodic with respect
to the first variable and that

a(+,0) =ag, a(t,z(t),z(t —7),2"(t),2'(t — 7),1) = a1 (t, z(t), 2’ (1)),
b(-,0) =bg, b(-,1)=0.

In the sequel we will see that under some conditions on the functions a and b
the solvability of the equation

(4.1,) ay(t, z(t), ' (t)) =0,

implies the solvability of (4.1) and follows from the solvability in R™ of the
equation
a1(0,u,0) = 0.

Let Vo C [0,w] x R™ x R™ be a bounded set, closed in [0,w] x R™ x R™,
and let the multivalued function I'(t) = {(u,v) € R” x R" : (t,u,v) € Vu} be
continuous on [0,w] and I'(0) = I'(w). Denote by V the closure of a certain
bounded neighbourhood of Vj. For simplicity we use the same notation V; for
the subset in R x R™ x R™, which coincides with Vj for all ¢ € [0,w] and has the

property
Von{t+w} xR"xR") =V, N ({t} x R" x R™)
for all t € R. We do the same for V.
In C([0,w], R™) we define subsets Wy, W in the following way:
Wo = {z € C*([0,w],R"™) : (t,2(t),2'(t)) € V, for all t € [0,w]},
W = {z € C*[0,w],R™) : (t,2(t),2'(t)) € V, for all t € [0,w]}.

Similarly, in CL(R"), we define the subsets
Wow ={z € CLR") szl € Wo}, W ={z e CLR") :z|pu € W}

We assume that Wy ,,, W,, are nonempty sets.
Below we get conditions for a family of operator equations to be admissible on
W, i.e. the assumptions (I'y)—(T's) to be fulfilled. For this purpose we introduce

AB:RXxR"x ... xR"x[0,1] = R" x ... x R",
—_—— —_———

2p p
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A(t7u17 cee 5, Up, V1, 7Up7>\) = (a(t,ul,Uk+17U1,Uk+1,)\)7

a(t — 7o, U2, Uk42, V2, Vg2, A), - .., a(t — (p — 1)T0, Up, Uk, Up, Vg, A)),

B(t7u17 cee s Upy UL,y e e 7Up7)‘) = (b(tvulauk+lavl7vk+l7)\)a
b(t — 7o, U2, Ukt2, U2, V12, A), ..., b(t — (p — 1)7T0, Up, Uk, Up, Vg, A)).

It is clear that the maps A, B are w-periodic with respect to the first variable.
For sets V; and V' we define corresponding sets in [0,w] x RP™ x RP™:

‘70:{(15,'&1,... 7Up,’l)1,... 7vp) € [O,W] x RP™ x RP™:
(t— (i —)70,us,v5) € Vo, i =1,...,p},
V:{(t,ul,... JUp, V1, ... ,Up) € [0,w] x RP" x RP™:

(t—(i—1Vr1o,ui,v;) €V, i=1,---,p}.
We define also corresponding sets in the function space C1([0,w], RP™):
Wo ={z € C*([0,w], RP™) : (t,2(t), 2’ (t)) € Vo, for all t € [0,w]},
W ={z € CY([0,w],R"") : (t,z(t),2'(t)) € V, for all ¢ € [0,w]}.
In the same way we define the subsets Wo,m W,, in the space CL(RP™):
Wow = {z € CLRM™) : 2|, € Wo}, W ={z € CLR™): x| € W}
We consider a family of differential equations
(4.33) A(t,y(t),y'(£),A) = B(t,y(t), y'(),A), A€ 0,1].

It is not difficult to see that every w-periodic solution z(t) of equation (4.1y)
yields the solution

y(t) = (2(t),z(t — 70),2(t — 270),... , 2(t — (p — 1)70))

of equation (4.3)).
Let us denote by Dy the set Dy = {(t,u,v) € V : A(t,u,v,\) = B(t,u, v, \)}
and let D = {Jy¢(o,1) Dx-

THEOREM 4.1. Let the continuous functions A(t,u,v,\) and B(t,u,v,\)
satisfy the conditions:
(A1) for any Ao € [0,1] and (to,uo,vo) € D there exists a neighbourhood of
(to, uo, vo, Ao) where the function A(t,u,v,\) has continuous derivatives
A, Al A and det Al (Lo, uo, vo, Ao) # 0,
(B1) for any Ao, Ao € [0,1], and (to,uo,v0) € Dx, there exists an € > 0 such
that

|B(to, u,v, \) — B(to,u, v, \)| < c|Al (to,ug,v0, Xo)(v — D)
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for all A such that |\ — Xo| < &, and (to,u,v), (to,u,v) from an e-
neighbourhood of (to,uo,vo), where ¢ < 1 is a constant,
(C1) the equations of family (4.1x), A € [0,1], do not have solutions on the
boundary of Wo.,.
Then the family of operator equations (4.2)), A € [0,1], is admissible on the

domain Wy, and
inda(fo — go, Wo,w,0) = inda(f (-, A) — g(+,A), Wo s, 0).
Proor. Introduce the maps

F:W, x [0,1] — Co(RP™),  (y, ) — A(t,y(t),y' (), \),
G:Ww x [0,1] = C,(RP"), (y,\) — B(t,y(t),y'(t), ),

and the family of operator equations

On the set Ww, this family is equivalent to the family of differential equations

(4.35).
We will check the conditions (I';)—(T's) for family (4.2)) via the investigation

of family (4.4y). Denote by C,,(RP™) the space of functions

y(6) = (wr(8), - s yp(t) = (x(t), 2(t — m0), 2(t — 270), ..., 2(t — (p — 1)70)),

where z € CL(R™).

The map m: Coy(R") — Co(RP™), mo:x +— y, is an isomorphism. Let
CL®r) = CL(RP™) N C,(RP™). The map mo: CL(R") — CL(RP™) is also an
isomorphism.

Equation (4.2)) can be rewritten in the form

(4.55) Tyt o F(+,\) omp(x) = w5t o G(+,\) o mo(z).

We have F(-,)\),G(-,\):CL(RP) N W, — C.,(R?"), and the map Ty " deter-
mines the first component y; (t) of y(t).

Let us verify the condition (I'1) for family (4.2)). Since the solution set Qr
is closed, and family (4.2,) is presented in form (4.5)), this will follow from the
compactness of the solution set of family (4.4y).

LEMMA 4.2. Let the functions A, B satisfy conditions (A1), (B1) of Theo-
rem 4.1. Then the set of solutions (y,\) € Wy, x [0,1] of (3.4)) is compact in
CL(RP™) x [0,1].

PROOF. Take an arbitrary sequence (yx, Ar) such that y € /VVOM is a solution
of equation (4.4),) and A, € [0,1]. Since the sequence Ay is bounded, then
(passing to a subsequence if necessary) we may assume that the sequence A
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converges and limg_, o, A = Ag. Let us demonstrate that the sequence y; has a
converging subsequence. This will complete the proof.

Since the embedding Wo,w C C,(RP™) is completely continuous, without
loss of generality we may assume that yr — yo uniformly on [0, w]. Rewrite the
equations

A(t,yk(8), yg (8), Ak) = B(t, yk (8), yx (8), Ak)

in the form

A(ta yO(t)v y;c(t)a )‘0) - B(ta yO(t)v y;c(t)v )‘O) = A(tv yO(t)a y;ﬂ(t)7 >‘0)
- A(t’ yk(t)7 y;c(t)’ )‘k) + B(tv yk(t)’ y;c(t)v /\k) - B(t7 yo(t), y;c(t)’ /\0)

Denote by zj(t) the right-hand side of the last equation. Then it takes the form

(46> A(t, Yo (t)7 y;c (t>7 )‘O) - B(t7 Yo (t)a y;c (t>7 )‘0) = 2k (t)

Notice that for k large enough the points (¢,y0(t),y;(t)) get into a small neigh-

bourhood of (¢, yx(t), y,.(t)) and so into V. Thus equation (4.6) is well-posed.
Show that the sequence zj converges to zero uniformly on [0,w]. Since A and

B are uniformly continuous on V x [0,1] and since yx — yo, Ak — Ao then the

functions

At yo (), Y (1), Ao) — At yn (1), i (£), Ar)
and B(tv yk(t)v y;c(t)v )‘k) - B(ta yO(t)7 y;c(t)v )‘O)

converge to zero uniformly on [0,w]. Hence z converges to zero also uniformly
on [0,w].
Define the maps

p(t,v) = A(t,yo(t),v, A0) and pu(t,v) = B(t,yo(t), v, Xo).

They are continuous on the set U = {(t,v) € [0,w] x RP" : (£, yo(t),v) € V}.
Then equations (4.6) take the form

@t yp(t) — p(t, yi(t)) = zi(t).

Let Uy = {(t,v) € [0,w] x RP") : (t,y0(t),v) € Vo}, Z = {z € C,(RP") :
(t,2(t)) € U, for all t € [0,w]}. Then y; € Z for a sufficiently large k and the
sequence {y; } converges to the set Up. It is easy to verify that the maps ¢
and p satisfy all conditions of Theorem 3.3 on U and so the sequence {y, } has
a subsequence uniformly converging on [0, w]. Without loss of generality we may
assume that y;, — o uniformly on [0,w]. But by our assumption y; tens to yo.
It follows that y{(t) = 9o (t). Thus, yx — yo in the norm of C*([0,w], RP™). This
proves the lemma. O

Let us verify the condition (I'z) for family (4.2y).
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LEMMA 4.3. Let the function A satisfy condition (A1) of Theorem 4.1. Let
for the function x € Wy, the corresponding function y = mo(z) be such that
(t,y(t),y'(t)) € D for allt € [0,w]. Then, for every A € [0,1], the Frechét deriv-
ative f,, .(x, ) of the map f,, with respect to x is a Fredholm operator of index

zero and f], (T, \) is continuous with respect to (Z,\) on some neighbourhood

of (z, \).

PRrROOF. Let (z,A) € Qr be an arbitrary solution of equation (4.2y) and
y = m(z). Since
(4'7) fci:,a:(xa)‘):ﬂ(;IOF;(y’)‘)OWUa

we have, for arbitrary h € C1(R"),

(fo2 (2, M)R)(E)
=g o (ALt (1), y (1), ) o (moh)(t) + A, (£, y(t), ' (1), X) o (moh') (1))

Introduce the auxiliary operators

Dy (y, A): C:;(Rn) — Cu(R"), hw— W(;l ° A;(tvy(t)7y/(t)v A) o (moh)(t),

®u(y, A): Co(R™) — Cu(R™), h =g o Al(t,y(t),y'(t), A) o (moh')(2).
Then (£, (z, MR)(t) = (Pu(y, M)A)(E) + (P (y, A)R)(?).

As the embedding CL(R") C C,(R™) is completely continuous, the map
D, (y, A) is also completely continuous. Therefore it is sufficient to show that the

map D,(y,A) is a Fredholm map of zero index. Let us present this map as the
superposition of maps:

a
h(t) -5 K'(t) = H'(t)
A; ot _
=5 ALy ),y (), VH' (1) == w5t o ALt y(t),y' (1), NH' (2).
It is well known that the operator
da
dt

is a Fredholm map of zero index and g is an isomorphism of the space C,,(R™)
and C,(RP™). As (t,y(t),y'(t)) € D, the matrices Al (¢t,y(¢),y'(t), \) are invert-
ible for all ¢ € [0,w], therefore the operator

: Ci, (R") — C,(R™)

A CR,RP) — C(R,RP™),  H' — Ay (t,y(t), ' (t), VH' (1),

is also invertible.

It is easy to verify that its restriction

Al Cu(RP") — O, (RP™) and 7' o AL: C,(RP™) — C,(R™)
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is also invertible. Hence, operators ®,(y, \) and [/, .(x,\) are Fredholm of zero
index. From the definition of ®,(y,\), ®,(y,A\) and condition (Al) of Theo-
rem 4.1 it is easily seen, that f/, ,(¥, ) is continuous with respect to y and A.0J

Since the set of linear Fredholm operators is open in the set of continuous
linear operators [8], there exists a neighbourhood of the point (z, A), in which the
derivative f, (7, ) is the Fredholm operator of zero index and it is continuous
with respect to (%, ).

Let us verify the condition (I's). Let (z,A) € Qr be an arbitrary solution of
(4.2)). By Theorem 2.1 it is sufficient to show, that the map g is locally cf! (z, A)-
bounded with respect to the measure of noncompactness « at the point (x,\),
where ¢ is the constant from condition (B1). As

fu/)(l‘, )\)(ILM) = f:},z(‘rE? A)h + f(f),)\(x7 )‘):u

and f!, \ (x,)) is a finite-dimensional map, it is sufficient to analyze the cf, ,(z,A)-
boundedness of the map g with respect to the measure of noncompactness «
at the point (x,\). Note that the map my does not change the measure of
noncompactness of a set, therefore representation (4.7) allows us to prove the
equivalent inequality

a(Fy(y, N)(M)) < (¢ +e)a(G(M)),
instead of the required inequality
a(myto F;(y, ) omo(M)) < (c+e)a(ry ! o G omy(M)),

for M C U and M = mo(M).
Thus, it is sufficient to establish the cFj(y, A)-boundedness of the map G
with respect to the measure of noncompactness « at the point (y, A).

LEMMA 4.4. Let the functions A, B salisfy conditions (A1), (B1) of Theo-
rem 4.1. Then for any function y € Wo,w and the arbitrary number Ao € [0, 1],
such that (t,y(t),y'(t)) € Dy, for allt € [0,w], the map G is cF'(x, Ag)-bounded
with respect to the measure of noncompactness « at the point (y, A\g) with a con-
stant ¢ < 1.

PROOF. Let (y, \g) satisfy the above assumptions. The lemma will be proved
if, given € > 0, there exists § > 0 such that

a(G(M)) < (c+e)a(Fy(y, Ao) M)
for M C Bs(y) x (Ao — 0, Ao + 6). Introduce the operators

Fu(y,\): CLR™) — Cyu,(R™), H +— Al(t,y(t),y (), \)H(t),
Fy(y, \): CL(R™) — Cy(R™), H — Ay (t,y(t),y'(t), ) H'(t).
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As Fy(y, \o)H = F;(y, \o)H + F}(y, o) H, using the properties of the measure
of noncompactness and the fact that the map F (y, Ag) is completely continuous,
we obtain

a(E}(y, do) M) < a(F'(y, Ao)M — Fj(y, Ao) M)

S a(Fl(yv AO)M) + a(F’LIL(y3 )‘O)M> = a(Fl(yv AO)M)

The similar arguments give the inequality a(F’(y, \o)M) < a(F.(y, o) M).
Hence, a(F'(y,A\o)M) = a(F,(y,A\o)M) and the required inequality takes the

form

a(G(M)) < (e +e)al(F,(y, o) M).
To prove the last inequality, assume the contrary. Then there exists ¢ > 0
such that for every ¢ > 0 there exists a set M C Bs(y) X (Ao — J, Ao + §) such
that the inequality

a(G(M)) = (¢ + e)a(F,(y, \o) M)
is valid.
Let a(F)(y,A\o)M) = dy. By the definition for any small §; > 0 the set

F/(y,A\o)M can be covered by a finite number of subsets Fé(y,)\o)l\z, i =
1,...,k with diam(F}(y, \o)M;) < do + d1. Moreover, as M is relatively com-
pact in C,(R™) X (Ag — d, Ao + 9) and the function B is uniformly continuous on

V x (Ao — 8, Ao + 6), the cover can be chosen such that
|B(ta u(t)’ u/(t)v >‘1) - B(t’ U(t), u/(t)v )‘2)| < d2
for any small d5 > 0 and for all (u, A1), (v, A2) € ]\Z, t € [0,w]. Hence

1G(u, A1) = G0, A2)llo < 62 + e[| Fy(y, Ao) (u = v)lo
< 6y + - diam(F(y, Ao)M;) < 65 + c(do + 61).
Since (u, A1), (v, A2) are arbitrary points in M;, we have
diam(G(]\Z)) < 02 + cdp + ¢by.
The inequality is valid for every subset ]\Z, i=1,...,k, therefore

a(G(M) < §y + edy + ¢dy.

We choose constants §; and d2 such that o + ¢d; < edg. Then

a(G(M) < (¢+ €)dp.

This contradicts the assumption a(G(M)) > (c+e)a(F)(y, \o)M) = (c+¢)dp.O
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5. Evaluation of the index of the solution set of equation (4.2).

In this section we evaluate the index of the solution set on Wy ,, of equation
fulz,1)=0.
Let a(t,uy,uz,v1,v2,1) = a1(t,u1,v1). We rewrite equation (4.17) in the
form
ai(t,z(t),z'(t)) =0, te0,w].
We call the problem

(5.1) ar(t,a(t) 2 () =0, tel0.w],
(5.2) 2(0) = 2(w),

a periodic boundary value problem. If the solution x satisfies the condition
(5.3) 2(0) = o (w),

it is said to be periodic. Such a solution z(t) can be extended to an w-periodic
function in C'(R,R"). Notice that not any solution of periodic boundary value
problem (5.1), (5.2) is a periodic solution.
We consider the family of boundary value problems
al(tax(t)vx/(t)) =0, te[0, ],
(54)\) ) — z(0
20) =20 _ oy e (0,11,
Aw

Define the set

W) = {z € C*([0, \w],R™) : (t,2(t),2'(t)) € Vp for all t € [0, \w]}

and maps

)W) — C([0, w],R™), x — a1(t,x(t),z'(t)),

z(Aw) —z(0
1L(A\): W(N) — R”, — %
Then the family of operator equations

(5.5x) (1 (A), LL(A) () = (0,0).

is equivalent to the family of periodic boundary value problems (5.4y).
We state the main result of this section.

THEOREM 5.1. Let the continuous function ay(t,u,v) satisfy the following
conditions:

(A1) for any point (tg,up,vo) € Dy there exists a neighbourhood where the

and

function ay has continuous derivatives a' ,,, a\ ,

det a} ,(to, uo,vo) # 0,
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(A2) every solution x € W of (5.1), (5.2) satisfies condition (5.3),
(A3) boundary value problems (5.45) do not have solutions on the boundary
of W(A) for all A € (0,1];
(A4) the nonoriented degree for the map d:Q — R™, d(u) = a1(0,u,0), is
well-posed on the set & = {u € R": (0,u,0) € Vp}.
Then the index of the solution set of equation (4.5)) is well-posed for each \ €
(0,1] and

ind2(f¢d( ) 1)» Wo,ws O) = indQ((fl()‘)a ll()‘))a W(/\)’ O) = deg2(d, Q, 0)'

We separate the proof of the theorem into some lemmas. Introduce the

notations:

Cw([ovaRn) = {x(t) € C([Qw],R") : I(O) = CU(W)}a
CL([0,w],R™) = {z(t) € C*([0,w],R"™) : 2(0) = x(w), 2'(0) = 2/ (w)}.

We assume that CL([0,w], R") = CL(R") and W,, = W N CL([0,w],R™).

LEMMA 5.2. Let the function a1 satisfy all conditions of Theorem 5.1. If
y € C,(R™) is sufficiently close to zero, every solution x € Wy of the equation

(5.6) ar(t,z(t),z'(t)) =y(t), te[0,w],
which satisfies (5.2), belongs to W,,.

PROOF. Suppose the contrary, i.e. for every index k there exists yi € C,,(R™)
such that ||yx|| < 1/k, and xp, € W which is a solution of the equation

ar(t,z(t), 2’ (t)) = yk(t),

satisfying x(0) = z(w), 2'(0) # 2’'(w). Repeating the arguments of Lemma 4.2,
it is easy to show that the set of solutions xy(t) is precompact. So, without loss
of generality we may assume that the sequence {x;} converges in C*([0,w], R")
and its limit is xg. It is clear that z is a solution of (5.1), satisfying (5.2).
Note that the function a (0, u,v) — w satisfies the conditions of the Implicit
Function Theorem (see [15]) with respect to v in some neighbourhood of the
point (ug,vo, wo) = (20(0),25(0),0). Therefore the equation aq(0,u,v) —w =0
has a unique solution v = v(u,w) near the point (ug,wp) and vy = v(ug, wo).

However, since
a1(0,2x(0), 23,(0)) = yx(0),  a1(0,24(0), 2% (w)) = yx(0)

and z(0) — z0(0), z},(0) —
(2£(0), 73,(0), yx(0)) and (zx(0),
sufficiently close to (z¢(0),z((0),0). The contradiction proves the lemma. O

(0), z}(w) — z((w), yx(0) — 0, as k — oo, then
). (w), yx(0)) are different solutions, which are



70 V. T. DMITRIENKO V. G. ZVYAGIN

We introduce the maps

e Cl([ovaRn) - C([va]an)ﬂ f(m>(t) = al(t7x(t)7x/(t)>v
1:CY([0,w], R™) — R", xHM
w
LEMMA 5.3. Let the function a1 satisfy the conditions of Theorem 5.1 and
xo € Wow be a solution of (5.1). The point zo is a regular point for f,(-,1) if

and only if it is a reqular point for the map (f,1).

PROOF. An arbitrary function z € C*([0,w], R") can be uniquely extended

as z(t) = Z(t) + 21t + 29t% with 7 € CL([0,w], R™), 21,22 € R™:
— / — ’ )
L a0 F@ ) e 20
w 2 2w

The above extension gives the natural isomorphism p;:

p1: CH([0,w],R™) — CL([0,w], R™) x R™ x R™.
Analogously the function y € C([0,w],R™) can be extended as y(t) = y(t) + y1t
with 7 € C,,([0,w],R™), y1 € R™ : y; = (y(w) — y(0))/w. This gives the natural
isomorphism
po: C([0,w],R™) — C,([0,w], R™) x R™.
The map (f,1) is regular at the point z, if the Frechét derivative (f'(zo),1) is
an invertible operator. This operator is invertible if the operator

L = (po, 1)~ (f'(z0),1)-p1 '+ C4(10,w], R") x R" x R" — C,,([0,w], R") x R" x R"

is invertible. So it is sufficient to prove that the linear operators L and L, =
fL(x0,1) are invertible simultaneously.
We introduce the projector

m: Cu([0,w], R™") X R" x R"™ — C\,([0,w],R™) x R" x R™,
7(Z, 21, 22) = (%,0,0).

Note that 7 - L(%Z,0,0) = L(z,0,0) = L,(z) and (I — =) - L(Z,0,0) = 0 for all
z € C1([0,w],R™). Then

(5.7) L:(LO” (Ij'ﬂf.L).

Hence, if L is invertible, then the map L,, is invertible too.

Let the map L, be invertible. From (5.7) it is clear that the invertibility of
(I —m)- L: {0} x R™ x R® — {0} x R™ x R™ implies the invertibility of L.

The matrix of the map (I — ) - L is

(f&(lwo) wf&(fvo);; 2f,(xo) ) ’



INDEX OF SOLUTION SET 71

where f!(x0), f/(x0) are defined similarly to the maps F,, F) from the proof of
Lemma 4.3. Due to the hypothesis of our lemma we have:

ror (Fule0) Wiz +202w0) _(Fulwo) 271(w)
I Tw Tw 0
= 2(—1)" det (o) £ 0.
Consequently the operator (I — ) - L is invertible and therefore the operator L
is also invertible. The lemma is proved. O

The above statements allow us to evaluate the nonoriented index of the so-
lution set for the equation (f,1)(z) = (0,0) instead of the equation f,(x,1) = 0.

To compare the values of the index for different A, we consider a new family
of boundary value problems

@ (At,y(t),iy’(t)) —0, tel0,w], Ae(0,1],

y(w) —y(0)

(5.83)
=0.

Denote by V() the set

V(A ={(t,u,v) € 0,w] x R" x R™ : (At,u,v/\) € Vo }

and by W) the set
Wy = {y € C*([0,w],R") : (t,y(t),y'(t)) € V(A), for all t € [0,w]}.

Let

PO = C0LRY, 5 o (Ao, 3 0)
Then the operator equations
(5.9) (@(A),D(y) = (0,0), A€ (0,1],
are equivalent to the boundary value problems (5.8)).

LEMMA 5.4. Let the function ay satisfy conditions (A1’), A3 of Theorem 5.1.
Then for every A € (0,1] the index of the solution set of equation (5.9)) on Wy
is well-posed, the values of the index for all A are equal to each other and

(5.10) inda((f1(A), 11 (A)), W(A),0) = ind2((2(N), 1)), W2, 0).
PROOF. Since

(a1 (AL, u,v/A))y = (1/N)aq (AL, u,v/X),
deta) ,(Mt,u,v/X #0 at (M,u,v/\) € D,

then similarly to Lemma 4.3 we can prove that for every fixed A € (0, 1] the map
(®(N),1) is Fredholm on some neighbourhood of each solution y of (5.8)).
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The index of the solution set of equation (5.9,) on the set W is well-posed if
the equation has no solutions on the boundary of Wy. Note, that the substitution
t = A7 in z(t) gives y(7) = (A7) and equation (5.5)) transforms into (5.8y),
every solution z(t) of the first equation corresponds to a solution y(7) of the last
equation. Moreover, W () transforms into Wy. By (A3) equation (5.5) has no
solution on the boundary of W (\), this implies that (5.8)) also has no solution
on the boundary of Wy. Therefore the index of solution set inda((®(N),1), Wi, 0)
is well-posed for every A € (0, 1].

Without loss of generality we assume that (0,0) is a regular value of the
Fredholm map (®(\),!) on some neighbourhood of the solution set of (5.8y).
Then the number of solutions of equation (5.8y) is finite and its residue class
mod 2 is equal to the index of solution set inds((®(A), 1), Wy, 0). Equation (5.55)
has the same number of solutions and its residue class mod 2 is equal to the
index of solution set inda((f1(A),11(N)), W(A),0). Hence, for all X € (0,1],

ind?((fl(A)v l1(>‘))7 W()\),O) = lnd?(((I)(A)’l)a WMO)'

The domain W) is transforming continuously while A changes. The contin-
uous map (®(\),1) determines the continuous homotopy of ®,C!-maps on some
neighbourhood of the solution set of each equation (5.8y,), Ao € (0,1], for A
sufficiently close to A\g. Then from the definition of the index and the homo-
topy invariance property for Fredholm maps we get coincidence of the indices
inda ((®(N),1), Wy, 0) with different A € (0, 1]. O

For A = Ao € (0,1], sufficiently small, we consider the family of boundary

value problems

ai(t,z(t),2'(t)) =0 for t € [0, \ow],
z(nAow) — z(0)

(5.11,) how 0 forne (0,1],
2'(0) =0 for n =0,
on W(Xg). We consider
. M if n € (0, 1],
l2(n): W (ko) = R", la(n)x = nAow
z'(0) if n=0.

We obtain the family of operator equations

(5.12y) (f1(Xo),l2(m))(x) = (0,0), ne€0,1].

LEMMA 5.5. Let the function ay satisfy conditions (A1’), (A4) of Theo-
rem 5.1. Given Ao, sufficiently small, the index of the solution set of each equa-
tion (5.12y) is well-posed on W (Xo), the values of the index coincide for all
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n € [0,1] and the equality
(5.13) inda((f1(Ao),l2(n)), W (o), 0) = degy(d, ©2,0)
holds, where d: Q2 — R", d(u) = a1(0,u,0) and @ = {u € R": (0,u,0) € Vy}.

PRrROOF. Repeating arguments of the proof of Lemma 4.3, it is easy to show
that the map (f1(\o),l2(n)) is the ®oCl-map on some neighbourhood of the
solution set of equation (5.12,) for all n € [0, 1], moreover this map is continuous
in 7.

Applying Lemma 4.2 to the equation

(5.14) ai(t,z(t),z'(t)) = 0,t € [0, \ow],

it is easy to show that the set of solutions (x,7n) of the family of equations (4.12,)
is compact in W(\g) x [0, 1].

Let us show that equation (5.12,,) has no solutions on the boundary of W (\g)
for n = 0, and so, for n sufficiently small.

If n = 0, we get the initial-value problem

ai(t,z(t),2'(t)) =0, te[0,\w],
2'(0) =0.
If ¢ = 0, we have the equation
(5.15) a1(0,u,0) = 0.

By virtue of (A4) of Theorem 5.1 it has no solution on the boundary of .

Let ug be a solution of equation (5.15). Using the Implicit Function Theorem
(see [15]) for the equation aq(t,u,v) = 0 on some neighbourhood of the point
(0,ug,0), we obtain a continuous function v = v(¢,u) with continuous deriva-
tive v),. Then the equation (5.14) in the neighbourhood of the point (0, ug,0)
is replaced by the equation z’/(t) = v(t,x(t)). It has the unique solution z(t),
satisfying the initial condition z(0) = ug. For ¢ from some segment [0,¢;] the
points (¢, z(t), z'(¢)) are contained in Vj and they do not belong to the boundary
of V.

As Vj is bounded and (¢, z(t),2'(t)) € V, for all ¢t € [0,¢1], then 2/(¢) is
bounded. For every solution u of (5.15) the initial values (0, u,0) are contained
inside Vj, so for every ¢ in some interval [0, ¢1] all points (¢, z(t), z'(t)) are con-
tained inside V; for every solution z(t) to (5.12,) corresponding to n = 0.

If Ao < t1/w, the equation (5.12,) has no solutions on the boundary of W (o)
for n = 0, and therefore for small 7, i.e. for n € [0,70].

Let us choose A9 = min{t; /w,no/w}. It is easy to see, that equations (5.12,,)
for n € [0,1] have no solutions on the boundary of W(\g). Then for every
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equation the index of solution set is well-posed on W () and these indices are
equal. Hence

inda((f1(Ao), 12(n)), W(Xo),0) = inda((f1(Ao), 12(0)), W(Ao), 0).

Without loss of generality we assume that 0 is a regular value of the map
(f1(X0),12(0)), considered on some neighbourhood of the solution set of the equa-
tion (5.12,)) for n = 0. We also assume that 0 is the regular value of the map
d on €. Then the equation (5.15) has a finite number of solutions wy,... ,us.
Each solution u; determines a unique solution x;(¢) of equation (5.14), such that
2;(0) = u;. The choice of )y allows us to extend the solution on the segment
[0, Aow] and (¢, z(t),z'(t)) € V; for all ¢ € [0, Aow]. Hence, equations (5.15) and
(5.12,) at n = 0 have the same number s of solutions. By the definition of the
index of a solution set and the nonoriented degree of Fredholm maps of a zero
index we have

inds ((f1(Xo),12(n)), W(Xg),0) = s(mod 2), degy(d,,0) = s(mod2).
The lemma is proved. O

To complete the proof of Theorem 5.1, let us write down the equalities for
indices of the solution set that we have obtained above:

ind2(fu(+,1), Wo,w,0) = inda((f1(A),l1(N)), W(A),0)
= indz((f1(Ao),11(A0)), W (o), 0
((f1(X0),12(1)), W (o), 0)
= inda((f1(Xo), 12(0)), W(Xo),0) =

Theorem 5.1 is proved. O

)

= ind2

deg,(d, ©2,0).

6. Existence of periodic solutions of equation (4.1)

Now we are in position to present the main result of this paper. We suppose
that the differential equation

ao(t,z(t), z(t — 7),2'(¢),2'(t — 7)) = bo (¢, x(t), z(t — 7),2'(t), 2" (t — 7))

is contained in the family of equations

(4.1)) a(t,z(t), z(t—7),2'(t), 2’ (t—7),A) = b(t, z(t), x(t—7),2'(t), 2’ (t—7), \).
THEOREM 6.1. Let the continuous functions A(t,u,v,\) and B(t,u,v,\)

satisfy the following conditions:

(A1) for any Ao € [0,1] and (tg, ug,vo) € D there exists a neighbourhood of

(to, uo, vo, Ao) where the function A(t,u,v,\) has continuous derivatives
A, Al AL and det A (to, wo, v, Ao) # 0,
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(B1) for any Ao € [0,1] and (to,uo,v0) € Dy, there exists an € > 0 such that
|B(to,w,v, \) — B(to,u,v,\)| < c|A (to,un,v0, No)(v — D)

for all X : |\ — Xo| < &, and (to, u,v), (to,u, V) from the e-neighbourhood
of (to,uo,v0), where ¢ < 1 is a constant,

(C1) the equations of family (4.1x), A € [0,1] do not have solutions on the
boundary of Wy,

(A2) every solution x € Wy of (5.1), (5.2) satisfies condition (5.3),

(A3) the boundary value problems (5.4)) do not have solutions on the bound-
ary of W(\) for all X € (0,1],

(A4’) the non-oriented degree on the set Q = {u € R" : (0,u,0) € Vy} for the
map

d:Q—R" d(u)=ai(0,u,0),

differs from zero.

Then equation (4.1) has at least one solution of Wo_,.

ProoF. The existence of w-periodic solution for equation (4.1) is equivalent
to the solvability of operator equation (4.2)

fo(z) — go(x) = 0.

From Theorems 4.1 and 5.1 it follows that in conditions of Theorem 6.1 the index
of the solution set inda(fo — go, Wo,w, 0) of equation (4.2) is well-posed, and using
the homotopy invariance property of the index, we obtain the following equality

indz2(fo — g0, Wo,w,0) = inda(fu (-, 1), Wo ., 0)
= ind2((f1(A), 11 (N)), W(A),0) = degy(d, 2,0).
From assumption (A4’) we have deg,(d, 2,0) # 0, and therefore
inda(fo — g0, Wo,w,0) # 0.

Now applying Property 2.5 of the index of the solution set we obtain that equa-
tion (4.1) has at least one solution in Wy, and the conclusion of the theorem
follows. O

REMARK 6.2. If we have
(6.1) a(t,z(t),x(t —7),2' (), 2 (t — 7),1) = ar(x(t), 2/ (1)),

then condition (A1) implies condition (A2), therefore we can exclude condition
(A2) from the hypotheses of the theorem.

Applying the Implicit Function Theorem in some neighbourhood of the graph
of any solution x(¢) of problem (5.1)-(5.2) we can rewrite this equation in the
form '(t) = ¢(x(t)). Therefore condition (5.3) is fulfilled.
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REMARK 6.3. It may be conjectured that if equality (6.1) holds, condition
(A3) is superfluous among assumptions of the theorem.

ExaMpPLE. We consider the existence of w-periodic solutions of the differen-
tial equation

(6:2) u(l+ (y"(0)")y" () = (¥' ()" = 2y(t)
= (p(tv y(t)v y(t - 7)7 y/(t)v y/(t - 7)7 y//(t)a y/,(t - T))
Let the continuous function ¢ be w-periodic with respect to the first variable
and satisfy the following conditions
(a) for all (t,u1,us,v1,v2) € [0,w] x[-1/2,1/2] x [-1/2,1/2] x [-M1, M;] X

[— My, M) with M, = 2Y/6tg(27/6/u'/3) and any wy,ws, W1, Wy € R

such that |w1|, |w2\, ‘wl‘, ‘EQ‘ < Ms+6,6 >0, My = (]\4112 + 2)1/3//_L1/3,

the following inequality holds

|Q0(t7 uy, U2,v1, V2, W, w?) - @(L u1,uU2,v1, UQ,El,EQ”
< C(|U)1 —w1| + |U}2 _EQD
where ¢ < ¢g = min{1,2u} is a certain constant,

(b) for any (¢,u1,uz,v1,v2,w1,w2) such that ¢ € [0,w], |u,ug| < 1/2,
1], [va| < My, |wil, Jwa| < Mo

|§0(t,U1,U,27U1,U2,w1,IU2)| <1

Applying Theorem 6.1 we shall show that equation (6.2) has an w-periodic
solution y(t) such that

(t,y(t),y'(t),y"(t)) € R x [-1/2,1/2] x [-M7, My] x [—Ma, My]

for all t € R.

Reduce equation (6.2) to the system of first order differential equations in
the following way. Let x1(t) = y(¢), z2(t) = ¢/ (¢) and z(t) = (21(t), z2(t)). Then
the above-mentioned system has the form

(1) — x2(t) = 0,
(6.3) (1 + (25(1)))h(t) — (22(8))'? — 221(t)
— (a1 (1), (t — ), @ (8), wa(t — 7), @(8),wh(t — 7).

Introduce the notations

u=(u,uz), v=(vy,v2), U= (U1,U2), U= (1,02),
ao(u,v) = (v1 — ug, p(1+ v3)vy — uz” — 2uy),

bO(ta U,ﬂfl},ﬁ) = (07 w(t7ul7ﬂlau25ﬂ27 /U2562))'
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Then system (6.3) can be rewritten as the equation
(6.4) ao(z(t),2'(t)) = bo(t,x(t), x(t — 7),2' (), 2’ (t — 7)).
Denote by Vj the set
Vo = {(t,u,v) € [0,w] x R2 x R?: |u1| < 1/2, |ug|, |v1]| < My, |va| < Ma}.
Consider the following family of differential equations
(6.4) ao(x(t), 2’ (t)) = Noo(t, z(t), x(t — 7),2'(t), ' (t — 7)).

For the sake of simplicity we assume 7 = w/2. Then the maps the A and B
have the form

V1 — U2
14+ v2)vy —ud? — 2u
A(u,w,v,7) = ue 222 2 ' ;
V1 — Uy
(1 + v3)vs — us* — 2wy
0
t,uy, Uy, U2, Us, Vo, U
B(t,u,u,v,0) = Plt w, T (? 2,02, 2))

gO(t7ﬂ1,’U,1,ﬂ2, UQ,EQJUQ)

Let us show that the system of equations (6.3) satisfies all conditions of Theorem
6.1 on an appropriate domain.

(1) The function A has continuous derivatives A}, A’:

1 0 0 0
W 0 p(l+3v3) 0 0
0 0 1 0 ’
0 0 0 u(1+ 303)

det A}, ;= pi* (1 + 3v3)(1 + 303) # 0.
(2) For all (¢,u,u,v,v), (¢, u,u, w, w) the inequality
|B(t7 U, U,v, @) - B(tv U, U, w7w)‘

= |S0(t7U1,ﬂ17U2,ﬂ271}2,@2> - @(t7u17ﬂ17u27ﬂ27w2aﬁ2)|

< c(jvg —wa| + [U2 — W2) < 2¢|(v, w) — (v, W)],
holds. Moreover, for any v,7 € R? and w,w € R? we have

|4, 5(e, @) (v —w, 7 — )|
= [(v1 = wi, p(1 + 3€3) (v2 — w2)), (U1 — W1, (1 + 3€3) (T2 — Wa))|

> CO|(U’w) - (E’E)L
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where ¢y = min{1,2u}. Therefore

v,U

2
|B(t,u,w,v,7) — B(t,u,0,0,®)| < | A, 5(e,e)(v —w, v — W)
Co

for all (¢,u, @, v,v), (¢, u,u, w, W) € V and 2¢/cy < 1.

(3) Notice that on the domain Q = {u € R? : |uy| < 1/2, |ua| < M1} the

map
d:Q — R?  d(u) = (—ug, —us® — 2uy),
is invertible and d(0) = 0. Therefore deg,(d,2,0) = 1.

(4) We shall show that equations (6.45), A € [0,1], have no solutions on the
boundary of Wy ,,. Moreover, we shall show, that the boundary value problems
(5.4,) have no solutions on the boundary of W(\) for all A € (0,1].

Assume that the graph of a certain solution (z1(t), z2(¢)) attains the bound-
ary Vo at a point to. Then either |zq(to)| = 1/2, or |x2(to)| = |z} (to)| = M, or
|z2(to)] = Ma. We consider each case separately.

Let |z1(to)] = 1/2, then to is a point of a local extremum of the function
z1(t). If tg € (0,w), then 2/ (to) = x2(to) = 0. As z1(¢) is a solution of equation
(6.45), at the point to we have

(1 + (21 (t0))*)aY (to) — 2a1(to)
= )\(p(t(], .’El(to), iEl(t() — w/2), 0, (E/l(t() — w/2), 1'/1/(t0)7 xll/(t() — (.U/2))

Hence, if x1(to) = 1/2, then p(1 + (271(0))?)2z"1(to) > 0 and 2”1 (to) > 0,
what is impossible, since the point t¢ is a maximum point of the function. For
x1(tg) = —1/2 we have x//(t9) < 0, that also leads to a contradiction.

If tg = 0 or tg = w, the condition 2} (0) = 2/ (w) is fulfilled only in the case
21 (0) = 2 (w) = 0. Otherwise in some neighbourhood of either 0 or w there are
values tg € (0,w) such that |z1(to)| > 1/2, and then x ¢ Wy. The case 2 (to) =0
is considered above and leads to a contradiction.

If to = 0 or tg = w the requirement 2 (0) = 2/ (w) is fulfilled only in the case
24 (0) = 2f (w) = 0.

Let |2} (tg)] = |z2(to)] = My. From the condition z1(0) = x1(w) we get the
existence of a point t* € (0,w), such that z}(¢t*) = 0. Let us consider one of the
possible cases z(to) = My, to > t* and x| (¢) > 0 on [to,t*]. Since z1(t) is a
solution of equation (6.4y), then

plaf (OF < p 1+ (@7 (0))]ef ()] < (@5()" + 2021 ()] +1 < (1) + 2.
Therefore |27 (t)] < (1/p'/3) (|} (£)))* + 2/3). Further,

1
-z (t) < m(|$/1/(t)|)+21/3)7
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a1
S ON +275 =
B 1

RO

Integrating over the interval [to, t*], we obtain

EAOLAQ) L
/to )t + 2 < s ) — i),

zito)  gds 1
) st +21/3 < i3’

1 " (t 1
——— arctan (xl( 0)> <

27/6 21/6 Ve

We get a contradiction, since o (to) = My = 21/6tg(27/6/u1/3).

The case 2 (to) = —M; and another disposition of the point t* with respect
to the point tg can be investigated analogously and lead to a contradiction.
Hence |z} (t)] = |z2(t)] < M; for all ¢.

From equation (6.4)) and the estimates |z1(¢)| < 1/2, | (t)] = |z2(t)] < My,
|| < 1 we obtain the inequality

plz{ (01 < p(1+ (@] (1)*)]2f (1) < (@) ()2 + 20 ()] +1 < Mi? +2.

Hence |z,”(t)| < (M}2 +2)Y/3/u/3 and the equality |z5(to)| = |27 (to)] = My is
impossible.

Thus we have shown that conditions (C1), (A3) of Theorem 6.1 are satisfied.
From Remark 6.2 it follows that (A2) is satisfied. From Theorem 6.1 it follows
that equation (6.2) has an w-periodic solution.
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