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MULTIPLE NONTRIVIAL SOLUTIONS
OF ELLIPTIC SEMILINEAR EQUATIONS

KANISHKA PERERA — MARTIN SCHECHTER

ABSTRACT. We find multiple solutions for semilinear boundary value prob-
lems when the corresponding functional exhibits local splitting at zero.

1. Introduction

In his studies of semilinear elliptic problems with jumping nonlinearities, Céc

[2] proved the following

THEOREM 1.1. Let  be a bounded domain in R™, n > 2, with smooth
boundary 0. Let0 < A\g < ... < A\ < ... be the sequence of distinct eigenvalues
of the eigenvalue problem

—Au=Xu in S,

1.1
(1.1) u=20 on 0N.

Let p(t) be a continuous function such that p(0) =0 and

p(t)/t —a ast— —oco and p(t)/t—b ast— oo.
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Assume that for some k > 1, we have a € (Ap—1, k), b € (Mg, Akt1), and the
only solution of

(1.2)

—Au=but —au™ inQ,
u=0 on 0f,

is u = 0, where u* = max[+u,0]. Assume further that
—p(t
(1.3) sz()§u<)\k+1, s,t e R, s#t.
5 —

Assume also that p'(0)exists and satisfies p'(0) € (Aj_1,A;) for some j < k.
Then

(1.4)

—Au=p(u) inQ,
u=20 on 052,

has at least two nontrivial solutions.

This theorem generalizes the work of Gallouét and Kavian [7] which required
Ak to be a simple eigenvalue and the left hand side of (1.3) to be sandwiched
in between A\;_; and Ax41 and bounded away from both of them. Céc proves a
counterpart of the theorem in which the inequalities are reversed.

In the present paper we generalize this theorem and its reverse inequality
counterpart by not requiring p(t)/t to converge to limits at either +oo or 0.
Rather, we work with the primitive

F(z,t) ::/O flz,s)ds

and bound 2F(x,t)/t? near 400 and 0 (we replace p(t) with a function f(z,t)
depending on z as well). Our main assumptions are

(1.5) tlf(w,t1) — flz,to)] <a(t™)> +b(tT)?, t; €R, t =t —tg,
(1.6) ag(t™)2 +bo(tT)? < 2F(x,t) < ay(t7)* + b1 (tT)?, |t| <o

for some 0 > 0,
(1.7) ag(t™)? + bo(tT)? — Wy (x) < 2F(2,t), |t| > K

for some K > 0 and W; € L'(Q), where the constants a, ag, a1, az,b, b, by, bz
are suitably chosen (they include the cases considered by Céc). The advantage
of such inequalities is that they do not restrict the expression 2F(x,t)/t? or
f(x,t)/t to any particular interval. Special cases of our theorems were proved
by Li-Willem [9]
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2. Statement of the theorems

Let Q be a smooth, bounded domain in R™, and let A be a selfadjoint operator
on L?(Q). We assume that

(2.1) C(Q) € D := D(|A]Y?) c HT?(Q)
holds for some T' > 0 (T need not be an integer), and the eigenvalues of A satisfy

D<A <. ...< A<
We use the notation

a(u,v) = (Au,v), a(u)=alu,u), wu,v€ D.

Let f(x,t) be a Carathéodory function on Q x R. This means that f(z,t) is
continuous in t for a.e. x € {2 and measurable in x for every t € R. We assume
that the function f(z,t) satisfies

(2.2) |f(z, ) SO(t|+1), z€Q, teR.
We define
lullp = [|AYu],
t
F(x,t ::/ f(x,s)ds,
23) @) = [ 1)

Glu) = ||uH2D—2/QF(x,u)dx.

It is known that G is a continuously differentiable functional on the whole of D
(cf. [17, p. 57]) and

(G'(u),v)p = 2(u,v)p = 2(f(u), v),

where we write f(u) in place of f(z,u(z)). In connection with the operator A,
the following quantities are very useful. For each fixed positive integer ¢ we let
N, denote the subspace of D spanned by the eigenfunctions corresponding to
Ao, ..., A, and let M, = N; N D. Then D = M; ® Ny. For real a, b we define

I(u, a,b) = (Au,u) — allu | = bllut|?,

(
)
)
) =sup{I(v+ w,a,b): v € N},
)
)
)

Fio(w,a,b

Foy(v,a,b) =inf{I(v+ w,a,b): we My},
My(a,b) = inf{F(w,a,b): we My, |w|p =1},
me(a,b) = sup{Fap(v,a,b) : v € Ny, |v||p =1},
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ve(a) = sup{b: My(a,b) = 0},
pe(a) = inf{b: my(a,b) < 0}.
Our first result is

THEOREM 2.1. Assume that for some integers | < m the following inequali-
ties hold.

(24)  t[f(z,t1) — f(z,to)] <a(t)2+ bt t; €R, t =1t —to,
where b < Ty, (a).

(2.5) ao(t™)2 +bo(tT)? < 2F(2,t) < a1 (t7)* + b1 (t1)?, |t <9,

for some § > 0, with ag, by < \i11, a1,b1 > N, b > pi(ag), and by < vi(a1).
(2.6) as(t7)? + bo(t)? = Wi(z) < 2F(x,1), [t > K,

for some K >0, where ag,by < A1, ba > pm(az), and Wy € LY(Q). Then the
equation

(2.7 Au= f(z,u), uweD
has at least two nontrivial solutions.
In contrast to this we have

THEOREM 2.2. Equation (2.7) will have at least two nontrivial solutions if
we assume that for some integers | > m the following inequalities hold:

(2.8) tlf(z,t1) — flz,to)] > a(t)> +b(tT)?, t; €R, t =1t —to,

where b > v, (a),

(2.9) ag(t™)? +bo(tT)? < 2F(x,t) < a1 (t7)? +b1(tT)?, |t <4,

for some 6 > 0, with ag, by < A\i4+1, bo > wi(ag) and ai,by > A, by < vi(ay),

(2.10) 2F (z,t) < ap(t™)? +ba(tT)? + Wa(z), |t| > K,

for some K >0, where as, by > A\, by < vy (az) and Wy € LY(Q).
Immediate consequences of these theorems are

COROLLARY 2.1. Assume that for some integers | < m the following in-
equalities hold:

(2.11) tlf(z,t1) — flz,to)] < at?, t; €R, t =1, —to,
where a < Apm+1,

(2.12) apt? < 2F(z,t) < ait?, |t| <9,
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for some § > 0, with \j < ag < a3 < Aj41,

(2.13) agt? — Wi (z) < 2F(x,t), |t| > K,

for some K > 0, where ay > A\, and Wy € L*(Q). Then the equation (2.7) has
at least two nontrivial solutions.

COROLLARY 2.2. Equation (2.7) will have at least two nontrivial solutions
if we assume that for some integers | > m the following inequalities hold:

(2.14) tlf(z,t1) — f(z,t0)] > at?, t; €R, t =11 — to,
where a > A\,
(2.15) aot? < 2F(z,t) < art?, |t| <9,
for some § >0, with \j < ag < a1 < \j11,
(2.16) 2F (2,1) < ast® + Wa(x), |t| > K,
for some K >0, where ay < A\py1 and Wy € LY(Q).
It was shown in [15] that the functions ~;, p;, v—1, I'1—1 all emanate from
the point (A\;, A;) and satisfy
[1(a) < vii(a) < wa) < yila)

on their common domains. It would therefore give a weaker result if we assumed
in Theorems 2.1 and 2.2 that by > 7;(ag) and by < T';(a1). However, the functions
v;, I'; are defined on the whole of R, while the others are not. For cases in which

the other functions are not defined we state the following
TJIEOREM 2.3. Theorems 2.1 and 2.2 remain true if we assume that (2.5)

holds with by > ~y(ag), and by < T'j(a1) for some ag,a; € R.

3. Some lemmas

The proofs of the theorems of Section 2 will be based on a series of lemmas.

LeMMA 3.1. Ifb < T'(a), then there is an € > 0 such that
(3.1 I(w,a,b) > ellw||b, we M.

PROOF. By the continuity of I';, there is a ¢t < 1 such that b/t < T';(a/t).
Then,
a, _ b
Iw,a/t,b0) =l — S o™ |? = S22 0, we M
Therefore,

a, _ b
I(w,a,b) =t IIwII%*;IIw HQ*;IIWH2 + A =twlb > A -t)w|b. O
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LEMMA 3.2. If b > v(a), then there is an & > 0 such that

(3.2) I(v,a,b) < —¢llv||%, ©veEN.

PROOF. By the continuity of 7;, there is a ¢t > 1 such that b/t > v/ (a/t).
Hence,

a. _ b
f(vva/tb/t):Hvll%—;Hv HQ—;HUJ’HQSO, v e N,

and

a, _ b
I(v,a,b) =t IIUII%—EIIU HQ—;HUJFH2 +1=D|h <A =Dolp. O

LEmMA 3.3. If
(3.3) tlf(z,t1) — flz,to)] <a(t™)> +b(tT)?, t; €R, t=1t; —to,
then

(34) (G'(v+w)—G(v+w),w) > 2I(w,a,b), v,w; €D, w=wy —wp.

ProOF. We have
(f(@,v+w1) = f@,v +wo),w) < allw™||* + blw™|*.
Hence,
(G'(v+w1) — G'(v+ wp),w)/2
= ||lw||% — (f(z,v+w1)— f(z,v+wo),w) > I(w,a,b). O

LEMMA 3.4. If f(z,t) satisfies (3.3), and b < T',,(a), then there is a contin-
wous map @ from Ny, into M, such that
(3.5) J() =G+ pv)) = wIél]l\/I[l G +w) € CYNyu,R), v &Ny,
and

(3.6) J'(v) =G (w+¢), vENpy.

PROOF. In view of Lemmas 3.1 and 3.3, we have
(G'(v+wy) — G'(v+wp),w) > ellw||?, weE M,.

We can now apply a well known theorem of Castro [3] to arrive at the conclu-
sion. g
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LEMMA 3.5. If, in addition,
(3.7) ao(t™)? +bo(tT)? < 2F(x,t), |t <0,

for some 6 > 0, with ag,bg < Ai41, bo > wi(ag), | < m, then there are € > 0,
r > 0 such that

(3.8) J(v) < —¢|v||3, v €N NB,,
where B, ={u € D : ||u||p <r}.
PROOF. Let ¢ be any number satisfying
2 <qg<2n/(n-2T), 2T <mn,
2 <q< oo, n < 27.

It was shown in Schechter [16] that there is a continuous map 7 : N; — M; such
that

(3.9) T(sv) =s7(v), $>0,

(3.10) I(v+7(v),a0,bo) = lg]\f/[ I(v+w,ag,bo), vE€E N,
weM;

(3.11) I7()llp < Cllvllp, veN.

Then, for u = v + 7(v), we have by (2.2)

J(v) < G(u) < I(u,agp,by) —|—/ [ao(u™)? + bo(u™)? — 2F (2, u)] dx

|u|>0

< Fy(v,a9,bp) + C |u|? dx
|u|>8

< mu(ao, bo) 0[5 + o([lvl5) < —ellvllh,
for r sufficiently small (cf. [17], p. 159-160). O
LEMMA 3.6. Assume that
(3.12) a(t™)? +b(tT)? — Wy(x) < 2F(x,t), |t > K,

for some K >0, where a,b < Ap11, b > pm(a), 1 <m, and Wy € LY(Q). Then
there is a K1 < 0o such that

(3.13) J(v) < K.

If b > pm(a), then

(3.14) J(w) — —o0 as ||v]|p — oo.
PrOOF. For u =v+w, v € Ny, w € M,,, we have

G(u) < I(u,a,b) +C |ul? dz —|—/ Wi(z)dz < I(u,a,b) + K'.
|u] <K Q
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inf Glv+w) < ir}\fl I(v+w,a,b) + K’
weMm

wE M,

= Fom(v,a,b) + K" < m(a,b)|v]|5 + K.

If b > pip(a), then m(a,b) < 0. This proves (3.13). If b > up(a), then m(a,b) <
0. This proves (3.14). O

LEMMA 3.7. Ifl < m, and \; < a,b < A\,41, then there are continuous
functions £ : N,, N M; — N, n: N, N My — M, homogeneous of degree one
and such that, for y € Ny, N M,

(3.15) I(&(y) + n(y) +y,a,b) = sup inf I(v+w+y,a,b)
veN, wEMp,

= inf sup I(v+w+y,a,b).
oL sup ( y,a,b)

PrOOF. Let Ly(v,w) = I(v+w+y,a,b). Then L, is a strictly convex lower
semicontinuous functional in w € M,,, and strictly concave and continuous in
v € N;. By a theorem of Ky-Fan (cf. [6]), for each yo € N,,, N M there are unique
elements vo = £(yo) € Ny, wo = 1(yo) € M,, such that (3.15) holds, i.e., that

Ly, (v, wo) < Ly, (vo, wo) < Ly, (vo,w), v €& N;, we My,

The functions &, n are clearly homogeneous of degree one. To prove continuity,
let y; — yo in N; N M,,, and let v; = &£(y;), w; = n(y;). We note that the
functions v; and w; are bounded in D. For otherwise, it is easy to show that

I(v+w; +yj,a,b) 00 asj— oo, foranyve N,

I(v; + w+yj,a,b) - —oo asj— oo, foranywe Mpy,.

This would contradict (3.15). Thus there are renamed subsequences such that

v; — v, w; — w; in D. Since

I(v+wj + yj,a,b) < I(v; + wj +yj,a,b) < I(v; +w+yj,a,b),
for v € Nj, w € M,,, we have in the limit

I(v+ w1 4+ yo,a,b) < I(vy + w1 +yo,a,b) < I(vy +w+ yo,a,b),

for v € Ny, w € M,,, showing that v; = vg, w1 = wyp. Since this is true for any
subsequence, the result follows. O
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LEMMA 3.8. If
(3.16) 2F (x,t) < ay(t7)? +b1(tT)%, |t <0,

for some § > 0, with ai,by > N\, by <wvi(a1), | < m, then there are e >0, r >0
such that

(3.17) Jy+€w) >ellylp, vy € Naw M0 B,.

PrOOF. By Lemma 3.7 we have

3.18 inf T b)) = inf I b
(3.18) of (€(y) +y+w,a1,b1) pf s (v+y+w,a1,b),

for y € N,,, N M;. Then for y € (N,,, " M; N B,.) \ {0},

(3.19) J(E(y) +y) =GEW) +y+ ey +y))
> I(E(y) +y + o(€y) +y),a1,b1) — o(llyllH)
> b I(E(y) +y + w, a1, 1) — oflly]B)

= inf sup I(v+y+w,a1,b1) —o(|yllD)
wWEMm yeN;

> inf Mia,b)ly -+ wlh - ollylb)

= Mi(a.b)lyl5 — o(llyllD) = ellyllp- 0

LEMMA 3.9. Assume
(3.20) tlf(w,t1) — flz,to)] > a(t™)> +b(tT)?, t; €R, t=1t; —to.
Then
(3.21)  (G'(vi +w) — G' (v +w),v) <2I(v,a,b), vj,w€E D, v=uv; — vy
Proor. We have
(f(z, o1+ w) = f(z,v0 +w),v) = allv™||* + bllv™ >
Hence

(G (v1+w) =G (vo+w),v) /2 = [[oll — (f (2, v1+w) = f(z, v0+w),v) < I(v,a,b).
0

LeMMA 3.10. If f(z,t) satisfies (3.20), and b > v, (a), then there is a con-
tinuous map ¢ from M,, — Ny, such that

(3.22)  J(w)=Gw+y(w)) = max G +w) € CY M, R), w € My,

m

and

(3.23) J(w) =G (w+p(w)), we My,.
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PrOOF. In view of Lemmas 3.2 and 3.9 we have
(G'(v1 + w) — G'(vg + w),v) < —¢|v||3H, vE Np.
We can now apply the theorem of Castro [3] to obtain the conclusion. O
LEMMA 3.11. If, in addition,
(2.24) ao(t™)? + bo(tT)? < 2F(x,t), |t| <0,

for some § > 0, with ag,by < N1, bo > wi(ag), I > m, then there are ¢ > 0,
r > 0 such that

(3.25) Jy+ny) < —<llylh, yeNNM,NB,.

PRrROOF. For y € M,, N Ny, let w =y + n(y) € M,,. By (2.2),

(3.26) J(u) = Gu+p(u)) < I(u+(u), ao,bo) + o ||ulp)
< sup I(u+v,ag,bo) + of||u]|3)

= I(y +n(y) + £(y), ao, bo) + o(||ullh)
= sup inf I(y—i—v—&—w,ao,bo)—i—o(HuH%)

VEN, weM;
= sup Fy(y+v,a0,bo) + o(||ullp)
VEN,
< sup mu(ao, bo)lly + b +olllul) < —ellyllh
veENm
for r sufficiently small (cf. [17, p. 159]). O

LEMMA 3.12. If
(3.27) 2F (z,t) < ar(t7)2 +01(tT)%, |t <6,

for some § > 0, with ai,b1 > N\, by <wvi(a1), { > m, then there are e >0, r >0
such that

(3.28) J(w) > el|w||?, w € MNB,.

PRrROOF. We recall from Schechter [16] that there is a continuous map 6 :
M; — N; such that

(3.29) O(sw) =s6(w), s>0,

(3.30) I(0(w) + w,a1,b1) = sup I(v +w,a1,b1), weE M.
vEN;
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Thus,

J(w) = G(w+0(w), a1,b1) = I(w+ 0(w), a1,b1) — o(|[wl})

= sup I(v+w,a1,b;) — o(||Jw|)
vEN;

= Fyu(w,a1,b1) — o(|Jw||3)

> Mi(a1, by)llwl} — o(wlh) = elwlb
for r sufficiently small. d
LEMMA 3.13. Assume that
(3.31) 2F (z,t) < a(t™ )+ b(tT)2 + Wi(z), |t|>K

for some K > 0, where a,b > A\, b < vp(a), | > m, and Wy € LY(Q). Then
there is a K1 < oo such that

(3.32) J(w) > —K,, we My,
If b < vy(a), then

(3.33) J(w) — 00 as ||w|p — oo.
Proor. For u=v+w, v € N, w € M,,, we have
G(u) > I(u,a,b) — C |ul? do — / Wi(x)dx > I(u,a,b) — K'.
|lu|<K Q

Thus,
J(w) = sup G(v+w) > sup I(v+w,a,b) — K’
VEN,, VEN,

= Flm(waaab) - K/ 2 Mm(aab)”wHQD - K/'

If b < vp(a), then M,,(a,b) > 0. This proves (3.32). If b < v,(a), then
M, (a,b) > 0. This proves (3.33). O

LEmMA 3.14. If
(3.34) ao(t™)2 + bo(tT)? < 2F(x,t), |t| <6
for some & > 0, with by > v(ap), | < m, then there are € > 0, r > 0 such that
(3.35) J(v) < —¢|jv]|%, v€NNB,,
where B, = {u € D : |Ju||p < r}.
PRroOF. Let ¢ be any number satisfying

2 <q¢<2n/(n—-2T), 2T <mn,
2 < g < oo, n < 2T.
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By (2.2),

J(w) < G(v) < I(v,ag,bp) + / |>6[a0(v*)2 +bo(vT)? = 2F(z,v)] dx

< —¢llvllb +C/| s [v|? da < —¢|lvl|b + o([[olh) < —¢llvllb
>

for r sufficiently small (cf. [17, p. 60]). O
LEMMA 3.15. If

(3.36) 2F (x,t) < ar(t™)* +b1(tT)%, |t <o

for some § > 0, with by < Ty(a1), Il <m, then there are e > 0, r > 0 such that

(3.37) J() >¢lv]%, veE N, NMNB,.
PROOF. Let u =v+ ¢(v) € M;. Then

J(v) =G(u) > I(u,a1,by) —|—/ |>5[<z()(zf)2 + bo(u™)? — 2F (x,u)] dx

> elulp - C o [ul” dz > el|ullp, — o([lullp)
> ellollp — o(llvllh) = ellvllp
for r sufficiently small, since ||v]|p < ||u|lp < C||v||p- O
LEmMmA 3.16. If
(3.38) ao(t™)? +bo(tT)? < 2F(xz,t), |t| <6,

for some § > 0 with by > v;(ap), | > m, then there are € > 0, r > 0 such that

3.39 J(w) < —¢llw||%, we N NM,y,NB,.
D

ProOOF. For w € M,,, N Ny, let u=w + ¢¥(w) € N;. By (2.2),
J(w) = G(w+¥(w)) = G(u)

gz(u,ao,b0)+/l a0(v7)? + by (0 = 2P ()] de

< —ellullh + C/| s Jul? da < —el|ull, + o([|ullh) < —ellul}
u|>

for r sufficiently small (cf. [17, p. 60]). Since |w|p < ||u||p < C||w||p, the result
follows. L
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LEMMA 3.17. If
(3.40) 2F (x,t) < a1 ()2 + b1 (tT)?,  |t| <6,
for some 6 > 0, with by < Ty(a1), I > m, then there are e > 0, r > 0 such that

3.41 J(w 25102, w € M; N B,.
D

ProoOF. We have

G(w) > I(w,a1,by) +/| ‘>5[a0(u7)2 + bo(wT)? = 2F(z,w)] dx

> ellwl} ~ C/I s | dz > e||wl|} — o||wl|h)
w|>

> el|wlp — o(|wllp) = ellwlb
for r sufficiently small. Since J(w) = sup,en, G(v + w) > G(w), the result
follows. O]
4. The proofs

We prove the theorems of Section 2.

PROOF OF THEOREM 2.1. By Lemma 3.4, it suffices to show that J(v) has
two nontrivial solutions. Now J is bounded from above by Lemma 3.6 and it
satisfies (PS) by (3.14). Moreover,

(4.1) J(w) <0, veNNB,\{0},
by Lemma 3.5, and
(4.2) J(&(y)+y) >0, yeN,NMnNB,\{0},

by Lemma 3.8. Thus J has a positive maximum on N,,. We can now apply a
theorem of Perera [11] to obtain the desired conclusion. 0

PROOF OF THEOREM 2.2. By Lemma 3.10, it suffices to show that J(w)
given by (3.22) has two nontrivial solutions. Now J is bounded from below by
Lemma 3.13 and it satisfies (PS) by (3.33). Moreover,

(4.3) Jw+n(w)) <0, we N NM,nB,\{0},
by Lemma 3.11, and
(4.4) J(w) >0, weMnB,\{0},

by Lemma 3.12. Thus J has a negative minimum on M,,. We can now apply
the theorem of Perera [11] to obtain the desired conclusion. O
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PrROOF OF THEOREM 2.3. With reference to Theorem 2.1, we note that by
Lemma 3.4, it suffices to show that J(v) has two nontrivial solutions. Now J is
bounded from above by Lemma 3.6 and it satisfies (PS) by (3.14). Moreover,

(4.5) J(v) <0, veNNB,.\{0},
by Lemma 3.14, and
(4.6) J(w) >0, ve&€N,NMnB,\{0},

by Lemma 3.15. Thus J has a positive maximum on N,,. We can now apply a
theorem of Brézis—Nirenberg [1] to obtain the desired conclusion. With respect
to Theorem 2.2, we note that by Lemma 3.10, it suffices to show that J(w)
given by (3.22) has two nontrivial solutions. Now J is bounded from below by
Lemma 3.13 and it satisfies (PS) by (3.33). Moreover,

(4.7) J(w) <0, weNNM,nB,\{0},

by Lemma 3.16, and

(4.8) J(w) >0, weMnB,\{0},

by Lemma 3.17. Thus J has a negative minimum on M,,. We can now apply

the theorem of Brézis—Nirenberg [1] to obtain the desired conclusion. g
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