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CONCENTRATION OF SOLUTIONS
FOR A NONLINEAR ELLIPTIC PROBLEM

WITH NEARLY CRITICAL EXPONENT

Jan Chabrowski — Shusen Yan

Abstract. We construct solutions of the Dirichlet problem (1.1)–(1.3)

concentrating at strict local maximum point of the coefficient Q either at

the boundary or in the interior of Ω. We also prove the existence of solutions
concentrating at an interior strict local minimum point of Q.

1. Introduction

The main purpose of this paper is to investigate concentration phenomena
for the following Dirichlet problem:

−∆u =Q(y)u2∗−ε−1 y ∈ Ω,(1.1)

u > 0 y ∈ Ω,(1.2)

u =0 y ∈ ∂Ω,(1.3)

where ε is a small positive number, 2∗ = 2N/(N − 2), N ≥ 3, Ω is a bounded
domain in RN with a smooth boundary ∂Ω andQ(y) is a smooth positive function
in Ω.

During the last several years, concentration phenomena for elliptic problems
involving critical or subcritical exponent have been subject of an extensive re-
search. The main problems are to examine the effect of the topology of the
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domain [3]–[5], [7]–[9], [15], [16], [21], [34], the shape of the domain [1], [2], [6],
[10], [18], [19], [22], [24], [26]–[31], [35]–[38] and the shape of the graphs of co-
efficients [11]–[14], [17], [23], [25], [32], [33] on the number of the solutions. As
far as the authors know, there are no results on the existence of solutions for
(1.1)–(1.3) concentrating at the boundary or at the interior minimum point of Q.

Problem (1.1)–(1.3) always has a least energy solution. It is easy to check
that the least energy solution concentrates at a point x◦ which is a maximum
point of Q(y) in Ω. It is worth pointing out that x◦ is not necessary a critical
point of Q if x◦ is on the boundary.

The aim of this paper is to construct solutions for (1.1)–(1.3) concentrating
at various points of Ω. We are mainly interested in constructing solutions con-
centrating at a strict local maximum point of Q either at the boundary or in
the interior of Ω. We shall also construct solutions concentrating at an interior
strict local minimum point of Q.

Before we state our main results, we introduce some notation.
Let

Ux,λ(y) = [N(N − 2)](N−2)/4 λ(N−2)/2

(1 + λ2|y − x|2)(N−2)/2
.

It is well known that Ux,λ satisfies

∆Ux,λ = U2∗−1
x,λ , y ∈ RN .

Let P denote the projection from H1(Ω) into H1
◦ (Ω); that is, if w ∈ H1(Ω),

then Pw is a unique solution of the following Dirichlet problem{
∆u = ∆w y ∈ Ω,

u = 0 y ∈ ∂Ω.

Let

〈u, v〉 =
∫

Ω

DuDv, u, v ∈ H1
◦(Ω),(1.4)

‖u‖ =
( ∫

Ω

|Du|2
)1/2

, u ∈ H1
◦(Ω),(1.5)

Ex,λ =
{
v : v ∈ H1

◦(Ω), 〈v, PUx,λ〉 =
〈
v,
PUx,λ

∂λ

〉
(1.6)

=
〈
v,
PUx,λ

∂xj

〉
= 0, j = 1, . . . , N

}
.

Now we state the main results of this paper.

Theorem 1.1. Let x◦ ∈ ∂Ω be a strict local maximum point of Q(x) satis-
fying

(1.7) Q(x) ≤ Q(x◦)− a|x− x◦|2+α for all x ∈ Bδ(x◦) ∩ Ω,
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where δ > 0 , a > 0 and α > 0 if N ≤ 4, α ∈ [0, 4/(N − 4)) if N ≥ 5. Then
there is an ε◦ > 0, such that for each ε ∈ (0, ε◦], (1.1)–(1.3) has a solution of
the form

(1.8) uε = αεPUxε,λε
+ vε,

where vε ∈ Exε,λε
, and as ε→ 0,

αε → Q(x◦)−1/(2∗−2),(1.9)

‖vε‖ → 0,(1.10)

xε → x◦,(1.11)

λε →∞,(1.12)

λεd(xε, ∂Ω) →∞.(1.13)

Theorem 1.2. Let x◦ ∈ Ω be a strict local maximum point of Q(x). Then
there is an ε◦ > 0, such that for each ε ∈ (0, ε◦], (1.1)–(1.3) has a solution of
the form (1.8) satisfying (1.9)–(1.12).

It is easy to prove that if (1.1)–(1.2) has a solution of the form (1.8) with
xε → x◦ ∈ Ω as ε → 0, then x◦ is a critical point of Q(y). Thus a natural
question arises whether Theorems 1.1 and 1.2 hold if x◦ is a strict minimum
point. We will give an example in the next section, showing that, in general, it
is impossible to construct a solution concentrating at a strict minimum point of
Q(x) on the boundary. We will also prove in the next section that for a strict
local minimum point x◦ ∈ Ω with ∆Q(x◦) > 0 , (1.1)–(1.3) has no solution of
the form (1.8) satisfying (1.1)–(1.3) if N ≥ 5. Our next theorem shows that if
Q(x) is flat enough around x◦, (1.1)–(1.3) has a solution concentrating at this
point.

Theorem 1 .3. Let x0 ∈ Ω be a strict local minimum point of Q(x) satisfying

|DlQ(x)| ≤ C|x− x◦|L−l, l = 1, . . . , N − 2, for all x ∈ Bδ(x◦),(1.14)

|Q(x)−Q(x◦)| ≥ c0|x− x◦|L,(1.15)

where L > N − 2 is a constant. Then there is an ε◦ > 0, such that for each
ε ∈ (0, ε◦], (1.1)–(1.3) has a solution of the form (1.8) satisfying (1.9)–(1.11) and
ελN−2

ε → c1 > 0.

In the case N = 3 or 4, we can get a better result.

Theorem 1.4. Suppose that x◦ ∈ Ω is a strict local minimum point of Q(x).
If one of the following conditions is satisfied:

(i) N = 3;
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(ii) N = 4 and

(1.16) K3H(x◦, x◦)−K1∆Q(x◦) > 0,

where K1 and K2 are the constants from Lemma A1 (see Appendix A),
and H(x, y) denotes the regular part of the Green function for Ω,

then the conclusion of Theorem 1.3 holds.

Remark 1.5. We show in Theorem 2.3 that (1.16) is nearly necessary.
Let K : H1(Ω)− {0} → R be a functional defined by

(1.17) K(u) =

∫
Ω
|Du|2

(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)

.

Following Bahri [3] (see also Rey [34]), in order to prove Theorems 1.1–1.4,
we only need to find a critical point of the form PUxε,λε + vε for K(u), with
‖vε‖ → 0. Let

(1.18) J(x, λ, v) = K(PUx,λ + v),

for all (x, λ, v) ∈ M = {x ∈ Ω, λ ≥ λ◦, v ∈ Ex,λ}, where λ◦ is a large positive
constant. It is well known that if ‖v‖ is small enough, PUx,λ + v is a critical
point of K(u) if and only if (x, λ, v) ∈ M is a critical point of J(x, λ, v) on M ,
see for example [3], [4]. [34]. On the other hand, (x, λ, v) ∈M is a critical point
of J(x, λ, v) on M if and only if there are A ∈ R, B ∈ R and Gj ∈ R, such that

(1.19)
∂J

∂xi
= B

〈
∂2PUx,λ

∂λ∂xi
, v

〉
+

k∑
j=1

Gj

〈
∂2PUx,λ

∂xj∂xi
, v

〉
, i = 1, . . . , N,

(1.20)
∂J

∂λ
= B

〈
∂2PUx,λ

∂λ2
, v

〉
+

k∑
j=1

Gj

〈
∂2PUx,λ

∂xj∂λ
, v

〉
,

(1.21)
∂J

∂v
= APUx,λ +B

∂PUx,λ

∂λ
+

k∑
j=1

Gj
∂PUx,λ

∂xj
.

Moreover, it is easy to prove that a critical point of the form PUx,λ +v for K(u)
is positive if ‖v‖ is small enough, see for example [34].

The proof of the main results of this paper is based on the comparison of
energy functionals. This method is very effective when we deal with problems
characterised by degeneracy, see [10], [13], [19], [32], [38].

The paper is organized as follows. In Section 2 we present proofs of Theo-
rems 1.1 and 1.2. Since the proof of Theorem 1.2 is similar to that of Theorem 1.1
and even is slightly simpler, we only point out some necessary changes in the
proof. Section 3 is devoted to the proofs of Theorems 1.3 and 1.4. Some technical
estimates needed in the proofs of our main results are given in the appendices.
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2. Proof of Theorems 1.1 and 1.2

First of all, we establish a lower bound for the functional J(x, λ, v).

Lemma 2.1. There is a ρ′ > 0, such that for all (x, λ, v) ∈ M with ‖v‖
small,

J(x, λ, v) ≥ J(x, λ, 0) + ρ′‖v‖2 +O

(
1
λ2

+ ε2 ln2 λ+
1

(λd)N−2+2θ

)
,

where d = d(x, ∂Ω), θ > 0.

Proof. As in [3] (see also [34]) we expand J(x, λ, v) in a neighbourhood of
a v = 0:

(2.1) J(x, λ, v) = J(x, λ, 0) + 〈fε, v〉+
1
2
〈Qεv, v〉+O(‖v‖2+θ1),

where θ1 is a positive constant, 〈fε, v〉 is a continuous linear form on Ex,λ

equipped with a scalar product from H1
◦ (Ω) given by

(2.2) 〈fε, v〉 =
2

∫
Ω
|DPUx,λ|2

(
∫
Ω
Q(y)|PUx,λ|2∗−ε)2/(2∗−ε)+1

∫
Ω

Q(y)|PUx,λ|2
∗−ε−1v,

and 〈Qε, v〉 is a quadratic form on Ex,λ × Ex,λ satisfying

〈Qεv, v〉 =
2

(
∫
Ω
Q(y)|PUx,λ|2∗−ε)2/(2∗−ε)

(2.3)

·
[ ∫

Ω

|Dv|2 − (2∗ − ε− 1)

∫
Ω
|DPUx,λ|2∫

Ω
Q(y)|PUx,λ|2∗−ε

·
∫

Ω

Q(y)|PUx,λ|2
∗−ε−2v2

+ (2∗ − ε+ 2)

∫
Ω
|DPUx,λ|2

(
∫
Ω
Q(y)|PUx,λ|2∗−ε)2

·
( ∫

Ω

Q(y)|PUx,λ|2
∗−ε−1v

)2]
.

It follows from Lemma A.2 that

(2.4) 〈fε, v〉 = O

(
1
λ

+ ε lnλ+
1

(λd)θ+(N−2)/2

)
‖v‖,

Moreover, according to Appendix D in [34] and Lemma A.2, we have

(2.5) 〈Qεv, v〉 ≥ ρ‖v‖2.

It is easy to see that Lemma 2.1 follows from (2.1)–(2.5). �

To proceed further we introduce some notations. For two constants β ∈
(0, 1/2) and L > β > 0 we define a set

(2.6) Dε = {x : x ∈ Ω ∩Bεβ (x0), d(x, ∂Ω) ≥ εL}.
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Let H(y, x) be the regular part of the Green function for Ω. For constants
0 < c◦ < c1 we set

λε
ci

(x) = ci

(
H(x, x)

ε

)1/(N−2)

i = 1, 2

and we define the following set

(2.7) Mε,δ = {(x, λ, v) : x ∈ Dε, λ ∈ [λε
c◦(x), λ

ε
c1

(x)], v ∈ Ex,λ, ‖v‖ ≤ δ}.

Constants β, L and ci will be determined later. We now consider the following
minimization problem:

(2.8) inf{J(x, λ, v) : (x, λ, v) ∈Mε,δ}.

It is obvious that for each fixed ε > 0 problem (2.8) has a minimizer (xε, λε, vε).
In order to prove that (xε, λε, vε) is a critical point of J(x, λ, v), we only need to
prove that (xε, λε, vε) is an interior point of Mε,δ.

Proof of Theorem 1.1. We prove that if ε > 0 is small enough, the
minimizer (xε, λε, vε) of (2.8) is an interior point of Mε,δ. First we show that if
c◦ and c1 are suitably chosen, then

(2.9) λε ∈ (λε
◦(xε), λε

1(xε)).

Since (xε, λε, vε) is a minimum point of (2.8), we have

(2.10) J(xε, λε, vε) ≤ J(xε, λ, 0)

for all λ ∈ [λε
◦(xε), λε

1(xε)].
In view of Lemma 2.1, we get

(2.11) J(xε, λε, 0)+ρ‖vε‖2 +O

(
1
λ2

ε

+ ε2 ln2 λε +
1

(λεdε)N−2+2θ

)
≤ J(xε, λ, 0).

It follows from Lemma A.1 that

(2.12)
K3H(xε, xε)

λN−2
ε

+K2ε lnλε

+O

(
1
λ2

ε

+
ε

λε
+ ε2 ln2 λε +

ε

(λεdε)N−2
+

1
(λεdε)N−2+2θ

)
≤ K3H(xε, xε)

λN−2
ε

+K2ε lnλ

+O

(
1
λ2

+
ε

λ
+ ε2 ln2 λ+

ε

(λdε)N−2
+

1
(λdε)N−2+2θ

)
.

Since xε ∈ Dε, we get εL ≤ dε ≤ εβ . If we choose β satisfying

(2.13) β > max
{

1
2
− 1
N − 2

, 0
}
,
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then there exists a γ > 0, such that

(2.14)
1
λ2

≤ C

(
ε

H(xε, xε)

)2/(N−2)

≤ C

(
dN−2

ε ε

)2/(N−2)

≤ Cε2β+2/(N−2) = O(ε1+γ),

(2.15)
1
λdε

≤ C

(
ε

H(xε, xε)

)1/(N−2) 1
dε

≤ Cdεε
1/(N−2) 1

dε
= Cε1/(N−2).

Consequently, we have

(2.16)
1

(λdε
)N−2+2θ = O(ε1+γ),

ε

(λdε)N−2
= O(ε2),

ε

λ
= O(ε1+γ).

On the other hand, we have

(2.17) ε2 lnλ = O

(
ε2 ln

1
ε1/(N−2)dε

)
= O

(
ε2 ln

1
εL+1/(N−2)

)
= O(ε1+γ).

Combining (2.14), (2.16) and (2.17), we see

(2.18) O

(
1
λ2

+
ε

λ
+ ε2 ln2 λ+

ε

(λdε)N−2
+

1
(λdε)N−2+2θ

)
= O(ε1+γ).

Inserting (2.18) into (2.12), we obtain

(2.19)
K3H(xε, xε)

λN−2
ε

+K2ε lnλε ≤
K3H(xε, xε)

λN−2
+K2ε lnλ+O(ε1+γ).

Let

(2.20) λε = tε

(
H(xε, xε)

ε

)1/(N−2)

, λ = t

(
H(xε, xε)

ε

)1/(N−2)

.

We then have from (2.19)

(2.21)
K3

tN−2
ε

+K2 ln tε ≤
K3

tN−2
+K2 ln t+O(εγ).

Since K3/t
N−2 +K2 ln t, t > 0, attains its global minimum at

t∗ =
[
(N − 2)K3

K2

]1/(N−2)

,

we conclude from (2.21) that as ε→ 0,

tε →
[
(N − 2)K3

K2

]1/(N−2)

.

If we choose

c◦ =
1
2

[
(N − 2)K3

K2

]1/(N−2)

, c1 =
3
2

[
(N − 2)K3

K2

]1/(N−2)

,
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then, for ε > 0 small, we have

(2.22) λε ∈ (λε
c◦(xε), λε

c1
(xε)).

Next we prove that ‖vε‖ < δ and xε is an interior point of Dε. Let n be the
inward unit normal of ∂Ω at x◦. Let

(2.23) zε = x◦ + εn

and fix λ∗ε ∈ (λε
◦(zε), λε

1(zε)). Since d(zε, ∂Ω) = ε, we have

λ∗ε ∼
(

1
εεN−2

)1/(N−2)

= ε−(N−1)/(N−2).

Thus it follows from Lemma A.1 that

(2.24) K(PUzε,λ∗
ε
) =

A1−2/(2∗−ε)

Q(zε)2/(2∗−ε)
(1 +O(ε ln(1/ε)))

=
A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +O(ε))(1 +O(ε ln(1/ε)))

=
A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +O(ε ln(1/ε))).

Hence

(2.25) J(xε, λε, vε) ≤ J(zε, λ
∗
ε, 0) =

A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +O(ε ln(1/ε))).

In view of Lemma 2.1 and (2.18), we have

(2.26) K(PUxε,λε
) + ρ‖vε‖2 +O(ε1+γ) ≤ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +O(ε ln(1/ε))).

Consequently, it follows from Lemma A.1 and (2.26) that

(2.27)
A1−2/(2∗−ε)

Q(xε)2/(2∗−ε)

(
1 +

K3H(xε, xε)
λN−2

ε

+K2ε[lnλε +K4]
)

+ ρ‖vε‖2 +O(ε1+γ) ≤ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +O(ε ln(1/ε))).

Since Q(xε) ≤ Q(x◦), (2.27) implies

‖vε‖2 = O(ε ln(1/ε)) ≤ δ2/2

for ε > 0 sufficiently small.
Now we prove that xε is an interior point of Dε. This fact will be established

in two steps.
Step 1. xε 6∈ {x : d(x, ∂Ω) = εL}. Suppose to the contrary that d(xε, ∂Ω) =

εL. Then

λε ≥ λε
c◦(xε) ≥ c′◦

(
1

d(xε, ∂Ω)N−2ε

)1/(N−2)

≥ C

εL
.
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Hence

(2.29) LHS of (2.27) ≥ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +K2ε lnλε +O(ε))

≥ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 +K2Lε ln(1/ε) +O(ε)).

Combining (2.27) and (2.29), we are led to

K2Lε ln(1/ε) +O(ε) ≤ Cε ln(1/ε),

where C > 0 is a constant independent of L. So we get a contradiction if L > 0
is chosen large enough.

Step 2. xε 6∈ ∂Bεβ (x◦). Again arguing indirectly suppose that xε ∈ ∂Bεβ (x◦).
Then by the assumption on Q(y), we have

1
Q(xε)2/(2∗−ε)

≥ 1
(Q(x◦)− aεβ(2+α))2/(2∗−ε)

≥ 1 + a′εβ(2+α)

Q(x◦)2/(2∗−ε)
.

Hence, if we can choose β > 0 satisfying

(2.30) β(2 + α) < 1,

then

(2.31) LHS of (2.27) ≥ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 + a′εβ(2+α))(1 +O(ε ln(1/ε)))

≥ A1−2/(2∗−ε)

Q(x◦)2/(2∗−ε)
(1 + a′εβ(2+α)).

Combining (2.27) and (2.31), we obtain

(2.32) a′εβ(2+α) ≤ O(ε ln(1/ε)),

which is impossible. Thus it remains to prove that we can choose a β > 0,
such that (2.13) and (2.30) hold. We distinguish two cases: (i) N ≥ 5 and
(ii) N = 3, 4. In the case (i) since α ∈ [0, 4/(N − 4)), we can choose β ∈
(1/2− 1/(N − 2), 1/2) satisfying β(2 + α) < 1. Finally, if N = 3, 4, we can take
β > 0 sufficiently small such that (2.30) holds.

From Steps 1 and 2 we deduce xε is an interior point of Dε. �

Proof of Theorem 1.2. Theorem 1.2 can be derived essentially by the
same method as used for Theorem 1.1. We only point out the necessary changes
in the proof.

We consider the minimization problem

(2.33) inf{J(x, λ, v) : x ∈ Bδ(x◦), λ ∈ [ε−β , ε−L], v ∈ Ex,λ, ‖v‖ ≤ δ},
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in place of (2.8), where β < L are some positive constants to be determined
later. Let (xε, λε, vε) be a minimizer of problem (2.33). From J(xε, λε, vε) ≤
J(x0, λε, 0), we easily derive that xε → x◦, ‖vε‖ → 0 as ε→ 0.

We now show that L > 0 and β > 0 can be chosen so that ε−β < λε < ε−L.
It follows from Lemma A.1 that

(2.34) J(xε, ε
−4, 0) =

A1−1/(2∗−ε)

Q(x◦)1/(2∗−ε)
(1 +K2ε[4 ln(1/ε)−K4] +O(ε1+σ)).

On the other hand, by Lemma A.2, we have the estimate

(2.35)
∫

Ω

Q(y)|PUx,λ + v|2
∗−ε

=
∫

Bδ(x0)

Q(y)|PUx,λ + v|2
∗−ε +O(‖v‖2∗−ε + λ−N )

≤Q(x◦)
∫

Bδ(x0)

|PUx,λ + v|2
∗−ε +O(‖v‖2∗−ε + λ−N )

=Q(x◦)
∫

Ω

|PUx,λ + v|2
∗−ε +O(‖v‖2∗−ε + λ−N )

≤Q(x◦)
( ∫

Ω

|PUx,λ|2
∗−ε +

(2∗ − ε)(2∗ − ε− 1)
2

∫
Ω

|PUx,λ|2
∗−ε−2v2

)
+O

(
ε lnλ+

1
λθ+(N−2)/2

)
‖v‖+O(‖v‖2∗−ε + λ−N )

=Q(x◦)
(
A− (2∗ − ε)

BH(x, x)
λN−2

− ε

(
A lnλ(N−2)/2 −

∫
RN

U2∗ lnU
)

+
(2∗ − ε)(2∗ − ε− 1)

2

∫
Ω

|PUx,λ|2
∗−ε−2v2

)
+O

(
ε lnλ+

1
λθ+(N−2)/2

)
‖v‖+O(‖v‖2∗−ε + λ−N ).

Clearly, (2.35) implies

J(x, λ, v) ≥ A1−2/(2∗−ε)

Q(x0)2/(2∗−ε)

(
1 + ρ′‖v‖2 +

K3H(x, x)
λN−2

(2.36)

+K2ε[lnλ−K4] +O(ε1+σ)
)

≥ A1−1/(2∗−ε)

Q(x0)2/(2∗−ε)

(
1 +

K3H(x, x)
λN−2

+K2ε[lnλ−K4] +O(ε1+σ)
)
.

Using the inequality J(xε, λε, vε) ≤ J(x0, ε
−4, 0), we deduce from (2.34) and

(2.36) that

(2.37)
K3H(xε, xε)

λN−2
ε

+K2ε lnλε ≤ 4K2ε ln
1
ε

+O(ε1+σ).
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As in the proof of the previous theorem we now proceed in two steps.
Step 1. λε < ε−L for L > 0 sufficiently large. Suppose that λε = ε−L. Then

it follows from (2.37) that

LK2ε ln(1/ε) ≤ 4K2ε ln(1/ε) +O(ε1+σ),

which is impossible if L > 0 is large enough.
Step 2. λε = ε−β is impossible if β > 0 is small enough. Assuming that

λε = ε−β , we deduce from (2.37) that

ε(N−2)β ≤ Cε ln(1/ε).

This is a contradiction if β > 0 is small enough and this completes the proof. �

Now we give an example which shows that, in general, a solution for (1.1)–
(1.3) concentrating on the minimum point of Q(y) on the boundary may not
exists.

Example 2.2. Let φ(y) be a continuous function which attains its global
maximum at y = 0 and φ(y) is decreasing in every direction. For each x0 ∈ ∂Ω,
define

Q(y) = C − φ(y − x0),

where C > 0 is chosen large enough such that Q(y) is positive in Ω. Then
using the moving plane method of Gidas, Ni and Nirenberg [22] in the normal
direction of ∂Ω at x◦, we see that the maximum point of every solution of (1.1)–
(1.3) is away from a neighbourhood of x◦. This means that there is no solution
concentrating on x◦.

To close this section we give the following nonexistence result:

Theorem 2.3. Suppose that x◦ ∈ Ω is a critical point of Q(y) satisfying one
of the following conditions:

(i) N ≥ 5 and ∆Q(x◦) > 0,
(ii) N = 4 and K3H(x◦, x◦) − K1∆Q(x◦) < 0, where K1 and K3 are the

constants in Lemma A.1.

Then (1.1)–(1.3) has no solution of the form (1.8) satisfying (1.9)–(1.12).

Proof. Suppose that there exists a solution of (1.1)–(1.3) of the form (1.8)
and satisfying (1.9)–(1.12). We commence by showing that ε lnλε → 0 as ε→ 0.
Indeed, multiplying (1.1) by PUxε,λε

and integrating over Ω, we get

(2.38) αε

∫
Ω

|DPUxε,λε
|2 =

∫
Ω

Q(y)|αεPUxε,λε
+ vε|2

∗−ε−1PUxε,λε

= Q(xε)α2∗−ε−1
ε

∫
Ω

U2∗−ε
xε,λε

+ o(1),
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where o(1) → 0 as ε→ 0. Consequently, we have

(2.39)
∫

RN

|DU |2 + o(1) = λ−(N−2)ε/2
ε

∫
RN

U2∗ + o(1),

which yields λ−(N−2)ε/2
ε → 1 as ε→ 0. Hence ε lnλε → 0 as ε→ 0.

Next, we estimate vε. Multiplying (1.1) by vε and integrating over Ω, we get

(2.40)
∫

Ω

|Dvε|2 =
∫

Ω

Q(y)|αεPUxε,λε
+ vε|2

∗−ε−1vε

=α2∗−ε−1
ε

∫
Ω

Q(y)PU2∗−ε−1
xε,λε

vε

+ (2∗ − ε− 1)α2∗−ε−2
ε

∫
Ω

Q(y)PU2∗−ε−2
xε,λε

v2
ε +O(‖vε‖2+θ1),

where θ1 > 0 is a constant.
It follows from Appendix D in [34] that there exists a ρ > 0, such that

(2.41)
∫

Ω

|Dvε|2 − (2∗ − ε− 1)α2∗−ε−2
ε

∫
Ω

Q(y)PU2∗−ε−2
xε,λε

v2
ε ≥ ρ

∫
Ω

|Dvε|2.

Combining (2.40) and (2.41) we get

‖vε‖2 ≤ O

( ∫
Ω

Q(y)PU2∗−ε−1
xε,λε

vε

)
.

From this, with the aid of Lemma A.2, we obtain

(2.42) ‖vε‖ ≤ O

(
|DQ(xε)|

λε
+ ε

)
.

Suppose that N ≥ 5. Multiplying (1.1) by ∂PUxε,λε
/∂λ and integrating

over Ω, we get〈
PUxε,λε

,
∂PUxε,λε

∂λ

〉
−

∫
Ω

Q(y)(αεPUxε,λε
+ vε)2

∗−ε−1 ∂PUxε,λε

∂λ
= 0.

Arguing as in Lemma B.2 (in fact, in the proof of Lemma B.2, we only use the
assumption that vx,λ ∈ Ex,λ and the estimate such as (2.42)), we easily arrive
at the following relation

(2.43)
2K1∆Q(xε)

λ3
ε

+
K2ε

λε
+ o

(
1
λ3

ε

+
ε

λε

)
+O

(
ε2

λε

)
= 0.

Since ∆Q(xε) > 0 and ε lnλε → 0 as ε→ 0, we get from (2.43) that

1
λ3

ε

+
ε

λε
≤ 0,

which is impossible.
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Finally, we consider the case N = 4. As in the case N ≥ 5 we derive the
following asymptotic relation

2
K1∆Q(xε)−K3H(xε, xε)

λ3
ε

+
K2ε

λε
+ o

(
1
λ3

ε

+
ε

λε

)
+O

(
ε2

λε

)
= 0,

which contradicts the assumption (ii). �

3. Proof of Theorems 1.3 and 1.4

In this section, except in the proof of Theorem 1.4 we always assume that
Q(y) satisfies the conditions in Theorem 1.3.

Proposition 3.1. There exists an ε◦ > 0, such that for each ε ∈ (0, ε◦],
there is a C1-map vε = vε(x, λ), x ∈ {x : d(x, ∂Ω) ≥ d◦ > 0} and λ > 0 large,
such that (1.21) is satisfied. Moreover,

(3.1) ‖vε‖ = O(ε(1+σ)/2),

where σ > 0 is a constant.

Proof. The proof of Proposition 3.1 is standard, see [34]. Estimate (3.1)
follows from Lemma A.2. �

Proposition 3.2. There exists an ε◦ > 0, such that for each ε ∈ (0, ε◦],
there exists a C1-map λε = λε(x) : Bε1/L(x◦) → R+, such that (1.20) is satisfied.
Moreover, λε = tε(x)ε−1/(N−2) with

(3.2) |tε(x)− t◦(x)| = O(ε1/(N−2)),

where

t◦(x) =
(

(N − 2)K3H(x, x)
K2

)1/(N−2)

.

Proof. Using Lemma B.2 or Lemma C.2, we derive the following relation

(3.3)
∂J

∂λ
= − (N − 2)K3H(x, x)

λN−1
+
K2ε

λ
+O(ε1+2/(N−2)).

On the other hand by virtue of Lemma E.1 we have

(3.4) B

〈
∂2PUx,λ

∂λ2
, vε

〉
+

N∑
j=1

Gj

〈
∂2PUx,λ

∂λ∂xj
, vε

〉
= O(ε1+2/(N−2)).

Consequently, equation (1.20) is equivalent to

(3.5) − (N − 2)K3H(x, x)
λN−1

+
K2ε

λ
+O(ε1+2/(N−2)) = 0.

Letting

(3.6) λε = tεε
−1/(N−2),
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we deduce from (3.5) that

(3.7) − (N − 2)K3H(x, x)
tN−1
ε

+
K2

tε
+O(ε1/(N−2)) = 0.

It is easy to see that (3.7) has a solution

tε(x) ∈
(

3
4

(
(N − 2)K3H(x, x)

K2

)1/(N−2)

,
3
2

(
(N − 2)K3H(x, x)

K2

)1/(N−2))
.

Let

F (λ) =
∂J

∂λ
−B

〈
∂2PUx,λ

∂λ2
, vε

〉
−

N∑
j=1

Gj

〈
∂2PUx,λ

∂λ∂xj
, vε

〉
.

Then it follows from Lemma D.1 and Lemma E.1 that

(3.8) F ′(λ) =
(N − 1)(N − 2)K3H(x, x)

λN
− K2ε

λ2
+O(ε1+τ+2/(N−2))

− ∂B

∂λ

〈
∂2PUx,λ

∂λ2
, vε

〉
−B

〈
∂3PUx,λ

∂λ3
, vε

〉
−B

〈
∂2PUx,λ

∂λ2
,
∂vε

∂λ

〉
−

N∑
j=1

[
∂Gj

∂λ

〈
∂2PUx,λ

∂λ∂xj
, vε

〉
+Gj

〈
∂3PUx,λ

∂λ2∂xj
, vε

〉

+Gj

〈
∂2PUx,λ

∂λ∂xj
,
∂vε

∂λ

〉]
=

(N − 1)(N − 2)K3H(x, x)
λN

− K2ε

λ2
+O(ε1+τ+2/(N−2)) > 0,

for all λ ∈
(

3
4

( (N−2)K3H(x,x)
K2ε

)1/(N−2)
, 3

2

( (N−2)K3H(x,x)
K2ε

)1/(N−2)). Consequently,
the equation F (λ) = 0 has a unique solution in(

3
4

(
(N − 2)K3H(x, x)

K2ε

)1/(N−2)

,
3
2

(
(N − 2)K3H(x, x)

K2ε

)1/(N−2))
.

Let λε(x) in the unique solution of (1.20) in(
3
4

(
(N − 2)K3H(x, x)

K2ε

)1/(N−2)

,
3
2

(
(N − 2)K3H(x, x)

K2ε

)1/(N−2))
.

Since all the terms in (1.20) are of C1 with respect to x and λ, we see that λε(x)
is a C1 map in x.

Let

φ(t) = − (N − 2)K3H(x, x)
tN−1

+
K2

t
.

We then have

(3.9) φ(tε(x)) = O(ε1/(N−2)), φ(t0(x)) = 0.

Sine φ′(t◦(x)) 6= 0, it follows from (3.9) that

|tε(x)− t◦(x)| = O(ε1/(N−2)). �
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To prove Theorems 1.3 and 1.4 we consider the maximization problem:

sup{J(x, λε(x), vε(x, λε(x))) : |x− x0| ≤ ε1/L}.

Then the above problem has a maximiser xε ∈ {|xε − x◦| ≤ ε1/L}. In order to
prove that xε is a critical point, we only need to prove that |xε − x◦| < ε1/L.

Proposition 3.3. Let xε be a maximiser of (3.10). Then there exists a
σ2 > 0, such that |xε−x◦|L = O(ε1+σ2). In particular, if ε > 0 is small enough,
xε is an interior point of Bε1/L(x◦).

Proof. It follows from Lemma A.1, Propositions 3.1 and 3.2 that

(3.11) J(x, λε(x), vε(x, λε(x))) = J(x, λε(x), 0) +O(ε1+σ)

=
A1−1/(2∗−ε)

Q(x)2/(2∗−ε)

[
1 +

K3H(x, x)
λN−2

ε (x)
+K2ε(lnλε(x)−K4) +O(ε1+σ)

]
.

Letting

λε(x) =: tε(x)ε−1/(N−2) = (t◦(x) +O(ε1/(N−2)))ε−1/(N−2),

we deduce from (3.11) that

J(x, λε(x), vε(x, λε(x)))(3.12)

=
A1−1/(2∗−ε)

Q(x)2/(2∗−ε)

[
1 +

K2

N − 2
ε ln

1
ε
−K2K4ε

+ ε

(
K3H(x, x)
tN−2
ε (x)

+K2 ln tε(x)
)

+O(ε1+σ)
]

=
A1−1/(2∗−ε)

Q(x)2/(2∗−ε)

[
1 +

K2

N − 2
ε ln

1
ε
−K2K4ε

+ ε

(
K3H(x, x)
tN−2
◦ (x)

+K2 ln t◦(x)
)

+ εO(|tε(x)− t◦(x)|2) +O(ε1+σ)
]

=
A1−1/(2∗−ε)

Q(x)2/(2∗−ε)

[
1 +

K2

N − 2
ε ln

1
ε
−K2K4ε

+ ε

(
K2 +

K2

N − 2
ln
K2H(x, x)

K3

)
+O(ε1+σ1)

]
,

where σ1 > 0 is a constant. Since xε is a maximum of (3.10), we have

J(xε, λε(xε), vε(xε, λε(xε))) ≥ J(x◦, λε(x◦), vε(x◦), λε(x◦)).

This, together with (3.12) and

Q(xε) ≥ Q(x◦) + C|x− x◦|L,
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implies

|x− x◦|L ≤ Cε(lnH(xε, xε)− lnH(x◦, x◦)) +O(ε1+σ1)(3.13)

= O(ε|xε − x◦|) +O(ε1+σ1).

Hence |x − x◦|L = O(ε1+σ2), where σ2 > 0 is a constant. The assertion of
Proposition 3.3 readily follows. �

Proof of Theorem 1.3. We only need to prove that

(xε, λε(xε), vε(xε, λε(xε)))

satisfies (1.19). Indeed, we have by straightforward calculations that

(3.14) 0 =
∂J

∂xi
+
∂J

∂λ

∂λ

∂xi
+

〈
∂J

∂v
,
∂v

∂xi
+
∂v

∂λ

∂λ

∂xi

〉
=
∂J

∂xi
+

[
B

〈
∂2PUx,λ

∂λ2
, v

〉
+

N∑
j=1

Gj

〈
∂2PUx,λ

∂λ∂xj
, v

〉]
∂λ

∂xi

+B

〈
∂PUx,λ

∂λ
,
∂v

∂xi

〉
+

N∑
j=1

Gj

〈
∂PUx,λ

∂xj
,
∂v

∂xi

〉

+
[
B

〈
∂PUx,λ

∂λ
,
∂v

∂λ

〉
+

N∑
j=1

Gj

〈
∂PUx,λ

∂xj
,
∂v

∂λ

〉]
∂λ

∂xi

=
∂J

∂xi
−B

〈
∂2PUx,λ

∂λ∂xi
, v

〉
−

N∑
j=1

Gj

〈
∂2PUx,λ

∂xi∂xj
, v

〉
.

This obviously shows that (1.19) holds. �

Proof of Theorem 1.4. Since all the estimates from Appendix C to Ap-
pendix E are valid for each x ∈ Bδ(x◦) and λ ∈ [c◦ε−1/(N−2), c1ε

−1/(N−2)] under
the conditions of this theorem, we can prove Theorem 1.4 in exactly the same
way as Theorem 1.3. �

Appendix A

Lemma A.1. Suppose that λ satisfies ε lnλ→ 0 as ε→ 0. Then

(A.1) K(PUx,λ) =
A1−2/(2∗−ε)

Q(x)2/(2∗−ε)

[
1− K1∆Q(x)

Q(x)λ2
+
K3H(x, x)
λN−2

+K2ε[lnλ−K4]

+O

( N−2∑
j=3

|D(j)Q(x)|
λj

+
ε

λ
+

ε

(λd)N−2

+
1

(λd)N
+ ε2 ln2 λ

)]
,
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where

A =
∫

RN

U2∗ , K1 =
1

2∗NA

∫
RN

|y|2U2∗ , K2 =
N − 2

2∗
,(A.2)

K3 =
1
A

∫
RN

U2∗−1, K4 =
2

2∗A

∫
RN

U2∗ lnU.(A.3)

Proof. Let ϕx,λ = Ux,λ −PUx,λ. It then follows from Proposition 1 in [34]
that

0 ≤ ϕx,λ ≤
H(x, x)
λ(N−2)/2

.

As in [3] and [34], we have

(A.4)
∫

Ω

|DPUx,λ|2 =
∫

Ω

U2∗−1
x,λ PUx,λ = A− BH(x, x)

λN−2
+O

(
1

(λd)N

)
,

where B =
∫
Ω
U2∗−1

x,λ . We also have (see [34]):

(A.5)
∫

Ω

Q(y)|PUx,λ|2
∗−ε =

∫
Ω

Q(y)|Ux,λ − ϕx,λ|2
∗−ε

=
∫

Ω

Q(y)U2∗−ε
x,λ − (2∗ − ε)

∫
Ω

Q(y)U2∗−ε−1
x,λ ϕx,λ +O

(
1

(λd)N−1

)
=

∫
Ω

Q(y)U2∗−ε
x,λ − (2∗ − ε)

BQ(x)H(x, x)
λN−2

+O

(
1

(λd)N−1

)
=

∫
Ω

Q(y)U2∗−ε
x,λ − 2∗

BQ(x)H(x, x)
λN−2

+O

(
ε

(λd)N−2
+

1
(λd)N−1

)
,

and

(A.6)
∫

Ω

Q(y)U2∗−ε
x,λ =

∫
Ω

Q(y)U2∗

x,λ − ε

∫
Ω

Q(y)U2∗

x,λ lnUx,λ +O(ε2 ln2 λ)

=
∫

Ω

Q(y)U2∗

x,λ − εQ(x)
[
A lnλ(N−2)/2 −

∫
RN

U2∗ lnU

+O

(
1
λ

+
1

(λd)N

)]
+O(ε2 ln2 λ).

Using Taylor’s expansion we write

(A.7)
∫

Ω

Q(y)U2∗

x,λ =
∫

Ω

Q(x)U2∗

x,λ +
∫

Ω

〈DQ(x), y − x〉U2∗

x,λ

+
1
2

∫
Ω

〈D2Q(x)(y − x), y − x〉U2∗

x,λ

+O

( N−2∑
j=3

|D(j)Q(x)|
λj

)
+O

(
1

λN−1

)
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=Q(x)A+
∆Q(x)
2Nλ2

∫
RN

|y|2U2∗

+O

( N−2∑
j=3

|D(j)Q(x)|
λj

)
+O

(
1

λN−1
+

1
(λd)N

)
.

To estimate the integral involving DQ(x) we set Ωx,λ = {y : y/λ+x ∈ Ω}. Then∫
Ω

〈DQ(x),y − x〉U2∗

x,λ =
1
λ

∫
Ωx,λ

〈DQ(x), y〉U2∗

=
1
λ

∫
B(0,λd)

〈DQ(x), y〉U2∗ +
1
λ

∫
Ωx,λ−B(0,λd)

〈DQ(x), y〉U2∗

= O
( 1
λ

∫
|y|≥λd

|y|
(1 + |y|2)N

dy

)
= O

(
1
λ

1
(λd)N−1

)
.

Using the last relation and the radial symmetry of U we deduce from (A.5) that

(A.8)
∫

Ω

Q(y)|PUx,λ|2
∗−ε

=Q(x)A− εQ(x)
(
A lnλ(N−2)/2 −

∫
RN

U2∗ lnU
)

+
∆Q(x)
2Nλ2

∫
RN

|y|2U2∗ − 2∗
BQ(x)H(x, x)

λN−2
+O

( N−2∑
j=3

|D(j)Q(x)|
λj

)

+O

(
ε

λ
+

ε

(λd)N−2
+

1
λN−1

+
1

(λd)N
+ ε2 ln2 λ

)
.

It is easy to see that Lemma A.1 follows from (A.4) and (A.8). �

Lemma A.2. Let k be the biggest positive integer satisfying k ≤ (N − 2)/2.
For any v ∈ Ex,λ, we have

(A.9)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1v = O

( k∑
j=1

|DjQ(x)|
λj

+ ε+
1

(λd)θ+(N−2)/2

)
‖v‖,

(A.10)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−2 ∂PUx,λ

∂λ
v

= O

( k∑
j=1

|DjQ(x)|
λj+1

+
ε

λ
+

1
λ(λd)θ+(N−2)/2

)
‖v‖,

(A.11)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−2 ∂PUx,λ

∂xj
v

= O

( k∑
j=1

|DjQ(x)|
λj−1

+ ελ+
λ

(λd)θ+(N−2)/2

)
‖v‖,

where θ > 0 is a positive constant.



Concentration of Solutions 217

Proof. In fact, arguing as Rey [34] (see (3.20)–(3.22) there), we have

(A.12)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1v

=
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1v +

∫
Ω

Q(y)(|PUx,λ|2
∗−ε−1 − |Ux,λ|2

∗−ε−1)v

=
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1v +O

(
‖v‖

(λd)θ+(N−2)/2

)
=λ−(N−2)ε/2

∫
Ωx,λ

Q

(
y

λ
+ x

)
|U |2

∗−ε−1v

(
y

λ
+ x

)
+O

(
1

(λd)θ+(N−2)/2

)
‖v‖

=λ−(N−2)ε/2

∫
Ωx,λ

Q

(
y

λ
+ x

)
|U |2

∗−1v(
y

λ
+ x)

+O

(
ε+

1
(λd)θ+(N−2)/2

)
‖v‖

=λ−(N−2)ε/2

∫
Ωx,λ

(
Q

(
y

λ
+ x

)
−Q(x)

)
|U |2

∗−1v

(
y

λ
+ x

)
+O

(
ε+

1
(λd)θ+(N−2)/2

)
‖v‖

=O

( k∑
j=1

|D(j)Q(x)|
λj

+ ε+
1

(λd)θ+(N−2)/2

)
‖v‖.

Since |∂PUx,λ/∂λ| ≤ Cλ−1Ux,λ and |∂PUx,λ/∂xj | ≤ CλUx,λ, we can prove
(A.10) and (A.11) in a similar way. �

Appendix B

From now on, we always assume that x ∈ Ω satisfies d = d(x, ∂Ω) ≥ d◦ > 0,
and vε is the function obtained in Proposition 3.1.

Let us define

l(u) =
‖u‖2∫

Ω
Q(y)|u|2∗−ε

.

In Lemma B.1 we establish a basic property of the functional l.

Lemma B.1. The functional l has the following expansion in λ:

l(PUx,λ + vε) =
1

Q(x)

[
1 +O

(
1

λN−2
+

N−2∑
j=1

|D(j)Q(x)|
λj

+ ε lnλ
)]
.
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Proof. From Lemma A.2 and (A.8), we get

(B.1) l(PUx,λ + vε)

=
‖PUx,λ‖2 + ‖vε‖2∫

Ω
Q(y)PU2∗−ε

x,λ + (2∗ − ε)
∫
Ω
Q(y)PU2∗−ε−1

x,λ vε +O(‖vε‖2)

=
‖PUx,λ‖2∫

Ω
Q(y)PU2∗−ε

x,λ

[
1 +O

(
1

λN−2+2θ
+

k∑
j=1

|D(j)(x)|2

λ2j
+ ε2 ln2 λ

)]

=
1

Q(x)

[
1 +O

(
1

λN−2
+

N−2∑
j=1

|D(j)(x)|
λj

+ ε lnλ
)]
. �

Lemma B.2. The derivative of the functional K satisfies

(B.2)
〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
=
A1−2/(2∗−ε)

Q(x)2/(2∗−ε)

[
2K1∆Q(x)
Q(x)λ3

− (N − 2)K3H(x, x)
λN−1

+
K2ε

λ

+O

( 2∑
j=1

|D(j)Q(x)|2

λ2j+1
+

N−2∑
j=3

|D(j)Q(x)|
λj+1

+
ε

λ2
+

1
λN+1

+
ε2 ln2 λ

λ

)]
.

Proof. We have

(B.3)
〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
=

2
(
∫
Ω
Q(y)|PUx,λ + vε|2∗−ε)2/(2∗−ε)

(〈
PUx,λ,

∂PUx,λ

∂λ

〉
− l(PUx,λ + vε)

∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−1 ∂PUx,λ

∂λ

)
.

By (B.5) in [34], we have

(B.4)
〈
PUx,λ,

∂PUx,λ

∂λ

〉
=

(N − 2)BH(x, x)
2λN−1

+O

(
1
λN

)
.

On the other hand it follows from Lemma A.2 and Proposition 3.1 that

(B.5)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−1 ∂PUx,λ

∂λ

=
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1 ∂PUx,λ

∂λ

+ (2∗ − ε− 1)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−2 ∂PUx,λ

∂λ
vε +O

(
‖vε‖2

λ

)
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=
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1 ∂PUx,λ

∂λ

+O

( k∑
j=1

|DjQ(x)|2

λ2j+1
+

(ε lnλ)2

λ
+

1
λ2θ+(N−1)

)
.

Also, by Proposition 1 in [34], we have

(B.6)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1 ∂PUx,λ

∂λ

=
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂PUx,λ

∂λ

− (2∗ − ε− 1)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−2ϕx,λ

∂PUx,λ

∂λ

+O

(
‖ϕx,λ‖2

∞
λ

∫
Ω

U2∗−ε−2
x,λ

)
=

∫
Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂PUx,λ

∂λ

− (2∗ − ε− 1)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−2ϕx,λ

∂PUx,λ

∂λ
+O

(
1

λN−1+2θ

)
and

(B.7)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂PUx,λ

∂λ

=
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂Ux,λ

∂λ
−

∫
Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂ϕx,λ

∂λ
+O

(
1
λN

)
.

In view of the symmetry of Ux,λ and ∂Ux,λ/∂λ, we have

(B.8)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂Ux,λ

∂λ

=Q(x)
∫

Ω

|Ux,λ|2
∗−ε−1 ∂Ux,λ

∂λ
+

∫
Ω

〈DQ(x), y − x〉|Ux,λ|2
∗−ε−1 ∂Ux,λ

∂λ

+
1
2

∫
Ω

〈D2Q(x)(y − x), y − x〉|Ux,λ|2
∗−ε−1 ∂Ux,λ

∂λ

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

+
1
λN

)
=

Q(x)
2∗ − ε

∂

∂λ

∫
Ω

|Ux,λ|2
∗−ε +

∆Q(x)
2N

1
2∗ − ε

∂

∂λ

∫
Ω

|y|2|Ux,λ|2
∗−ε

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

+
1
λN

)
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= − N − 2
22∗

Q(x)A
ε

λ
− ∆Q(x)

2∗Nλ3

∫
RN

|y|2U2∗

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

+
1
λN

+
ε2 lnλ
λ

)
.

Following the proof of (B.13) in [34], it is easy to show that

(B.9)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂ϕx,λ

∂λ
= −N − 2

2
BQ(x)H(x, x)

λN−1
+O

(
1
λN

+
ε lnλ
λN−1

)
.

Substituting (B.8) and (B.9) into (B.7), we obtain

(B.10)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−1 ∂PUx,λ

∂λ

= − N − 2
22∗

Q(x)A
ε

λ
− ∆Q(x)

2∗Nλ3

∫
RN

|y|2U2∗ +
N − 2

2
BQ(x)H(x, x)

λN−1

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

+
1
λN

+
ε2 lnλ
λ

)
.

By Proposition 1 in [34], we have

(B.11) (2∗ − ε− 1)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−2ϕx,λ

∂PUx,λ

∂λ

=(2∗ − ε− 1)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−2ϕx,λ

∂Ux,λ

∂λ

− (2∗ − ε− 1)
∫

Ω

Q(y)|Ux,λ|2
∗−ε−2ϕx,λ

∂ϕx,λ

∂λ

=(2∗ − ε− 1)
1

λ(N−2)/2

∫
Ω

Q(y)|Ux,λ|2
∗−ε−2H(y, x)

∂Ux,λ

∂λ

+O

(
1

λN−1+2θ

)
=
Q(x)H(x, x)
λ(N−2)/2

∂λ−(N−2)(1+ε)/2

∂λ

∫
RN

U2∗−ε−1 +O

(
1

λN−1+2θ

)
= − N − 2

2
Q(x)H(x, x)

λN−1
B +O

(
ε lnλ
λN−1

+
1

λN−1+2θ

)
.

Combining (B.6), (B.10) and (B.11) we obtain

(B.12)
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1 ∂PUx,λ

∂λ

= − N − 2
22∗

Q(x)A
ε

λ
− ∆Q(x)

2∗Nλ3

∫
RN

|y|2U2∗ +
(N − 2)BQ(x)H(x, x)

λN−1

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

+
1

λN−1+2θ
+
ε2 lnλ
λ

)
.
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Inserting (B.12) into (B.5), we get

(B.13)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−1 ∂PUx,λ

∂λ

= − N − 2
22∗

Q(x)A
ε

λ
− ∆Q(x)

2∗Nλ3

∫
RN

|y|2U2∗ +
(N − 2)BQ(x)H(x, x)

λN−1

+O

( N−2∑
j=3

|D(j)Q(x)|
λj+1

)

+O

( k∑
j=1

|DjQ(x)|2

λ2j+1
+

(ε lnλ)2

λ
+

1
λ2θ+(N−1)

)
.

Then Lemma B.2 follows from (B.3), (B.4), (B.13) and Lemma B.1. �

Appendix C

In this section, we will estimate ‖∂vε/∂λ‖, where vε is the map obtained in
Proposition 3.1. We assume that Q(y) satisfies the assumptions of Theorem 1.3
and

(C.1) |x− x◦| ≤ ε1/L, λ ∈ [c◦ε−1/(N−2), c1ε
−1/(N−2)].

Lemma C.1. Suppose that Q(y) satisfies the assumptions of Theorem 1.3.
Then

(C.2) ‖vε‖ = O(ε(1+σ)/2),

where σ > 0 is a constant.

Proof. In view of Lemma A.2, we only need to check

(C.3)
|D(j)Q(x)|

λj
= O(ε1+σ).

Indeed, by the assumptions imposed on Q(y), we see that if σ > 0 is sufficiently
small, then

|D(j)Q(x)|
λj

≤ C
|x− x◦|L−j

λj
≤ C|x− x◦|L(1+σ) +Cλ−L(1+σ)j/(Lσ+j) = O(ε1+σ).

�

Lemma C.2. Suppose that Q(y) satisfies the assumptions of Theorem 1.3.
Then we have the following estimates:

〈DK(PUx,λ + vε), PUx,λ〉 = O(ε1−σ),(C.4) 〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
= O(ε1+σ+1/(N−2)),(C.5) 〈

DK(PUx,λ + vε),
∂PUx,λ

∂xj

〉
= O(ε1−σ−1/(N−2)).(C.6)
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Proof. Lemma B.2, together with (C.3), gives (C.5). The relation (C.4)
follows from

(C.7) 〈DK(PUx,λ + vε), PUx,λ〉

=O

(
‖PUx,λ‖2 − 1

Q(x)
(1 +O(ε ln 1/ε))

·
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2(PUx,λ + vε)PUx,λ

)
=O

(
‖PUx,λ‖2 − 1

Q(x)
(1 +O(ε ln 1/ε))

∫
Ω

Q(y)|PUx,λ|2
∗−ε +O(‖vε‖2)

)
=O

(
‖PUx,λ‖2 −

∫
Ω

PU2∗

x,λ +O(ε ln 1/ε)
)

= O(ε1−σ).

Finally, noting |∂PUx,λ/∂xj | ≤ CλPUx,λ, we can prove (C.6) in a similar man-
ner. �

Proposition C.3. Let vε be a function from Proposition 3.1. Then

(C.8)
∥∥∥∥∂vε

∂λ

∥∥∥∥ = O(ε1+σ/2+1/(N−2)).

To prove Proposition C.3 we need Lemma C.4 below. We write the following
decomposition

(C.9)
∂vε

∂λ
= w + αPUx,λ + β

∂PUx,λ

∂λ
+

N∑
j=1

γj
∂PUx,λ

∂xj
,

where α, β and γj are chosen in such a way that w ∈ Ex,λ.

Lemma C.4. Let α, β and γj be coefficients from (C.9). Then

α = O

(
‖vε‖
λ2

)
, β = O(‖vε‖), γj = O

(
‖vε‖
λ2

)
.

Proof. We know that α, β and γj satisfy

(C.10) α‖PUx,λ‖2 + β

〈
∂PUx,λ

∂λ
, PUx,λ

〉
+

N∑
j=1

γj

〈
∂PUx,λ

∂xj
, PUx,λ

〉
= 0,

(C.11) α

〈
PUx,λ,

∂PUx,λ

∂λ

〉
+ β‖∂PUx,λ

∂λ
‖2 +

N∑
j=1

γj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂λ

〉

= −
〈
vε,

∂2PUx,λ

∂λ2

〉
= O

(
‖vε‖
λ2

)
,
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(C.12) α

〈
PUx,λ,

∂PUx,λ

∂xi

〉
+ β

〈
∂PUx,λ

∂λ
,
∂PUx,λ

∂xi

〉
+

N∑
j=1

γj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂xi

〉
= −

〈
vε,

∂2PUx,λ

∂λ∂xi

〉
= O(‖vε‖).

Solving the above system we get the desired result. �

For a fixed w0 ∈ Ex◦,λ◦ , let π(x, λ) be the orthogonal projection of w◦ into
Ex,λ. Then

(C.13) w◦ = π(x, λ) + a(x, λ)PUx,λ + b(x, λ)
∂PUx,λ

∂λ
+

N∑
j=1

gj(x, λ)
∂PUx,λ

∂xj
.

Lemma C.5. The map π(x, λ) is C1 with respect to x and λ, and

a(x◦, λ◦) = 0,
∂a(x◦, λ◦)

∂λ
= O

(
‖w◦‖
λ2

)
,(C.14)

b(x◦, λ◦) = 0,
∂b(x◦, λ◦)

∂λ
= O(‖w◦‖),(C.15)

gj(x◦, λ◦) = 0,
∂gj(x◦, λ◦)

∂λ
= O

(
‖w◦‖
λ2

)
.(C.16)

Proof. It is clear that a(x, λ), b(x, λ) and gj(x, λ) satisfy

(C.17) a‖PUx,λ‖2 + b

〈
∂PUx,λ

∂λ
, PUx,λ

〉
+

N∑
j=1

gj

〈
∂PUx,λ

∂xj
, PUx,λ

〉
= 〈w◦, PUx,λ〉,

(C.18) a

〈
PUx,λ,

∂PUx,λ

∂λ

〉
+ b

∥∥∥∥∂PUx,λ

∂λ

∥∥∥∥2

+
N∑

j=1

gj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂λ

〉
=

〈
w◦,

∂PUx,λ

∂λ

〉
,

(C.19) a

〈
PUx,λ,

∂PUx,λ

∂xi

〉
+ b

〈
∂PUx,λ

∂λ
,
∂PUx,λ

∂xi

〉
+

N∑
j=1

gj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂xi

〉
=

〈
w◦,

∂PUx,λ

∂xi

〉
.

Solving the above system we easily see that a(x, λ), b(x, λ) and gj(x, λ) are C1

with respect to x and λ.
On the other hand from the fact that w◦ ∈ Ex◦,λ◦ , we easily deduce

a(x◦, λ◦) = b(x◦, λ◦) = gj(x◦, λ◦) = 0.
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Differentiating (C.17)–(C.19) with respect to λ, we get

(C.20)
∂a(x◦, λ◦)

∂λ
‖PUx◦,λ◦‖2 +

∂b(x◦, λ◦)
∂λ

〈
∂PUx◦,λ◦

∂λ
, PUx◦,λ◦

〉
+

N∑
j=1

∂gj(x◦, λ◦)
∂λ

〈
∂PUx◦,λ◦

∂xj
, PUx◦,λ◦

〉

=
〈
w◦,

∂PUx◦,λ◦

∂λ

〉
= O

(
‖w◦‖
λ

)
,

(C.21)
∂a(x◦, λ◦)

∂λ

〈
PUx◦,λ◦ ,

∂PUx◦,λ◦

∂λ

〉
+
∂b(x◦, λ◦)

∂λ

∥∥∥∥∂PUx◦,λ◦

∂λ

∥∥∥∥2

+
N∑

j=1

∂gj(x◦, λ◦)
∂λ

〈
∂PUx◦,λ◦

∂xj
,
∂PUx◦,λ◦

∂λ

〉

=
〈
w◦,

∂2PUx◦,λ◦

∂λ2

〉
= O

(
‖w◦‖
λ2

)
,

(C.22)
∂a(x◦, λ◦)

∂λ

〈
PUx◦,λ◦ ,

∂PUx◦,λ◦

∂xi

〉
+
∂b(x◦, λ◦)

∂λ

〈
∂PUx◦,λ◦

∂λ
,
∂PUx◦,λ◦

∂xi

〉
+

N∑
j=1

∂gj(x◦, λ◦)
∂λ

〈
∂PUx◦,λ◦

∂xj
,
∂PUx◦,λ◦

∂xi

〉
=

〈
w◦,

∂2PUx,λ

∂λ∂xi

〉
= O(‖w◦‖).

Solving the above system we get the desired estimate. �

Proof of Proposition C.3. In view of Lemma C.4, we only need to es-
timate ‖w‖. Let π(x′, λ′) be the orthogonal projection of w ∈ Ex,λ onto Ex′,λ′ .
By (1.21), we have

(C.23) 〈DK(PUx′,λ′ + vε(x′, λ′)), π(x′, λ′)〉 = 0.

Differentiating (C.23) with respect to λ′ and letting (x′, λ′) = (x, λ), we get

(C.24) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
+
∂vε

∂λ
,w

)
+

〈
DK(PUx,λ + vε),

∂π(x, λ)
∂λ

〉
= 0.

It follows from Lemmas C.2 and C.5 that

(C.25)
〈
DK(PUx,λ + vε),

∂π(x, λ)
∂λ

〉
=
∂a

∂λ
〈DK(PUx,λ + vε), PUx,λ〉+

∂b

∂λ

〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
+

N∑
j=1

∂gj

∂λ

〈
DK(PUx,λ + vε),

∂PUx,λ

∂xj

〉
O(ε1−σ+1/(N−2)‖w‖).
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Combining (C.24) and (C.25) and taking Lemmas C.2 and C.4 into account we
obtain

(C.26) D2K(PUx,λ + vε)(w,w) = −D2K(PUx,λ + vε)

·
(
∂PUx,λ

∂λ
+ αPUx,λ + β

∂PUx,λ

∂λ
+

N∑
j=1

γj
∂PUx,λ

∂xj
, w

)
+O(ε1−σ+1/(N−2))‖w‖

= −D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
+ β

∂PUx,λ

∂λ
,w

)
+O(ε(1+σ)/2+1/(N−2))‖w‖.

We now claim that

(C.27) D2K(PUx,λ + vε)(w,w) ≥ ρ‖w‖2,

for some constant ρ > 0 and

(C.28) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,w

)
= O(ε(1+σ)/2+1/(N−2)‖w‖).

Then obviously (C.27) and (C.28) imply that ‖w‖ = O(ε(1+σ)/2+1/(N−2)), and
Proposition C.3 follows.

To prove (C.27)–(C.28), let us write

(C.29) D2K(u)(ϕ,ψ) =
2〈ϕ,ψ〉

(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)

− 4〈u, ϕ〉
(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)+1

∫
Ω

Q(y)|u|2
∗−ε−1ψ

− 4〈u, ψ〉
(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)+1

∫
Ω

Q(y)|u|2
∗−ε−1ϕ

+
2

2∗ − ε

(
2

2∗ − ε
+ 1

)∫
Ω
Q(y)|u|2∗−ε−1ϕ

∫
Ω
Q(y)|u|2∗−ε−1ψ

(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)+2

− 2(2∗ − ε− 1)
‖u‖2

(
∫
Ω
Q(y)|u|2∗−ε)2/(2∗−ε)+1

∫
Ω

Q(y)|u|2
∗−ε−2ϕψ.

Verification of (C.27). First, we observe that

(C.30) 〈PUx,λ + vε, w〉 = 〈vε, w〉 = O(ε(1+σ)/2‖w‖),

By Lemma A.2, we see

(C.31)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−1w

=
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1w +O(‖vε‖‖w‖) = O(ε(1+σ)/2‖w‖).
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It follows from (C.30) and (C.31) that

(C.32) D2K(PUx,λ + vε)(w,w) =
2

(
∫
Ω
Q(y)|PUx,λ + vε|2∗−ε)2/(2∗−ε)+1

·
(
‖w‖2 − (2∗ − ε− 1)l(PUx,λ + vε)

∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−2w2

)
+O(ε1+σ‖w‖2).

Thus (C.27) follows from (C.32) and Appendix D in [34].
Verification of (C.28). We have〈

∂PUx,λ

∂λ
,w

〉
= 0,

〈
PUx,λ + vε, w

〉
= O(‖vε‖‖w‖),(C.33) 〈

PUx,λ + vε,
∂PUx,λ

∂λ

〉
=

〈
PUx,λ,

∂PUx,λ

∂λ

〉
= O

(
1

λN−1

)
.(C.34)

Also, as in the proof of Lemma B.2, we have

(C.35)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−1 ∂PUx,λ

∂λ
= O(ε1+1/(N−2))

and

(C.36)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ
w

=
∫

Ω

Q(y)|PUx,λ|2
∗−ε−2 ∂PUx,λ

∂λ
w +O

(
‖vε‖‖w‖

λ

)
= O(ε(1+σ)2+1/(N−2))‖w‖.

Combining (C.33)–(C.33) we get (C.28) and this complete the proof of Proposi-
tion C.23. �

Appendix D

Lemma D.1. The derivative of the functional K satisfies

(D.1)
∂

∂λ

〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
=

A1−2/(2∗−ε)

Q(x)2/(2∗−ε)

[
(N − 1)(N − 2)K3H(x, x)

λN
− K2ε

λ2
+O(ε1+σ+2/(N−2))

]
.

Proof. By straightforward calculations we have

∂

∂λ

〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
(D.2)

=D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
+
∂vε

∂λ
,
∂PUx,λ

∂λ

)
+

〈
DK(PUx,λ + vε),

∂2PUx,λ

∂λ2

〉
.
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First, we estimate D2K(PUx,λ + vε)(∂PUx,λ/∂λ, ∂vε/∂λ). By Proposition C.3,
we have

(D.3)

〈
PUx,λ + vε,

∂vε

∂λ

〉
= O(ε1+σ+1/(N−2)),〈

PUx,λ + vε,
∂PUx,λ

∂λ

〉
= O(ε(N−1)/(N−2)).

As in the proof of Lemma B.2, we also have

(D.4)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2(PUx,λ + vε)

∂PUx,λ

∂λ
= O(ε1+1/(N−2)).

On the other hand we have

(D.5)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2(PUx,λ + vε)

∂vε

∂λ

=
∫

Ω

Q(y)|PUx,λ|2
∗−ε−1 ∂vε

∂λ
+O

(
‖vε‖

∥∥∥∥∂vε

∂λ

∥∥∥∥)
=

∫
Ω

Q(y)|PUx,λ|2
∗−1 ∂vε

∂λ
+O(ε1+σ+1/(N−2))

= Q(x)
∫

Ω

|PUx,λ|2
∗−1 ∂vε

∂λ
+O(ε1+σ+1/(N−2))

= Q(x)
∫

Ω

U2∗−1
x,λ

∂vε

∂λ
+O(ε1+σ+1/(N−2)) = O(ε1+σ+1/(N−2)).

Combining (D.3)–(D.5) we obtain

(D.6) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,
∂vε

∂λ

)
=

2
(
∫
Ω
Q(y)|PUx,λ + vε|2∗−ε)2/(2∗−ε)

[〈
∂PUx,λ

∂λ
,
∂vε

∂λ

〉
− (2∗ − ε− 1)l(PUx,λ + vε)

∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ

∂vε

∂λ

]
+O(ε1+σ+3/(N−2)).

We now observe that

∂vε

∂λ
= w + αPUx,λ + β

∂PUx,λ

∂λ
+

N∑
j=1

γj
∂PUx,λ

∂xj

and 〈
∂PUx,λ

∂λ
,w

〉
= 0.

Consequently, it follows from Lemma A.2 and Proposition C.3 that∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ
w = O(ε1+σ+2/(N−2)).
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Hence

(D.7) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,
∂vε

∂λ

)
= O

(
α

[〈
∂PUx,λ

∂λ
, PUx,λ

〉
− dl(PUx,λ + vε)

∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ
PUx,λ

]
+ β

[∥∥∥∥∂PUx,λ

∂λ

∥∥∥∥2

− dl(PUx,λ + vε)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2

∣∣∣∣∂PUx,λ

∂λ

∣∣∣∣2]
+

N∑
j=1

γj

[〈
∂PUx,λ

∂λ
,
∂PUx,λ

∂xj

〉

− dl(PUx,λ + vε)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ

∂PUx,λ

∂xj

])
+O(ε1+σ+2/(N−2)),

where d = 2∗ − ε− 1. Since ∂PUx,λ/∂λ is a solution of

−∆u = (2∗ − 1)U2∗−1
x,λ u,

it follows from Appendix F in [21], Lemma B.1 and Lemma C.4 that

(D.8) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,
∂vε

∂λ

)
= O(ε1+σ+2/(N−2)).

We now estimate

D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,
∂PUx,λ

∂λ

)
+

〈
DK(PUx,λ + vε),

∂2PUx,λ

∂λ2

〉
.

It is easy to check

(D.9) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
,
∂PUx,λ

∂λ

)
+

〈
DK(PUx,λ + vε),

∂2PUx,λ

∂λ2

〉
=

(
2∫

Ω
Q(y)|PUx,λ + vε|2∗−ε

)2/(2∗−ε){[∥∥∥∥∂PUx,λ

∂λ

∥∥∥∥2

− (2∗ − ε− 1)l(PUx,λ + vε)
∫

Ω

Q(y)|PUx,λ + vε|2
∗−ε−2

∣∣∣∣∂PUx,λ

∂λ

∣∣∣∣2]
+

〈
PUx,λ + vε,

∂2PUx,λ

∂λ2

〉
− l(PUx,λ + vε)

∫
Ω

Q(y)|PUx,λ + vε|2
∗−ε−1 ∂

2PUx,λ

∂λ2

}
+O(ε1+σ+2/(N−2))

=
(

2∫
Ω
Q(y)|PUx,λ + vε|2∗−ε

)2/(2∗−ε)



Concentration of Solutions 229

·
[
1
2
∂2

∂λ2
‖PUx,λ‖2 − 1

2∗ − ε

∂2

∂λ2

∫
Ω

Q(y)|PUx,λ|2
∗−ε

+
〈
vε,

∂2PUx,λ

∂λ2

〉
− l(PUx,λ + vε)

∫
Ω

Q(y)vε
∂2

∂λ2
PU2∗−ε−1

x,λ

]
+O(ε1+σ+2/(N−2))

=
(

2∫
Ω
Q(y)|PUx,λ + vε|2∗−ε

)2/(2∗−ε)

·
[
1
2
∂2

∂λ2
‖PUx,λ‖2 − 1

2∗ − ε

∂2

∂λ2

∫
Ω

Q(y)|PUx,λ|2
∗−ε

+
∫

Ω

vε
∂2

∂λ2
PU2∗−1

x,λ − l(PUx,λ + vε)
∫

Ω

Q(y)vε
∂2

∂λ2
PU2∗−ε−1

x,λ

]
+O(ε1+σ+2/(N−2))

=
(

2∫
Ω
Q(y)|PUx,λ + vε|2∗−ε

)2/(2∗−ε)

·
[
1
2
∂2

∂λ2
‖PUx,λ‖2 − 1

2∗ − ε

∂2

∂λ2

∫
Ω

Q(y)|PUx,λ|2
∗−ε

]
+O(ε1+σ+2/(N−2)).

and Lemma D.1 readily follows. �

Lemma D.2. We have

∂

∂λ

〈
DK(PUx,λ + vε),

∂PUx,λ

∂xj

〉
= O(ε1−σ).

Proof. The proof of Lemma D.2 is similar to that of Lemma D.1 and there-
fore is omitted. �

Lemma D.3. We have

∂

∂λ
〈DK(PUx,λ + vε), PUx,λ〉 = O(ε1−σ+1/(N−2)).

Proof. By Lemma C.2, we have

(D.10)
∂

∂λ
〈DK(PUx,λ + vε), PUx,λ〉

=D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
+
∂vε

∂λ
, PUx,λ

)
+

〈
DK(PUx,λ + vε),

∂PUx,λ

∂λ

〉
=D2K(PUx,λ + vε)

(
∂PUx,λ

∂λ
+
∂vε

∂λ
, PUx,λ

)
+O(ε1+σ+1/(N−2)).
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As in the proof of (D.8), we get

(D.11) D2K(PUx,λ + vε)
(
∂vε

∂λ
, PUx,λ

)
= O(ε1+σ+1/(N−2)).

We also have

(D.12) D2K(PUx,λ + vε)
(
∂PUx,λ

∂λ
, PUx,λ

)
= O

(〈
∂PUx,λ

∂λ
, PUx,λ

〉
− (2∗ − ε− 1)

∫
Ω

|PUx,λ + vε|2
∗−ε−2 ∂PUx,λ

∂λ
PUx,λ

)
+O(ε1+1/(N−2))

= O

(
‖vε‖2

λ
+ ε1−σ+1/(N−2)

)
= O(ε1−σ+1/(N−2)).

Hence, Lemma D.3 follows from (D.10)–(D.12). �

Appendix E

Let A, B and Gj be the constants in (1.21), that is,

∂J

∂v
= APUx,λ +B

∂PUx,λ

∂λ
+

N∑
j=1

Gj
∂PUx,λ

∂xj
.

Lemma E.1. Let A, B and Gj be the constants in (1.21). Then

A = O(ε1−σ), B = O(ε1−1/(N−2)), Gj = O(ε1−σ+1/(N−2)),(E.1)

(E.2)
∂A

∂λ
= O(ε1−σ+1/(N−2)),

∂B

∂λ
= O(ε1−σ),

∂Gj

∂λ
= O(ε1−σ+2/(N−2)).

Proof. By Lemma C.2 we see that A, B and Gj satisfy

(E.3) A‖PUx,λ‖2 +B

〈
∂PUx,λ

∂λ
, PUx,λ

〉
+

N∑
j=1

Gj

〈
∂PUx,λ

∂xj
, PUx,λ

〉

=
〈
∂J

∂v
, PUx,λ

〉
= O(ε1−σ),

(E.4) A

〈
PUx,λ,

∂PUx,λ

∂λ

〉
+B

∥∥∥∥∂PUx,λ

∂λ

∥∥∥∥2

+
N∑

j=1

Gj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂λ

〉

=
〈
∂J

∂v
,
∂PUx,λ

∂λ

〉
= O(ε1+1/(N−2)),
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(E.5) A

〈
PUx,λ,

∂PUx,λ

∂xi

〉
+B

〈
∂PUx,λ

∂λ
,
∂PUx,λ

∂xi

〉
+

N∑
j=1

Gj

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂xi

〉
=

〈
∂J

∂v
,
∂PUx,λ

∂xi

〉
= O(ε1−σ−1/(N−2)).

Solving (E.3)–(E.5) and taking Appendix F in [21] into account, we obtain (E.1).
Differentiating (E.3)–(E.5) with respect to λ, in view of Lemmas D.1–D.3, we
get

(E.6)
∂A

∂λ
‖PUx,λ‖2 +

∂B

∂λ

〈
∂PUx,λ

∂λ
, PUx,λ

〉
+

N∑
j=1

∂Gj

∂λ

〈
∂PUx,λ

∂xj
, PUx,λ

〉
= O(ε1−σ+1/(N−2)),

(E.7)
∂A

∂λ

〈
PUx,λ,

∂PUx,λ

∂λ

〉
+
∂B

∂λ

∥∥∥∥∂PUx,λ

∂λ

∥∥∥∥2

+
N∑

j=1

∂Gj

∂λ

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂λ

〉
= O(ε1−σ+2/(N−2)),

(E.8)
∂A

∂λ

〈
PUx,λ,

∂PUx,λ

∂xi

〉
+
∂B

∂λ

〈
∂PUx,λ

∂λ
,
∂PUx,λ

∂xi

〉
+

N∑
j=1

∂Gj

∂λ

〈
∂PUx,λ

∂xj
,
∂PUx,λ

∂xi

〉
= O(ε1−σ).

Solving the system (E.6)–(E.8) we get (E.2). �
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