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TYPE II REGIONS BETWEEN CURVES
OF THE FUČIK SPECTRUM AND CRITICAL GROUPS

Kanishka Perera — Martin Schechter

1. Introduction

The Fuč́ık spectrum arises in the study of semilinear elliptic boundary value
problems of the form

(1.1)

{
−∆u = f(x, u) in Ω,

u = 0 on ∂Ω,

where Ω is a smooth bounded domain in Rn and f(x, t) is a Carathéodory func-
tion on Ω× R such that

(1.2)
f(x, t)

t
→

{
a a.e. as t → −∞,

b a.e. as t →∞.

When |u(x)| is large, (1.1) approximates the equation

(1.3) −∆u = bu+ − au−,

where u±(x) = max{±u(x), 0}. The set Σ of those points (a, b) ∈ R2 for which
(1.3) (together with the zero boundary condition) has nontrivial solutions is
called the Fuč́ık spectrum of −∆.

It was shown in Schechter [7] that, if 0 < λ1 < λ2 < . . . are the distinct
Dirichlet eigenvalues of −∆, there are decreasing curves Cl1, Cl2 (which may
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coincide) passing through the point (λl, λl) such that all points on the curves are
in Σ, while points in the square Ql := (λl−1, λl+1)2 that are above both curves
or below both curves are not in Σ. When the curves do not coincide, the region
between them is called a type II region. Points in a type II region may or may
not belong to Σ.

From the variational point of view, the solutions of the asymptotic equation
(1.3) are the critical points of the C1 functional

(1.4) I(u) = I(u, a, b) =
∫

Ω

|∇u|2 − a(u−)2 − b(u+)2, u ∈ H = H1
0 (Ω).

When (a, b) 6∈ Σ, u = 0 is the only critical point of I and it is well-known that
for λl−1 < b < λl < a < λl+1, the critical groups

(1.5) Cq(I, 0) = 0 if q < dl−1 or q > dl,

where dl is the dimension of the subspace Nl spanned by the eigenfunctions
corresponding to λ1, . . . , λl (see Dancer [2]). Some of the critical groups for
q = dl−1 and for q = dl were recently computed by Dancer [2]. In particular, if
(a, b) ∈ Ql \ Σ lies in the type II region between Cl1, Cl2 and a > b, then

a > t(b) := inf{a′ > b : (a′, b) ∈ Σ},(1.6)

b < s(a) := sup{b′ < a : (a, b′) ∈ Σ},(1.7)

and hence

(1.8) Cdl−1(I, 0) = Cdl
(I, 0) = 0

(see Theorem 1 of Dancer [2]). Thus, when (a, b) ∈ Ql \Σ is in a type II region,

(1.9) Cq(I, 0) = 0 if q ≤ dl−1 or q ≥ dl

(interchanging a and b does not affect the critical groups). We will give a new
proof of this fact based on some ideas developed in Schechter [7], [8].

Theorem1.1. Let (a, b) ∈ Ql \ Σ.

(i) If q < dl−1 or q > dl, then

(1.10) Cq(I, 0) = 0.

(ii) If (a, b) lies below the lower curve Cl1, then

(1.11) Cq(I, 0) =

{
Z for q = dl−1,

0 for q 6= dl−1.

(iii) If (a, b) lies above Cl1, then

(1.12) Cdl−1(I, 0) = 0.
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(iv) If (a, b) lies above the upper curve Cl2, then

(1.13) Cq(I, 0) =

{
Z for q = dl,

0 for q 6= dl.

(v) If (a, b) lies below Cl2, then

(1.14) Cdl
(I, 0) = 0.

Theorem 1.1 is proved in Section 2. When (a, b) lies between Cl1 and Cl2,
this theorem does not cover the critical groups Cq(I, 0) for dl−1 < q < dl.

The following existence results for the problem (1.1) were obtained in Schech-
ter [8] when (a, b) 6∈ Σ is in a type II region. Assume that f(x, t) is of the form

(1.15) f(x, t) = bt+ − at− + p(x, t),

with

(1.16)
p(x, t)

t
→ 0 a.e. as t → ±∞,

and define

(1.17) F (x, t) =
∫ t

0

f(x, s) ds, P (x, t) =
∫ t

0

p(x, s) ds.

Theorem 1.2. Assume that (a, b) ∈ Ql \ Σ lies above Cl1 and that

f(x, t1)− f(x, t0) < λl+1(t1 − t0), x ∈ Ω, t0 < t1,(1.18)

2P (x, t) ≥ −W (x) ∈ L1(Ω), x ∈ Ω, t ∈ R,(1.19)

2F (x, t) ≥ λl−1t
2, x ∈ Ω, t ∈ R,(1.20)

2F (x, t) ≤ λlt
2, |t| < δ, for some δ > 0.(1.21)

Then (1.1) has a nontrivial solution.

Theorem 1.3. Assume that (a, b) ∈ Ql \ Σ lies below Cl2 and that

f(x, t1)− f(x, t0) > λl−1(t1 − t0), x ∈ Ω, t0 < t1,(1.22)

2P (x, t) ≤ W (x) ∈ L1(Ω), x ∈ Ω, t ∈ R,(1.23)

2F (x, t) ≤ λl+1t
2, x ∈ Ω, t ∈ R,(1.24)

2F (x, t) ≥ λlt
2, |t| < δ, for some δ > 0.(1.25)

Then (1.1) has a nontrivial solution.

We shall improve these theorems using a generalized notion of local linking
introduced in Perera [5]. We assume that

(1.26) |f(x, t)| ≤ C(|t|+ 1), x ∈ Ω, t ∈ R.
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Recall that the curves Cl1 and Cl2 were constructed in Schechter [7] as follows.
Define

Ml(a, b) = inf
w∈Ml, ‖w‖=1

sup
v∈Nl

I(v + w), where Ml = N⊥
l ,

(1.27)

ml(a, b) = sup
v∈Nl, ‖v‖=1

inf
w∈Ml

I(v + w),
(1.28)

νl(a) = sup{b : Ml(a, b) ≥ 0},(1.29)

µl(a) = inf{b : ml(a, b) ≤ 0},(1.30)

and let Cl1 be the (lower) curve b = νl−1(a) and Cl2 be the (upper) curve
b = µl(a).

Theorem 1.4. Assume that (a, b) ∈ Ql \Σ lies above Cl1, (1.26) holds, and
for some j 6= l + 1 and a0 ∈ [λj−1, λj+1],

(1.31) λj−1t
2 ≤ 2F (x, t) ≤ a0(t−)2 + νj−1(a0)(t+)2, |t| < δ, for some δ > 0.

Then (1.1) has a nontrivial solution.

Theorem 1.5. Assume that (a, b) ∈ Ql \Σ lies below Cl2, (1.26) holds, and
for some j 6= l − 1 and a0 ∈ [λj−1, λj+1],

(1.32) a0(t−)2 + µj(a0)(t+)2 ≤ 2F (x, t) ≤ λj+1t
2, |t| < δ, for some δ > 0.

Then (1.1) has a nontrivial solution.

Note that, unlike in Theorems 1.2 and 1.3, the assumptions near zero and
near infinity in Theorems 1.4 and 1.5 are not necessarily related to the same
eigenvalues.

Corollary 1.6. Assume that (a, b) ∈ Ql \ Σ, (1.26) holds,

(1.33) f(x, t) = b0t
+ − a0t

− + p0(x, t)

with p0(x, t) = o(t) as t → 0, uniformly in Ω, and (a0, b0) ∈ Ql. Then (1.1) has
a nontrivial solution in the following cases:

(i) (a, b) is above Cl1 and (a0, b0) is either below Cl1, or on Cl1 and

(1.34) P0(x, t) :=
∫ t

0

p0(x, s)ds ≤ 0, |t| < δ, for some δ > 0,

(ii) (a, b) is below Cl2 and (a0, b0) is either above Cl2, or on Cl2 and

(1.35) P0(x, t) ≥ 0, |t| < δ, for some δ > 0.



Curves of the Fuč́ık Spectrum and Critical Groups 231

As in Schechter [8], we search for solutions of (1.1) as critical points of

(1.36) G(u) =
∫

Ω

|∇u|2 − 2F (x, u), u ∈ H = H1
0 (Ω).

It is well-known that G satisfies the Palais–Smale compactness condition (PS)
when (a, b) 6∈ Σ. We obtain nontrivial critical points using the notion of homo-
logical local linking introduced in Perera [5], which we now recall.

Let G be a C1 functional on a Hilbert space H and assume that G has only
isolated critical points and satisfies (PS).

Definition 1.7. Assume that 0 is a critical point of G with G(0) = 0 and
let q, β be positive integers. We say that G has a local (q, β)-linking near the
origin if there exist a neighbourhood U of 0 and subsets A, S, B of U with
A ∩ S = ∅, 0 6∈ A, A ⊂ B such that

(i) 0 is the only critical point in G0 ∩ U ,
(ii) denoting by i1∗ : Hq−1(A) → Hq−1(U \ S) and i2∗ : Hq−1(A) →

Hq−1(B) the embeddings of the homology groups induced by inclusions,

rank i1∗ − rank i2∗ ≥ β,

(iii) G ≤ 0 on B,
(iv) G > 0 on S \ {0}.

We will prove Theorems 1.4 and 1.5 using the following critical point theorem
proved in Perera [5].

Theorem 1.8. Assume that G has a local (q, β)-linking near the origin and
a regular value α < 0 such that

(1.37) rankHq(H,Gα) < β.

Then G has a (nontrivial) critical point u with either

G(u) < 0, Cq−1(G, u) 6= 0(1.38)

or

G(u) > 0, Cq+1(G, u) 6= 0.(1.39)

2. Critical group computations

Recall that the critical groups Cq(I, 0) are defined by

(2.1) Cq(I, 0) = Hq(I0 ∩ U, (I0 ∩ U) \ {0}),
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where U is any neighbourhood of 0 such that 0 is the only critical point of I in
I0 ∩U . Since (a, b) 6∈ Σ, 0 is the only critical point of I in H and hence we may
take U = H. Then

(2.2) Cq(I, 0) = Hq(I0, I0 \ {0}).

It was shown in Schechter [8] that there is a continuous map τ : Nl → Ml

such that

τ(sv) = sτ(v) for s ≥ 0,(2.3)

I(v + τ(v)) = inf
w∈Ml

I(v + w) for v ∈ Nl.(2.4)

Let

(2.5) Sl1 = {v + τ(v) : v ∈ Nl}.

Then, since I(v + w) is convex in w ∈ Ml and I > 0 on Ml \ {0} for (a, b) ∈ Ql,
the mapping

(2.6) I0 × [0, 1] → I0, (v + w, t) 7→ v + (1− t)w + tτ(v)

is a strong deformation retraction of the pair (I0, I0 \ {0}) onto the pair (I0 ∩
Sl1, (I0 ∩ Sl1) \ {0}). Hence

(2.7) Cq(I, 0) ∼= Hq(I0 ∩ Sl1, (I0 ∩ Sl1) \ {0}).

Since I is positive homogeneous and Sl1 is a radial manifold, the mapping

(2.8) (I0 ∩ Sl1)× [0, 1] → I0 ∩ Sl1, (u, t) 7→ (1− t)u

is a contraction of I0 ∩ Sl1 into 0, and hence

(2.9) Hq(I0 ∩ Sl1) =

{
Z for q = 0,

0 for q 6= 0.

Also, the mapping ((I0 ∩ Sl1) \ {0})× [0, 1] → (I0 ∩ Sl1) \ {0}, defined by

(2.10) (u, t) 7→
(

1− t +
t

‖Plu‖

)
u,

where Pl is the orthogonal projection onto Nl, is a strong deformation retraction
of (I0 ∩ Sl1) \ {0} onto I0 ∩ Ŝl1 where Ŝl1 = {u ∈ Sl1 : ‖Plu‖ = 1}, and hence

(2.11) Hq((I0 ∩ Sl1) \ {0}) ∼= Hq(I0 ∩ Ŝl1).

Now consider the following portion of the exact sequence of the pair (I0 ∩
Sl1, (I0 ∩ Sl1) \ {0}).

(2.12) Hq(I0 ∩ Sl1) → Hq(I0 ∩ Sl1, (I0 ∩ Sl1) \ {0})
→ Hq−1((I0 ∩ Sl1) \ {0}) → Hq−1(I0 ∩ Sl1)
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It follows from (2.7), (2.9), the exactness of the sequence in (2.12), and (2.11)
that

(2.13) Cq(I, 0) ∼= Hq−1(I0 ∩ Ŝl1) if q > 1.

But

(2.14) Hq−1(I0 ∩ Ŝl1) = 0 if q > dl

since Ŝl1 is homeomorphic to the unit sphere in Nl, proving the second half of (i).
(iv) If (a, b) is above Cl2, then

(2.15) ml(a, b) ≤ 0

by (1.30), and hence

(2.16) inf
w∈Ml

I(v + w) ≤ 0 for all v ∈ Nl, ‖v‖ = 1,

by (1.28). So I ≤ 0 on Sl1 by (2.3), (2.4) and hence, by (2.7),

(2.17) Cq(I, 0) ∼= Hq(Sl1, Sl1 \ {0}) =

{
Z for q = dl,

0 for q 6= dl,

(Sl1 is contractible while Sl1 \ {0} is homotopic to the unit sphere in Nl).
(v) If (a, b) is below Cl2, then

(2.18) ml(a, b) > 0,

by (1.30), and hence there is a v ∈ Nl, ‖v‖ = 1 such that

(2.19) inf
w∈Ml

I(v + w) > 0

by (1.28). So I0 ∩ Ŝl1 is homeomorphic to a proper subset of the (dl − 1)-
dimensional sphere and hence, by (2.13),

(2.20) Cdl
(I, 0) ∼= Hdl−1(I0 ∩ Ŝl1) = 0.

We prove the first half of (i), (ii) and (iii) by looking at I on another (infinite
dimensional) manifold Sl2 modeled on Ml−1 and by using a finite dimensional
approximation scheme.

Since (a, b) 6∈ Σ, 0 is the only critical point of I and hence

(2.21) Cq(I, 0) ∼= Hq(H, Iα)

for any α < 0. Since I has no critical values less than 0, the negative gradient
flow of I defines a strong deformation retraction of {u ∈ H : I(u) < 0} onto Iα.
Hence

(2.22) Cq(I, 0) ∼= Hq(H,H \ I0),
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where I0 = {u ∈ H : I(u) ≥ 0}. Since
⋃

k Nk is dense in H, by a theorem of
Palais [4],

(2.23) Hq(H,H \ I0) ∼= lim
−→

Hq(Nk, Nk \ I0),

the inductive limit of the sequence of groups {Hq(Nk, Nk \ I0)} (under the ho-
momorphisms Hq(Nk, Nk \ I0) → Hq(Nk+1, Nk+1 \ I0) induced by the inclusions
(Nk, Nk \ I0) ↪→ (Nk+1, Nk+1 \ I0)). Since I is positive homogeneous, the pair
(Nk, Nk \ I0) is homotopic to the pair (Bk, Sk \ I0), where

Bk = {u ∈ Nk : ‖u‖ ≤ 1} and Sk = ∂Bk,

and hence

(2.24) Hq(Nk, Nk \ I0) ∼= Hq(Bk, Sk \ I0).

Consider

(2.25) Hq+1(Bk, Sk)‘Hq(Sk, Sk \ I0) → Hq(Bk, Sk \ I0) → Hq(Bk, Sk),

part of the exact sequence of the triple (Bk, Sk, Sk \ I0). Since

(2.26) Hq(Bk, Sk) =

{
Z for q = dk,

0 for q 6= dk,

it follows that

(2.27) Hq(Bk, Sk \ I0) ∼= Hq(Sk, Sk \ I0) if dk > q + 1.

By the Alexander duality theorem

(2.28) Hq(Sk, Sk \ I0) ∼= Hdk−q−1(I0 ∩ Sk),

where H∗ is the Alexander cohomology (see, e.g., Greenberg [4]). But, again
by the positive homogeneity of I, I0 ∩ Sk is a strong deformation retract of
(I0 ∩Nk) \ {0} and hence

(2.29) Hdk−q−1(I0 ∩ Sk) ∼= Hdk−q−1((I0 ∩Nk) \ {0}).

Combining (2.22)–(2.24) and (2.27)–(2.29), we have

(2.30) Cq(I, 0) ∼= lim
−→

Hdk−q−1((I0 ∩Nk) \ {0}).

Now we recall from Schechter [8] that there is a continuous map θ : Ml−1 →
Nl−1 such that

θ(sw) = sθ(w), s ≥ 0,(2.31)

I(θ(w) + w) = sup
v∈Nl−1

I(v + w), w ∈ Ml−1,
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and we let

(2.33) Sl2 = {θ(w) + w : w ∈ Ml−1}.

Since I(v + w) is concave in v ∈ Nl−1 and I < 0 on Nl−1 \ {0} for (a, b) ∈ Ql,
the mapping (I0 ∩Nk) \ {0} × [0, 1] → (I0 ∩Nk) \ {0}, defined by

(2.34) (v + w, t) 7→ (1− t)v + tθ(w) + w

is a strong deformation retraction of (I0 ∩Nk) \ {0} onto (I0 ∩ Sl2 ∩Nk) \ {0}
and hence

(2.35) Cq(I, 0) ∼= lim
−→

Hdk−q−1((I0 ∩ Sl2 ∩Nk) \ {0}).

But, for k ≥ l, (I0 ∩ Sl2 ∩ Nk) \ {0} is homotopic to a subset of the
((dk − dl−1 − 1)-dimensional) unit sphere in Ml−1 ∩Nk and hence

(2.36) Hdk−q−1((I0 ∩ Sl2 ∩Nk) \ {0}) = 0 if q < dl−1,

completing the proof of (i).
(ii) If (a, b) is below Cl1, then

(2.37) Ml−1(a, b) ≥ 0,

by (1.29), and hence

(2.38) sup
v∈Nl−1

I(v + w) ≥ 0 for all w ∈ Ml−1,

by (1.27). So I ≥ 0 on Sl2 and hence

(2.39) Hdk−q−1((I0 ∩ Sl2 ∩Nk) \ {0}) = Hdk−q−1((Sl2 ∩Nk) \ {0})

=

{
Z for q = dl−1,

0 for q 6= dl−1,

for k ≥ l and dk > q + 1 ((Sl2 ∩Nk) \ {0} is homotopic to the (dk − dl−1 − 1)-
dimensional sphere).

(iii) If (a, b) is above Cl1, then

(2.40) Ml−1(a, b) < 0,

by (1.29), and hence

(2.41) sup
v∈Nl−1

I(v + w) < 0

for some w ∈ Ml−1 by (1.27). So (I0 ∩ Sl2 ∩Nk) \ {0} is homotopic to a proper
subset of the (dk − dl−1 − 1)- dimensional sphere and hence

(2.42) Hdk−dl−1−1((I0 ∩ Sl2 ∩Nk) \ {0}) = 0.

This completes the proof of Theorem 1.1.
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3. Local estimates

Assume that the origin is an isolated critical point of G.

Lemma 3.1.

(i) If λj−1t
2 ≤ 2F (x, t), |t| < δ, for some δ > 0, then

(3.1) G(v) ≤ 0, v ∈ Nj−1, ‖v‖ ≤ r, r > 0 small.

(ii) If a0 ∈ [λj−1, λj+1] and 2F (x, t) ≤ a0(t−)2 + νj−1(a0)(t+)2, |t| < δ, for
some δ > 0, then

(3.2) G(θ(w) + w) > 0, w ∈ Mj−1, 0 < ‖w‖ ≤ r, r > 0 small.

(iii) If a0 ∈ [λj−1, λj+1] and a0(t−)2 + µj(a0)(t+)2 ≤ 2F (x, t), |t| < δ, for
some δ > 0, then

(3.3) G(v + τ(v)) ≤ 0, v ∈ Nj , ‖v‖ ≤ r, r > 0 small.

(iv) If 2F (x, t) ≤ λj+1t
2, |t| < δ, for some δ > 0, then

(3.4) G(w) > 0, w ∈ Mj , 0 < ‖w‖ ≤ r, r > 0 small.

Proof. Proof of (i) is routine.
(ii) Case 1. If

(3.5) 2F (x, t) ≡ a0(t−)2 + b0(t+)2, |t| < δ,

where b0 = νj−1(a0), then

(3.6) f(x, t) ≡ b0t
+ − a0t

−, |t| < δ,

and (1.1) has a nontrivial solution since (a0, b0) ∈ Σ.
Case 2. If

(3.7) 2F (x, t) 6≡ a0(t−)2 + b0(t+)2, |t| < δ,

let K0 denote the set of nontrivial critical points of I0 = I( · , a0, b0). First we
note that

(3.8) |u|∞ ≤ C‖u‖, u ∈ K0.

To see this we note that by the Sobolev imbedding, for 1/qk = 1/qk−1 − 2/n,

(3.9) |u|qk
≤ C|∆u|qk−1 = C|b0u

+ − a0u
−|qk−1 ≤ C|u|qk−1 , u ∈ K0.

Taking q0 = 2 and iterating until k > n/4 gives

(3.10) |u|∞ ≤ C|u|2 ≤ C‖u‖.
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Thus there is a ρ > 0 such that

(3.11) 0 < ‖u‖ < ρ ⇒ |u|∞ < δ, u ∈ K0.

Then

(3.12)
∫

Ω

a0(u−)2 + b0(u+)2 − 2F (x, u) > 0, u ∈ K0 ∩Bρ \ {0}

since functions in K0 \ {0} are continuous and nonzero a.e. Thus given u ∈
K0∩∂Bρ, there is a neighbourhood θ(u) such that (3.12) holds for all v ∈ Bρ\{0}
with ρv/‖v‖ ∈ θ(u). Let θ =

⋃
u∈K0

θ(u) and V = {u ∈ H \ {0} : ρu/‖u‖ ∈ θ}.
Then (3.12) holds for all u ∈ V ∩Bρ.

Next let

(3.13) M̃j−1(a0) = inf{I0(u) : u = θ(y + w) + y + w,

y ∈ E(λj), w ∈ Mj , ‖w‖ = 1, u 6∈ V },

where E(λj) is the eigenspace of λj . Since (a0, b0) ∈ Cj1,

(3.14) I0(θ(v) + v) ≥ 0, v ∈ Mj−1,

by Lemma 3.6 of Schechter [6], so M̃j−1(a0) ≥ 0. We claim that M̃j−1(a0) > 0.
If not, there is a sequence uk = θ(yk + wk) + yk + wk 6∈ V such that ‖wk‖ = 1
and I0(uk) → 0.

Case 1. If ρk = ‖yk‖ → ∞, let ỹk = yk/ρk and w̃k = wk/ρk. Then there is
a renamed subsequence such that ỹk → ỹ 6= 0 and w̃k → 0, so ũk = uk/ρk →
ũ = θ(ỹ) + ỹ 6= 0 and I0(ũ) = 0. So I0(ũ) = infv∈Mj−1 I0(θ(v) + v) and hence
I ′0(ũ) ⊥ Mj−1. Since ũ ∈ Sj2, I ′0(ũ) ⊥ Nj−1 also, so I ′0(ũ) = 0 and hence ũ ∈ K0.
But ũ 6∈ V since ũk 6∈ V , a contradiction.

Case 2. If ρk is bounded, there is a renamed subsequence such that yk → y

in E(λj) and wk → w weakly in H (so w ∈ Mj), strongly in L2(Ω), and a.e.
in Ω. Let u = θ(y + w) + y + w. Then for any v ∈ Nj−1,

(3.15) I0(v + y + w) ≤ lim inf I0(v + yk + wk) ≤ lim inf I0(uk) = 0,

so

(3.16) I0(u) = sup
v∈Nj−1

I0(v + y + w) ≤ 0.

Combining this with (3.14), we see that I0(u) = 0 and hence ‖uk‖ → ‖u‖, so
uk → u strongly in H. So u 6= 0 and u ∈ K0 as before. But this is impossible
since u 6∈ V .
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Next we note that for each r > 0 sufficiently small there is an ε > 0 such
that

(3.17) G(u) ≥ ε‖w‖2, u = θ(y + w) + y + w,

y ∈ E(λj), w ∈ Mj , ‖u‖ ≤ r, u 6∈ V.

To see this we note that since Nj is finite dimensional, there is an r > 0 such
that

(3.18) ‖v‖ ≤ r ⇒ |v|∞ ≤ δ/2, v ∈ Nj .

Let v = θ(y + w) + y and u = v + w. If ‖u‖ ≤ r and |u(x)| ≥ δ, then

(3.19) δ ≤ |v(x)|+ |w(x)| ≤ δ/2 + |w(x)|,

so

(3.20) |v(x)| ≤ δ/2 ≤ |w(x)|

and hence

(3.21) |u(x)| ≤ 2|w(x)|.

By (1.26), (3.13) and (3.21), σ > 0, we have

(3.22) G(u) ≥
∫

Ω

|∇u|2 −
∫
|u|<δ

a0(u−)2 + b0(u+)2 −
∫
|u|≥δ

2F (x, u)

≥ I0(u)− C

∫
|u|≥δ

(u2 + |u|)

≥ M̃j−1(a0)‖w‖2 − C

∫
2|w|≥δ

|w|2+σ

≥ [M̃j−1(a0)− Crσ]‖w‖2.

If we take r sufficiently small, this implies (3.17) since M̃j−1(a0) > 0.
From this it follows that for each r > 0 sufficiently small there is an ε > 0

such that

(3.23) G(u) ≥ ε, u ∈ Sj2 ∩ ∂Br \ V.

For otherwise there would be a sequence uk = θ(yk+wk)+yk+wk ∈ Sj2∩∂Br\V
such that G(uk) → 0. We see from (3.17) that wk → 0 in H. Since ‖yk‖ ≤ r and
E(λj) is finite dimensional, there is a renamed subsequence such that yk → y

in E(λj). Then uk → v = θ(y) + y, so ‖v‖ = r and G(v) = 0. But then (3.18)
implies

(3.24) 2F (x, v(x)) ≤ a0(v(x)−)2 + b0(v(x)+)2,

so

(3.25) 0 = G(v) ≥ I0(v) ≥ 0
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by (3.14). From (3.24) and (3.25) we see that

(3.26) 2F (x, v(x)) ≡ a0(v(x)−)2 + b0(v(x)+)2.

Let ζ(x) be any function in C∞
0 (Ω). Then for t > 0 sufficiently small,

(3.27)
2[F (x, v + tζ)− F (x, v)]

t

≤ a0[((v + tζ)−)2 − (v−)2] + b0[((v + tζ)+)2 − (v+)2]
t

.

Taking the limit as t → 0, we have

(3.28) f(x, v(x))ζ(x) ≤ (b0v(x)+ − a0v(x)−)ζ(x).

From this we conclude that

(3.29) f(x, v(x)) ≡ b0v(x)+ − a0v(x)−.

Hence there is a v ∈ Nj satisfying

(3.30) −∆v = b0v
+ − a0v

− = f(x, v), ‖v‖ = r,

for each r > 0 sufficiently small, which is a contradiction since the origin is an
isolated critical point of G by assumption.

It follows from (3.23) that there is an r ≤ ρ such that

(3.31) G(u) > 0, u ∈ Sj2 ∩Br \ (V ∪ {0}).

From (3.12) and (3.14) it follows that

(3.32) G(u) > I0(u) ≥ 0, u ∈ Sj2 ∩ V ∩Bρ.

Combining (3.31) and (3.32) we get (3.2).
(iii) Since Nj is finite dimensional and

(3.33) ‖τ(v)‖ ≤ C‖v‖,

there is an r > 0 such that

(3.34) ‖v‖ ≤ r ⇒ |v + τ(v)|∞ < δ, v ∈ Nj .

Then for u = v + τ(v), v ∈ Nj , ‖v‖ ≤ r,

(3.35) G(u) ≤
∫

Ω

|∇u|2 − a0(u−)2 − µj(a0)(u+)2 ≤ 0,

by Lemma 3.7 of Schechter [6] since (a0, µj(a0)) ∈ Cj2.
For the proof of (iv) see Theorem 1.3 in Schechter [9]. �
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Lemma 3.2. If (1.31) holds for some a0 ∈ [λj−1, λj+1], then G has a local
(dj−1, 1)-linking near the origin.

Proof. We take

(3.36) U = {v + θ(w) + w : v ∈ Nj−1, w ∈ Mj−1, ‖v‖ ≤ r, ‖w‖ ≤ r}

with r > 0 sufficiently small,

(3.37) A = ∂U ∩Nj−1, S = U ∩ Sj2, and B = U ∩Nj−1.

The mapping (U \ S)× [0, 1] → U \ S, defined by

(v + θ(w) + w, t) 7→

{
v + (1− 2t)(θ(w) + w), for 0 ≤ t ≤ 1/2,

(2− 2t + (2t− 1)r/‖v‖)v, for 1/2 < t ≤ 1,

is a strong deformation retraction of U \ S onto A and hence the rank of i1∗ :
Hdj−1−1(A) → Hdj−1−1(U \ S) is 1 + δdj−1,1 since A is the sphere in Nj−1. On
the other hand, the rank of i2∗ : Hdj−1−1(A) → Hdj−1−1(B) is δdj−1,1 since B is
the disk in Nj−1.

By (i) and (ii) of Lemma 3.1, G ≤ 0 on B and G > 0 on S \ {0} for r

sufficiently small. �

Lemma 3.3. If (1.32) holds for some a0 ∈ [λj−1, λj+1], then G has a local
(dj , 1)-linking near the origin.

Proof. Take

(3.38) U = {v + τ(v) + w : v ∈ Nj , w ∈ Mj , ‖v‖ ≤ r, ‖w‖ ≤ r}

with r > 0 sufficiently small,

(3.39) A = ∂U ∩ Sj1, S = U ∩Mj , and B = U ∩ Sj1.

The mapping (U \ S)× [0, 1] → U \ S, defined by

(v + τ(v) + w, t) 7→

{
v + τ(v) + (1− 2t)w for 0 ≤ t ≤ 1/2,

(2− 2t + (2t− 1)r/‖v‖)(v + τ(v)) for 1/2 < t ≤ 1,

is a strong deformation retraction of U \ S onto A and hence the rank of i1∗ :
Hdj−1(A) → Hdj−1(U \ S) is 1 + δdj ,1 since A is homeomorphic to the sphere in
Nj , while the rank of i2∗ : Hdj−1(A) → Hdj−1(B) is δdj ,1 since B is contractible.

By (iii) and (iv) of Lemma 3.1, G ≤ 0 on B and G > 0 on S \ {0} for r

sufficiently small. �



Curves of the Fuč́ık Spectrum and Critical Groups 241

4. Estimates at infinity

For α ∈ R, we denote by Gα the sublevel set {u ∈ H : G(u) ≤ α}.

Lemma 4.1. If (a, b) ∈ Ql \ Σ lies above Cl1 and

(4.1) 2|P (x, t)| ≤ W (x) ∈ L1(Ω), x ∈ Ω, t ∈ R,

then for any j 6= l + 1,

(4.2) Hdj−1(H,Gα) = 0 for all α < 0, |α| sufficiently large.

Proof. By (the proof of) Lemma 5.1, the set of critical values of G is
bounded. Choose α < 0 with |α| so large that G has no critical values in
(−∞, α], and set αi = α− i|W |1 for i = 1, 2, 3. Then it is easily seen that

(4.3) Iα3 ⊂ Gα2 ⊂ Iα1 ⊂ Gα.

Since G has no critical values in [α2, α], the negative gradient flow of G defines a
strong deformation retraction of Gα onto Gα2 . Similarly, the negative gradient
flow of I defines a strong deformation retraction of Iα1 onto Iα3 . Composing
them we obtain a strong deformation retraction of Gα onto Iα3 and hence

(4.4) Hdj−1(H,Gα) ∼= Hdj−1(H, Iα3).

But, since (a, b) 6∈ Σ, 0 is the only critical point of I and hence

Hdj−1(H, Iα3) ∼= Cdj−1(I, 0) = 0,

for j 6= l + 1, by (i) and (ii) of Theorem 1.1. �

Lemma 4.2. If (a, b) ∈ Ql \ Σ lies below Cl2 and (4.2) holds, then for any
j 6= l − 1,

(4.6) Hdj (H,Gα) = 0 for all α < 0, |α| sufficiently large.

Proof. As in the proof of Lemma 4.1,

(4.7) Hdj
(H,Gα) ∼= Hdj

(H, Iα3) ∼= Cdj
(I, 0) = 0,

for j 6= l − 1 by (i) and (ii) of Theorem 1.1. �

5. Proofs of Theorems 1.4 and 1.5

For (a, b) 6∈ Σ, there is an a priori estimate for the solution by Lemma 5.1
below, and hence we may assume (4.1). Solutions of the modified problem will
still be solutions of the original problem. Then Theorem 1.4 (resp. 1.5) follows
from Theorem 1.8 and Lemmas 3.2 and 4.1 (resp. 3.3 and 4.2).
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Lemma 5.1. If (a, b) 6∈ Σ and (1.26) holds, then there is a constant C such
that

(5.1) |u(x)| ≤ C,

for all solutions u of (1.1).

Proof. By a standard iteration argument, it suffices to obtain an a priori
estimate in H. So suppose ρk = ‖uk‖ → ∞ for a sequence {uk} of solutions of
(1.1), and let ũk = uk/ρk. Then ‖ũk‖ = 1, and there is a renamed subsequence
such that ũk → ũ weakly in H, strongly in L2(Ω), and a.e. in Ω. Now

(5.2) 0 =
(G′(uk), uk)

2ρ2
k

= 1−
∫

Ω

f(x, uk)ũk

ρk
.

By (1.26),

(5.3)
|f(x, uk)ũk|

ρk
≤ C

(
ũ2

k +
|ũk|
ρk

)
and the right hand side converges to Cũ2 in L1(Ω). Since

(5.4)
f(x, uk)ũk

ρk
→ a(ũ−)2 + b(ũ+)2 a.e.,

it follows that

(5.5)
∫

Ω

f(x, uk)ũk

ρk
→

∫
Ω

a(ũ−)2 + b(ũ+)2.

Hence

(5.6)
∫

Ω

a(ũ−)2 + b(ũ+)2 = 1,

so ũ 6≡ 0. Also,

(5.7) 0 =
(G′(uk), v)

2ρk
=

∫
Ω

∇ũk · ∇v − f(x, uk)v
ρk

, v ∈ H.

Again, by (1.26),

(5.8)
|f(x, uk)|

ρk
≤ C

(
|ũk|+

1
ρk

)
and the right hand side converges to C|ũ| in L2(Ω). Since

(5.9)
f(x, uk)

ρk
→ bũ+ − aũ− a.e.,

we have

(5.10)
∫

Ω

∇ũ · ∇v − (bũ+ − aũ−)v = 0, v ∈ H,

i.e., ũ satisfies (1.3). Since (a, b) 6∈ Σ, we must have ũ ≡ 0, contradicting the
conclusion reached earlier. �
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