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VARIATIONAL THEOREMS OF MIXED TYPE
AND ASYMPTOTICALY LINEAR
VARIATIONAL INEQUALITIES

A. GroLI — A. MARINO — C. SACCON

1. Introduction

To introduce the problem we are going to deal with, let us consider a bounded
open subset Q of RY which will be assumed to be connected and with smooth
boundary, a function g : 2 x R — R satisfying the Carathéodory’s conditions
and a measurable function ¢ : Q — |—o0, 00].

We also consider the convex set K defined by
Ky={ueWy?(Q)|u>v ael.
We are interested in finding solutions of the variational inequality
P) { /Q (DuD(v —u) — g(z,u)(v —u) + h(v —u))de >0 for all v in Ky,
u € Ky,

where h is a given function in L2(). It is well known that, if ¢» € W22(Q) and ¢
fulfills some suitable growth conditions with respect to s, then the variational
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inequality (P) is equivalent to the problem

Au+g(z,u) < h a.e. in {x € Q| u(x) =¢(z)},
Au+ g(x,u) =h a.e. in {z € Q| u(z) > ¥(x)},
u > P a.e. in €,

u € W22(Q) N W, 2(Q).

In all what follows we shall impose on 1) the obvious condition

(K) Ky # 0.

Now we state the assumption that characterizes our problem:

(g,) lim 9(,5) =qa fora.e. xin Q.
S$—00 S

More precisely, we want to estimate the number of solutions of (P) in dependence
on the value of the parameter oe. At this point it seems natural to suppose that:

(@) { lg(z, 8)| < als| + b(x) for a.e. z in Q, for all s in R,
)

where a € R, b € L*(Q).

For technical reasons we shall assume g(z,s) to be Lipschitz continuous in s,
uniformly with respect to x or, more generally, that:

sup g(I,SQ)*g(LE,Sl) < 00

€N S2 — 81
817582

Set G(x,s) = fos g(x,0) do. We shall use the above written condition on g in the

equivalent form

{ G(z,8) < G(a,r) + g(z,r)(s — 1) + q|ls — r|?

for every s, in R, for a.e. z in 2, where g € R.

(@)

We shall investigate the properties of (P) exploring the right hand side space h
along the straight lines h = ho + te1, where hg € L?(2), t € R and e; is the first
eigenfunction of —A in W,"?() chosen in such a way that e; > 0. We denote
by (P;) the problem (P) with h = hg + tes:

(P) { /ﬂ (DuD(v = u) = g(z,u)(v —u) + (ho + ter)(v —u)) dz > 0,
u e Kw.

According to the asymptotic nature of the assumptions we shall study prob-
lem (P;) for ¢ > 0. As well known the problem has a variational nature: consider
the functional f; : Ky — R defined by

f,g(u):l |Du|2dx7/G(x,u)d:17+/u(h0+tel)dz,
2 Ja 0 Q
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then it is easy to see that the solutions of (P;) are the “lower critical points” for
fi on the constraint Ky (in Section 2 we have synthetically recalled the basic
definitions and the main results in subdifferential analysis needed to deal with
ft on Kdl)'

Now let us make some considerations for a better understanding of the nature
of the problem. For this let us denote by (X\;); (¢ = 1,2,...) the eigenvalues of
—A in WOM(Q): 0 < A1 < X < A3 < .... We start with observing that, if
a < A and for instance g(x,s) = as, then, for all real numbers ¢, (P;) has
a unique solution.

In the case where a > A1, it is easy to check that (P;) has no solutions for
t < 0. If \y < @ < Mg, then in [18] it is proved that if g(z,u) = au, ¥ = 0 and
h > 0, the problem (P) has at least two solutions, while in [12] it is proved that
for all hg in L?(Q) there exists £ such that, if ¢ > #, then (P;) has at least two
solutions, if ¢ = 7, (P;) has at least one solution and if ¢ < ¥, (P;) has no solutions.
If g(z, s) is convex in s then one can replace all the“at least” by “exactly”.

Moreover, if & > Az in [12] it is proved that, in the case where g(z, s) is linear
in s, there exist at least four solutions for ¢ > 0.

The first result of this paper consists in showing that in the previous result
the linearity assumption on g is not actually needed.

THEOREM 1.1. Let (g9), (9,®), (G) and (K) hold. Then for all o > Xq, there
exists t in R such that for t >t problem (P;) has at least four solutions.

In [12] the main technique was to pass to an auxiliary constrained problem.
Such an approach seems to be not applicable in a direct way when ¢ is not linear.
For this reason, we apply a completely different technique, based on another kind
of constraint, which has been recently introduced by Marino ans Saccon in [13].
Our main result is the following

THEOREM 1.2. Let A\ > Xo. There exists o > 0 such that for all o in
1Ak, M + ], if (9), (9,@), (G) and (K) hold, then there exists t in R such that
for t > &, problem (P;) has at least siz solutions.

For proving both the above results we have used some variational theorems,
which we call “of mixed type” (the “V-theorems” 3.8 and 3.9), where there are
both assumptions on the values of a functional (on some suitable sets), and on
the values of its gradient.

Actually, in the proofs of Theorems 1.1 and 1.2, we first examine the case of g
linear (see Sections 4-6) and show that under the assumptions of Theorems 1.1
and 1.2 the conditions for applying the “V-theorems” are fulfilled. Next we prove
(see Section 7) that such conditions do persist passing from the linear case to
the general one, for ¢ > 0.
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We conclude this introduction making some comparison between problem
(P;) and the classical problem of “jumping nonlinearities”, where one studies
the equation

Au + g(x,u) = ho + tey,
ue Wy (Q),
where g : 2 x R — R is a Carathéodory function such that
9(@,s)

lim =0, lim

§——00 S $—00 S

and, for instance, condition (g) holds. Strong analogies with problem (P;) are
present: in some sense, in our case, g is such that g(z,s) = —oo for s < ¥(z).
Actually the results presented in this paper are analogous to those of the jumping
problem in the case where 5 < A1 (see for instance [11], [13] and the numerous
references therein).

Among other open problems concerning (P;) let us point out one which we
feel interesting, also in the case of jumping nonlinearities, that is a more precise
estimate of the number of solutions of (P;) as ¢ varies in R, under suitable
assumptions (to be individuated) on the function g.

2. Some recalls of subdifferential analysis

In this section we recall some notions and results of subdifferential analysis.
We point out that we will study a convex functional under a convex constraint.
For more details the reader is referred to [2], [4]-[6], [8], [14].

Throughout this section H will denote a Hilbert space with inner product
(-, -)and norm | - ||. Let W be a subset of H and f: W — RU {co} a function
and set D(f) ={ue W | f(u) < oo}.

DEFINITION 2.1. Let w € D(f). We call subdifferential of f at u the set
0~ f(u) of all ¢ € H such that

fonig £0) = F() = (o0~ u)

> 0.
v—u [o =

Since 0~ f(u) is convex and closed, we denote by grad™ f(u) the element of
0~ f(u) having minimal norm.

If 0 € 0~ f(u) we say that u is a lower critical point of f. A value ¢ € R is
said to be critical for f if there exists u € W such that 0 € 9~ f(u) and f(u) = c.
If value c is not critical, we say that it is reqular.

If W = H and f is convex, the notion of 0~ f coincides with the usual notion
of subdifferential in convex analysis.
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If E C H, we define the indicator function Iy : H — RU {0} by

L) 0 ifuek,
u) =
v 0o ifueH\E.

For every u in E the set 0~ Ig(u) is a closed convex cone and is called the outward
normal cone to E at u. If u € F and FE is a convex set, then

0 Ig(u)={p€ H| (p,v—u) <0, for all vin E}.

The indicator function allows us to consider the lower critical points of f on
a constraint F.

DEFINITION 2.2. We say that uw € E is a lower critical point of f on E if
0€0 (f+Ir)(u).

Now we introduce a class of functions which has important properties and,
on the other hand, seems to be well fit to our problem.

DEFINITION 2.3. Let p and g be two real continuous functions defined on
D(f). We say that f is of class C(p,q) if

f0) = fw) + (v =) = [Pl + gw)]llo - ul|?,
for all v in W, whenever u in D(f) and ¢ € 0~ f(u).

We point out that no condition is required at the points u such that 9~ f(u) =
(). For a more general class see [8] and [14]. A significative class of C(p,q)
functions will be introduced in Theorem 2.6.

The next theorem, concerning the functions f on a manifold M, besides
giving us an interesting example of function of class C(p, q), is useful to clarify
the meaning of the constrained critical points. First we give a definition.

DEFINITION 2.4. If A and B are two subsets of H, we say that they are
tangent at the point v of AN B if and only if

O Ix(u) N (=07 Ip(u)) # {0}.

In the sequel we assume M to be the closure of an open subset of H with
boundary of class C'*+1.

REMARK 2.5. Let K be a convex subset of H and u in KNOM. It is easy to
verify that K and M are not tangent at u if and only if there exists w in K such
that (v(u), @ —u) < 0, where v(u) is the outward normal at u with ||v(u)| = 1.

THEOREM 2.6. Let f : H — RU {oo} be a lower semicontinuous function
of class C(0,qo) where qo is a real valued continuous function defined on D(f).
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If D(f) and M are not tangent at any point, then
(a) for every w in M N D(f)

O (f+1Im)(w) =0 fu) + 0™ In(u).

(Hence, if 0~ (f + In)(u) # 0, then 0~ f(u) # 0.)

(b) There exist two continuous functions C1,Cs : IMND(f) — R such that
for every w in OM N D(f), if p € 0~ (f + In)(u) and A > 0 is such that
@ —Av(u) € 07 f(u), then A < Ci(u)|p| + Ca(u).

(c) There exist two continuous functions p,q : M N D(f) — R such that
f 4 In is a function of class C(p,q).

The proof of this result can be obtained from [4, Theorem 1.13], making
simple adaptations (see [9]).

In the following sections we study problems (P;) and (P) using suitable va-
riational theorems concerning functionals of class C(p, ¢). To this end a suitable
version of the classical Deformation Lemma applied to this class of functional
will be used. We start by a definition extending the Palais—Smale property to

the functional of class C(p, q).

DEFINITION 2.7. Let ¢ be a real number and f : H — RU{co} be a function.
We say that f verifies the Palais-Smale condition at level ¢ (briefly (P.S.),), if
for every sequence (uy,) in D(f) and (¢,) in H with

lim f(u,) =¢, forallneN, ¢, €d” f(u,), lime, =0,

there exists a subsequence (up, ) converging to an element u (with the properties:

flw)=cand 0 € 9™ f(u)).

REMARK 2.8. If f is a lower semicontinuous function of class C(p, q), then
the two last properties in Definition 2.7 immediately follow.

In the sequel we set, for every ¢ in R,
fo={ueD(f)| flu)<c}, Ke={u€HI[0€If(u), f(u)=c}.

THEOREM 2.9 (Deformation Theorem). Let ¢ € R. Assume that f : H — oo
is a lower semicontinuous function of class C(p,q) which satisfies (P.S.). Then,
given a neighbourhood U of K. (if K. = 0, we allow U = 0), there exist € > 0
and a continuous map n : fT¢ x [0,1] — fT¢ such that for every v € H and
t €10, 1] we have:

(a) fn(u,t)) < f(u),
(b) n(fer=\U 1) € fooe.
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THEOREM 2.10 (Noncritical Interval Theorem). Let a,b € R with a < b and
f+H— RU{oo} be a lower semicontinuous function of class C(p,q). Assume
that f satisfies (P.S.). for every c in [a,b] and there are no lower critical points
of f in f~Y([a,b]). Then there exists a continuous map 1 : f° x [0,1] — f° such
that

U for all uw in f°,

n(u, 0)
f(n(u,t)) < f(u) for all u in f° and for all t in [0,1],
n(u,1) € f for all w in f°.

The proofs easily follow (in “the classical way”) from the next theorem.

THEOREM 2.11 (Evolution Theorem). Let f : H — R U {oo} be a lower
semicontinuous function of class C(p,q). Then for every ug in D(f) there exist
T > 0 and an unique absolutely continuous function U : [0,T] — H such that
U(0) = ug, U(t) € D(f) for every t in [0,T], f oU is non increasing and

cU'(t) = —grad™ f(U(t)) for a.e. t in [0,T],

t2
foU(ta) — foU(tr) = 7/ (U (s)||?ds  for all ty,ty in [0,T).

t1
Moreover, if (uy) and (t,) are two sequences such that u, € D(f), t, € [0,T],
Up — U, sup,, f(u,) < 0o and t, — t, then for n large the solutions U, of (2.1)

starting from u,, are defined in [0,t,], and
Un(tn) = U®#) and  f(Un(tn)) — f(U(?)).

For the proof see for example [8], [14]. For more general cases see [7].

3. Some variational theorems of mixed type

In this section we wish to expose the variational theorems we are going to use
for the multiplicity results of Sections 6 and 7. As we said in the introduction,
some of these theorems, which we call “V-theorems”, contain hypotheses of
“mixed type” concerning both the values of functional and the values of its
gradient.

The following Theorem 3.1 plays a key role in the proof of these results. This
statement is the generalization to the case of nonsmooth functional f of a very
well-known and nice result of K. C. Chang (see Theorem 3.5 of Chapter 3 of [3])
which relates the homology and coohomology groups of the sublevels of f with
the number of its critical points. The idea of V-theorems consists mainly in the
introduction of an additional constraint: this constraint on one side increases
the topological complexity of the sublevels (so Theorem 3.1 can be used), on
the other side they are “fictitious” due to the hypothesis on the gradient of
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the functional. Some arguments of this kind have been also used by J. Q. Liu
[10] (even if not explicitly) and by C. Bertocchi and M. Degiovanni [1], for a
functional defined on a sphere.

Let A be a topological space and B be a subspace of A. We will denote
by H,(A, B) and HP(A, B) respectively the pth-group of relative homology and
the pth-group of relative coomology of the pair (A, B) with coefficients in an as-
signed field. The symbol N will be denote the “cap product” defined in [17].

THEOREM 3.1. Let f: H — RU{oo} be a lower semicontinuous function of
class C(p,q). Let a, b be regular values of f with a < b and let p,q € N such that
p>1and q > 1. Assume that there exist 71 in Hy(f°, %), 72 in Hpio(f°, %)
and w in HI(f*) such that 11 # 0 and 71 = 72 Nw. Moreover, assume that f
satisfies (P.S.), for all ¢ in [a,b]. Then f has at least two lower critical points
in f~1([a,b]).

We will use this theorem in the proof of the next lemma.

LEMMA 3.2. Let m, n in N be such that m > 1 andn > 1. Let g : H —
RU{oc} be a lower semicontinuous function of class C(p,q). Let S, 3, X, Y be
four subsets of H such that S C X, Y C X, S C H\X,X C H\Y. Assume that

(1) @ =supg(S) <infg(X)=1a", b =supg(X) < infg(Y) =10",
(2) there exist Ty in Hp(3,5), 72 in Hyym(3, ) with 7 # 0, w in H™(X)
such that 71 = 72 Nw,
(3) the inclusion i : (X,S) — (H\Y,H\ X) is such that i, : H.(%,S) —
H.(H\Y, H\X) is injective in dimension n and n+m, i* : H*(H\Y) —
H*(X) is surjective in dimension m.
Let a € |a’,ad"[, b € V', b"[ and suppose that g verifies (P.S.), for all ¢ in [a,b].
Then g has at least two lower critical points in g~*([a,b]).

PRrROOF. We have
(£,8) 5 (g%, 9% 2 (H\Y,H\ X),

where i1 and is are the inclusions. Since ¢ = i5 0 i1, then i, = i, 0 i1, and
i* = i} o i3; therefore iy, is injective (in dimension n and n + m) and i} is
surjective (in dimension m). Now we take 71 = i1.(71), 7 = i1.(72) and w’ such

that w = ¢} (w’). Then
o NW = i1.(12) N (W) = i1x(T2 Nw) = i14(71) = 71.
The proof is achieved applying Theorem 3.1. (|

REMARK 3.3.

(a) Hypothesis (2) of the previous theorem is, in particular, satisfied if the
pair (X,5) is homeomorphic to (B™ x S™,0B™ x S™) where B" is
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the n-dimensional ball and S™ is the m-dimensional sphere. (In fact
it is sufficient to take ¥ = ®(B™ x S™), S = ®(IB™ x S™) where
®: B™ x S™ — H is a continuous function such that ®, is injective in
dimension n and n + m and ®* is surjective in dimension m.)

(b) Hypothesis (3) is verified, in particular, if ¥ and S are respectively
deformation retracts of H\'Y and H \ X.

Now we are going to apply the previous lemma in a concrete situation. First
of all let us introduce some notations.

NOTATIONS 3.4. Let X7, X5, X3 be three closed subspaces of H such that
H=X,&X:® Xs.

Furthermore for 7,5 = 1,2,3 and p > 0 we set

Si(p) ={u e X [ [lu]l = p}, Bi(p) ={u e X; | |Jull < p},
Sij(p) ={u € Xi ® X | |ull = p}, Bij(p) ={ue€ Xi® X; | |ull <p}.

THEOREM 3.5. Assume that 1 < dimX; < 0o and 1 < dim Xy < co. Let
g: H— RU{oo} be a lower semicontinuous function of class C(p,q). Let p,
p1, R be such that p1 > 0 and 0 < p < R < co. Let ¥ = Bi(p1) x Sa(p),
S =51(p1) x S2(p), X = (X1 ® X3)UBasg(R) and Y = (X1 & X3) U Se3(R). (If
R = oo then we set Sa3(R) =0 and Basz(R) = Xo & X3). Assume that

a’ =supg(S) < inf g(X) =a”,
b =supg(¥) < infg(Y)=10".

Let a € |a’,ad"[, b € V', b"[ and suppose that g verifies (P.S.), for all ¢ in [a,b].
Then g has at least two lower critical points in g~*([a,b]).

PrROOF. If dim X5 = 1, then g has two connected components and in each
one the “splitting sphere” principle (see [11, Theorem 8.1]) can be applied; there-
fore we can limit ourselves to the case dim X9 > 2.

We set n = dim X7, m = dim X3 — 1 and we suppose that R is finite. We
wish to apply Lemma 3.2. By (a) of Remark 3.3 we can deduce that the pair
(3, S) verifies hypothesis (2) of Lemma 3.2. Let Z = Bas(R) x X;. It is easy to
prove that the inclusion

j(H\Y)NZ,(H\X)NZ) — (H\Y,H\ X)

generates an isomorphism j, in the relative homology group using the excision
property (we excise (H \ X) \ Z). Moreover, since

(H\Y)NZ = Z\Y = (Bas(R)\ Bs(R)) x X1
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and
(H\X)NZ =Z\ X = (Ba3(R) \ Bs3(R)) x (X1 x {0}),

it can be easily seen that ¥ and S are respectively deformation retracts of (H \
Y)NZ and (H\ X)NZ. Therefore also the inclusion ¢ : (3,5) — (H\Y, H\ X)
induces an isomorphism 4, : H.(X,S) — H.(H \ Y, H \ X). On the other hand,
we notice that ¥ C H\Y C H\ (X; @ X3) and ¥ is a deformation retract of
H\ (X1 & X3), then i* : H*(X) — H*(H \'Y) is an epimorphism. At this point,
using Lemma 3.2 the assertion follows.

If R = oo, we can repeat the proof without using the excision property. [
Another concrete situation in which Lemma 3.2 is used is the next theorem.

THEOREM 3.6. Assume that 1 < dimX; < oo and 1 < dim Xy < co. Let
g : H — RU{oo} be a lower semicontinuous function of class C(p,q), e in

X1\ {0}, Ry >0 and p > 0. Set
E=QxS5(p) and S§=(9x,Q) x S2(p),

where @ = {te+u |0<t <1, ue Xy, (u,e) =0, |Jul]| < Ri}. Let ' ={u €
span(e) ® Xo & X3 | ||Jul| = R} with p < R < ||e||. Suppose that

a’ = supg(S) <infg(S"U(X; @ X3)) =d”,
b =supg(X) < infg(X; & X3) =10".

Let a € |a’,a"[, b € V', b"[ and suppose that g verifies (P.S.), for all ¢ in [a,b].
Then g has at least two lower critical points in g~*([a,b]).

PrOOF. If dim X5 = 1, then g has two connected components and in each
one there is a critical point, obtained by linking argument (see [16]); therefore
we can limit ourselves to the case dim Xo > 2.

We set n = dim X1, m = dim X, —1. We also set X; = {u € X | (u,e) = 0},
Bi(r) ={ue Xy ||Jul| <r}, X = S'U(X18X3), Y = X; & X3 and we introduce
the projections P:H— )?1, P.o3 : H — span(e) @ Xo @ X3. We wish to apply
Lemma 3.2. It is easy to prove that the pair (3, 5) verifies hypothesis (2) of
Lemma 3.2; let us prove that hypothesis (3) is satisfied.

We define, for every v in H \'Y and ¢ in [0,1], the function n : (H\Y, H \
X)x[0,1] - (H\Y,H\ X) by

| Peas ()] + P(u).

(1 =t)Peas(u) + tPy(u)
n(t7U) a ”(1 - t)P623<u) + tPg(’u,)”
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Then we have

n(u,0) = for all w in H\Y,
n(u,t) = for all win (X1 ® X2) \ X1,
n(u,1) € X; EBXg\Xl for all w in H\Y,
n(u,1) € X1 ® X5\ (X1 USy(R)) forall win H\ X.

Moreover, n(-,1) is an homeomorphism from ¥ to ¥, where
' = (Ba(p1) \ Ba(p)) x Bi(Ry)

with p1 = 1/p2 + |le||”, (p1 > R) and 5(5,1) = &' = 9%, ex,> - Now it is simple
to verify that ¥’ and S’ are respectively deformation retracts of (X; ® X3)\ Xi
and (X1 @ X3) \ (X1 U S3(R)). This concludes the proof. O

Now we want to deduce from Theorems 3.6 and 3.6 two propositions (“V-
theorems”) that we will use in Section 6 and 7.

In these theorems we will make some assumptions on the gradient of the
functional f which allow us to weaken some inequalities on the values of f.

DEFINITION 3.7. Let v be a real number such that v > 0 and let X be
a closed subspace of H, we set

Cy(X) ={u e H | dist(u, X) > ~}.

Let a,b € RU{—00,00} with a < b and f: H — RU {oo} be a lower semicon-
tinuous function. We say that the condition (V)(f, Cy(X),a,b) holds if

. ) f(u) € [a, 0]
71 infelielle €™ (f+Ie,co)w), D(f)nocy(x) | "

In some sense we are requiring that fic (x) has no critical points u with
u € 0C,(X) and a < f(u) < b with “some uniformity”.

THEOREM 3.8 (V-Theorem A). Assume that 1 < dimX; < oo and 1 <
dim Xy < c0. Let f: H— RU{oo} be a lower semicontinuous function of class
C(0,q). Assume that there exist~y, p, R, a, b in R, such that0 < v < p < R < o0
and, if C, = C,(X1 & X3),

(1) @ =sup f(S12(p) NOC,) < inf f(Baz(R)NC,) =a”

(2) ' = sup f(S1a(p) N C,) < inf F(S3(R) N1 Cs) = 1Y,

(3) d <a<d’, b <b< b, the condition (V)(f,Cy,a,b) holds and D(f)
and C, are not tangent at any point,

(4) f satisfies (P.S.), for all c € [a,b].



120 A. GroLI — A. MARINO — C. SACCON

X,

FIGURE 1. The topological situation of V-Theorem A

Then f has at least two lower critical points in f~([a,b]).

PROOF. Set g = f + Ic,. By Theorem 2.6 g is a function of class C(p, q).
Since f satisfies (P.S.), for all ¢ € [a,b] and the condition (V)(f,C,,a,b) holds,
we deduce that g satisfies (P.S.), for all ¢ € [a, b].

In order to apply Theorem 3.5, we set ¥ = S12(p) N C,, S = Si2(p) N OC,,
Y = (X1 @ X3)US23(R) and X = (X1 & X3) U Bas(R).

In view of Theorem 3.5 (with simple adaptations) we deduce that there
exist two lower critical points uy,us for g in g='([a,b]). Since the condition
(V)(f,Cy,a,b) holds, then ui,us € int Cy and so they are critical points of f.0J

THEOREM 3.9 (V-Theorem B). Assume that 1 < dim X; < oo, 1 < dim X,
< oo. Let f: H— RU{oo} be a lower semicontinuous function of class C(0,q).
Let e in X1\ {0}, R1 >0, p > 0 we set

E=Qx5%(p) and S=(0x,Q) x 52(p),

where @ = {te+u | 0 <t <1, u € Xq1,{(u,e) =0, |lu]| < Ri}. We set
S" = {u € span(e) ® Xo ® X3 | ||ul]| = R} with p < R < |le|. Let a, b in R and
suppose that, if C, = C (X1 & X3),

(1) o/ =sup f(S) < inf f(S') =a”,

(2) b =sup f(2) < oo,
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FIGURE 2. The topological situation of V-Theorem B

B) @ <a<a’,V <b< oo, and there exists v in |0, p[ such that the
condition (V)(f,Cy,a,b) holds, D(f) and C, are not tangent at any
point,

(4) f satisfies (P.S.), for all c in [a,b].

Then f has at least two lower critical points in f~'([a,b]).

PROOF. Set g = f + Ic,. By Theorem 2.6 g is a function of class C(p, q).
Since f satisfies (P.S.), for all ¢ € [a,b] and the condition (V)(f,C,,a,b) holds,
we deduce that g satisfies (P.S.),_ for all ¢ € [a,b]. By Theorem 3.6, g has at least
two lower critical points uy, us in g~*([a, b]); since the condition (V)(f,Cs,a,b)
holds, then uy,us € int C, and so they are critical points of f. |

4. The asymptotic problem and some notations

As mentioned in the introduction, in order to study the problem (P;) with
t > 0, we introduce the following asymptotic problem
_ / (DuD(v—u) —a(v—u)+e1(v—u))de >0 forall ve Koy,
(P) Q
u € Ky,

where Ko = {u € Wy '*(Q) | u > 0 a.e.} and © is an open, connected, bounded
subset of RV with smooth boundary. More precisely we consider the functional
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fo i L2(2) — R U {oo} defined by

1

= |Du|2dx7g/u2dx+/ue1d:r if u € Ky,
2 Ja 2 Jo Q

+o0 if ue L?(Q) \ Ko.

fa(u) =

As usual we consider L?(2) endowed with the inner product (u,v) = [, uv dzx
and the norm ||u|® = J u? dz. Then the solutions of the problem (P) are the
lower critical points (see Definition 2.1) of f,; indeed if u € Ko and ¢ € L?(2),
then ¢ € 97 fo(u) if and only if for all v in K

(4.0.1) /Q (DuD(v —u) — au(v —u) + e;(v —u)) de > /ng(v —u)dx.

Moreover, it is clear that the functional f, is of class C(0,«/2) (see Defini-
tion 2.3).

We will use also the norm HUH%/ = [, |Dul? dz. We notice that if e; is the
first eigenfunction of the problem

Au+Adu=0 in Q,

u=0 in 012,
with e; > 0 and )\; is the first eigenvalue, then for a > \q, the function &; =
e1/(a — A1) is a solution of (P). The solutions we are going to find “branch”

from €;. This motivates the interest for the increment f, (€1 + z) — fo(€1); with
easy computation one finds:

(4.0.2) fa(@r+2) — fa(@1) = Qa(z) forall z in K,

where Qo (2) = 3 [, (|Dz]* — az?) dx and K={weW;?9Q) |w> &}

Finally, we denote by (A;);>1 and (e;);>1 respectively the sequence of eigen-
values and eigenfunctions of problem (A) (0 < Ay < A2 < Az < ... and |[le;|| = 1).
Let 4,5 € Nwith 4,5 > 1 and i < j, we set

H; = span(eq, ... e;), HF ={uc L*Q)| (u,v) =0, forall vin H;},

and we consider the orthogonal projections
P,:H — H;, Pj:H— H;®H;-, Pjj: H— span(eis1,... ,€;).

Moreover, for every k > 1, p > 0, we set
Sk(e1,p) = {u € Hy | [lu— &l = p},
B(0,p) = {ue L*(Q) | |lull < p},
(4.0.3) S(0,p) = {u € L*(Q) | [|ull = p},
B;(0,p) = {u € span(es, ... ,ex) | |lul]] < p},
S5:(0,p) = {u € span(es, ... ,ex) | [Jul| = p}.
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5. The conditions (P.S.) and (V)

LEMMA 5.1. Assume that o > A1. Let (uy), (an), (¢n) be three sequences
such that u, € Koy, an, € R and converges to o, ¢, € 0~ fo, (un) for every n.

/ ppe1dr
Q

Then (uy,) is bounded in Wy (Q).

Suppose that

fQ Pnly dz

< 00.
l[wnllyy

< oo and sup
n

sup
n

Proor. We argue by contradiction and suppose that lim, . ||uns||y, = oc.
In view of (4.0.1) it turns out

(5.1.1) / (DunD(v — up) — apun(v — uy,)) de + / e1(v—up)dz
Q Q
> / on(v —uy)dx  for all v in Kjy.
Q

We set z, = un/||unlly, € Ko. Taking v = u,, + €1 in (5.1.1), and dividing by
[|tn |y, we obtain

2
—dx >

1 Spnel
o l[unlly — —

dr.
a llunlly

/ (DzpDey — apzner) dx +
Q

Up to a subsequence, z, — z in L?(2) and 2, — z in Wol’2 (Q) for some z in Ky,
then fQ (DzDey — azey) dz > 0 which implies z = 0. On the other hand, taking
v =01in (5.1.1) and dividing by HuH‘Q/V we obtain

—1+/anz;idw—/ o dﬂUZ—/ P de
Q a llunllw Q ||Un||w

If n — oo, we have a contradiction. O

The following proposition is an immediate consequence of the previous lemma.

PROPOSITION 5.2. Assume that o > A1. Then the functional f, satisfies
the (P.S.), for all c € R.

The following statements concern the verification of the (V) condition (see
Definition 3.7) for the functional f,.

LEMMA 5.3. Let ¢, j in N be such that 1 < 57 < 4, A\j < o < Ajqq, let
u € KoN (H; ® H) be a lower critical point of fo on H; ® Hi-. Then
(a) either fo(u) < sup fo(Om, (Ko N Hj)) or
if @ < \ig1 then u =€y,
if a = A\ip1 then uw = €1 + e with e such that Ae + \jy1e = 0.
In any case fo(u) = fa(),
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(b) if j =1 then either u =10 or
if a < Aig1, then u =¢q,
if a = A\it1, then u =€; 4 e with e such that Ae 4+ \;jy1e = 0.

In particular, either fq(u) < sup fo(Ou, (Ko N Hj)) or fo(u) = fa(€1).

PROOF. Using (4.0.2), if u = €; + z is a lower critical point of f, on H,; & H;-
then

(5.3.1) Q\(2)(w—2z)>0 forallwin KoN (H; & H;"),

where Ko = {w € Wg?(Q) | w > —&;}. Suppose that z = z; + 2z, with z; in H;
and zy in H.

If 27 = 0, then Qu(2) = Qu(22) > 0. On the other hand taking w = 0 in
(5.3.1) we deduce that Q4 (z) < 0. Therefore Qq(22) = 0.

If z; # 0, then there exists ¢ > 0 such that tz; € IN(O. Taking w = tz; in
(5.3.1) we obtain

tQa(zl) > Qa(z) > Qa(zl)

which implies ¢ < 1. Assume 7 = sup{t € R | tz; € K}, then < 1. Taking

w = tz; we have
1
Qa(z) S ?Qa(w) S Qa(w)-
Since w € Og,; (Ko N Hj) the assertion follows. Furthermore, if j = 1, since
z1 = e1(fyzerdx) > —&; then z; € Ko. This implies £ > 1 that is z = —e;.
Since z € I~{0 then z9 = 0. O

LEMMA 5.4. Leti, j in N be such that 1 < j <k and o € R. Ifv > 0 we
set C, = C(H; & Hj-) (see 3.7). Then
(a) if v >0, Ko and C, are not tangent at any point u in KoNC,,
(b) if v >0, for all w in Ko NOC,
O™ (fo+Ic,)(u) = 07 fa(u) + {APj (u) | A <0},

(c) there exist two real numbers c1, ca such that if v > 0, v € 0C, N Ky,
w0 € 07 fa(u) and X <0, then

AP k()] < erlloo + APy (u)]| + ca(1 + 7 + [lully)-

Moreover, c¢1, ca do not depend on « if o varies in a fixed bounded
interval.

PROOF. Let us prove (a). Let u € 9C, N Ky, we take & = 2u € Ky and we
have

[ @ Piyde = [ (P > o

Q
By Remark 2.5 the conclusion follows.
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(b) is a consequence of Theorem 2.6. Let us prove (¢). If ¢y € 9~ fo(u) then
fa(©) > folu) + {(po,v —u) — %Hv —ul|* for all v in K.
If v = u+ (P}, (u) ", we have

LIPS ) FIP < o + AP (w1 fk(U))ﬂH%II( 5 (W) 1P+ fa(0) — fa ().
On the other hand,

[t .
mf{ T ,w € span(ejy1, ..., k)} > 0,
hence
AP0l < 5] o+ APl + 1]+ Lol = el
Finally,
fav) = fa(w) _ Qu()(Pj(w) ") + Qa((F)i,(w))") + Jq e1 (P (w))* do
([P ()] 1275 (w) |
c(l[ully | (P @) Iy, + (P12, + Ml P @) ,)
- ([P ()]
< Awelllullw 127 (Wl + Ml Py @)l + M| P (w)])
- 1P (w)]
= \ec||ully, + Aiey + A .
The assertion follows. O

LEMMA 5.5. Assume that « > A\ and 1 < j < k. Let (a,) be a sequence
in R which converges to «, (v,) be a bounded sequence of positive real numbers.
Let (uy) and (pn) be two sequences such that u, € KoNAC,, (H; ® Hi), ¢on €
O~ (fan t1c, (em2))(un) for alln and sup,, [[pn|| < co. Then (uy) is bounded
) 19 n k
in Wy 7 ().

PROOF. By Lemma 5.4 there exists a sequence (A,), such that A\, < 0,
Po,n = Pn — AP (un) € 07 fa, (up) and for suitable c1, ¢ in R

[An By (un) | < erllonll + ca(1 +m + [[unlly)-

/ ppe1 dx
Q

/@O,nun dx:/ PnUn dI*An/ u"P;k(un) da.
a llunllw a llunlly a llunllw

We wish to apply Lemma 5.1. We have

@o,ne1 dx| = sup < 0.

n

sup
n

Q

Moreover,
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We notice that

A gL T
" Q ||UnHW ||Un||w

< c1llonll + c2(1 +yn + HunHw)

(1575 ()|

and the last term is bounded. Applying Lemma 5.1 we deduce the assertion. [J

l[unllw

LEMMA 5.6. Let i, j in N be such that 1 < j < 1i. Lete > 0, § > 0 there
exist 0 > 0, v > 0 such that for every a € [A\j + 6, A\iy1 + 0] and for every v in
10,0] the condition (V)(fay Cy (Hy & Hi),sup fu (911, (Ko 0 Hy)) +, fa(@) — )
holds.

PrOOF. We argue by contradiction and suppose that there exist € > 0, > 0,
and four sequences (au,), (Vn), (un) (pn) such that a, — « in [A; + 0, \i+1],
Yo = 0, (un)n € KoNOC,, (H; ® H;") and (pn) € 07 (fa, + ICW(H]'EBHI.J-))(“H)
for all n, v, — 0 and sup fo(Om,; (Ko N Hj)) + € < fa, (un) < fo,(€1) — €.

By Lemma 5.5, (u,) is bounded in W, *(€2); hence, up to a subsequence,
we can suppose that u, — u in L*(Q) and u, — u in Wy*(Q2) for some u
in Ko N (H; & H). In view of Lemma 5.4, there exists A\, < 0 such that
on — AP (un) € 07 fa, (un) and A, P (uy) is bounded. We can suppose, up

to a subsequence, that A\, P};(un) converges to a vector v € span(ej1,. .. ,€;).
Then

* On
(5.6.1) fan (V) > fa, (u) + {pn — )‘nPji(un)v'U — Up) — 7”” - UnH2

for all v in Ko. If v € H; & Hi*, then (v, v — u) = 0 therefore u is a lower critical
point of f, on H; & H;-. On the other hand taking v = u in (5.6.1) we have

W o, () = fu(u)

from which we deduce that fo(u) € [sup fo(On,; (Ko N Hj)) +¢, fo(€1) —€]. This

is impossible in view of Lemma 5.3. (|
6. Multiple solutions of the asymptotic problem

In this section we consider the asymptotic problem and we state two theorems
which play the same role of Theorems 1.1 and 1.2.

PROPOSITION 6.1. For every a € R™, the origin is a local minimum point
for the functional f,.

PROOF. Let us consider the cone K* = {v € Ky | Qu(v) < |v|[3/4}. In
Ko\ K* the thesis is clear. On the other hand we claim that

inf{/ vey dx
Q

UEK*,|U||W:1}:c>O.
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By contradiction, suppose that there exists a sequence (vg)y in K* with ||vgl|y,
=1 and fQ vier dr — 0, then we can suppose that vy — v in Lz(Q) for some v
in K*. Since % < fQ v2 dx then v # 0 which is impossible. Moreover, if v € K*,

we have

a
fa(v) = /Q ewdz + Qa(v) = cllvlly + Qa(v) = ev/Millvl]l = FllvIIZ-
If ||v]| is small, f(v) > 0. O

We notice that since © has smooth boundary, then e; € inty, (Ko N H;) for
i > 1 (this is due to the Hopf maximum principle).

LEMMA 6.2. Let k > 2 and o > M. Then, for every € > 0, there exist
70 > 0, Ty > 0 such that for all 7 in )0, 70], for all T in ]0,Tp] there exists p > 0
such that

(6.1) sup fo({re1,Te1} x S5(0,p)) <e
(6.2) sup fo(Om, ([re1, Te1] x BE(0,p))) < fa(€1)
PROOF. Since f,(0) = 0 and lim—, 4 fo(te;) = —oo then, for all 7 > 0

small and all T > 0 large, fq(te1) < € and fo(Te1) < €. Moreover, if 7 and T
are fixed there exists p > 0 such that [re1,Te1] x B} (0, p) C Ky and (6.1) holds.
By (4.2), taking account that o > A, we deduce (6.2). O

Now we are able to prove the asymptotic version of Theorem 1.1.
THEOREM 6.3. If a > Ao, then f, has at least four lower critical points.

PRrROOF. The origin and the function € are lower critical points of f,. Let k
be an integer such that & > 2 and Ay < a < Agy1. By Lemma 6.1 there exists
R > 0 such that

fa(0) < inf{fo(u) |ueS(0,R)} =a".
Let 0 < a < a”. By Lemma 6.2, there exist p > 0, 7, T such that 0 < 7 < R < T,
a’ = sup fo({re1,Te1} x S;(0,p)) < a and (6.2) holds.

Set b’ = sup fo([re1,Te1] x S;(0,p)) < fal€1), take V' < b < fq(€1), then,
by Lemma 5.6, there exists 0 < v < p such that the condition (V)(fs, Cy(H1 &
Hjib),a,b) holds. By Lemma 5.4, C, and K are not tangent at any points. More-
over, by Proposition 5.2, f, satisfies (P.S.). for all ¢ in R. Using Theorem 3.9
we deduce that there exist at least two lower critical points in f;*([a,b]). O

REMARK 6.4. Use the same notations of the previous theorem. Then for
a > Agy1, a close to A\iy1, we still have

sup fo({Te1, Te1} x S;(0, p)) < inf £4(S(0, R)),
(V) (fa,Cy(H1 & H;i‘),a,b)holds.
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Moreover, if b = sup fo([Te1,Te1] x S;:(0,p)) < b < fa(€1), then, by Theo-
rem 3.9, f, still has two lower critical points in f,1([a,b]) (0 < a < a” =

inf £, (S(0, R))).

LEMMA 6.5. Leti > 1 and o € R. Then there evists min f,(e; © H;-) and

it continuously depends on .

PROOF. In view of (4.2) we can evaluate the minimum of @), on the convex
set {u > —e; | w € H;-}. This minimum coincides with the minimum in

Kio={uc H} Q)| Qu(<)0, u> —€,uc Hi}.

We notice that K, is bounded in L?(f2), therefore it is bounded in Wy*(Q)
since [, [Dul*dx < o [ u?dx. In fact, by contradiction, suppose that there

exists a sequence (up) in K, such that [Jup| — +oo. Then z, = up/||un|
is such that ||z4]|y;, < «, therefore we can suppose, up to a subsequence, that
(21,) converges in L?*() to some z with ||z|| = 1, 2z > 0 and z € H;-. This is
impossible. At this point it is easy to deduce the thesis. (|

LEMMA 6.6. Let k, j be two integers such that 1 < j < k and \j < A\j41 =
A < Akt1. Let p > 0 be such that Sk(e1,p) C Ko. Then there exists ¢ > 0 such
that for every Ay < a < A\, + 0 we have

(6.3) sup fa(S;(1,p)) <inf fo(e1 & H;),
(6.4) sup fuo(Sk(21,p)) <inf fo (21 @ HiF).

PROOF. If A\ < o < Agy1 using (4.2) we have
sup fo(Sk(@1,p)) < fa(er) = inf fo(e1 @ Hy).
Analogously, if o = Aj 11 = Ag, we have
sup fo(S; (21, p)) < inf fo(ey ® H;").

By Lemma 6.5, there exists o > 0 such that, if A\j11 = A\ < a < A + 0, the
previous inequality holds. The assertion follows. O

Now we are able to prove the asymptotic version of Theorem 1.2.

THEOREM 6.7. If Ay > Ao, there exists o > 0 such that for every a such
that Ay < a < A\, + 0, fo has at least six lower critical points.

ProoOF. We can suppose that A\, < Ax41 and choose j such that A\; < A1 =
Ak. By Remark 6.4, there exists b < f,(€1) such that, if o is enough small, for
every a in |Aj41,\j+1 + o] there exist two solutions of (P) in f,1([a,b]) with
a> f,(0)=0.
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On the other hand, by Lemma 6.6, up to shrinking o, (6.3) and (6.4) hold.

By Lemma 5.6, the condition (V)(fa,Cy(H; & Hj-),a,b) holds, where

sup fo(S;(e1,p)) <a < inf fo(e1 & Hy"),
sup fo(Sk(@1,p)) < b < inf fo(@ ® Hi) = fa(@1).

(Naturally C.,(H; ® Hj-) and K are not tangent at any points and (P.S.). holds
for every ¢ € [Ei,g].) Using Theorem 3.8, we deduce that there exist two lower
critical points in f5([@,b]). If o is small enough, inf fo(e; ® Hj") is close to
fa(€1) which is greater than b: hence we can suppose that @ > b. This concludes

the proof. O

7. Multiple solutions of problem (P;)

Now we want to show how the results found in Section 6 for the asymptotic
problem (P) still hold for the problem (P;) for ¢ > 0 sufficiently large. More
precisely, we will prove that, in the hypothese considered in the introduction, the
inequalities stated for the functional f, in Section 6, also hold for the functional
f defined in the introduction. Moreover, we will show that the conditions (P.S.)
and (V) hold for f. The (V)-theorems of Section 3 will give us the conclusion.

We will use the same notations of the introduction. In particular, if ¢ > 0
Ky ={ue€WyQ) |u> v/t ael.

In the sequel we will assume that the hypothesis (K) is fulfilled and we will
denote by @ a fixed function of K.

PROPOSITION 7.1. Ky, — Ko in the sense of Mosco (see [15]), namely

1) if (tn), (un) are two sequences such that (t,), — 00, un, € Ky and
Y/tn
(un)n weakly converges in Wy () to some u, then u € Ky,
2) for every u in Ko, there exists a sequence uy in Ky, which strongly
Y/tn
, 1,2
converges in Wy~ (2) to u.

PROOF. (1) is very easy. Let us prove (2). If u € Ky, we take up, = uVT/ty.
Then u, € Ky, and u, — u in Wy (). O

For t > 0, it will be convenient to consider the “rescaled” functional h; :
L?(Q) — RU {oo} defined by

1 1
— Du2dxf—/Gx,tu der/ue dr ifue Ky,
ht(u):{ 2 sz' | * Jo (@ bu) a v

0O otherwise.
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Under the hypothese (g) and (G), it is easy to show that given u in Ky, then
© € 0" hy(u) if and only if

(7.1.1) /DuD(v—u)d:C—%/g(w,tu)(v—u)dw
Q Q
+/61(v—u)d12/g0(v—u)dx for all v in Ky ;.
Q Q

Therefore, u is a lower critical point of h; if and only if tu verifies (P;) (that is tu
is a lower critical point of f). Under the hypothesis (G) and (g), the functional
hy is of class C(0,q) (see Definition 2.3) for all ¢ in R: that is

{ hi(v) = ha(u) + (@, 0 — u) — gllv — ulf?

(7.1.2)
for all u,v in K/, and for all ¢ in 0~ hy(u).

The following statement is immediate.

LEMMA 7.2. Assume that (g,«) and (g) hold. Then for all ¢ in R we have

lim sup  |he(u) — fal(u)| =0.
t—oo uGKw/tﬁKo
lully <c

Now we check the conditions (P.S.) and (V) for the functional h.

LEMMA 7.3. Assume that o > M. Let (t), (un), (on) be three sequences
such that (t,) € R and inf,, t,, > 0, (un)n € Ky, , on € 0~ hy, (un) for every n.
Suppose that

Uy, dT
sup / pperdr| < oo and sup M < 0.
n Q n HunHW
Then (uy,) is bounded in Wy (Q).
PROOF. One can proceed as in the proof of Lemma 5.1. O

Using this lemma we can deduce the next proposition.

LEMMA 7.4. Suppose that (g, ) and (g) are fulfilled and assume that o > Ay .
Let t > 0, then the functional hy satisfies (P.S.), for all ¢ in R.

LEMMA 7.5. Assume that (g) and (G) are fulfilled and let i, j in N be such
that 1 < j <k, t>0 and~y>0. Set hy = hs + Ic (g, omr)- Then

(a) for every u in Ky NOC,(H; & Hib), Ky and C(H; & Hib) are not

tangent at u and

O™ hy(u) = 9 he(u) + {AP},(u) | A < 0},
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(b) there exist two real numbers cy, cz such that if u € 0C(H;@HE)NK .,
wo € 0" hit(u) and X <0, then

* * 1
AP} (u)|| < eillo + AP (u)]| + c2 (1 +v+ 7 + |u|W>’

(c) there exist two continuous functions p,q : W01’2(Q) — R strongly con-
tinuous in L*(Q) such that for all t > 1,

ho(v) > () + (0,0 = u) = [Bw) @]l + Gw)]flo — ul?
for all w, v in D(hy) and all ¢ in O~ hy(u).

PROOF. Let us prove (a). Let u € Ky NOCy(H; & Hj-), we take T =
u+ (P (u)* (€ Kyy¢) and we have

- [P @=wds = [ (B@)Piw) de > 0.
Q Q

By Remark 2.5 the conclusion follows. For the equality of subdifferentials one
can proceed as in Theorem 2.6.

(b) can be proved as in Lemma 5.4. (c) can be proved as in Theorem 2.6, by
noting that for ¢ > 1 the constants are independents of ¢ (in some sense K ;
and C, are “uniformly non tangent”). O

LEMMA 7.6. Assume that (g,a), (g) and (G) are fulfilled, let o > A1, and
1 <j < k. Let(t,) be a sequence in R such that inf,t, > 0 and v > 0.
Let (un) and (¢n) be two sequences such that u, € Ky, N OC,, (H; & Hy),
¢n € 0 (he, + I, (m,0mL)) (Un) for every n and sup,, |[¢n| < 0o. Then (un)n
is bounded in W, *(Q). (We can replace v with a bounded sequence 7y, and
the assertion still hold.)

PROOF. One can proceed as in the proof of Lemma 5.5. O

LEMMA 7.7. Assume that (g,a), (g) and (G) are fulfilled, let o > Ay, 1 <
j <kand~y>0. Let (tp), (un), (pn) be three sequences such that t, — oo,
Un € Ky, N Cy(H; & HiY), up — u in L2(Q), ¢, € 0 (hy,)(un) and o, —
@ in L2(Q). Then u, — u in Wy*(Q) and ¢ € O~ (fa(u)). (We are using
the notations hy, = hy, + Ie (m,0mt) fo=fat Ie (m,0mt)-)

Proor. By Lemma 7.6, up to a subsequence, u,, — u in Wol’z(Q) and, by
Lemma 7.5, there exist two sequences g, in 0~ (he, )(uy) and (A,), in R such
that v = po,n + AP}y (un)-

In view of (b) of Lemma 7.5, up to a subsequence, A, Py (un) — v = AP} (u)
and g 5, is bounded in L?(Q); therefore, up to a subsequence, g, — @o, hence
¢ = o + AP}y (u). For every v in Ky, NC,(H; & Hi)

(7.7.1) T (0) 2 hi, (n) + (P05 0 — ) — qllv = unl|*.
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Fix a point v in K. By Proposition 7.1 there exists a sequence (v, )n in Ky q,
such that v, — v in Wy%(Q). Then hy, (vn) — fo(v) as n — co. Taking v = v,
in (7.7.1) and using Proposition 7.1 we deduce that

fa(v) = falu) + (po,v —u) = gllv - ul*.

Then ¢y € 0~ fo(u) that is p € 8_fa(u). On the other hand, by Proposition 7.1,
there exists @, in K, such that @, — u in Wy**(Q). Taking v = %, in (7.7.1)
we deduce that

ht, (W) > he, (un) + <800,mﬂn — Up) — q||t, — UnH2

and therefore f,(u) > limsup,, h¢, (uy,). Since liminf, h:, (u,) > fo(u) we have
lim Ay, (un) = fol(u)
from which we deduce that wu, — u in Wy"*(Q). O

LEMMA 7.8. Let o > A1, a,b,y € R be such that v >0, a <b. Let j, k in N
be such that 1 < j < k. If (V)(fa,Cy(H; ® Hj-),a,b) holds, then for t large
enough (V)(he, Cy(H; & Hib), a,b) holds.

PROOF. The assertion follows from Lemmas 7.1, 7.6 and 7.7. O
Now we are able to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let k, R, p, 7, T, a, b, v as in the proof of
Theorem 6.3. We divide the proof into several steps.
(I) We have

lim inf (inf h+(S(0, R))) = inf fa(S(0, R)) > 0.

In fact let (¢,)n be a sequence such that ¢, — oo and (uy,), in S(0, R) be such
that

litminf(inf h+(S(0, R))) = lim (inf hs, (S(0, R))) = lim Ay, (uy).
If this limit is equal to co we have finished. Otherwise, since (uy, )y is bounded
in L2(Q) and hy, is bounded, it is also bounded in W, *(Q) and then, up to a
subsequence, u, — u in Wy?(Q) and u, — u in L2() with u € S(0, R). We
easily deduce that

nh_)H;o ht, (un) > fo(u) > inf f,(S(0,R)) > 0.

(IT) For t > 0 we define m, : Wy *(2) — Ky putting 7y (u) = u vV a/t. It is
easy to prove that if t, — oo and u, — u in L3(Q) (respectively in W, *(Q)),
then 7, (u,) — ut in L2(Q) (respectively, in W, *(Q)). Moreover, since m; (0) —
0 in Wy (2), we have

tlggo hi(m:(0)) = 0.
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(I11) Set

S =8y, ([re1, Tey] x Bi*(0, p)),
Y= [761,T€1] X S;::<Oap)a
S ={re1, Ter} x Si(0, p)(C S).

For t > 0 set 3y = m(X2), S; = m(9), §t = 7Tt(§).

Now we prove that, up to shrinking p, there exists t such that for every t > ¢
the pair (¢, S;) is homeomorphic to the pair (,5) (in L2(2)) and moreover S
is homeomorphic to S. To this end we prove that for t large, Tt|g is injective.

Let Q be an open subset of 2; we can suppose that p is such that

inf u(z) =n>0.
TEQ
uesS
Moreover, there exist M > 0 and E C Q with £"(E) > 0 such that u(z) <

M for all z in E. Therefore, if t = M/n for t > ¢, v in S, rinE,
m(u)(x) = ulx).

Hence, if ui,us € S with me(u1) = mi(uz), then w3 = ug in E that implies
Uy = ug.
(IV) For all ¢ > % (up to increasing ¢) we have

S;NS(0,R) =0, ¥ C Cy(H; ® Hy).

Let us prove the first equality. Assume, by contradiction that there exist ¢,, — oo
and (un)n, in Sy, NS(0,R). Therefore there exists (vy,), in S such that w, =
iy, (vn). Since S is compact, up to a subsequence, then v, — v in L?(£2) with
v € S C K. Therefore (see (II)) u,, — v+ = v and v € S(0, R) N S. This is
impossible because S(0, R) NS = ). The rest is similar.
(V) We have
limsup (sup hy)(%¢) < sup fa (%),

t—oo

limsup (sup h¢)(St) < sup fa(5),

t—oo

limsup (sup he)(S;) < sup fa(S).

t—o00
We prove, for example the first inequality. Let (¢,), (u,) be two sequences such
that ¢, — o0, un € %, and lim, o he, (u,) = limsup,_, . (sup ht(2;)). For
every n there exists v, in ¥ such that w, = m, (v,). Since ¥ is a compact in
Wy2(€2), up to a subsequence v, — v € ¥, hence u, — vV 0 = v in W, *(Q).
Moreover, since v, € Ky, then u,, € Ky. By Lemma 7.2 we have

i [h (un) — folun)] = 0.
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Therefore
nli}n;o htn (un) = nliIrolo fa(un) + (htn (un) - fa(un)) = fa(v) S Slép f(x

from which the assertion follows.
(VI) We have
Jim (inf by (e1 & H)) = fa(&1).
If t > 0, we take uy = & + P (%) /t (where P is the projection on Hj). Then
u € (& ® HY), uy — & in Wy ?(Q) and u; € Ky, for t > 0 large. (In fact
uy =€ — Pp(W)/t +u/t and €1 > Pi(w)/t for ¢ large). Since hy(u) — fo(€1) we
deduce that
limsup (inf he (21 @ Hib)) < fal@1).

t—oo

Let (), (un) be two sequences such that t, — oo, u, € (€1 ® Hir) N Ky, and

lim %y, (u,) = liminf (inf by, (€, © H)).

n—oo n—oo

We prove that (u,,), is bounded in W,"*(€2). By contradiction, we suppose that
limy, ||y ||y, = oo and we consider z, = un/||un|y,. Up to a subsequence, z, — z
in L?(Q) and 2, — z in Wy*(Q) for some z; then z € Ko N H;- that implies
z = 0. On the other hand

1 €1

htn(un) = he, (Zn) +/ Zn dz _/ zZpe1 dx
lutn trllen o " Tanlly o

from which hy, u, |, (2n) — 0. Since hy jju, |, (2n) = 1/2 — o(1) we get a con-
tradiction. Hence up to a subsequence, u, — u L2(Q) and u, — u in Wy*(Q)

for some u € Ko N (€1 ® Hi"). Then
h”Ilnhtn (un) > fa(u) > fa(él)-

By (7.8.1) the assertion follows.

(VII) By Lemma 7.8 there exists ¢ > 0 such that for all ¢ > 7 the condition
(V)(he, Cy(Hy & Hj-),a,b) holds and if ¢ is large enough, h¢ verifies (P.S.), for
every ¢ € [a,b].

(VIIT) Now we are able to prove the existence of four solutions. By (I) and
(IT) we deduce that h; has a local minimum point u; in B(0, R) for a suitable ¢
and hy(u1) < a. Moreover,

sup hy(Sy) = sup hy(S;) < a < inf hy(S(0, R)) < inf hy(S(0, R))
(where hy = hy + I, (monyy) and
sup hy (S¢) = sup by (3y) < oo.

By Theorem 3.9 we deduce that there exist two lower critical points us, us of
hy with a < he(u;) < b (j = 2,3). By (VII) ug, uz are not in 9C,(H; & Hi),
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therefore they are lower critical points of hs. Since h¢(u1) < a this points are
distinct. If ¢ is large, we have

sup hy(Sy) < b < inf hy(&1 ® Hib) = by < oc.

By the classical Saddle Theorem (see [16]) there exists a lower critical point w4
of h; with ht(U4) > by1. Since by > b, Uyg 7é Uj (] = 1,2,3) O

Now we want to conclude with a sketch of the proof of Theorem 1.2.

Sketch of the proof of Theorem 1.2. Let k, j, R, p, v, a, b, a, b as in
the proof of Theorem 6.7. We set

S :{Tel,Tel} X S;k<03p)a
Y= [7’61,T61] X S;(Ovp)v
§j =0, ([re1, Te1] x B3(0, p)).

Proceeding, as in the previous proof, one can prove (see notations 4.0.3) that for
t large (¢ is the same function introduced in the previous proof at step (II))

min b, (B(0, R)) < a

and the local minimum point is in the interior of B(0, R). Moreover, one can
prove that

sup hy(m(S)) <a < inf hy(S(0, ))

sup hy (w1 (%)) < sup he(m(S5)) <
sup he(m: (Sk(p) N 0Cy)) <a < inf hy(e1 & HJ‘)
)

sup hy (1 (Sk(p))) <b < inf hy(21 & HiY).

Furthermore, the conditions (V)(hs, C(H1 @ Hj-),a,b) and (V)(hs,Cy(H; @
Hi),a, b) hold and the functional h; satisfies (P.S.), for all ¢ € R. Arguing as
in Theorem 6.7 the assertion follows. |
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