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ON THE NUMBER OF INTERIOR MULTIPEAK SOLUTIONS
FOR SINGULARLY PERTURBED NEUMANN PROBLEMS

SHUSEN YAN

1. Introduction

In this paper, we will estimate the number of the solutions with exactly k
interior local maximum points for the following singularly perturbed problem:

—&2Au+u=uP"!t yinQ,

(1.1) u>0 yin Q,
% =0 y on 0f),

where ¢ is a small positive number, Q is a bounded domain in RY with C?-
boundary, n is the unit outward normal of 9Q at y,1 <p < (N +2)/(IN — 2) if
N>3and1<p<ooif N=2.

Much work has been done on (1.1) in the past several years. In [17], [18], Ni
and Takagi proved that the least energy solution of (1.1) has exactly one local
maximum point x. which lies in 912, and z. tends to a point xy which attains
the maximum of the mean curvature function of d€2. Since then, many authors
have constructed solutions for (1.1) with their local maximum points lying in the
boundary of Q. See [2], [5], [8], [12], [15], [21], [22]. Recently, Wei [23], Kowal-
czyk [13], Bates and Fusco [3] considered the existence of solutions for (1.1),
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with their local maximum points tending to some designated points in the inte-
rior of ).

In [8], it is proved that for each integer k > 1, (1.1) has at least one solution
ue such that u. has exactly k local maximum points lying on the boundary,
provided ¢ is small enough. The aim of this paper is to prove that (1.1) always
has a solution u. such that u. has exactly k local maximum points lying in €2
and to estimate the number of such solutions.

In the following, we call a solution u. of (1.1) an interior k-peak solution if
ue has exactly k local maximum points lying inside 2.

Before we introduce the main results, we give some notation. Let U(y) be
the unique positive solution (see [14]) of

—Au+u=ul! y in RV,
u € HYRY),
u(0) = max,cgy u(y).

It is well known (see [11]) that U(y) is radially symmetric about the origin,
decreasing and

lim U(y)el|y|N=2/2 = ¢; > 0.

ly|—oo
Define
(1.2) (u,v)e = / e?Du - Dv +wv, for all u,v € H(Q),
Q
(1.3) lulle = {u,u)e’™.

For any z € RN, £ > 0, let

U= (y) = U<y — Z)

3

We denote P. qv the solution of the following problem

{ —&?Au+u=|v[P~%v yinQ,

0
au_ 0 y on 0f).
on
By maximum principle, we know P, qU. . > 0. For any z; € Q,1=1,...,k,

define

Brvi = { € HYQ): (PogUe,,v). — 0,

OP: QU: 4,
<QU> :o,i:L...,k,j:L...,N}-
8% &
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Let o denote the group of k£ permutations. We also let

(1.4) Dk:Qx...xQ\Uﬂxi—xﬂ<d},
k i£j

The main results of this paper are the following

THEOREM 1.1. For each fized positive integer k > 2, there exists an gy =
eo(k), such that for each € € (0,e0], (1.1) has at least Cat 4, Ay solutions of the
form

k
Ue = g asips,QUs,xg,; + ve
=1
where, as € — 0,
1.6 ag; — 1, 1=1,...,k,
Tei — maj|

— 00, for all i # j,

Tej — XT3 € Q,

)
) :
)

) ve € Bero s [0ll2 = 0(e™).

THEOREM 1.2. There exists an €9 > 0, such that for each € € (0,e0], (1.1)
has at least Catq() solutions of the form
te = e Pe qUe 2. + ve,
where ase — 0, ae — 1, 2. > x € Q, |[v]|> = 0(eV) and v. € E. ;1.
Denote

i#]

Vi = (RNX...XRN\U{|xi—a:j|<d}>/ak.

Let xp € Q and let § > 0 be so small that Bs(xg) C 2. We also let

Vi = <Ba(930) x oo x By(eo)\ e — a5 < d})/ak,

Y i#j
Then V), and V)| are homotopically equivalent. So
Cata, Ax > Caty, (V})) = Caty, (Vi) > cuplength(Vy) + 1.

For the estimate of the cuplength of the space Vi, the readers can refer
to [6]. For the case k = 2, V4 is homotopically equivalent to the projection space
RPN=L. Thus Cata, Ay > cuplength(RPY=1) +1 = N. So (1.1) has at least N
interior two-peak solutions for every domain.
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The technique developed in this paper can also be used to discuss the follow-
ing Neumann problem in exterior domains:

e2Au+u=uP"! yin Qy,

u>0 yln Ql>
(1.10) P

au =0 y on O0f)q,

on

u—0 as |y| — oo,

where € is an exterior domain in R,
Let R > 0 be a large constant such that RV \ Q; € Br(0). We have

THEOREM 1.3. There is an €9 > 0, such that for each ¢ € (0, 0],
(i) (1.10) has at least Catgq, (21, Br(0)) solutions of the form

(1.11) Ue = e P qUe 5. + e,
where v, € E, ,_, and
(1.12) a — 1, d(z.,00)/e — o0, |v|?=0(eV), ase—0;
(ii) if RN \ Qy is convez, (1.10) does not have solution of the form (1.11).

The method in [8] is still valid for the exterior Neumann problem. So we
see that there is no difference between the interior Neumann problem and the
exterior Neumann problem if we construct solutions with all the peaks lying on
the boundary. Our results here show whether the exterior Neumann problem
has interior single peak solutions depends on the topology of the domain, while
the interior Neumann problem always has at least one interior single peak so-
lution. The results for the existence of interior single peak solutions for both
the interior and exterior Neumann problems are very similar to those for Dirich-
let problems. However, the existence results for multipeak solutions between
Dirichlet problems and Neumann problems are totally different, because for the
Dirichlet problem, the existence of multipeak solutions depends on the topology
of the domain. See [7], [9], [10] for existence results for Dirichlet problems.

This paper is arranged as follows. In Section 2, we will present some basic
estimates needed in the proof of the main results. Section 3 is devoted to the
proof of Theorems 1.1 and 1.2, and Theorem 1.3 is proved in Section 4.

2. Basic estimates

In this section, we develop a simple and direct method to get all the basic
estimates needed in the proof of the main results. So we are able to avoid using
the viscosity solution method of [19], [23] to prove these estimates which are
essential to characterize the locations of the peaks of the solutions for (1.1). Tt
is worth pointing out that the method used in this section works for bounded
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domain problems and exterior domain problems, while the viscosity solution
method of [19], [23] seems only applicable to bounded domain problems since it
depends heavily on the comparison theorems for the elliptic equations.

In the following, Q is either a bounded domain or an exterior domain in RY.
From now on, we always assume that « € Q and d(z,09)/e > M for some large
constant M > 0. Let ¢, , = Uc » — P: U, .. Then . , satisfies

—52A<p€’m +Yerz=0 yinQ,
(2.1) Do, oU.
3L — T Q
on on yond
We denote

-1
Te,x :/ng Pe,x-
Q

LEMMA 2.1. For any 0 > 0, there are Co > C1 > 0, such that

(22) CIENe—(Q-l—H)d(x,BQ)/e < e < CQENe—(Q—H)d(x,BQ)/el

PrOOF. Multiplying (2.1) by U, , and integrating by parts, we get

v, ou,
2. e, — 2 = ex 2 =L e,z
(2.3) Te, 6/09 o Ue, e/m o e

Multiplying (2.1) by ¢, , and integrating by parts, we obtain

U ,
(2.4) e /m 5 e = lloeall2 > 0.

Combining (2.3) and (2.4), we have

oU; »
(25) e <e® [ TR,

/ / ( € )N_2 —2|y—z|/e
<-—-ce —— e
90N Baco(q) ly — =

+ O(€N67(2+29)d(:c,89)/5)

/ / ( € )N2 —2|y—=z|/e
<-—-ce — e
AN B.o(q) ly — |

+ O(ENe—(2+29)d(x,89)/a>

N-—-2
3
< _ N —2(d(z,00)+e0) /e
=7° Co[d(x,aa)mo} ¢ :

where g € 99 satisfying |x — ¢| = d(x,0Q). Since d(xz,9Q)/e > M, we see that
(2.5) implies the left hand side of (2.2).
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Let G(y,x) be the Green’s function subject to the Neumann boundary con-
dition, that is, G(y,x) satisfies

{—€2AG+G:§I y in £,

?)% =0 y on 9f).
Then, |G (y,z)| < Celv=ol/¢ for y € O\ Bs(z). We have
B OUe (%)
(ps,:z:(y) - /dQ TG(Zu y) dz.
Hence,
(26) |(P5 w(yﬂ < Ce—(1—9)[d(w,BQ)/5+d(y,BQ)/E].

Inserting (2.6) into (2.3), we obtain

|Ts,w‘ < Ce—(Z—Q)d(z,@Q)/s. 0

LEMMA 2.2. For any 1 <1 < p, there is a 0 > 0, such that

/ L UPSE = O e (o) on)/e)
Q
PRrROOF. By (2.6), we have

(2.7) /spl”Uga;z gce—l(l—‘g)d(%aﬂ)/&/ o~ H(1-0)d(y,09) /2 ,—(p—D)y—| /¢
Q 7 Q
< 0671(179)d(z,80)/6
. / o min(Lp—1)~26](d(y.09) [+ |y /<) ,—~Oly—z| /¢
Q

< 06(71(179)7[min(l,pfl)720])d(w,8§2)/5

-0 (e—(2+0)d(a:,BQ)/e) ,

since [ > 1 and p > 2. g

LEMMA 2.3. There ts a o > 0, such that

2
/ Ue,ml Ug;fwg’IQ -0 <€Ne—(1+a)w1—x2|/€ + Z ENe_(2+U)d(Ij’BQ)/E> )
Q -
Jj=1

PRrROOF. Let | =: min{|x1 — x2|,2d(z;,09), i = 1,2}. We have

(28) /Ug,leQ;SWs,mz :/ UE,IIU&P’ES@E,IQ
Q O\(Bi/2(z1)UB;/2(x2))

+/ Ue,lef,;f@e,xz +/ U€7$1U£;22()08@2'
Bya(x1) Bya(x2)
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On the other hand, it follows from (2.6) that

Ue,or UP 20 0,

&,T1 Y e,x2

(2.9) /
O\(Bi/2(z1)UB;/2(x2))

< 067(179)1/(25)/ U. P2
O\(B1/2(21)UB12(22)) ’2
< Ce-P1-0)/(20)

2
-0 <€N€(1+J)|m1x2|/5 + ZeNe(Q‘L")d(IJ”BQ)/s) )

j=1

(2.10) / U, UP 2200 0,
Byja(z1)
< Ce— (1= (p—1)1/(2¢) / e~ (1=0)(y—=z1]|+d(y,009))/¢
Bya(z1)

< Ce-(-0)-11/(22) / o—(1=0)d(w1,09) /=
Byja(z1)

2
=0 <€Ne(1+0')|x1a:2|/€ + Z€N€(2+o’)d(wj,89)/a> )
j=1

(2.11) / Uy Uf,;f%,m < Ce=(1-0)1/(29)
Bya(x2)

. (/ Ue o, UP2 +/ U€,$1U£;§>
Ba—oyi/2(x2) {(1—-o)l/2<|y—x2|<1/2}

< Qe (1-001/(29) (~(1=0)1+0)1/(22) | o=(1=0)(1+(p=D(A-))/(22))

2
— O(ENe_(1+0)xl_x2/E + Z ENe—(2+a)d(xj,GQ)/6> )

j=1
Combining (2.8)—(2.11), we obtain the desired result. O

LEMMA 2.4. Suppose that there are M > 0 and n > 0, such that |z;| < M
and d(x;,00) > § > 0, then

2
(2.12) / U2 ey = O<€N Z o~ (2+0)d(z;,09) /= | ENe—(1+a)|w1—w2/a>.
Q X
j=1

PROOF. Similar to Lemma (2.1), we have

_ U U, 4,
(2.13) /QUQQC}%M = g2 /aQ aEnQUml —&? /8Q (;n Pe -

From (2.13), we see that if d(z1,9Q) # (1+0(1))d(z2,09), or d(S1,S2) > 6 > 0,
where
Si={q:q€0Q, |v; —q| = d(z,00)},
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then
2
(2.14) / U2 e = O<€N Z o~ (2+0)d(z;,09) /= | gNe—(1+a)|w1—w2/a>.
Q X
=1

But if d(x1,0Q) = (140(1))d(x2,0) and d(S1, S2) = o(1), then it is not difficult
to deduce that |z; — 22| = o(1). Thus it follows from (2.13) that

/Ug);l@ax :O(ENef(lfa)d(:vl,89)/567(170)d(x2,6(2)/5)
T

— O(ENe—(1+o)\x1—ac2|/a)

2
— O(eN S e (@ 006 | N =(+0)lmr=aal/e)

j=1
Thus we have completed the proof of this lemma. O

Define
9? Ue o

/ 2
7—5795 =& / PE,QUE,I 2
o0 87"

where r = |y — z|.

LEMMA 2.5. For any 0 > 0, there are ¢1 > co > 0, such that

N-1o=(2+0)d(2.09) /e < 71 N-1,—(2-0)d(z,00) /<

CoE < ce

PROOF. Since |p. ,(y) < Ce=Nv=2l/2 we have
|P. qU. .| < Ce=(=0lv=al/e " for all y € 9,

and thus

/ N—1_—(2—0)d(z,00)/e
Ten S CIE e~ (2=0)d( /e,

Next, we claim that there is a ¢y > 0, such that
(2.15) P.qU. , > coe~1HOM=2l/s = for all y € 90N B, (q),

where g € 02 satisfies |¢ — z| = d(z, 09). Clearly, (2.15) implies

/ N—1_—(2+6)d(x,09
Teqp 2 COE € (2+6)d(=,00) /e

Now we prove (2.15). Denote ¢ = P: qUe » — coU: 5. Let v;,j = 1,2, be the

solution of the following problems respectively

{ —e2AY 4+ =(1- CO)Uggl y in €,

oY OUs

I = —nco n y on 0L,
{—£2A1/)—|—w20 y in Q,

oy U, »

%77(1777)0()% y on 0,
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where 7 is a smooth function compactly contained in Bs,(g) and n = 1if y €
B,(q). Then,

Y =11 + o
It follows from the maximum principle that ¢»; > 0. On the other hand, we have

) =~ [ 1-na 66w b

Since n = 1 for y € B,(q), we see from the above relation that
[ha(y)| < Ce™(Fd@IN/e = for all y € I N B, (q).
As a result,
Y(y) > —Ce~Hd@IND/e = for all y € AN N B, (q).
Hence,
PoqU.s > coly — Com(H0U@IV/2 5 (o=~ (140)d(2,00) /=
for all y € 992N B,(q), and the result follows. O

LEMMA 2.6. We have

/ pr2Weey, o / Pool., 2 <3Uf*””> +O(eNtempd@00/E),
Q o

ox; on \ Oz;
Moreover, if 02N OB yz,00)(x) contains exactly one point q, then

N
U,
—2 B N-1_—(240)d Q
Z/ Uz, Tm%,xvi > coe e (BHOd.00) e,
=1 Q Li

for any 0 > 0, where v is the outward unit normal of 0 at q.

PROOF. Multiplying (2.1) by Bg% and integrating by parts, we get

LU, Do OU o (0U
2.1 D 2 £, e 2 £,T £,T _ 2/ s — £,T
(2.16) /QUE’z Ox; Pem =8 aq On  0x; c BQQO’ on \ Ozx;
0 oU,
=¢? Pe £,x A ks
c /[m U, on Ox;

L / Wew Ve / g 0 (Ues
Fle) on axl a0 E’man 89@ ’
But

oU. . OU, o (0U,
2.17 2 =erer 2/ U. ,— ( Ze
( ) c o0 on (91'2 c a0 ’ 8n( 8331 )

ouU, oU,
= [ &2|AU. ,—= —U. ., A =2
/QE|: Ve, Ox; Ve, (39% )]

U, ou,
=—(p-2 P17 ST (p— 2 p—197ex
R ] A

_ O(gN—le—pd(ac,(’)Q)/s) )
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Combining (2.16) and (2.17) yields

ou, o (oU,
2.1 pr—= =—¢* / P, — ===
( 8) /QUE,L axl Pe,x € 90 E7QU57$ on axl

+ O(ENflefpd(ac,aﬂ)/s) )

Suppose 9 N 0By, 90)(r) contains exactly one point ¢. Since in a small
neighbourhood of ¢,

a i Yi ) Y Y T
) Y T (YRR N
on\ |y — | ly — x| ly — x|
and thus
=9 (aUE,x> > a?Um< y—= >:c—y
S (Mo Yoo 3 Dl 1y,
P on \ Ox; P or ly — x| ly — x|
N
aU&,x 0 (x; — Yi
+; or 8n(|y—x Vi
< 7Co€N7167(1+20)d($’89)/6,
which, together (2.15) and (2.18), gives the result. O
3. Interior Neumann Problem
Let
1 1
(3.1) I(u) = f/(62|Du|2 +u?) - 7/ P, e HY(Q).
2 Jo PJa

For fixed integer k > 0, let

(3.2) a=(ai,...,a;) € RF,
(3.3) z=(z1,...,24) ER*™, x; e RN, i=1,... k.
Define

Diys={z:xeQ, |z, —x;| > 26, i #j, dlx;,00) >4, i=1,...,k},
M.s={(o,z,v):|a; = 1| <4, i=1,...,k; v € Dy,
v € B ||v)le <6eN?}

Let

k

(3.4) J(a,z,v) = I(ZO{Z’PE’QUE)QH + v), (o, x,v) € Mcs.
i=1

It is well known that if 6 > 0 is small enough, (o, z,v) € M. is a critical

point of J(«a,z,v) if and only if u = Zle ;P qUe 5, + v is a positive critical

point of I(u). See [20]. So we just need to estimate the number of critical
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points (o, z,v) € M, s for J(«,x,v), that is, to find (o, z,v) € M. s and A, By,
i=1,...,k, such that

2p
(3.5) 9J(a,z, ) § Blj<a EQUEI’,U>,i:1,...7N7l:1,...,k,
¥ €

8.2311 axllal‘lj
oJ(a, z,v)
3.6 —2 =0, l=1,...,k
( ) aal ) ) b b
a x,v) N OP. gU
(3.7) ZAIPEQUE o +ZZBU em
=1 j5=1

We first reduce the problem of finding a critical point for J(a,z,v) to that
of finding a critical point for a function defined in a finite dimensional domain.
We will proceed in a similar way as [4], [8].

PROPOSITION 3.1. There are eg > 0 and § > 0, such that for each € €

(0,e0], there is a unique Ct-map (ae(z),v:(x)): Dg,s — R* x HY(Q), satisfying
ve(z) € Eg p 1 and

8J((15,33,U5)

3.8 —— =0, I=1,...,k

( ) 8al ) 9 ) )

(3.9) <(’9J(ag$,1}€)’w> =0, foralwée€ FE.zk.
v €

Besides, if k > 2, then forl=1,... )k

k
(3.10) Jag —1]=0 ( S e (e 00/ L § e—<1+a>|xi—xj|/(2e>> ,

j=1 i#j
k
(3.11) [0e]l- _0(6N/2<Ze (ho)ile 00/ 4 § (~(140) zlz]/@e))),
j=1 i#£]
and if k=1, then
(312) |ael _ 1|€N/2 + HUEHe _ O(EN/26—(l-i-a)d(x,aﬂ)/fs)7

where o is some positive constant. Moreover,
(3.13) Ve(opx) = ve(x), oRac(opr) = ae(x).

PRrROOF. The proof of the existence part is standard. See [4], [8], and also
[1], [20]. The estimates (3.10) and (3.11) follows from the same procedure as in
Proposition 2.3 of [8] and Lemmas 2.1 and 2.2. Finally, (3.13) is a direct conse-

quence of the fact J(«, x,v) = J(opa, oxx, v) and the uniqueness of (a.(z), ve(z))
satisfying (3.6) and (3.7). We thus omit the details. O

Let (a.(x),v:(x)) be the function attained in Proposition 3.1. Define

(3.14) K([z]) = J(a:(x), z,v:(x)), [z] € Dis/o-
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Then from (3.13) we see K ([z]) is well defined in Dy, 5/0y.
LEMMA 3.2. Dy 5 is a covering space of Dy s/0.

PrOOF. For any [z] € Dy 5/0, we have |z; — x| > 26, for all i # j. So we
can choose v > 0 small enough, such that B, (z;) N By(z;) = 0. Suppose that
there are y,z € By(x1) x ... x By(x}) with [y] = [2]. Then y = oz, and thus
|y — 2| > 4. This is a contradiction. O

It follows from the lifting path theorem that & € Dy s is a critical point of
J(ae(x), z,ve(x)) if and only if [x] € Dy /0 is a critical point of K ([z]).

Proor oF THEOREM 1.1. From Proposition 3.1, for any « € D, g, we have
(3.15) J(ae(z),z,ve(x))

k

— J(1,2,0)+ O [EN ( 3 @@/ 4 3 e—(l+0)|z,;—zj|/s):| .
i=1 Py

But in view of lemmas 2.3 and 2.4, we have

k k-1 k -1
11 1 ?
(3.16) J(l,x,O) =€N (2 - p)kA + 5 ZTs,xi - /Q Z < Z UE,%‘) UE,JCJ‘
i=1 j=1

i=j+1
k
+0 |:€N < Z e—(2+0)d(aji,89)/e + Z e—(l+o’)|Ii—wj|/s>:| ,
i=1 i#j
where A = [y UP. Inserting (3.16) into (3.15), we obtain

(317)  J(ae(z),z,v.(2))

1 1 1 k k—1 k p—1
Y (2 B )kA+ S _/ 3 ( )y U) U,
p i=1 Q=1 Vi=j11
k
+0 |:€N < Z 67(2+U)d(xi,8ﬂ)/s + Z e(l+o’)|a:iwj|/s>:| )
i=1 i#£j
Define

N 1 1 —36/e

ccpr=ke"|=—=)A—e .
) 2 p

Then we see from (3.17) that
J(ae(x), z,v:(2)) < Ce g,
if d(x;,08?) = ¢ for some ¢, or |x; — x;| = 20 for some i # j. That is
K([z]) < cei, forall [z] € O(Ds /o).
So from the Ljusternik—Schnirelman theory, we have

(3.18)  #{[z] : DK([z]) = 0, K([z]) = ccx} > Catp, /o, {K([2]) = coi})-
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On the other hand, it is easy to check from (3.17) that
(3.19) Dys /o C {K([x]) > ce.ic}-
Combining (3.18) and (3.19), we obtain
#{[z] : DK([z]) =0, K([z]) > cox} > Catps, /o, (Days,i/or) = Cata, A.

So we have completed the proof of Theorem 1.1. O

PROOF OF THEOREM 1.2. Let (ae(z),v:(x)) be the map obtained in Propo-
sition 3.1. Define

Ki(z) = Jo(ae(z), z,v:(x)), for all z € Qy,

Then
1 1\ n, 1
(320) Kl(l’) = (2 — p)E A + 57-5’@; + O(TE,I)‘
Let
1 1
(o =N ( - )A e,

£ 2 p
It is not difficult to see that Ki(x) < ¢o1 if © € 9Q5 and Qus C {K7(x) > ce1}-
So the result follows from the Ljusternik—Schnirelman theory. O

REMARK 3.3. The idea to prove Theorem 1.1 can also be used to estimate
the number of boundary k-peak solutions for (1.1). So we see that the number
of boundary k-peak solutions for (1.1) is at least Cata; (A}), where

A;g = {(xl,...,xk) 1T 68(2,H(a:j) EI%%XH(J?) _5a
wi — x| >0, 4,5 =1,...,k, i # j}/ow,

where H(z) is the mean curvature function of 9.

REMARK 3.4. By (3.20), it is easy to see that if zo € § is a strictly local
maximum point of the function d(z, 92), we can construct a solution of the form
ue = aP- U 4. +v. satisfying a. — 1, 1. — xo, v € E-,_ and |[vc|? = o(e?)
as e — 0.

It is also interesting to characterize the location of the peaks of the interior
k-peak solutions for (1.1). This is not easy if k > 3, because it is very difficult to
control the distances between different peaks. On the other hand, consider the

following problem
(3.21) max{K(z):x € Dy s}.

From (3.17), we see that K(x) is decreasing if one of z; moves toward 9 or
|z; — z;| — 0 for some ¢ # j. This implies that the maximum xz. of (3.21) is
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an interior point in Dy s and hence a critical point of K(x). As a result, (1.1)
always has a interior k-peak solution

k
Ue = Z asjPE,SlU57fB€j + Ve,
j=1
such that z. = (z¢1,...,z) is @ maximum of problem (3.21). Moreover, from

(3.17), we see that as ¢ — 0, z. tends to a point which is a maximum point of
the following function

(3.22) min{2d(z;,0Q), |z, —xj|, i,7=1,....k, i # j}.

In order to locate the maximum of (3.22), we only need to put k disjoint open
balls B, (x;) in €, and try to make 7 as large as possible. Let S be the set of all
the points (x1,...,2x) such that x;, j = 1,...,k, is the center of B,(z;) that
makes 1 attain its maximum. Then the maximum point of (3.22) is contained
in S.

Before we close this section, we discuss briefly the location of the peak of the
interior single peak solution.

PROPOSITION 3.5. Suppose that u. = acP: U, ;. + v is an interior single
peak solution for (1.1), satisfying a. — 1, v € E.,_, |velle = o(eV/?) and
e — x € Q ase — 0, then x satisfies

/ Y= au=o,
o0 [y — |

where dy is a measure on 0S), which is one of the weak limits of the sequence

02U, ..
02r
0*U. .

P.oU. , e
/8(2 e,QVe,x, 921

PROOF. Since u. = aeP: qUe 5. + v: is solution of (1.1), we know

PE,QUE,IE

(3.23) loe — 1] + 571\7/2”%”E _ 0(67(1+0)d(m,¢9ﬂ)/5).

See the proof of Proposition 3.1. On the other hand, we have

0P. qU, x 718P U. Te
<a€PE,QU€,:C5 + v, 6765;575> = / (aEPE,QUE,xg + Us)p %a
J Q j

which, in view of (3.23), is equivalent to

(3.24) / P2 oU, , o = O(EN—le—(2+o)d(z,BQ)/a)
o £,T¢ al,j 5
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By Lemma 2.6, we deduce from the above relation that

0%, Yi — Tej 02U,
PEVQUE@E ©%e 2 = + 0(/ PE,QUE,IE — >
/{m Pr o |y; — zej o0 or

_ O(EN—le—(2+o)d(7;5,BQ)/E) ,

where 7 = |y — z|. Using Lemma 2.5, we obtain

2
0 Us,rs Yj — Tej

P aUcz,

/E)Q c o a2r |yJ - ‘/L.Ej| _ 1
77U, = oL,

/ PE,QUE,:EE ;’EE

a0 8 T

/ Yi % dp = 0.
o0 [y — |

This completes the proof of the lemma. O

Thus,

REMARK 3.6. It is easy to see that the support of the measure p contains

in
NN{y: |y — x| = d(z,00)},

and if 00N {y : |y — x| = d(x,00)} = {xo}, then u = 6,,. So if z € Q is a point
such that there is an interior single peak solution for (1.1) with its peak near z,
then 0Q N{y : |y — x| = d(x,0Q)} contains at least two points. The result in
Proposition 3.5 is similar to that in [23]. It is interesting to consider whether
the measure defined here and the measure defined in [23] are same.

4. Exterior Neumann Problem

The aim of this section is to prove Theorem 1.3. Since most of the calculations
are similar to those in Section 3, we merely sketch the proof. First, we need the
following lemma.

LEMMA 4.1. Let X be a topological space and let Ay, Ay and Y be closed
subsets of X satisfying Ay CY C As. Suppose that Ay can be deformed into
Ay, that is, there is a continuous map H(x,t) : Ay x [0,1] — As such that
H(z,0) ==z, H(z,1) C Ay, H(z,t) ==z, for all z € Ay, t € [0,1], then

Catx (X,Y) > Catx (X, Ay).

PROOF. Suppsoe that Catx (X,Y) = m. Then there are X,...,X,,, and

continuous maps ho(x,t), ..., hy(x,t), such that
m
X =Jx,
1=0

(i) (0,2) =2,1=0,...,m;
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(ii) hy(l,z) =ay, for all z € X, 1 =1,...,m;
(iii) ho(1,Xo) CY and ho(x,t) =z, for all t € [0,1], z € Y N X,.
Define
ho(Qt,(E) t e [0, 1/2], z € X,
hg(t, z) =
H(2t — 1,ho(1,2)) t€[1/2,1], z € Xo.
Since ho(1, Xo) C Y C As, we see that h(t, z) is well defined in [0, 1] x Xj
and is continuous. It is easy to see that h$(0,z) = z, hi(1, Xo) C A;. Moreover,
for any 2 € A; N Xy and t € [0, 1], we have

B (6, 2) ho(2t,2) = x for all t € [0,1/2],
?x =
0 H(2t —1,ho(x,1)) = H(2t — 1,2) = for all t € [1/2, 1].

Thus, by the definition of the relative category, we have Catx (X, 4;) <m. O

PROOF OoF THEOREM 1.3. (i) We define Dy = Bp(0) N Qq5, where T > 0 is
a large constant. Let

o= eN(A—e /5 | =eN(A—e /e,

)

where do > 0 is a large constant with T" > 2ds, and d; > 0 is a small constant
with dy < 4. Let
Ja(a, z,v) =: I(aP: qU: » +v).
Step 1. Tt is standard to prove that there is an g9 > 0, such that for each
e € (0,&0], there is a Cl-map (a.(z),v-(z)) : D7 — R x HY(Q), such that
ve(z) € E; 51 and

dJs
4.1 2 _
(4.1) 50 =0
aJ
(4.2) <<%2’”> =0, forallwe E. ;.

Moreover, for some o > 0,
loe — 1)eN2 + ||oe]|e = O(5N/2e_(1+”)d(””’891)/5).
Step 2. Define
Ky(z) = I{a:(2)PeqUe » + ve(x)), x € Dr.

Then it follows from Lemma 2.1 that

Ky(z) <y, if x € 0Qys,

Ky(x) > Ly, if x| =T.
Combining Steps 1-2, we conclude

#{z: DKs(x) =0, x € Dy, ¢ < Ka(x) < 5} > Catp, (Ko, ,, Ko, ,),
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where Ky . = {x : K»(z) > c}. But it is easy to check that Ky .., C Dy, and
{z:T/2<|2| <T} C Kape,, C{x:dy/2 < x| <T}.
So by Lemma 4.1, we have
#{z: DKs(x) = 0,2 € Dr, ¢ < Ka(z) < o}
> Catp, (Dr, {z: T/2 < |o] < T})

and the result follows.

(ii) As in the proof of Proposition 3.5, we have
U, ». y; — xej 0%U.
4.3 / P, Uy —2%e =5 +o</ P.o,U. >
(4.3) oo, 00T or? |y — ag oo, 0T or?
— 0(6_(2+0)d(x5’691)/8).

Since RY \ ; is convex, we know that 9Q; N Ba(z. ,00) (<) contains exactly one
point ¢, and ((y — z.)/|y; — <],m) > B > 0 for y in a small neighbourhood
of g, where n is the outward unit normal of 9 at ¢q. So, (4.3), together with
Lemma 2.5, implies

e (2-0)d(z-.00) /= < O(e—(2+o)d(acs,8ﬂ)/e)’

for each 6 > 0. This is a contradiction. O
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