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ON THE EFFECT OF DOMAIN TOPOLOGY
IN A SINGULAR PERTURBATION PROBLEM

E. NORMAN DANCER — JUNCHENG WEI

1. Introduction

In this paper, we study the following nonlinear elliptic equation
{ e2Au—u+uP =0 1in Q,

(1.1)
u>0 in Q and v = 0 on 09,

where Q C RY (N > 2) is a smooth bounded domain, 1 < p < (N +2)/(N —2)
for N >3, 1 <p<oofor N=2ande >0 is a positive small parameter.
Our interest in (1.1) arises from two aspects. First, (1.1) is a typical singular
perturbation problem. Singular perturbation problems have received much at-
tention lately due to their significances in applications such as chemotaxis (see
[18] and [19]), population dynamics (see [1], [16]) and chemical reaction theory
(see [1]), etc. Secondly, we are interested in the effect of the properties of the do-
main, such as geometry, topology on the solutions of nonlinear elliptic problems.
Problem (1.1) can be a prototype.

Recently, the geometry of the domain on the solutions of (1.1) has been a
subject of study. Beginning in [20], Ni and Wei studied the “least-energy solu-
tions” of (1.1) and showed that for e sufficiently small, the least-energy solution
has only one local maximum point P. and P- must lie in the most centered part
of Q, namely, d(Ps, 9Q) — maxpeq d(P,00), where d(P, 9Q) is the distance from

1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J40.
Key words and phrases. Domain topology, singular perturbations.

©1998 Juliusz Schauder Center for Nonlinear Studies

227



228 E. N. DANCER J. WEI

P to 9Q. On the other hand, in [26], a kind of converse was proved. Namely, for
each strictly local maximum point of the distance function d(z, d2), there is a
solution of (1.1) with only one local maximum point near that point. This shows
that the geometry of the domain plays a very important role in the multiplicity
of solutions of (1.1). In [27], the effect of the geometry of €2 on single-peaked so-
lutions has been studied. In particular, both necessary and sufficient conditions
for the existence of single-peaked solutions are established. These conditions
depend highly on the geometry of the domain. Some further studies in this
direction are in [9], [13], [17], etc.

On the other hand, Benci and Cerami [5] and [6] studied the effect of the
topology of Q on solutions of (1.1). More precisely, they showed that there are
at least cat(£2) 4+ 1 solutions for € <« 1. In fact, what they actually showed was
there are at least cat (2) + 1 single-peaked solutions (i.e., solutions with single
maximum point), where cat () denotes the category of Q.

In this paper, we will study the effect of domain topology on multiple-peak
solutions (i.e., solutions with more than 1 local maximum points). Note that
when €2 is a ball or some symmetric domains, there are no multiple-peak solu-
tions, see [12]. Thus the existence and multiplicity of multiple-peak solutions are
related to the geometry and topology of €.

To state our results, we introduce some notations. Let w be the unique
solution of

Aw — w4+ wP =0 in RV,
w>01in RY, w(0) = max ,pyvw(z),

w(z) — 0 at oco.

Let J(w) = (1/2) [on [Vw|?4+(1/2) [on w?—(1/(p+1)) [on wPT! be its “energy”.
Let ¢ = kJ(w). For any u € W)*(Q), we define an energy functional

J fi Vul? 1 2,L p+1
(u) = 5 Q| ul +2 Qu P Qu .

We called a family of solutions of (1.1) k-peak if e~V J.(u) — c. It is easy to see
by blow up arguments that a k-peak solution u., u. has only k local maximum
points for € small. (See the proof of Theorem 1.1 in [20]. Note that there they
proved for single-peaked case but the arguments there can be easily modified to
treat multiple peak case). More precisely we have

LEMMA 1.1. Let u. be a family of k-peaked solutions, then for e sufficiently
small, u. has only k local mazimum points P}, ... PF € Q and we have

d(PJ,00) /e — 00, |P! = Pl|Je — 00, i#j,4,5=1,... k.
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Moreover,
k

u= w(w-P)/e)

Jj=1

uf? === (9/ |Vu|2+/u2>.
Q Q

Jotn = Ly € HY(Q) | e N Jo(u) < cp + 1}

— 0

as € — 0, where

Set

and

J ={ue Hy(Q) [ e NJe(u) < e —n}
for 0 < n < I(w). In this paper, we study the case when k& = 2. Our main
result is

THEOREM 1.1. The contribution to the relative homology
HL (e, J67)

of 2-peak positive solutions as € — 0, 0 < n < I(w) is equal to H.(T), where T
is the quotient space of (2 x , M(Q)) x (D?,5%) under a free Zy group action
which comes since we can interchange the two mazima and M(Q) = {x € Qx Q|

r1 = ZL’Q}.

REMARK. More precisely, we mean there is a neighborhood V_ of the 2-peak
solutions such that H,(J&2T" NV, J2~TN V) is equal to H.(T).

An interesting corollary is

COROLLARY 1.2. If the reduced homology H,. (2, Z2) # 0 is nontrivial, then
for e sufficiently small, there is a 2-peak solution for (1.1).

Another by-product of the proof of the theorem is the following necessary
conditions of the locations of the 2-peaks.

THEOREM 1.2. There is a 6 > 0 such that if u. is a 2-peak solution and
let P§, PS5 be its only two local mazimum points, then d(Pf,0Q) > § > 0,
d(Ps,0Q) > 6 > 0. Moreover, if Pf — Pi, P§ — P», then |P, — P3| >
2min (d(Py,00), d(P2, 09)).

REMARKS. For some rather symmetric domains, it is proved in [12] that there
are no 2-peaked positive solutions. On the other hand, a number of authors have
constructed 2-peak positive solutions on some contractible domains. Thus the
complete answer when there are 2-peak positive solutions is complicated. Note
also that in 2 and 3 dimensions, our assumption on {2 is equivalent to assuming
Q is not contractible. This follows from standard topology (see Rourke and
Sanderson [23] for the more complicated 3 dimensional case). It seems likely



230 E. N. DANCER J. WEI

that a similar result holds for much more general nonlinearities and that if €2
is complicated one can use the theorem to obtain multiple positive 2 peaked
solutions.

Theorem 1.1 and Corollary 1.2 point out the importance of the topology
of the domain on the multiplicity of solutions of (1.1). For example, when
Q = Q1\Qo where 21, are contractible domains (e.g. € is an annulus), then
H.(Q,Z3) # 0, hence (1.1) has a 2-peaked solutions. Note that in [9] and [13],
rather strong local geometric conditions were placed on €2 in order to show the
existence of 2-peaked solutions.

Theorem 1.1 was motivated by the results of [4], where they studied a nearly
critical exponent problem and computed the effect of domain topology on the
blow up solutions.

This paper is organized as follows. In Section 2, technical framework is set
up and we make a preliminary analysis of problem (1.1) in Section 3. We prove
Theorem 1.1 in Section 4 and Corollary 1.2 in Section 5.

Throughout this paper, unless otherwise stated, the letter C' will always
denote various generic constants which are independent of ¢, for ¢ sufficiently
small. The notations O(A), o(a) always mean that |O(A)| < C|A4], o(a)/a — 0
as € — 0, respectively.

Acknowledgement. The research of the first author is partially supported
by Australian Research Council while the research of the second author is sup-
ported by a Direct Grant from the Chinese University of Hong Kong and an
Earmarked Grant from RGC of Hong Kong.

2. Technical framework

In this section, we introduce some notations and set up a technical frame-
work. We shall follow [4] and [27]. First we define Pow to be the projection of
w((z — P)/e) into HY(Q), i.e. Pow((x — P)/e) is the unique solution of

e2Au—u+wP((x — P)/e) =0 inQ,
u=20 on 0N.

Sometimes we use Pw to denote Pow((z — P)/e) and Pw; for Pow((z — F;)/¢)
or Pow((x — x;)/¢).
By the Maximum Principle, 0 < Pow < w. Let

r=cy+ P, ¢ py) =w(y) — Pow((z — P)/e), B=1]e,
Ve p(z) = —elogpe p(y), B=1/¢,
Vep(y) =e?="Plo. p(y),  ¢e(P) = e p(P).
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It is easy to see that 1. p(z) is the unique solution of

e?Au— |Vul> +1=0 in ,
(2.2)

u(z) = —elogw((x — P)/e) on 0N.
The following properties are proved in [20].

PROPOSITION 2.1.

(i) There exist a constant Cy such that

19, (@)l Lo (@) < Chr.

(ii) Ye p(x) — Yp(x) uniformly on Q as e — 0, where Yp(x) in the unique

wiscosity solution of the following Hamilton-Jacobi equation

{ [Vu|?> =1 in §,

2.3
23) u(z) =l — P| on 0.

Indeed, yp(z) = inf,co0(|z— P|+ L(z, 2)), where L(x, z) is the infimum
of T such that there exists £(s) € C*1([0,T], Q) with £(0) =z, £(T) = =z
and |d¢/ds| <1, a.e. in [0,T]. Furthermore, ¥p(P) = 2d(P,).
(iii) For every sequence € — 0, there is a subsequence e, — 0, such that
Ve,
positive solution of

p — Vp uniformly on every compact set of RN, where Vp is a

Au—u=0 in RV,
uw0) =1, u>0 inRN.

Furthermore, for any o1 > 0,

sup eIV p(y) = Vp(y) = 0 as e, — 0.
yGstZ,P

For a > 0, we define a subset of HJ ()

P {Pw<m—x1> +Pw(a:—x2> ’ d(zy1,00) - 1’
€ €

€ a
d o0 1 - 1
GM>>,W11ﬂ>}
€ a € a
Let
Ao = {(0417@2,301,$2) e R? x Q% | |oy — 1] < 4a,

i, OS2 1 — 1
A@i,00) 1 g el 1
€ 4a € 4a
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Set

(u,v) = EN(/ 2VuVu +uv), ull? = (u,v),
Q
Q. ={y|ey+ P € Q},

where Py €  is a fixed point.

Eg={ve Hé(Q) | (v, Pwi) = (v, Pwy) = (v,0; Pw1) = {v,0; Pws) = 0,
i=1,...,N},

where we use Q = (P1, P») and 9;Pw; to denote dPw;/0P;,;. Note that P; =

(Pj,17 - an,N)a j = 1, 2.
Then, as in [4] or [9], it is easy to prove

LEMMA 2.1. If a is small and u € W, *(Q) is such that inf.p, |u — h| is

small then the minimizing problem

inf
(a,z)EN,

2
U — E o; Pw;
i=1

has a unique solution. Moreover, u can be expressed as

u = a;Pw; + asPws +v

where v € E,. The expression is unique modulo interchanging both (aq, Py) with
(042, Pg) .

Therefore, by Lemmas 1.1 and 2.1, there exists a diffeomorphism between a
neighbourhood of the possible 2-peak solutions of (1.1) we are interested in and
the quotient of the open set

M, = {(a,x,v) € R*x Q* x Hy(Q) | oy — 1] <,

d(zx;, 00 1 — 1
(.TZ ) > - |-’I/‘1 x?l > -, ||U|| < ’17}
€ n € n

where we identify (aq, ag, 1, x2,v) with (a9, a1, z2,21,v) and n > 0 is a some
suitable constant. Note that the quotient map is smooth on M,,.

Let us define the functional
K.:M,— R, m=(a,z,v)— E_NJE(alel + as Pws + v).

It also follows easily (see Proposition 1 of [4] or Proposition 2.2 of [9]) that
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PROPOSITION 2.2. m = (o, z,v) € M, is a critical point of K. if and only
if u = aq Pwy + g Pws +v is a critical point of J., i.e. if and only if there exists
(A,C) € R? x R*N such that the following holds.

0K,
=0, Vi=1,2
3042- 9 ¢ <

0°Pw; . .
E.. =1,2 =1,... ,N
(E) ( wz) 330” chk<5x”5xlk U>, VZ s 4y ] 9 ) )

(EU) g = A1 Pwi + AsPwsy + ‘ Z CHW”
i=1,2,5=1,... ,N >

3. Preliminary analysis

In this section, we use equations (E) to derive a preliminary analysis of
problem (1.1). More precisely, we shall prove the following

THEOREM 3.1. There is a 6 > 0 such that if u. is a 2-peak solution and
let Pf, PS5 be its only two local maximum points, then d(P,00) > 6 > 0,
d(P5,09) > § > 0. Moreover, if Pf — Py, PS5 — P, then |P| — Py| >
2min(d(Py, 00), d( Py, 09)).

Set
wy = w((z — P)/e), w2=w((z—P5)/e),
0e. Py, Py = e, P, (P1) + @e.p, (P2) + w(|P1 — P2l/e).

Recall that ¢. p(x) = w((x — P)/e) — Pw((x — P)/e) and 1. (P) := ¢ p(P).

We first state some useful lemmas.

LEMMA 3.2. Let f € C(RN) N L2(RY), g € C(RY) be radially symmetric
and satisfy for some a >0, >0, vy € R,

f@)exp(alz))|z|’ =~ as 2] — o,

/ lg(x)] exp(alz]) (1 + |z]?) < oo.
RN
Then

( f($+y)9($)d$)eXp(ay|)|y|ﬂ—W [ o) es(-am)de as iyl = ox.
RN RN

For the proof, see Proposition 1.2 of [3].

We then have the following estimates.
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LEMMA 3.3.

1 D
_ > 0.
w([P; — P5|/e) / vtz

9 8’[1)2
2 < p
2) w(|Py — Ps|/e) /RN “1op,

_ 1 / p 2= Py — P
= whw, — —
w(|Py — Pyl/e) Jan ey + P1 — Py |P> — Py

2

for some constants v1 > 0, v > 0.

PrOOF. Note that |Pf — P5|/e — oo as € — 0 by Lemma 1.1 and w(y) ~
ly|1=N)/2e=1vl as |y| — oo, by Lemma 3.2,

(/RN wive d"””) exp(|PF — P|/=)(1PE = P52 = [ wiy)emdy,

RN
Note that v > 0. Hence

1 / »
—_— w7 Wy — >0.
w([P = Balfe) Jun 12T

Similarly, we have (2). O

We first deal with the v-part of u, in order to show that it is negligible with
respect to the concentration phenomena.

The proof of the following proposition is very similar to that of Lemma 4.2
in [26] and of Proposition 4 in [22, p. 15] and is thus omitted. Note that we do
not have troubles close to the boundary because the region we are working with
stays far enough from the boundary so that we do not have difficulties.

PRrROPOSITION 3.4. There exists a €9 > 0, g > 0 such that if € < &g,
lv]] < mo then there exists a smooth map which to any (o, P,v) such that
(a, P,0) € M, associates ve o, p € Ep, ||vea,pll < no such that (E,) is satisfied
for some (A,C) € R x R2N. Such a v, o p is unique and minimizes K (o, P,v)
with respect to v in {v € Ep | ||v|| < no} and we have the estimates

(3.1) Ve, PII* < O(pZR7 (Pr) + 025 (P2) + w27 ([P = Py e))

where 20 = min(1,p — 1).
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Once v o, p is obtained, we can estimate A, Ao, C;; in Proposition 2.2. In fact
we have by Appendix C in [27] (set T'y := [pn wPT, Ty = [on pwP~ ! (Ow/dy;)?)

(Pw“Pwl =T+ O(gpa p,(F)), i=1,2,

(o5t

P < ). oo
8K
(20 ) = 4
0K, 8Pwl 1 0K,
< > azﬁPJ

Explicit computations yield

K,
0K, :al/ w Pwy +a2/ wé’Pwl—/ (a1 Pwy + g Pws)? Puy
oy Q. Q. Q.

= [ wrar o)+ Open (P + w(lPi — Palfe),

R

2iE p+1
Do WP oz — ab) + O(pe,p, (P2) + w(| Py — P2|/e)),
(6%} RN

0K, O0Pw;
8Pi7j = /QE (alwzf + Oég’wg) (aiaPM )

— P P +v)P i
/Qs(al w1 + as Pws + v) (oz P,

= O((¢e,p (P1) + 92, p, (P2) + w(|Py — P2|/€))/e).

By using equation (E,) and the previous estimates we obtain a system of

equations.

A1(T1 + O(e,p,)(P1)) + Az (w<|PlE_PQI>> + C”O(%i(ﬂ)>

OK. OK.
_< o’ Pw1> Oy =0,

Ay (w('Plg_PQ')> + A(Ty + O(pe,p, (P2)) + CijO(

0K, 0K,
_< v ,Pw2> day =0,

€ € F 1, £ N
A1<6 ’2’132) + Ay (5 ’IE’P2> +Cij< 203 —&-O(5 ’P;’P2>>

_ 0K, O0Pw; _iaKe_O m
S\ dv " OP; o op; B € .

€

SOE,PQ(P2)>
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Since w((P1— Ps)/€), @e.p,(P1), ¢c,p, (P2) are small, we can think of this system
for A;, Cjj/e as a small perturbation of an invertible diagonal system. Hence

Ai =O0(pe,p, (P1) + e p, (P2) +w(|PL — P2|/e)), i=1,2,
Cij =e0(pe,p, (P1) + e p, (P2) + w(| Py — Po|/2)).

Therefore the equation (Ep, ;) becomes

0* Pw;
ZCM<8PZ JOP >

= O(p:p (P1) + ¢ p (P) + w7 (|PL = Py fe)).

But

BKE P P BPwl / 8Pw1
EaPLj E/Qg(alwl + aswh) P, € o, (a1 Pwy + s Pw) P,

+O0(pl3 (P1) + ol (P2) + w' (| Py — Pa|/e))

3w1 8 1 —1 8w
— p — (Pw P
6/9 (wl P, (Pwq)? 8P1,j> +5/QE <w2 (9P1’jw2)

+ 00 (Py) + o (P2) + w7 (|Py = Py [e)).

Hence we have

LEMMA 3.5. Equation (Ep, ;) is equivalent to

(9’[01 p 6’(01 p—1 6w
(Ep,) 5/ < '9P; — (Pwy) (“)PL]») +€/QE (wl 6P1,jw2

14+0/2 o o
= O(pL 2 (Py) + oL (o) + W ([P — Pyl e)),

6w2 Qws 1 Owy
(Ep,) 6/ ( 23P2J (Proz)? 8P27J) +E~/QE (w2 8P2] )
= 0(pl 5 (P1) + oL (Po) + w' 7 ([P — Py J2)).

We can now prove Theorem 3.1.

PrOOF. We first show that there exists § > 0 such that for ¢ sufficiently
small

min(d(Py,00),d(Ps,00)) > § > 0.

Suppose not. Suppose d(P5,00Q) — 0. We shall discuss three cases.

Case 1. lim._.g . ps(Pf)/¢e ps (P5) = 0.

In this case, if lim. o w(|Pf — P5|/¢)/¢e ps (Ps) = 0, then we have by (Ep;)
(noting that the second integral in equation (Ep;) is of order w(|Pf — P5|/e) by

Lemma 3.2), we have

8’UJ2

e .
b = (P 242 .
Qe.ps(P5) Ja.  ? op; ;
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By Lemma 5.1 of [27], this is impossible if d(P5,09) — 0.
If lim. o w((Pf — P5)/e)/¢e ps (P5) = oo, then lim. g ¢. p: (Pf)/w((Pf —
Ps5)/e) = 0. By (Ep;s) we have

;5/ wi’% =0

w(|Pf — P5l/e) " Jo. ?OPf;

for all j = 1,...,N, which is impossible by Lemma 3.2 since P; # P5. We are
left with one case, i.e.

L w((P — P5)/e)
e—0 Pe,P§ (PQE)
Since d(P5,09Q) — 0, we conclude that

— K > 0.

d(P;,0Q) — 0, d(P;,000)—0, |Pf—Ps5|—0.

Moreover, we have
i PPt (P1)
=0 w((Pf — P;)/e)
By equation (Ep: ), we have

=0.

3 / P 8w2
_—_ w]s=— — 0,
w(|Pf — P3l/e) Jo. ~OP5;
a contradiction to Lemma 3.2. Hence case 1 is false.
Case 2. A similar argument shows that lim. .o e ps (P5)/¢ p:(Pf) = 0 is
impossible.
Hence we now have
e Pe PE Ps 7PE
1im‘0’37(2;):K1 >0 and limw(|1—2€|/€):K2>0.
e=0 @c pz (PF) =0 @e.p: (PF)

Adding equation (Ep:) and (Eps) and noting that by Lemma 3.2,

1

ow ow P — P§
p—1 1 p—1 2 1 2
c T L2
/ﬂs Yoop /ﬂ 2 opy, wl/w< £ )

P;— Ps Ps — Pt
= —Yo—=—>=(1 1) —vor77——7-(1 1 0.
a1+ 0(1) = By (L o(1) =
We obtain, by Lemmas 3.5, 3.2 and 5.1 of [27]
3 811)1
—_— Pw;)P — wf
AT S

€ Ows
+7/ Pws)P — wh
e (P1) Jo, (P02 =) 55

where C' > 0 is a positive constant and v is the outer normal at P, where
P;,P§ — Py € 090. A contradiction again! Hence d(Pf,00) > o > 0,
d(P5,0Q) > o > 0.

— Cv # 0,
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We next show that if Pf — Py, Ps — P, then
|Py — Py| > 2min(d(Py, 00),d(Ps,09)).
Suppose not, then
|Py — P < 2min(d(Py,09),d(Ps,00)).

Hence
1 PE 1= }DE
lim _ Pelp) (P1) =0, lim _ Pebslia) (7%) =0.
=0 w(|Pf — P5|/e) =0 w(|Pf — Ps|/e)
Thus by equation (Ep:), we have
3 P awl
— 5 pro | W25 — 0,
w(|Pf — P5l/e) /Q LoPy;
which is impossible by Lemma 3.2 again. Hence Theorem 3.1 is proved. U

4. Proof of Theorem 1.1

Let n be a fixed number such that 0 < n < I(w). Our aim in this section
is to compute the contribution to the relative topology of J2" with respect to
J&27 of the 2-peak positive solutions to (1.1) that we studied before.

We first have a rough estimate of the energy.

LEMMA 4.1. There exist ¢cg > 0, 0 < o9 < 0.01, d > 0 such that for e
sufficiently small and any 2-peak positive solution u., we have

E_NJg(ug) > ¢y — coe P2H300)d

PROOF. We use the notation of Section 3. By Theorem 3.1 and Proposi-
tion 3.4, we have ||v. .| = O(e~(3T390)84) for some d > 0, 0 < oy < 0.01,
where 8 = 1/e.

By equations (E,, ), we have

0K
0=—°— / ayw) Pwy + 042/ wh Pwy — / (a1 Pwy + ag Pws + v)P Pwy
day Q. Q. Q

€

=(ay — osz)/Q (Pwy )Pt + al/Q [w) Pw; — (Pw; )Pt

= €

+O[2/ wngl—i—alf/ (Pwl)p+1—/ (a1 Pwy + ag Pwy + v)P Pw;.
Q

€ Qe =

Hence oy = 1 4+ O(e=P2+390)d) - Similarly, ay = 1 4+ O(e P(2+390)d) Thus

e NI (u) = e NJ.(a1Pwy + asPwy + v 1)
= 2I(w) + O(e PR+390)d) > ) _ ¢oe=A2H300)d,

Lemma 4.1 is thus proved. U
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Let us now define

= w(2d,/¢).
Ld(g}ggw%,x(x) w(2d /)
(Note that d. = d + o(1).) By Lemma 4.1, we just need to compute the relative
topology between the levels co +n and ¢y — C} e~2d=/¢ for some C; > 0. Namely,
we have

co+ ca— ca+ ca—Cre2de/=
(Ja2 n?‘]52 77) o (J52 ﬂ7J62 1

)

for e sufficently small and some C7 > 0.
We now construct an open neighbourhood V, of the eventual 2-peak positive
solutions to (1.1) such that on the boundary of V;, either —J; is pointing inward

—2d:/e We also show below that V. contains all

V. or J. is less than ¢y — Cie
positive critical points with energy near co and it is easy to see that it contains
no sign changing solutions.

Let C5 be a sufficiently large number to be defined later. We use the letter

C to denote various constants which depend on 2 only. Set

Ve ={(a,z,0) | |oy — 1] < age~ (IH200)d/2e d(x;,00) > d, i =1,2,
|z1 — 2] > (2 —€log Co)d., v € Ey and ||[v — v 5] < Voe*(lw(’o)d/a}.

Note that for (e, z,v) € V, and d small,

- < C x )
w(|z1 — x2]/€) < 2,0 e, ()

||U6,a,x|| < Cei(lJr%O)d/Ea o]l < 067(1+260)d/€;

by Proposition 3.4 and since P;, P, are not close to the boundary and not close
together (and d is small). Note that the estimate holds on more than V.. This
estimate shows that all the positive critical points with energy close to ¢y lie
in V..

Next we show that V. satisfies the above properties. We first consider the
variable a. Note that

0K,
€ = / aywi Pwy + 042/ wh Pwy — / (a1 Pwy + agPwy + v)P Pwy
day Qe Q. Q

=

=(ay — 0/17)/ (Pwy )P + al/ (W} Pwy — (Pw; )Pt
Qe Qe

+ 0[2/ wh Pwy + af/ (Pw; )P — / (a1 Pwy + ag Pwy + v)P Pwy
Q Q

€ € Qe

=L+ 1+ 13

where I, Is and I3 will be defined in a moment.
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Now

12 = 0(1/ (w’wal — (Pwl)m'l) = O(G_Qd/s)
S:—:

and

I3 :ag/ wgplerofl’/ (Pwy )Pt f/ (a1 Pwy + agPwy + v)P Pwy
Q

E Qe E

o / w? Py — / (s Pws)? Py
Q. 0

=

+/ (Oéjlg(Pwl)p—F (angg)p-i-p(alel)p_lv
€ £

— (a1 Pwy + aa Pws + v)P)(Pws) —&—po/f/ (Pw;)Pv = O(e—Zd/s).
QE

Finally,

Il = (041 — Oé‘llj)/ (Pwl)P+1 — (041 _ all))/ wP+1 + 0(672(1/5)
Qa ]RN
(note that Pw; — w; = O(e~26%)).

Hence on the boundary of |a; — 1| < Ce~(1+200)d/2¢

, we have

0K, —od/e

aal = (041 — a]f) /RN wp-i-l _|_ O(e Qd/ )
Similarly,

0K, —od/e

o, — (02— 0%) /RN w4+ O(e72°).

Hence, for some 0 < A < 1, we have

K.
6804' Aa+1-=X\z,0)(a; — 1)

2
KE(Oé,1'7U) = KE(I,I,’U) + Z
1=1

2
= K.(La,0) + 3 (0(™%) + (; — a?))(a; — 1)
=1

= K.(1,z,v) — Ce™(2+200)d/¢,
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1 1 1
25/ wh Pwy + 5/ wh Pwy + 5/ wh Pwsy
QE QE Q

€

+;/st§Pw2+;<v, v) — p+1 <Zsz+v>
(i) [ k) Lo

+ (C 4 0(1))pee, (21) + (C + 0(1)) ez, (72)
+/Q wywy — L QE((p + 1) (w1)Pw2 + (p + 1) (w2)Pwr)

p+1
+ 0(67(2+00)d/5)

+1

€

<ea+ (C+0(1)) d(zné%))gdwa@(x) — /Q whw;

€

<co — C(Cg — C)@izdi/s < Cc2 — 01672115/5

if C; < C(Cy — C). Hence we obtain K. (o, z,v) < ¢y — Cre2%/¢,

Secondly, we consider the variable v. We claim that if vy is large enough
then we have for (o, z,v) € Vz, ||[v — ve,a,z|| = V0]|Ve 02| and € small enough, we
have

0K,
(v— vs’a,x)ﬁ(a, z,v) > 0.

In fact, let v — vz a5 = ||Vs,0,2]/¢. Then
0K,
(v — Ua’a’x)TUE = / VoV(v = Vean) +0(V — Ve n,z)
Qe
- p/ (1 Pwy + ag Pws)? ™ (v = ve 0,2)0 + O([[0z 02 *7)
Q.

_ ||( | wek+et—p [ (@pu +a2Pw2>plsa2>

€ =

- ”UE,O«I” </ vvs,a,zv@ + Ve,a,z - P
Qe
*”/ (a1 Pwi + Pun)’ v oy - 9) + O([ve e [2F) > 0
Qa

if vp is large enough, where 6; = min(1,p — 1).
Thirdly, we consider the variable x; — 5. For |21 — 25| = (2 — elog Cs)d.
small, we have

KE(a’ :1:, v)

1 2 2 1 p+1
=35 iPwi, iPw; 5 \Y iPw;
2<;a w ;a w>—|—2<v v) — p+1/(2a w—i—v)
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/Q (aqwh + aswh)(a Pwy + agPws)
1 p+1
2

a 1P k3
(v,v) — p+1 E<Za w+v>
_ 1042 Pp } p 1 P
= 7 wy Pwi + zajas wy Pwy + —ajo wy Pwg
2 " Ja. 2 Q. 2 Q.
+1a2/ wh Pw —&—1(1) v) — Zan + v
2 2 o 2 2 2 ) p+ 1 % 7

+1 +1
< af of / WPt 4 aj 0‘5 / wPH!
2 p+1) Jgn 2 p+1) Jg~y

b [ ot [ O e £ Gk )

€

+1

+ (C + 0(1))906 z1 (331) + (C + O(l))(p&m (3;2) + O(e*(2+00)d/5)

< 2+O’0)d/€ _ v
o+ OeCHmE) 1 (Cof1)) | e puale) — [ whuy

€

<y — O(Cy — O)e™/= < oy — Cre /2

if we choose C(Cy — C) > C.

Finally, we consider the variable x1, zo. If d(z;,0Q) = d for i = 1 or 2
(possibly both), we then have

8K€ 6Pw1

p p OPw
= 1wy + Wy o —/ ay Pwy + as Pws + v)!
911 /E( 1wy 2 2) 1 Dt E( 1 1 2 2 )

8331

OPw OPw
— / (aqwh + aswh)ay ! —/ (a1 Pwy + agPws)Pay !
Q. 0x, Q. 0

+ O( (14-6) min(2d(x1,092),2d(x2,00),|z1 — wz\)/a)

T

OPw
:/ (aqwh + aswh)ay !
& 1
OP
—/ (a1 Pwy)? 4 p(aPwp )P~ ag Pwy + ag(Pws)P)ay 8;}1
Q. 1
+O( (14-6) min(2d(x1,092),2d(x2,00),|z1 — wg\)/a)
8Pw1 8Pw1
= w? — (Pwy)P +/wp—Pwp
Lt = Py G [ (P 7
_p/ wp—1w26w1 + O~ (1+9) min(2d(21,00),2(x2,00),[z1 ~2) /<)
Q. ! O0x1
Bwl 1 awl
= P_ (P Py 72 P et
[ g = PG [ gt 5
+O(e—(1+5) min(2d(m1,39),2(1(12,89),\11—zg\)/s) _ Jl _ J2 + Er

where J; and J, are defined at the last equality and Er is the error term.
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For z € 0Qq = {z € Q : d(z,09Q) = d}, let v, be its outward normal
and for d sufficiently small, let T € 9 be such that |z — Z| = d(z, 09Q), then
vy = vz + o(d). We first compute

own
p_ p
l/mfs/Q (w} — (Pw1) )81:1’

=

By Section 3 of [27],

1 8w1
_ e(w? — (Pwy)?)=— — Cu,,
sﬁe,xl(ﬂfl)/ﬂ& (wy = (Pu) )3901 ’
for some C' > 0. Hence
€ » ow,
Up+ ——————— wt — (Pw1)?)=—— — Cvy - vy > 0.
o [t - e 3

We next compute Jo. Since |21 — 23] > (2 — elog Cs)d., we have that

T, — T2
< C .
w( € ) - 2d(z%%z))(2d%’$(x)

Note that when d is very small, we have maxq(;,50)>d P, (7) is obtained at a
point &’ with d(z’,09Q) = d since Vibe ; = —vy +0(1) as € — 0 (see Section 3
of [27]). Hence

_ , / .
s dws,x(x) = e o (2)

On the other hand, for d(z’,90) = d(z1,0) = d, we have 1. o (') = e 4, (x1)+
O(e). Hence
max e () = O(pe .z, (21))-

d(z,09)>d
But we have
5/ w? ™ w gL
Q. ! 2(91’1 1 / p—1_ ' 1 — T
= Wl Wy wy ———
w(|z1 — x2/e) w(lzy —22l/e) Jo. * N T |o—a
! !
_ wpw(r)_(x1—x2) :(_/ prw(r))(xg—xl).
RN |7 |x1 — za| RN r |xo — z1|

Note that when d is very small and x5 is close to 1 (d(z2,09) > d), we have

T2 — T1
v, < 0.

m —_— .
d—0 |.CC2 — $1|
Hence limg_.0 —vy - Ja/w(|z1 — x2|/€) > 0. Therefore, in any case, we have

0K,
61‘1

Similarly, v,,e0K./0xo > 0. Thus, for x € 9Q4, we have OK./0x is pointing
outward to V.

Vg, € = Pe, 21 (21)Cvy - vy + 0(@6,961 (z1)) > 0.
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We now turn to the computation of the relative topology. The first step is
concerned with the v-variable. We set

K.(a,z) = K (o, @, 0e,0,0) for (o, ) € ‘75,

where

V. = {(e,2) | |y — | < ape~ (1H200)d/2e

d(x;,0Q) > d, |1 — 22| > (2 — elog Cy)d}
Then from Morse Theory we have, since v, o4 is a strict nondegenerate minimizer
of K. in a fixed neighborhood (uniform in the other variables) of v = 0, that

KAV =V, = {(a,2,0) | (,2) € Ve, v € By N By s2o00a/e (Ve,ae)}
and

—2dg /e

Ke2=Cre NnV.
={(a,x) € YN/E) | (o, ) € ‘N/E, I?E <y — Che?dele ye D(a,2)},

where D(q, x) is a subset of E, topologically equivalent to a disk.
Set 7 := e~ 29=/2 Therefore

(K§2+?7 nv., KEC2*CN NV.) (‘76’ I’?§27017 N ‘75)
In the next step we define K. = K.(a, z) for

v eV.={a|dx;,00) >d, |z, —zs] > (2—clogCy)d.},

where @ = @(z) is such that 65} (@,x) = 0. Such an @ = (a1, @2), [a; — 1| < no,

¢ = 1,2, is unique and corresponds to a strict and nondegenerate maximum (the
proof is similar to that of [15]). Morse theory yields

Ko7 NV, ={(a,z) € V. | K. < ¢y — ¢r and a € D}
U{(a,z) € V. | K(z) > ¢; — ¢r and a € C(z)},

where ¢ < C1.
Here, D denotes that 2-square [a — 1, o+ 1]2, topologically equivalent to the
unit disk D? of R? and C(z) is equal to D with a subset equivalent to a disk

deleted, whose radius goes to zero as K. (x) goes to co — C17. At the same time

XZ:XZXD.

Then, we have a natural map

T:(Ve, K277 N V.) x (D?,8Y) — (Vo, K.~ A7 N V).
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T is injective if we identify points (z1,z2) with (x2,x1). Since all the critical
values for I~(E on ‘N/E are larger than cy — ¢r, T is also surjective and then is an

isomorphism of the quotient of the left hand side by the Z5 action and the right
hand side.

Let us now compute K(z). We first note that

JS(CVlPUﬂ + asPwy + Ue,a,:r)
1 2 2 2 2
:2/95 V<i_zlaipwi>V(i_ZlaiPwi) + (i_zlaipwi) <i—z1aipwi>

1 1 2 ptl
+ §<UE,(¥,$3UE,OL,$> — m o <§0¢1sz + UE,CM,£)

€

1 2 2 1 2 p+1
== WP Pw: | — Puw. 2d/
=3 /QE (i_zlalwi> (i_zlaszZ) Pl (i_zlaleZ) + O(e”**)

=

1
=3 / (afw] Pwi + agas(wh Pws + wh Pw:) + ajwh Pws)
Q.

1

2
Cptl (ZafH(Pwi)pH + (p+ 1)(a1 Pw1)? (e Pws)
QN o1

+ @+ 1)(a2Pw2)p(a1Pw1)> + high order term.

Here the high order term means o(e™2%/¢).

We now compute @;. In fact, from (E,) we have

o /wawl + ozg/wngl — /(alel + agPwy + Ve o,2)P Pwy = 0.

Hence

041(/ w;wa1> —04110/ (Pwl)iﬂ+1 _palf—l/ (wl)PPUJQ
Qe Qs Qe

—0/2’/Q (Pws)? Puwy +a2/Q wh Pwy

- / (a1 Pwy)? 4 p(oy Pwy )P~ Pwy + ob (Pwy)?

€

— (cq Puwn + agPwg + ve o 2)P) Pwy = 0.
We then have the first rough estimates

|OT2 _ 1‘ _ 0(6_2 min(d(ml,69),d($2,89),|;ﬂ1—z2|/2)/8)

— ()(6—2n’liIl(ElE,d)/E)7 Z — 1’2.
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Similar to previous computations we have that

= 1
KE(:C) = 5 <O{%/Q wawl + 2@1&2/9 wawg + E%/ﬂ wgpw2>
1

- m (alpwl +52Pw2)p+1 + 0(6*(2+00)d/€)
Qe

= laf—il abt! / wPtl
2 p+1 RN

1_. 1
+ <2a§ - mag‘*‘ > /RN wPt — (2 +0(1)) /]RN wiws

+ (C + 0(1))§0£7w1 (xl) + (C + 0(1)%057:102 (-TQ)
=c2 = (C+o(1)w(|z1 — 22]/¢)
+(C +0(1))pez, (1) + (C + 0(1)) e 2, (22)-

(4.2) K. NV, ={z € V. | w(|z1 — 22|/e) > &r/(C + o(1))
+ C@E,wl (ml) + Cﬁoe,xz (x2)}
={z e V.|| — 22| < (2—clogCs)d.}

for some C’3. Now we choose C5 sufficiently large so that C > Cs. It is easy to
see that for d small {z € V, | |21 — 22| < (2—¢log C3)d.} retracts by deformation
onto {z € Vz | |21 — 23| < (2 — elog Cy)d.}. Therefore

(Ve, Koo A V) & (Vo {a € V2 | |21 — 9] < (2 — elog Ca)d2})
~({xe Qv — 22| > (2—clogCo)d.},

{z € Q4| | (2—clogCs)d. < |x1 — 2| < (2 —elogCs)d.})
~(QxQ,M(Q))

for d small, which completes the proof of Theorem 1.1.

5. Proof of Corollary 1.2

In this section, we prove Corollary 1.2. From now on the homology will
always denote reduced singular homology with coefficients in Zs.

Firstly, note that the diagonal M () := {(z1,22) € @ X Q : 21 = 22} is
homeomorphic to © and hence M(£2) and Q have the same homology. Next,
we prove that H,(Q2 x Q,M(Q)) is non-trivial. If not, the exactness of the
homology sequence for the pair (2 x Q, M(Q)) (as in [24], p. 184) implies that
the natural inclusion of M () into © x 2 induces an isomorphism of H, (€ x §2)
and H,(M(R2)) = H.(Q). To see that this is impossible, first note that, by [14,
Proposition 8.3.3], H.(£2) = 0 for > n. Thus, by our assumption, there exists a
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k such that Hy(2) # {0} while H,.(2) = {0} if r > k (note that k£ > 0 since Q is
connected and H denotes the reduced homology). By the Kunneth formula for
the homology of a product (see [24, p. 235]) it follows that Hax(Q x ) # {0}.
Note that we use that the coefficients are chosen to avoid torsion problems. Hence
Q x Q and Q have different homology and thus H, (2 x Q, M()) is nontrivial.
Hence by the Kunneth formula again, (2 x Q, M (Q)) x (D?, S!) has non-trivial
homology.

We have a Z, group action on X = (Q x Q) x D?. Let p denote the natural
mapping on the orbit space B and let By = p((Q x Q2 x S*) U M(Q) x D?).
We apply Smith theory as on p. 143 of Bredon [8] with p = 2. In particular,
we use 7.5 and 7.6 there and use that since p = 2,0 = 7 and & = o (Note
that o and 7 are defined on p. 122 there). We see from the exactness of the
triangle that if H*(pX,pXo) = H*(B, By) is trivial, then H*(X, X) is trivial
(where Xy = (2 x Q x S1)U M(Q) x D?). However, by what we have already
proved and the universal coefficient theorem (as in [8, p. 247-248]) H*(X, X) is
nontrivial. Thus H*(B, By) is nontrivial and hence by the universal coefficient
theorem again, H, (B, Bp) is nontrivial, as required. This proves the corollary.
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