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SEMISIMPLE FROBENIUS (SUPER)MANIFOLDS
AND QUANTUM COHOMOLOGY OF P

Yu. I. MANIN — S. A. MERKULOV

Hocesuwaemes O. A. Jladwxcencroi

We introduce and study a superversion of Dubrovin’s notion of semisimple
Frobenius manifolds. We establish a correspondence between semisimple Frobe-
nius (super)manifolds and special solutions to the (supersymmetric) Schlesinger
equations. Finally, we calculate the Schlesinger initial conditions for solutions
describing quantum cohomology of projective spaces.

0. Introduction

B. Dubrovin introduced the notion of Frobenius manifold and made an ex-
tensive study of it in [D]. Roughly speaking, it is a triple (M, g, o) where M is a
manifold, g is a flat Riemannian metric on it, and o is an Oy-linear commuta-
tive and associative multiplication on the tangent sheaf 7;, with compatibility
conditions (see 1.1.1 below). An important class of examples is supplied by quan-
tum cohomology (see [KM]). Actually, quantum cohomology furnishes versions
of Dubrovin’s definition in which M may be a supermanifold, or even a formal
supermanifold.

An important subclass of Frobenius manifolds is the semisimple ones. This
means that tangent spaces with o-multiplication are semisimple algebras. This
is possible only if M has no odd coordinates, by purely formal reasons.

In [Mal], p. 41, one of the authors suggested that it would be interesting to

construct a natural superization of the notion of semisimple Frobenius manifolds.
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This is one of the goals of this paper. To avoid any misunderstanding, we must
stress that semisimple Frobenius supermanifolds in the sense of this work are
not Frobenius manifolds in the category of supermanifolds in the sense of [KM]
or [Mal].

Our extension is based upon Dubrovin’s theory of semisimple Frobenius man-
ifolds reducing their classification to that of isomonodromic deformations; see [D].
This reduction exists in two versions. The first version leads to the deformation
of a flat connection on a vector bundle on P! having two singular points, a regu-
lar and an irregular one (see [D] and [S].) The second one deals with connections
having only regular singularities. The two versions are related by the formal
Laplace transform, as was explained in [KM].

In the classical paper [Sch], L. Schlesinger constructed the universal defor-
mation space of the connections with regular singularities on P! (see [Mal3] for a
modern treatment). Schlesinger’s equations govern the dependence of the univer-
sal connection on the deformation parameters. Semisimple Frobenius manifolds
correspond to some solutions to Schlesinger’s equations, with the structure group
reduced to the orthogonal one, and supplied with an additional piece of data.
These solutions are called here “strict special” ones.

Our superversion of the Dubrovin theory includes a superization of Schle-
singer’s equations, of the notion of strict special solutions, and of the correspon-
dence between them and semisimple Frobenius manifolds briefly described above.
This is one of the arguments for the naturality of our definition. An additional
detail is that the (rather mysterious) structural action of the Virasoro algebra
on any semisimple Frobenius manifold is now replaced by that of the Neveu—
Schwarz superalgebra. We hope that super-Schlesinger equations may present
an independent interest.

Since the structure of the superversion is closely parallel to that of the pure
even one, we start with a report on the theory of semisimple Frobenius manifolds
and with its application to the quantum cohomology of projective spaces.

Quantum cohomology of a projective algebraic manifold V is the pair
(H*(V),®) consisting of the usual cohomology space, say, with complex co-
efficients, and the potential ®, a formal function on the cohomology space whose
Taylor coefficients are numerical invariants of V' counting the number of paramet-
rized rational curves subject to certain incidence conditions; cf. e.g. [KM], [M1]
and [BM]. Its third derivatives form the structure constants of the quantum
cohomology algebra of V.

For projective spaces, it turns out to be semisimple, and we characterize the
relevant special solutions by their initial conditions.

The paper is structured as follows. §1 contains an overview of the basic facts
about Frobenius manifolds. Omitted proofs can be found in [D] and [Mal]. In
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82, we discuss the Schlesinger equations and interrelations between them and
Frobenius manifolds. The version we explain here is taken from [Mal]; for a
closely related treatment see [H]. An important amelioration is Theorem 1.14 and
the related notion of strict speciality. §3 is devoted to the quantum cohomology
of projective spaces; see [Ma2] and [Mal], §IIL.5, for the special case of P2. In
84, we supersymmetrize the notion of semisimple Frobenius manifolds. Finally,
in §5 we discuss a correspondence between semisimple Frobenius supermanifolds
and special solutions of supersymmetric Schlesinger equations.

1. Frobenius manifolds

1.1. Frobenius manifolds. Throughout this paper, we work in the cat-
egory of complex manifolds M. A metric on M is an even symmetric pairing
g : S*(Tyr) — O, inducing an isomorphism ¢’ : 7y — 75;. Here Oy is the
structure sheaf, and 7y, is the tangent sheaf.

An affine flat structure on M is a subsheaf TAJ; C Tpy of linear spaces of
pairwise commuting vector fields such that 7y, = Oy ®c TAJ;. Sections of ’TAJ:[
are called flat vector fields. The metric g is compatible with the structure TI\J; if
9(X,Y) is constant for flat X,Y.

An affine flat structure can be equivalently described by a complete atlas
whose transition functions are affine linear, because for a maximal commuting
set (X,) of linearly independent vector fields one can find local coordinates such
that X, = 9/0z%, and they are defined up to a constant shift. If a metric g is
compatible with an affine flat structure, it is flat in the sense of the formalism
of Riemannian geometry. The parallel transport endows 7, 151 with the structure
of local system.

1.1.1. DEFINITION. Let M be a manifold. Consider a triple (T]\J;,g, A)
consisting of an affine flat structure, a compatible metric, and an even symmetric

tensor A : S3(7ar) — O
Define an Oj-bilinear symmetric multiplication o = o4 4 on Tjy:
(1.1) T @ Tor — SH(T) 5T LT X ©Y — XoY
where prime denotes a partial dualization, or equivalently,
(1.2) AXY,Z)=g(X oY, Z)=g(X,Y 0o Z).
This means that the metric is invariant with respect to the multiplication.

(a) M endowed with this structure is called a pre-Frobenius manifold.
(b) A local potential ® for (’T]\f[7 A) is a local even function such that for any
flat local tangent fields X, Y, Z,

(1.3) AX,Y,Z) = (XY 2)®.
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A pre-Frobenius manifold is said to be potential if A everywhere locally
admits a potential.

(¢) A pre-Frobenius manifold is called associative if the multiplication o is
associative.

(d) A pre-Frobenius manifold is called Frobenius if it is simultaneously po-
tential and associative.

If a potential ® exists, it is unique up to adding a quadratic polynomial in
flat local coordinates.
In flat local coordinates (z), (1.3) becomes Agpe = 00050, P, and (1.2) can

be rewritten as

(1.4) 0a 00y =Y AwOe,

where

Awp’ = ZAabegecv (gab) = (gab)_l'

Furthermore,
(811 o ab) 00, = (Z Abceae> 00, = Z AabeAecfafv
(1.5) ¢ of
aa o (8b o ac) = aa o Z Abceae = Z AbceAaefaf = Z AbceAeafaf-
e e, f e,f

Comparing the coefficients of 9y in (1.5), lowering the superscripts and ex-
pressing Ay through a potential, we finally see that the notion of the Frobenius
manifold is a geometrization of the following highly non-linear and overdeter-
mined system of PDE:

(16) Va7b7 ¢, d> Z(I)abege’f(bfcd = Z‘pbcege71f®fad~

e, f e, f
They are called Associativity Equations, or WDVV (Witten—Dijkgraaf-Verlinde—
Verlinde) equations.

Following B. Dubrovin, we will now express (1.6) as a flatness condition.

1.2. The first structure connection. Let (M, g, A) be a pre-Frobenius
manifold (we omit Tjgl in the notation, since it can be reconstructed from g).
Define the following objects:

(a) The connection Vg : Tpy — Q}; ® Ty well determined by the condition
that flat vector fields are V-horizontal. Denote its covariant derivative
along a vector field X by

VO,)((Y):Z.)((V()(Y)), Zx(df®Z):Xf®Z
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(b) A pencil of connections depending on an even parameter A:
(1.7) Va:Tu — Uy @Ty, Vax(Y):=Vox(Y)+AXoY.

We will call Vy the first structure connection of (M, g, A).

In flat coordinates (1.7) reads

Vo, (05) =AY Aap e = X0y 00y = (=1)* A0, 0 9y = (=1)*V 5 9, (0a).

Therefore V) has vanishing torsion for any A. In particular, V is the Levi-Civita

connection for g.

1.2.1. THEOREM. Let Vy be the structure connection of the pre-Frobenius
manifold (M,g,A). Put V3 = ARy + ARy (there is no constant term since
V& =0.) Then

(a) Ri =0< (M,g,A) is potential.
(b) Re =0« (M,g,A) is associative.

Therefore (M, g, A) is Frobenius iff Vy is flat.
This can be proved by the direct computation.

1.3. Identity. Let (M, g, A) be a pre-Frobenius manifold. A vector field e
on M is called an identity if eo X = X for all X.

If e exists at all, it is uniquely defined by o, hence by g and A.

Conversely, given A and e, there can exist at most one metric ¢ making
(M, g, A) a pre-Frobenius manifold with this identity:

9(X,)Y)=A(e, X,Y).

This follows from (1.2). If A has a potential ®, this translates into a non-
homogeneous linear differential equation for ® supplementing the Associativity
Equations (1.6):

(1.8) Vflat XY, eXY®=g(X,Y).

In most (although not all) important examples e itself is flat. If this is the case,
one can everywhere locally find a flat coordinate system (z°,...,2™) such that

e =0/0x2° = 9y, and (1.8) becomes
(1.9) Va, b, (I)Oab = Jab-

Since all g,; are constants, we get the following result.
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On a potential pre-Frobenius manifold with flat identity e = 9y (in a flat
coordinate system) we have, modulo terms of degree < 2,

1 1
(1.10)  ®(2°,...,2") = 2x°( > gapra® + ) goar’s? + o goo(x°)2>
a,b#0 a#0
+ Uzt 2™,

The metric g identifies 7); and 7. We define the co-identity, denoted by ¢,
to be the 1-form which is the image of e. ¢ is defined by

VXGTM, ix(€):g(X,€).
If (z*) is a local coordinate system, then
€= de“g(@a, e).
Finally, if e and (z%) are flat, then g(9,,e) are constant, and

(1.11) e=dn, n= Zxag(aa, e).

1.4. Euler field. We will say that a vector field F on a manifold with flat
metric (M, g) is conformal if Lieg(g) = Dg for some constant D. In other words,
for all vector fields X,Y we have

(1.12) E(g(X,Y)) —g([E, X],Y) - g(X,[E,Y]) = Dg(X,Y).

It follows that in flat coordinates we have £ = Y~ FE%(x)0, where E*(x) are
polynomials of degree < 1. In fact, F is a sum of an infinitesimal rotation, a
dilation and a constant shift. Hence [E, 7, 1\);] - T]&;. Moreover, the operator

vV Th - T, V(X):=I[XE]- gx,

is skew-symmetric:
Vilat XY, g(V(X),Y)+g(X,V(Y))=0.

1.4.1. DEFINITION. Let E be a vector field on a pre-Frobenius manifold
(M, g, A). It is called an Fuler field if it is conformal and Lieg (o) = dgo for some
constant dy, that is, for all vector fields X,Y,

(1.13) [E,XoY]—[E,X]oY —Xo[E,Y]=dyXoY.

Clearly, any scalar multiple of an Euler field is also an Euler field. One can
use this remark in order to normalize E by requiring that some non-vanishing
eigenvalue becomes one. A convenient choice is often dy = 1, if we have reasons
to restrict ourselves to the dy # 0 case.
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1.4.2. PROPOSITION. Let E be a conformal vector field on a Frobenius
manifold (M, g, ®). Then E is Euler iff

E® = (dy + D)® + a quadratic polynomial in flat coordinates.

1.4.3. Case of semisimple ad E. We will call the set of eigenvalues of
—ad E on TJ\]:I, together with dy and D, the spectrum of E. We will say that E is
semisimple if ad E, acting on flat fields, is. For semisimple E we can construct
many homogeneous elements of O (x) and T (*) explicitly.

Let (0,) be a local basis of T]'Vf[ such that

(1.14) [0, E] = da0a

where (d,) form a part of the spectrum of E. Putting E = > E*(x)0,, we find
from (1.14) that 9, E® = 6% d,. Hence if 9, = 0/02%, we have

E = Z (daz® +7%)0, + Z r°0y.

a:dq,#0 b:dp=0

By shifting 2%, we can make r* = 0 for d, # 0. Multiplying z° by a constant, we
can make r® = 0 or 1 for d,, = 0. So finally we can choose local flat coordinates
in such a way that

(1.15) E= Y daa0a+ Y, 0O

a:dq#0 some b:d, =0

Clearly, E assigns definite degrees to the following local functions:

(1.16) Ez® =d,z® ford, #0; FEexpa®=expa®or0 ford,=0.
Assume now that M has an identity e. From (1.13) we get

(1.17) le, E] = dge.

Hence our notation for the spectrum will be consistent if in the case of flat e we
put e = 9y, and otherwise do not use 0 as one of the subscripts in (1.14).
Formula (1.12) in the basis (1.13) becomes

va’7b7 g(daaavab) +g(8a7dbab) = Dgab,
that is,
(1.18) (do + dp — D)gap = 0.

In particular, g(e,e) = 0 unless D = 2dy.
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1.5. Extended structure connection. Let M be a pre-Frobenius man-
ifold with a conformal vector field E. Put M = M x (P} \ {0, 00}), where P}
is the completion of Spec C[\, \™!]. Furthermore, put T = priy;(Tar). If X is a
vector field on M, it may be lifted to M in two different guises: as a vector field
annihilating A\, denoted again by X, and as a section of ?, then denoted by X.

Choose a constant dy and put £ := E—doAd/I\ € T5;- Clearly, X for flat X
span ’j\', whereas flat X and € span 75;, provided do # 0, which we will assume.

1.5.1. DEFINITION. Let M be a pre-Frobenius manifold with a conformal
field FE, and dy a non-zero constant. The extended structure connection for M is
the connection V on the sheaf 7 on M , defined by the following formulas for its
covariant derivatives: for any local vector fields X € Ty, Y € TAJ/;,

(1.19) Vx(Y):=AX oY,
(1.20) Ve(V) = [E.Y]

1.5.2. THEOREM. The extended structure connection is flat iff M is Frobe-
nius and E is Euler with Lieg (o) = dgo.

From (1.19) and (1.20) one can derive a formula for the covariant derivative
in the A-direction: if Y is flat, we have

[B,Y] = 6Eﬂio,\a/ax(f/) =Vp(Y) - do)ﬁa/a,\(f/) =AEoY — dokﬁa/m(f/)
so that
~ ] ——
(1.21) doVosor(¥) = EoY — S [E,Y],

1.6. Semisimple Frobenius manifolds. Let (M, g, A) be an associative

pre-Frobenius manifold of dimension n.

1.6.1. DEFINITION. M is called semisimple (resp. split semisimple) if an
isomorphism of the sheaves of Oy;-algebras

(1.22) (Tar,0) = (O, componentwise multiplication)
exists everywhere locally (resp. globally).

This means that in a local (resp. global) basis (eq,...,e,) of Ty the multi-
plication takes the form

(Zfi@) © <Zgjej) = Zfigieia

and in particular,

(1.23) €;0€; = 51']'63'.
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Such a family of idempotents is well defined up to renumbering. Another way of
saying this is that a semisimple manifold comes with the structure group of 7,
reduced to S,. Notice that e; are generally not flat, so that this reduction is not
compatible with that induced by ’TAJ:[, with the structure group GL(n).

Hence if M is semisimple, there exists an unramified covering of degree < nl,
upon which the induced pre-Frobenius structure is split.

Denote by (v%) the basis of 1-forms dual to (e;). From (1.2) and (1.23) we
find

gleisex) = gleio e ex) = glei, e; 0 ex) = dirGii-
We will denote g;; by 7n;. We see that the symmetric 2-form representing ¢ is
diagonal in the basis (v*):

(1.24) 9= m)

Moreover, according to (1.2), A(e;,ej,ex) = 0;;0;x7;, so that the symmetric 3-
form representing A is diagonal with the same coefficients:

(1.25) A= Zm(w‘)f*.

Finally, e := >_, e; is the identity in (7, o), and the co-identity, defined in 2.1.2,
nicely complements (1.24) and (1.25):

(1.26) =Y .
i

Thus Definition 1.6.1 can be restated as follows:

1.6.2. DEFINITION. The structure of the semisimple pre-Frobenius manifold
on M is determined by the following data:

(a) A reduction of the structure group of 7js to Sy, specified by a choice of
local bases (e;) and dual bases (v?).

(b) A flat metric g, diagonal in (e;), (V).

(¢) A diagonal cubic tensor A with the same coefficients as g.

Associativity of (Tjs,0) is automatic in both descriptions. However, poten-
tiality (and the flatness of g which we postulated) are non-trivial conditions.

1.7. THEOREM. The structure described in Definition 3.2 is Frobenius iff
the following conditions are satisfied:
(a) [es,e;] =0, or equivalently, e; = 8/0u’, v* = du® for a local coordinate
system (u®) called canonical.
(b) m; = e;n for a local function n defined up to addition of a constant.
Equivalently, € is closed.
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We will call n the metric potential of this structure. (Sometimes this term
refers to h such that g,, = 0,0,h; our meaning is different.)
Canonical coordinates are defined up to renumbering and constant shifts.

1.8. The Darboux—Egorov equations. Theorem 1.7 establishes a (not
very explicit) equivalence between the following function spaces on M (modulo
self-evident equivalence):

(a) Flat coordinates (x!,...,2"), flat metric g5, function ®(z) satisfying
the Associativity Equations (1.6) and semisimplicity.

(b) Canonical coordinates (ul,...,u™), function n(u) such that the metric
g =Y ein(du?)? is flat, where e; = 9/0u’.

The constraints on 7, implicit in b), are called the Darbouz—FEgorov equations.
In order to write them down explicitly, let us introduce the rotation coefficients
of the potential metric:

_ 1 U
2 \/1in;

where as before, n; = e;n, n;; = e;e;n.

(1.27) Yis :

1.8.1. PROPOSITION. The diagonal potential metric g = > e;n(du’)? is flat
iff forall k #£i#j#k,

(1.28) exYij = YikVkj
and
(1.29) €Yij = 0.

1.8.2. PROPOSITION. Let e be the identity, and € the co-identity of the

semisimple Frobenius manifold. Then

(a) e = dn, where n is the metric potential.

(b) e is flat iff for all i, en; = 0, or equivalently, en = g(e, e) = const. This
condition is satisfied in the presence of an Euler field with D # 2dy (see
(1.12)~(1.14).)

(¢) If e is flat, and (z%) is a flat coordinate system, then

(1.30) n= Zx“g(aa, e) + const.

a

The formula (1.30) shows that in the passage from the (z®, ®)-description to
the (u?,n)-description the main information is encoded in the transition formulas
u® = ui(x), at least in the presence of a flat identity.

Like the identity, the Euler field is almost uniquely defined by the canonical
coordinates, if it exists at all.
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1.9. THEOREM. Let E be a vector field on the semisimple Frobenius mani-
fold M, and dy a constant.

(a) We have Lie (o) = do(o) iff
(1.31) E=dyy (u'+c)ei,
where ¢ are some constants.

(b) For the field of the form (1.31) and a constant D, we have Lieg(g) = Dg
iff for all i, En; = (D — 2dg)n;, or equivalently

(1.32) En = (D — do)n + const.

Thus in the presence of a non-vanishing Euler field we may and will normalize
the canonical coordinates so that E = dy Y u'e;.

1.10. A pencil of flat metrics. Equations (1.28) are stable with respect to
a semigroup of coordinate changes. Namely, let f; be arbitrary functions of one
variable such that 4 := f;(u’) form a local coordinate system, & = 9/9u',1; =
é;n etc.

1.10.1. PROPOSITION. If (e;,vi;) satisfy (1.28), then so do (&;,:j).

In order to satisfy (1.29) as well, we will have to restrict ourselves to the
one-parameter family of local coordinate changes

(1.33) ' =log(u' —N), ¢& = (u'—Ne;, gr= Z(ul — ) tein(dut)?,
which make sense on M) := {x € M |Vi, u # A}
1.10.2. THEOREM. Let M be a semisimple Frobenius manifold with canon-

ical coordinates (u') and metric potential 1. Then the following statements are
equivalent.

(a) For all A, the structure (1.33) is semisimple Frobenius on M.
(b) The same for a particular value of .
(¢) For all i # j,

(134) Zukek%j = —Yij-
k

Moreover, (1.34) is satisfied if E =Y., u"ey, is the Euler field on M
with do =1.

Notice that generally é = 3" ¢ is not flat for gy and E = 3 ¢ is not an
Euler field.
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If E is Euler, the metric gy in (1.33) can be written in coordinate free form:
(1.35) AX,Y) = g(E - N0 X,Y).

In fact, (1.35) is flat on any Frobenius manifold with semisimple Euler field on
it: cf. [D].

1.11. The second structure connection. From now on, we will restrict
ourselves to the case of semisimple complex Frobenius manifolds carrying an Eu-
ler field with dy = 1 and admitting a global system of canonical coordinates (u?).
We define the second structure connection Vy to be the Levi-Civita connection
of the flat metric (1.35), depending on a parameter A and defined on the open
subset My C M where u’ # X for all i. Put M := J, (M) x {\}) € M x P} and
denote by 7 the restriction of pr’,(7as) to M.

We will construct a flat extension V of Vy to 7 which will also be referred
to as the second structure connection. Both extensions ¥ and V will be further
studied as isomonodromic deformations of their restrictions to the A-direction
parametrized by M.

More precisely, assume that TJ{; is a trivial local system (for instance, because
M is simply connected). Put T := I'(M, 7). Then V (resp. V) induces an
integrable family of connections with singularities on the trivial bundle on IE”%\
with the fiber 7. The first connection V is singular only at A = 0 and A = oo but
whereas 0 is a regular (Fuchsian) singularity, oo is an irregular one, so that v
cannot be an algebraic geometric Gauss—Manin connection, and its monodromy
involves the Stokes phenomenon. To the contrary, the second connection V
generally has only regular singularities at infinity and at A = u® whose positions
thus depend on the parameters. It is determined by the conventional monodromy
representation and has a chance to define a variation of Hodge structure. For
more details, see the next section.

It turns out that both deformations have a common moduli space and deserve
to be studied together. In fact, fiberwise they are more or less formal Laplace
transforms of each other. More to the point, they form a dual pair in the sense
of J. Harnad.

In our calculations the key role will be played by the Op-linear skew-sym-
metric operator V : 7py — 7j; which is the unique extension of the operator
defined in 1.4 on flat vector fields by the formula

D
(1.36) V(X) =[X,B] - X for X € 7.

1.11.1. PROPOSITION.

(a) For arbitrary X € Tpr we have

(1.37) V(X) = Vo x(E) - gx.
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(b) Let e;j =09/0u! and f; = e;/\/n;. Then

(1.38) V(i) = (W =)y f;.
i#i

Formula (1.37) defines an Op;-linear endomorphism of 73, which coincides
with (1.36) on the flat fields, as a calculation in flat coordinates shows. To check
(1.38), we can use (1.37) and the classical explicit expressions for the Levi-Civita
connection, cf. below.

We can now state the main result of this section. In addition to (1.36), define
the operator U : Tpy — Tps by

(1.39) UX):=FoX,
so that U(f;) = u' f;.
1.12. THEOREM. For X,Y € pry/(Tar) C Ty (meromorphic vector fields
on Tyryp1 independent of A) put
(1.40) Vx(Y)=Vox(Y)— (V+3Id)U -1 (XoY),
(1.41) Vosor(Y) = (V4 31d) U — X)7H(Y).

Then V is a flat connection on T whose restriction to M x {\} defined by (1.40)

is the Levi-Civita connection for gy.
REMARK. Rewriting V in the same notation, we get
(1.42) Vx(Y)=Vox(Y)+AX 0,

(1.43) Voson(Y) = {u + % (v + g Idﬂ (V).

PROOF OF THEOREM 1.12. We will first calculate the Levi-Civita connec-
tion for gy in coordinates @' = log (u® — \):
y 9 i . i
€; = Ol = (u - )\)67;, i = (’LL - )‘)7717
iy = (u' = M) (W = Nnij + 6i5(u’ — N,
Fig = vig (u' = N2 (@ = A2,

Then for i # j,

2 ﬁi 2 V] K3 77]
so that
(1.44) Vole) = s 105, gy e,
i\—J] 2 777 2 77] ] 3€4 J
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Similarly,
S 19, 1 Mij .
& (6i) = 5—¢ — 2 —€j
27 2#1 7;
Y ] L efEZ(u’f)\)(qu)\)@e-
ni ul—\| " 24— 7; J
J#i
so that
- L[ 13 1 L/ =X 1y
1.45 e e)) == |2 — — i— = _ ey
( ) V[(e) 2|:77,L uz)\:|e 2;”17)\ 77] eJ

Subtracting from this the Levi-Civita covariant derivative, we get

V B N O AP
(1.46) (Ve, = Vo, )(e) = 5 a3 % 3 Z I e;
JrjFi
and
. 1 1 uw —u
(1.47) (Ve, = Vo) (fi) = TS W= fi— %: m%’jfy"
JFi

In view of (1.38), we can write (1.44) and (1.45) together as
(1.48) (Ve = Voo, )(fi) = = (V+ 5 1) (U = X) " (es o f;)

because e; o f; = d;;f;. This family of formulas is equivalent to (1.40) so that
(1.40) is the Levi-Civita connection for gy. In particular, it is flat for each fixed .

Since [X,9/0\] = 0 for X € pry; (Tas), it remains to show that the covariant
derivatives (1.40) and (1.41) commute on M, i.e., that for all i, j,

(1.49) Ve, Vasar(e;) = VasorVe, (e)).

First of all, from (1.41) and (1.42) we find

- 1 1 1 uf —ul
1.50 i)=-—"¢€; fE : L
(1.50) Vajox(€s) 2u3—)\€]+2k¢j w =X o
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Together with (1.44) and (1.45) this gives, for i # j,

(1.51) VaoaVe,(ej) = ;:7;; B = 1_ veit ;; z;’i :L)L\Z . Z:ek] + (i < ),
(1.52) V., Vajor(e;) = %uj 1_ 5 (;73;;61 - ;Zijjej)
E
axe(= )
S R e

Lu' — ! na [1 (i 1
+ - — L e
2w =X me [2\m uwr—A

The coincidence of coefficients of ey in (1.51) and (1.52) for i # j # k # i can
be checked with the help of the following identities which are equivalent to the
Darboux—Egorov equations:

1 (niknjk

Nijk = 3 + NijNik i 77ij7?jk

Nk Ui 5 ) '

The coincidence of the coefficients of e; requires a little more work, and we will
give some details, again for the case i # j.

In (1.51) the coefficient of e; is

11 gy 1ub—wd

(1.53)

qut— X\

4w =X nn’

whereas in (1.52) we get

1 1 oy 1 (u—d oy
(1.54) - -77”+ez-<u. . 77”)

dui =X n; 2 uwl — X
1 uk—uj i : 1 i 1
T M'W+2<nv_ui)\>'
—y Tl "

To identify (1.53) and (1.54) we have to get rid of the sum ), in (1.54). This
can be done with the help of (1.28), (1.29) and (1.34):
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1 Z u —UJ NikTjk

4 itk

1/2

1
= x| 2 w0 3 ]

s k#i,j k#i,j

1/2

1 7 . )

= w— \ ’ ]1/2 [_'Yij —u’ ez%] Ujej%‘j + ! (ei + 6j)’yij]
;

K3

1 1 ij a1 omgma 1
— . L RO 7773,,.779;7 _ 2
2w = A Mi o2 2 min;

The remaining part of the calculation is straightforward, and we leave it to the
reader, as well as the case ¢ = j which is treated similarly.

1.13. Formal Laplace transform. Assume now that T]\Z is a trivial local
system. This means that if we put 7' := T'(M, ’T]\J:[)7 then there is a natural
isomorphism Oy @ T — Ty

Formulas (1.41) (resp. (1.43)) define two families of connections with sin-
gularities on the trivial vector bundle on P} with fiber 7', parametrized by M.
Namely, denote by 9y the covariant derivative along 9/0A on this bundle for
which the constant sections are horizontal. Then the two connections are

(1.55) Vason =0+ (V+ 1)U — N7,
(1.56) Vojor = +U+ < <V+Id>

Let M, N be two C[\,dx]-modules. A formal Laplace transform M — N :
Y + Yt is a C-linear map for which

(1.57) (“AY)E = 0n(Y?), (ByY)f = AY™.

The archetypal Laplace transform is the Laplace integral
(1.58) Yi(u) = / MY (0 dA

taken along a contour (not necessarily closed) in P*(C). In an analytical setting
we have to secure the convergence of (1.58), the possibility to differentiate under
the integral sign and the identity

/8,\(6_’\“)/()\)) d\ = 0.

However, (1.58) may admit other interpretations, for instance, in terms of as-
ymptotic series.

Let now M (resp. N) be two C[\, dx]-modules of local (or formal, or distri-
bution) sections of P} x T so that the operators V - (U — \) (resp. AV) make
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sense in M (resp. N) (cf. (1.55), resp. (1.56)), and assume that we are given a
formal Laplace transform M — N.

1.13.1. PROPOSITION. We have

. ~ 1-D .
[Vajor(U —NY)]" = (/\VB/SA + Q)Yt = APTD2G, 5 (WE-D)2yh),

In particular, \A=P)/2yt jg V-horizontal if U — N)Y is V-horizontal.

PRrROOF. Using (1.55)—(1.57), we find
Fosor (@ = AV = | (00 @ =2+ v+ J1a)y]

i 1
= )\(U+8,\)+V+21d]Yt

[~ 1-D - _
= [AWVasor + —5— Id] V= APTI2G, o (AP 2y ),

For a more detailed discussion of the formal Laplace transform, see [S], 1.6.

For later use we note that the connection V defined by (1.40), (1.41) can be
further deformed. Namely, for any constant s put

(1.59) V) = Vx (V) = st — N (X oY),
(1.60) V5Ioa(Y) = Vasoa(Y) + s — N)7H(Y).

1.14. THEOREM. vg?) is a flat connection on T.

This can be checked by a direct calculation similar to that in the proof of
Theorem 1.12. The formal Laplace transform of Vés/)a)\ is given by

- (s ~ 1—-D+2s
95 or (U = WV = (ATojon + 572 ) v

_ /\(D+172s)/2§6/8)\(A(17D+25)/2yt).

In particular, \A=P+29)/2yt is V-horizontal if (U — \)Y is V(*)-horizontal.

2. Schlesinger equations

2.1. Singularities of meromorphic connections. Let N be a complex
manifold, D C N a closed complex submanifold of codimension one, and F a
locally free sheaf of finite rank on N. A meromorphic connection with singular-
ities on D is given by a covariant differential V : F — F @ QL ((r + 1)D) for
some r > 0. It is called flat (or integrable) if it is flat outside D. We start with
a list of elementary notions and constructions that will be needed later. They
depend only on the local behavior of F and V in a neighborhood of D, so we
will assume D irreducible.



124 Yu. I. MANIN S. A. MERKULOV

(i) Order of singularity. We will say that V as above is of order < r +1
on D if Vx(F) C F(rD) for any vector field X tangent to D (i.e. satisfying
XJp C Jp where Jp is the ideal of D), and Vx(F) C F((r + 1)D) in general.
Locally, if (t°,#1,...,t") is a coordinate system on N such that t° = 0 is the
equation of D, then the connection matrix of V in a basis of F can be written

as
dt° = dt!
2.1 Go—r Gi——
(2.1) 0 (¢0)r+1 +; (t0)r
where G; = G;(t°,t1,...,t") are holomorphic matrix functions.

Note that Go(0,t%,...,t") € HY(D,EndF) is well-defined, i.e. it does not
depend on the choice of local coordinates. It is called the residue of V at D and
is denoted by resp (V).

(ii) Restriction to a transversal submanifold. Let i : N — N be a closed
embedding of a submanifold transversal to D, D' = N' N D, F' = i*(F). Then
the induced connection V' = i*(V) on F’ is flat and of order < r+1 on D’ if V
has these properties.

(iii) Residual connection. Assume that V is of order < 1 on D. For any given
local trivialization f of [D], one can define a connection without singularities
VD:F on j*(F) where j is the embedding of D in N. Namely, to define Vg;f (s")
where s’ € j*(F), X' € Tp, we extend locally s’ to a section s of F, X' to a
vector field X on N, resp(V) to a section res(V) of F ® F* on N, calculate
(Vx — XTfres(V))(s) and restrict it to D. One checks that the result does not
depend on the choices made. In the notation of (2.1), the matrix of the residual
connection can be written as (r = 0)

n

(2.2) D G0, tdt

i=1
If V is flat, then VP is flat for any local trivialization f of [D].

(iv) Principal part of order r + 1. Similarly to (2.2), we can consider the

matrix function
(2.3) Go(0, ¢4, ... t")

on D, which we will call the principal part of order r+1 of V. In more invariant
terms, it is the Op-linear map j*(F) — j*(F) induced by F — j*(F) : s —
(t9)" 'V 010 (s)|p. For r > 1 it depends on the choice of local coordinates, and
is multiplied by an invertible local function on D when this choice is changed.
Hence its spectrum is well defined globally on D for r = 0, and the simplicity of
the spectrum makes sense for any r.
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(v) Tameness and resonance. Two general position conditions are important
in the study of meromorphic singularities of order < r + 1.

If r > 1 (irregular case), then the singularity is called tame if the spectrum
of its principal part at any point of D is simple.

If » = 0 (regular case), then the singularity is called non-resonant if it is
tame and moreover, the difference of any two eigenvalues never takes an integer
value on D.

2.1.1. ExAMPLE (the structure connections of Frobenius manifolds). As
above, we will assume that 7, A’; is trivial, and its fibers are identified with the
space T of global flat vector fields.

Put N = M x IP’}\ and F = On ®T. We can apply the previous considerations
to V and V.

Analysis of v. Clearly, V has a singularity of order 1 at A = 0 (i.e. on
Dy = M x {0}) and of order 2 at A = oo (i.e. on Doy, = M x {oc0}): cf. (1.42)
and (1.43). Restricting Vv to {y} x P} for various y € M we get a family of
meromorphic connections on ]P’}\ parametrized by M.

The residual connection is defined on Dy = M and it coincides with the
Levi-Civita connection of g. The principal part of order 1 on Dy is V + (D/2) Id.
The eigenvalues of this operator do not depend on y € Dgy: in 1.5 they were
denoted by (d,). In the case of quantum cohomology the principal part is always
resonant.

The principal part of order 2 on Dy, = M is (proportional to) U (cf. (1.43);
use the local equation g = A\=! = 0 for D). Its eigenvalues now depend on
y € M: they are just the canonical coordinates u’(y). We will call the point y
tame if u'(y) # v’ (y) for i # j. We will call M tame if all its points are tame.
Every M contains the maximum tame subset which is open and dense.

Analysis of V. According to (1.40) and (1.41), V has singularities of order
1 at the divisors A = u’ and A\ = co. These divisors do not intersect pairwise iff
M is tame. The principal part of order 1 at A = u’ is —(V + %Id) - (e40).

The residual connection of V on A = oo is again the Levi-Civita connection
Vo of g. In fact, using (1.48) we find

V= d)\vg/a)\ + Z dui?ei
=d\Vojor+ > _ du'[Voe, — (V+ 31d) U — X) 7 (e50)].

Replacing A by the local parameter ;= A~! at infinity, we have

V =duVoou+ Y du' [Voe, — p(V + 31d) (ud — 1d) ™ (e;0)]
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so that the expression (2.2) (with (u,u!,...,u™) in lieu of (t°,¢!,...,t")) be-
comes Y, du'Vy ., = Vj.

2.2. Versal deformation. We will now review the basic results on the
deformation of meromorphic connections on P}, restricting ourselves to the case
of singularities of order < 2. This suffices for applications to both structure
connections; on the other hand, this is precisely the case treated in full detail by
B. Malgrange in [Mal4], Theorem 3.1. It says that the positions of finite poles
and the spectra of the principal parts of order 2 form coordinates on the coarse
moduli space with tame singularities. To be more precise, one has to rigidify the
data slightly.

Let V° be a meromorphic connection on a locally free sheaf 79 on P} of rank
p, with m + 1 > 2 tame singularities (including A = oo) of order < 2. Call the
rigidity for VO the following data:

(a) A numbering of singular points: aj,...,aJ", a™! = co.

(b) The subset I C {1,...,m + 1} such that a? is of order 2 exactly when
jel.

(c) For each j € I, a numbering (b)',...,b") of the eigenvalues of the

principal part at aj.

Construct the space B = B(m, p, S) as the universal covering of

(C™ \ diagonals) x H((Cp \ diagonals)
JjeI
with the base point (ad; b)"); let by € B be its lift. We denote by a?, b/* the
coordinate functions lifted to B. Let i : Py — B x P} be the embedding A —
(bo, A), and D; the divisor A = a’ in B x P}.

2.2.1. THEOREM ([Mal4], Th. 3.1). For a given (V°, F°) with rigidity, there
exists a locally free sheaf F of rank p on Py x B, a flat meromorphic connection V
on it, and an isomorphismi° : i* (F,V) — (F°, V) with the following properties:
Dj;,j=1,...,m+1, are all the poles of V, of order 1 (resp. 2) if j & I (resp.
jelI). If j €I, then (V',...,0P) (as functions on Dj) form the spectrum of
the principal part of order 2 of V at D;. It follows that the restrictions of V to
the fibers {b} x PY are endowed with the induced rigidity, and i® is compatible
with it. The data (F,V,i%) are unique up to unique isomorphism.

2.2.2. COMMENTS (on the proof). (a) The case when all singularities are
of order 1 is easier. It is treated separately in [Mal3], Th. 2.1. Since the second
structure connection satisfies this condition, we sketch Malgrange’s argument in
this case.

Choose base points a € U := P} \ U;-Tzl{a%} and (bg,a) € B x P. Notice

that (by,a) belongs to V := B x P} \ U/_, D;.
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The restriction of (F°, V) to U is determined uniquely up to unique isomor-
phism by the monodromy action of 71 (U, a) on the space F, the geometric fiber
F%(a) at a, which can be arbitrary. Similarly, there is a bijection between flat
connections (F,V) on V with fixed identification F°(a) — F(a) = F and ac-
tions of m1(V, (a, b)) on F. Hence to construct an extension (F, V) to V together
with an isomorphism of its restriction to U with (F°, V), it suffices to check
that 4 induces an isomorphism (U, a) — 71(V, (a,b)), which follows from the
homotopy exact sequence and the fact that B is contractible.

This argument explains the term “isomonodromic deformation.”

Next, we must extend (F, V) to B x P§. It suffices to do this separately in a
tubular neighborhood of each D; disjoint from other Dj,. The coordinate change
A=A —a’ (or A — A~1) allows us to assume that the equation of D; is A = 0.
Take a neighborhood W of 0 in which F° can be trivialized, describe V° by its
connection matrix, lift (F°, V%) to B x W and restrict to a tubular neighborhood
of D;. On the complement to D;, this lifting can be canonically identified with
(F,V) through their horizontal sections. Clearly, it is of order < 1 at D;.

It remains to establish that any two extensions are canonically isomorphic.
Outside singularities, an isomorphism exists and is unique. An additional argu-
ment which we omit shows that it extends holomorphically to B x P3.

(b) When V admits a singularity of order 2, this argument must be com-
pleted. The extension of (F°, V) first to V and then to the singular divisors
of order < 1 can be done exactly as before. But both the existence and the
uniqueness of the extension to the irregular singularities requires an additional
local analysis in order to show that the simple spectrum of the principal polar
part determines the singularity. When formulated in terms of the asymptotic
behavior of horizontal sections, this analysis introduces the Stokes data as a

version of irregular monodromy, which also proves to be deformation invariant.

2.3. The theta divisor and Schlesinger’s equations. In this subsection
we will assume that 7 =T ® OP}\ where T is a finite-dimensional vector space
which can be identified with the space of global sections of F°. This is the case
of the two structure connections, when the local system TJ\J; is trivial.

Then there exists a divisor ©, possibly empty, such that the restriction of
F to all fibers {b} x P}, b ¢ O, is free. This can be proved using the fact that
a locally free sheaf £ on P! is free iff HO(P!,£(—1)) = HY(P',&(-1)) = 0, and
that the cohomology of fibers is semicontinuous. For an analytic treatment, see
[Mal4], Sec. 4 and 5.

Moreover, assume that A = co is a singularity of order 1 (to achieve this for
the first structure connection, we must replace A by A~!). Then we can identify
the inverse image of F on B\ © x P} with T ® Op\expt compatibly with the
corresponding trivialization of F°. To this end trivialize F along A = oo using
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the residual connection (see 2.1(iii)) and then take the constant extension of each
residually horizontal section along ]P’}\. (If there are no poles of order 1, one can
extend this argument using a different version of the residual connection; see
[Mal4], p. 430, Remarque 1.4.)

Using this trivialization, we can define a meromorphic integrable connection
0 on F with the space of horizontal sections T on B\ © x P}. As sections of F,
they develop a singularity at ©. Therefore, the corresponding connection form
V — 9 is a meromorphic matrix one-form with a possible pole at ©.

The following classical result clarifies the structure of this form in the case
when all poles of V are of order 1.

2.3.1. THEOREM.

(a) Let (a',...,a™) be the functions on B describing the \-coordinates of
finite poles of V (with given rigidity). Then

d(\ —a?)

_ (1 m
(2.4) V—0+;Al(a,.‘.,a I

where A; are meromorphic functions B — End (T') which can be con-
sidered as multivalued meromorphic functions of a;.
(b) The connection (2.4) is flat iff A; satisfy the Schlesinger equations

, d(a* —a?)
i#]
¢) Fiz a tame point ag = (ap,...,al). Then arbitrary initial conditions
0 0 Y

A9 = A,(ag) define a solution of (2.5) holomorphic on B\ ©, with a
possible pole at © of order 1.
(d) For any such solution V of (2.5), define the meromorphic 1-form wy
on B by
d(a® —a’
(2.6) we = 3T (As4) A=),
— at —a
1<

This form is closed, and for any local equation t = 0 of © the form
wy — dt/t is locally holomorphic.

2.3.2. COROLLARY. For any solution V of (2.5), there exists a holomor-
phic function v on B such that wy = dlog7y. It is defined uniquely up to a
multiplicative constant.

In fact, B is simply connected.
For a proof of Theorem 2.3.1, we refer to [Mal4]: (a), (b), and (c) are proved
on pp. 406410, and (d) on pp. 420-425.
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2.4. Special solutions. Slightly generalizing (2.5), we will define a solution
to Schlesinger’s equations to be any data (M, (u®), T, (A;)) where M is a complex
manifold of dimension m > 2; (u',...,u™) a system of holomorphic functions on
M such that du® freely generate Q}, and for any i # j, € M, we have u'(x) #
uw?(z); T a finite-dimensional complex vector space; A; : M — EndT, j =

1,...,m, a family of holomorphic matrix functions such that
. d(u? — u?
(2.7) Vi, dA; =" [Ai,Aj](iij).
ity W

Let such a solution be given. Summing (2.7) over all j, we find d(3_; 4;) = 0.
Hence ), A; is a constant matrix function; denote its value by W.

2.4.1. DEFINITION. A solution to Schlesinger’s equations as above is called
special if dimT = m = dim M; T is endowed with a complex non-degenerate
quadratic form g; W = —V—% Id, where V € End T is a skew-symmetric operator
with respect to g, and finally

(2.8) Vi, Aj=—-(V+31d)P;

where P; : M — End T is a family of holomorphic matrix functions whose values
at any point of M constitute a complete system of orthogonal projectors of rank

one with respect to g:

(2.9) PP, =0uP;, Y Pi=1Idp, ¢(ImP,ImP;)=0 ifi#j.
i=1

Moreover, we require that A; do not vanish at any point of M.

2.4.2. COMMENT. We committed a slight abuse of language: the notion of
special solution involves a choice of additional data, the metric g. However, when
it is chosen, the rest of the data is defined unambiguously if it exists at all.

In fact, assume that A; = WP; as above do not vanish anywhere. Then they
have constant rank one. Hence at any point of M we have

Ker A; = Ker WP; = Ker P; = @) Im P,

g
so that
mP,= (| @ mP= [ Ker4;.
Jig#i k:k#] J:gFi

This means that P; can exist for given A; only if the spaces 7; =) i Ker Aj
are one-dimensional and pairwise orthogonal at any point of M.

Conversely, assume that this condition is satisfied. Define P; as the orthog-
onal projector onto 7;. Then A;P; = 0 for ¢ # j because 7; = Im P; C Ker A;.
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Hence

m

(2.10) A; :AJ(ZR) — A;P; = <ZA1)P]» =WP;.
=1 =1

Notice that all A; are conjugate to diag (— %, o,..., O) and satisfy Af + % A;
= 0. These conditions, as well as Zj Aj=— (V + % Id), are compatible with the
equations (2.8) and so must be checked at one point only.

2.4.3. Strictly special solutions. A special solution to Schlesinger’s
equations as above is called strictly special if the operators

t
A§ ) = Aj + tP]
also satisfy Schlesinger’s equations for any ¢ € C.

2.4.4. LEMMA. If W is invertible, then any special solution with given W
is strictly special.

PROOF. Inserting Ag-t) into (2.7) one sees that the solution is strictly special
iff 4 4
d(u* — u?)

ut — ud

Vj, dP;=> (PWP; - P;WP,)
st
On the other hand, replacing A; by WP, in (2.7), one sees that after left mul-
tiplication by W this becomes a consequence of (2.7).

2.5. From Frobenius manifolds to special solutions. Given a semi-
simple Frobenius manifold with flat identity and an Euler field £ with dy = 1,
we can produce a special solution to the Schlesinger equations rephrasing the
results of the previous two sections.

Namely, we first pass to a covering M of the subspace of tame points of
the initial manifold such that T]\Jj[ is trivial and a global splitting can be chosen,
represented by the canonical coordinates (u'). Then we put 7' = I'(M, ’TAJ;) and
A; = the coefficients of the second structure connection written as in (2.4).

Since this connection is flat, (M, (u*), T, (A;)) form a solution of (2.7).

Moreover, this solution is special. In fact, T' comes equipped with the metric
g. The operator A; is the principal part of order 1 of V at A\ = u’, which is of
the form (2.8), with P; = ejo.

Finally, this special solution comes with one more piece of data, the identity
e € T. We will axiomatize its properties in the following definition.

2.5.1. DEerINITION. Consider a special solution to Schlesinger’s equations
as in Definition 2.4.1. A vector e € T is called an identity of weight D for this
solution if

(a) V(e) = (1 —D/2)e,
(b) ej := P;(e) do not vanish at any point of M.
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For Frobenius manifolds with dy = 1, (a) is satisfied in view of (1.17) and
(1.36).

Theorem 1.14 shows moreover that in this way we always obtain strictly
special solutions, although the operator W need not be invertible. For example,
for quantum cohomology of P" (which is semisimple, cf. below) the spectrum of
Wis{a—(r+1)/2]a=0,...,r}. It contains 0 if r is odd.

2.6. From special solutions to Frobenius manifolds. Let (M, (u?),T,
g, (A;)) be a strictly special solution, and e € T an identity of weight D for it.

2.6.1. THEOREM. These data come from the unique structure of semisimple
split Frobenius manifold on M, with flat identity and FEuler field, as described
in 2.5.

PROOF. Proceeding as in 2.5, but in the reverse direction, we are bound to
make the following choices.

Pute; = Pj(e) C O ®T, j =1,...,m. Identify Oy ®T with 7as by setting
ej =0/ Ou?. Transfer the metric g from T to 7y;. Define the multiplication on
Ty for which e; o e; = §;;¢;. Put 1; := g(e;, €;).

Let T]\J/c[ be the image of T under this identification. We will first check that
it is an abelian Lie subalgebra of 7,. It will then follow that g is flat, so that we
get a structure of semisimple pre-Frobenius manifold in the sense of Definition
1.6.2.

Choose t € C in such a way that

w® . Z A(t —W4+tld € EndT

is invertible. The section X =}, fje; of Oy ® T' lands in T]& iff

DX = Zf WP (ZfJA(t))

Let V be the connection on 7, for which TA]; is horizontal. Applying it to
(> fjA;-t))(e) we see that the last condition is in turn equivalent to

(t)
of DA;
(%) VEk, ZauiAt ij auk (e).
J

We can similarly rewrite the condition Y := 3 ;95€5 € TM.

Commutator of vector fields induces on Oj); ® T the bracket

7] 0
(X, Y] = Z(fgazlj gj6£§>€k~

J.k
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From (%) for Y and X we find that
DA} “’

3%
>l AL == 5 0G0
9 . aA“)
Za”?’ IO

The j = k terms on the right hand sides are the same. For j # k, using the

strict speciality of our solution, we find

AW [AD, AD)
G~ 19k v

so that the (j,k)-term of the first identity cancels with the (k,j)-term of the

second one.

figk i

To establish that this structure is Frobenius, it suffices to prove that e;n; =
e;n; for all 4, j: see Theorem 1.7.

We have n; = g(e, e;). Therefore

(2.11) dles Ay(e)) = —g (e, (v + ;m) Pje)

1 1-D
= g(V@,ej) - ig(evej) = Tnj
since V is skew-symmetric, and e is an eigenvector of V. Furthermore, let V be
the Levi-Civita connection of the flat metric g. Then differentiating (2.11) we

find that for every i, 7,

D 0

%@m = 9(V..(€), A;(€)) + gle, Ve, (A;(e)) = g(e, 04, (e)>’

(2.12) o

because e € T so that V(e) = 0. If ¢ # j, we find from (2.5) that

0A; Ai A 0A;

(2.13) aui B Eﬂ —ujj] T 0w
This shows that if D # 1, then e;n; = e;n;.

To see that D = 1 is not exceptional, one can replace in this argument A;
by Ag»t) for any ¢ # 0, so that (1 — D)/2 in (2.11) will become (1 — D)/2 +t.

It remains to check that E = ). u’e; is the Euler field. According to Theorem
1.9, we must prove that En; = (D — 2)n; for all j. Insert (2.13) into (2.12) and
sum over ¢ # j. We obtain

1-D 1-D ,0n;  1—=D . 0n;
- " Ep = ——_ Jo4 = T aa
2 113 2 i.#ju ou? + 2 " ow

5 oo 0 g0 200,

Qi

(2.14)
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From (2.8) it follows that

0A; [A:, Aj]
2.1 —1 =_ =i
(2.15) oul Z ut — ud
IR
On the other hand,

e P

ul — ul wi—ud
Inserting (2.15) and (2.16) into (2.14), we find that

(2.17) %Enj = Z gle, [Ai, Aj](e)) + Z 9(67 [A“AJ](e))

iit] iritj ut =
- A,

+ Ujg<€7 Jul (e)>

(c[5he)

itit]

- g(e, {w Sid (v+ ;Id)PJ} (e)>.

Using the skew-symmetry of 1V, we see that the last expression in (2.17) equals
1=2(D — 2)n;. Hence En; = (D —2)n; if D # 1.

Again, replacing in this argument A; by A§t) we see that the restriction
D # 1 is irrelevant.

(2.16) u

2.7. Special initial conditions. Theorem 2.3.1 shows that arbitrary initial
conditions for the Schlesinger equations determine a global meromorphic solution
on the universal covering B(m) of C™ \ {diagonals},m > 2.

Fix a base point by € B(m). Studying the special solutions, we may and will
identify T with the tangent space at by, thus eliminating the gauge freedom.
This tangent space is already coordinatized: we have e; and e.

We will call a family of matrices AY, ..., A% € End T special initial conditions
if we can find a diagonal metric g and a skew-symmetric operator V such that
A) = —(V + £ 1d) P; where P; is the projector onto Ce;.

We will describe explicitly the space I(m) of the special initial conditions.

2.7.1. NOTATION. Let R be any equivalence relation on {1,...,m}, and
|R| the number of its classes. Put F(m) = (End C™)™. Furthermore, denote
by Fgr(m) the subset of families (A4;,...,4,,) in F(m) such that R coincides
with the minimal equivalence relation for which iRj if Tr A;A; # 0, and put
Ig(m) = Fr(m)NI(m).

2.7.2. CONSTRUCTION. Denote by T(m) Cc C™ x C"™™=1/2 the locally
closed subset defined by the equations
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(2.18) > mi=0, i #0 for all i;
(2.19) v;in; = —v;m;  for all 4, j;
- D
(2.20) Zlvij =1- > does not depend on j.

Each point of I(m) determines the diagonal metric g(e;, e;) = 1; and the operator
V :e;— Y, vije; which is skew-symmetric with respect to g and for which e is
an eigenvector. Setting A; = f(V + %Id)H we get a point in I(m).

This amounts to forgetting (n;) which furnishes the surjective map I(m) —
I(m) because

Ai(e;) =0 fori#j, Ai(e)= 7*61 Zv”ej

2.7.3. THEOREM.

(a) The space I(m) can be realized as a Zariski open dense subset in
(Cm+(mfl)(mf2)/2‘

(b) The inverse image in I(m) of any point in Ir(m) is a manifold of
dimension 1 for |R| =1, and |R| — 1 for |R| > 2.

ProOOF. Fixing 7;, we can solve (2.19) and (2.20) explicitly. Put w;; = v;;n;

so that w;; = —wj; and (2.20) becomes
(2.21) i, S wy = (1 - D/2).
i=1

If we choose arbitrarily the values (w;;) for all 1 < i < j < m — 1, we can find
W from the first m — 1 equations (2.21), and then the last equations will hold
automatically:

Wmk = Mk 1_D/2 szkn

m m m—1 m—1
Zwim:_zwmk:_znk 1—D/2 +szk—’l7m 1—D/2)
i=1 k=1 k=1

ik=1
because of (2.18).

It remains to determine the fiber of the projection onto I(m).

For i # j we have Tr A; A; = v;;v5;. Hence in the generic case when all these
traces do not vanish, we can reconstruct n; compatible with given v;; from (2.19)
uniquely up to a common factor. Generally, for ¢,j in the same R-equivalence
class, (3.12) allows us to determine the value n;/n; so that overall we have |R|
arbitrary factors constrained by (3.11).
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2.7.4. QUESTION. If we choose a special initial condition for the Schlesinger
equation, does the solution remain special at every point?

Generically, the answer is positive. If this is the case, we obtain the action
of the braid group Bd,,, as the group of deck transformations on the space I(m).

2.8. Analytic continuation of the potential. The picture described in
this section gives a good grip on the analytic continuation of a germ of semisimple
Frobenius manifold (My,mg) in terms of its canonical coordinates. Namely,
construct the universal covering M of the subset of the tame points of M, then
fix at the point by = (u’(mg)) € B(m) the initial conditions of M at mg. This
provides an open embedding (M, mg) C (B(m),by). Loosely speaking, we find
in this way a maximal tame analytic continuation of the initial germ.

Now construct some global flat coordinates (x*) on B(m) corresponding to
a given Frobenius structure. They map B(m) to a subdomain in C™. This is
the natural domain of the analytic continuation of the potential ® of this Frobe-
nius structure, which is the most important object for Quantum Cohomology.
Unfortunately, its properties are not clear from this description.

3. Quantum cohomology of projective spaces

In this section we will apply the developed formalism to the study of the
quantum cohomology of projective spaces P", r > 2. Our main goal is the calcu-
lation of the initial conditions of the relevant solutions to Schlesinger’s equations.

3.1. NotAaTION. We start with introducing the basic notation. Put H =
H*(P",C) =Y. _,CA,, where A, = the dual class of P"~* C P". Denote the
dual coordinates on H by x,...,z, (lowering indices for visual convenience),
and set d, = 0/0x,. The Poincaré form is (gap) = (9%°) = (Jurp.)- The classical
(cubic) part of the Frobenius potential is

1
(3.1) Do) = 6 Z Tay TasTasg-
a1+az+az=r
The remaining part of the potential is the sum of physicists’ instanton corrections
to the self-intersection form:

(32) éinst(x) = Z q)d(x27 s 51:T’)edzl7
d=1

where we will write ®4 as

oo

Zay - Ta,

(3.3) (I)d(ﬂfg,...,,xr)zz Z I(d;al,...,an)%.

n=2 ai+..+a,=

r(d+1)+d—3+n

This means that if we assign the weight a—1 to x4, a = 2, ..., n, then ®; becomes

a weighted homogeneous polynomial of weight (r 4+ 1)d + r — 3. Moreover, if we
assign to e?1 the weight —(r+1), then @ and ® become weighted homogeneous
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formal series of weight » — 3. (Notice that e in the expressions e and alike is
2,71828. .., whereas in other contexts e means the identity vector field. This
cannot lead to confusion.)

The starting point of our study in this section will be the following result.

3.2. THEOREM.
(a) For each r > 2, there exists a unique formal solution of the Associativity
Equations (1.6) of the form
(3.4) D(x) = Pey(x) + Pinst ()
for which I(1;r,r)=1.
(b) This solution has a non-empty convergence domain in H on which it

defines the structure of semisimple Frobenius manifold Hqyant(P") with
flat identity e = 0y and Euler field

-
(3.5) E=) (1—-a)z0,+ (r+1)0
a=0
with dg =1,D =2 — 1.
(¢) The coefficient 1(d;aq,...,a,) is the number of rational curves of degree
d in P intersecting n projective subspaces of codimensions aq,...,an

> 2 in general position.

Uniqueness of the formal solution can be established by showing that the
Associativity Equations imply recursive relations for the coeflficients of ® which
allow one to express all of them through I(1;r, 7). This is an elementary exercise
for r = 2. A more general result (stated in the language of Gromov-Witten
invariants but of essentially combinatorial nature) is proved in [KM], Theorem
3.1, and applied to the projective spaces in [KM], Claim 5.2.2.

Existence is a subtler fact. The algebraic geometric (or symplectic) theory
of the Gromov—Witten invariants provides the numbers I(d;aq,...,a,) satis-
fying the necessary relations, together with their numerical interpretation: see
[KM], [BM]. Another approach consists in calculating ad hoc the “special ini-
tial conditions” for the semisimple Frobenius manifold Hqyant(P") in the sense
of the previous section and identifying the appropriate special solution to the
Schlesinger equations with this manifold. For r = 2, direct estimates of the co-
efficients showing convergence can be found in [D], p. 185. Probably, they can
be generalized to all r.

Our approach in this section consists in taking Theorem 3.2 for granted and
investigating the passage to the Darboux—Egorov picture as a concrete illustra-
tion of the general theory. The net outcome are formulas (3.18) and (3.19) for
the special initial conditions.
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Conversely, starting with them, we can construct the Frobenius structure on
the space B(r+1) as was explained in 2.8 above. Expressing the F-homogeneous
flat coordinates (xo, ..., x,) on this space satisfying (3.17) in terms of the canon-
ical coordinates and then calculating the multiplication table of the flat vector
fields, we can reconstruct the potential which now will be a germ of holomorphic
function of (z,). Because of the unicity, it must have the Taylor series (3.4).
So Theorem 3.2(a),(b) can be proved essentially by reading this section in the
reverse order. Of course, the last statement is of different nature.

3.3. Tensor of the third derivatives. Most of our calculations in (7, 0)
will be restricted to the first infinitesimal neighborhood of the plane zo = ... =
z, = 0 in H. This just suffices for the calculation of the Schlesinger initial
conditions. We denote by J the ideal (zo, ..., z,).

Multiplication by the identity e = dy is described by the components ®q," =
dap of the structure tensor. Of the remaining components, we will need only ®;,°
which allow us to calculate multiplication by 9;, and proceed inductively. This
is where the Associativity Equations are implicitly used.

ObViously, (blob = 61().

3.3.1. CrAaiM. We have

@y, = Oat1,p + Trp1—aqre™ + O(J?) for1<a<r-—1,
(37) q)lrb = Jpoe”t + Z‘b+1€m1 + O(J2)

Here and below we agree that x. =0 for ¢ > r.

PrOOF. The term d441, in (3.6) comes from ®.. The remaining terms are

provided by the summands of total degree < 3 in x5,...,z, in
81(13- st = Zdedzl ZI(d'al GQ)M
ms d>1 3 ) 2

Ta1LasTag

+ Zl(d;a17a27ag,)6) + O<J4)

For n = 2, the grading condition means that d =1 and a3 = az = r. For n = 3,
it means that d = 1 and ay + as + a3 = 2r + 1. We know that I(1;r,r) = 1.
Similarly, I(1;a;,as,a3) = 1 in this range. This can be deduced formally from
the Associativity Equations. A nice exercise is to check that this agrees also
with the geometric description (for instance, only one line intersects two given
generic lines and passes through a given point in the three-space). So finally,
a7 1 © 4
01 ®ingt = <2 + 5 Z malz@m%)e L+ O(J%).
ar+aztaz=2r+1
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The term &ppe®! in (3.7) comes from z2/2. Furthermore,
(binst;lab = 51727“Jr17afbew1 + O(J2)7

b x 2
q)inst;la = (I)inst;l,a,r—b = Tr+1—a+b€ 4 O(J )

3.4. Multiplication table. The main formula of this subsection is
r—1
(3.8) U = em (ao +> b+ 1)xb+16b) +0(J?).
b=1
We will prove it by consecutively calculating the powers 97¢. The interme-
diate results will also be used later. (Notice that O(J?) in (3.8) now means
O(; J?0i).)
First, from (3.6) and (3.7) we find that for 1 <a <r —1,

T a—1
(3.9) 0100, = Z (I)labﬁb = Og41 + €™ Z Trtl—atbOp + O(JQ)7
b=0 b=0
T r—1
(310) 100 =) B1,0 =™ (ao + Zmbﬂab) +0(J?).
b=0 b=1
Then using (3.9) and induction, we obtain
a—2
(3.11) 074 = 0y + ™ Z(b + 1)@ po_arpOp +O(J?) forl<a<r.
b=0

Multiplying this formula for a = r by 9y and using (3.10), we finally find (3.8).
From (3.11) it follows that 0¢* for 0 < a < r freely span the tangent sheaf.

3.5. Idempotents. Formula (3.8) allows us to calculate all e; mod J2, thus
demonstrating semisimplicity. Namely, denote by ¢ the (r+1)th root of the right
hand side of (3.8) congruent to /(") mod J and put ¢ = exp(27i/(r + 1)).
Then

1

_ —1iJ —1\oj
(3.12) ei_r+1j2=:0C H(010q )

satisfy e; o e; = 0;;¢; for all 4,5 = 0,...,r and >, e; = 0p. A straightforward
check shows this.

3.5.1. PrROPOSITION. We have

r

1 .. .
1 - —ij ,—z1j/(r+1)
(3.13) =72 Ve
7=0
S+l +1-3)
X (e"”l " Trqbt2—i0p
b=0

b+1—7)j
+0;— ) mxbﬂ_jab) +0(J?).
b=j+1
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Proor. We have

r—1

b+1
gl = e~ %1/ (r+1) (30 — Z a:b+1ab> + O(J?).
—r +1
Together with (3.9) this gives
r—1
B . b+1
Oy oqg ! = e m/r+D) <5~1 -3 " 1xb+15'b+1> +0(J?).
b=1
Hence
b+l
N g r o7 .qo(j—1
(81 og 1)] — e—Jm1/(r+1) (alJ _Jal(J )o; s 1$b+18b+1) + O(JQ)'

Inserting this into (3.12) and using (3.9)—(3.11) once again, we finally obtain
(3.13).

3.6. Metric coefficients in canonical coordinates. The metric potential
7 is simply z, (see (1.11)). Hence we can easily calculate 7; = e;x,. The answer

1S

(3.14) n; = Cie—mlr/(r-u)

r+1
T Cib
= Gl T L D g+ O(2),
b=2

As an exercise, the reader can check that the same answer results from the
(longer) calculation of 7; = g(e;, €;).

3.7. Derivatives of the metric coefficients. We now see that the pre-
cision chosen just suffices to calculate the restriction of n;;, v;; and the matrix
elements of A; to the plane zo = ... = z,, = 0 any point of which can be taken
as initial one.

3.7.1. CLAmM. We have

C’L‘*k 6711
3.15 ; = ; = —2-— .
( ) Nki = €k (Czik _ 1)2 r+1)
Notice that (3.15) is symmetric in 4, k as it should be.

This is obtained by a straightforward calculation from (3.13) and (3.14).

The numerical coefficient in (3.16) comes as a combination of 22:1 j¢7 and

S +0(J).

Z;Zl j2¢7 which are then summed by standard tricks.

3.8. Canonical coordinates. We find «* from the formula E o e; = u’e;.
To calculate E o e;, use (3.5), (3.13) and (3.9)—(3.11). We omit the details. The
result is:

3.8.1. CraiM. We have

r
(3.16) u = To + CZ(T + 1)611/(r+1) + aniear1/(r+l)xa + O(J2).
a=2
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The reader can check that e;u? = §;; + O(j).

3.9. Schlesinger’s initial conditions. Recall that the matrix residues A;
of Schlesinger’s equations for Frobenius manifolds are

Aj(e;)) =0 fori#j,

1 1 in ik
(3.17) Aj(ej) = _iej 3 Zk:(uk — uj)nj—kek
(cf (1.46)). Substituting here (3.14)—(3.16), we finally get the main result of this

section.

3.9.1. THEOREM. The point (xg,x1,0,...,0) has canonical coordinates u® =
zo + C(r + 1)e®/ "+t The special initial conditions at this point (in the sense
of 2.7) corresponding to Hquant(P") are given by

¢imk
and
¢ ar/r4)
.1 ;= REAEAL N
(3.19) = 1 e

As an exercise, the reader can check that

ZL_IC_l D_r
1—¢i—k 2 2

k:k#£j

4. Semisimple Frobenius supermanifolds

4.1. Supermanifolds and SUSY-structures. A (smooth, analytic, etc.)
supermanifold of dimension (m|n) is a locally ringed space (M, Oxy) with the
following properties [Ma3]: (i) the structure sheaf Oag = Opg,0®Opq,1 is a sheaf
of Zy-graded supercommutative rings; (ii) Myea = (M, Ot red = O /[On1 +
0%4,1]) is a (smooth, analytic, etc.) classical manifold of dimension m; (iii) O
is locally isomorphic to the exterior algebra A(E) of a locally free O pq req-module
E of rank n. If ¢ : A(E) — O is any such local isomorphism, Z!,...,Z™ are
local coordinates on M,eq and @', ..., 0" are free local generators of E, then the
set of m + n sections

ot = (@), .., 2" = ¢(@"), 0" =o(0),....0" = o(0")
of the structure sheaf O form a local coordinate system on M. Any local func-

tion f on M can be expressed as a polynomial in anticommuting odd coordinates
0%, a=1,...,n,

F@0) =" Y faran(@) 6

k=0 ay,..., ap=1
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whose coefficients f,,. o, (2) are classical (smooth, analytic, etc.) functions of
the commuting variables 2%, a = 1,...,m.

When a need arises to use odd constants in the structure sheaf of a super-
manifold M, one simply replaces M by its relative version, i.e. by a submersion
of supermanifolds 7 : M — S whose typical fiber is M. Then (odd) constants
are just (odd) elements of 77!(Og). The necessary changes are routine (see
[Ma3] and [Mad]).

4.1.1. DEFINITION. Let M be an (m|n)-dimensional supermanifold. A
SUSY-structure on M is a rank 0|n locally split subsheaf 7; C 7.M such that
the associated Frobenius form

®: AT - To:=TM/Ti, X®Y — i[X,Y]mod T,
is surjective.

With any SUSY-structure on M there is canonically associated an extension
(4.1) 0T 5TM 2Ty —0,
i.e. an element t € Exty, (7o, 71) ~ H' (M, T, @ T5).

4.1.2. EXAMPLES. 1) A (1]1)-dimensional supermanifold with a SUSY-
structure is called a SUSY;-curve [Mad]. 2) A SUSY-structure on a (3|2)-
dimensional is equivalent to a simple conformal supergravity in 3 dimensions
[Ma3]. 3) A SUSY-structure on a (4[4)-dimensional supermanifold with 77 be-
ing a direct sum of two integrable rank (0]2) distributions 7; and 7, is the same
as a simple superconformal supergravity in 4 dimensions [Ma3].

4.2. Pre-Frobenius supermanifolds. Let S be a module over a super-
commutative ring R. A left odd involution on S is by definition a map

I, :5—5, X—I[X,

such that II7 = Id and I;(aX) = (—1)%lIL(X), II;(Xa) = I(X)a for any
XeS, aeR.
A right odd involution

I,: 5 -5, Xw— XIIL,,

also satisfies, by definition, IT? = Id but has different linearity properties: (aX)II,.
=a(XTIL,), (Xa)Il, = (-1)*(XII,)a.

4.2.1. DEFINITION. A pre-Frobenius structure on an (n|n)-dimensional su-
permanifold M is a quadruple (73, s,II;,I1,.) consisting of a SUSY-structure
(4.1), an even isomorphism s : TM — Ty @ 7y and a pair of left and right
odd involutions
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W, TheoTy—ToT
such that

(i) (7o) = (To)IL, = Th and IL(T1) = (T)IL, = To;

(ii) the product defined by
D(X,Y) for X €e T,Y € Ty,
ILe(ILX,Y) for X € 7p,Y € Ty,
(X, YII,)I, for X € 7;,Y € Ty,
(XL, ILY) for X € To,Y € To,

makes 7 := 77 @ 7 a sheaf of associative algebras;
(iii) s|z, =i and s|g, is a splitting of the extension (4.1), i.e. pos|z, = Idg,.

4.2.2. LEMMA. There is an even morphism of Opaq-modules, ¢ : TQT — T,
such that the product o: T x T — T factors as
TxT-TQTST.

PROOF. The product o obviously satisfies (aX)oY =a(X oY), X o (aY) =
(Xa)oY and X o (Ya) = (X oY)a.

4.3. Semisimple pre-Frobenius supermanifolds. Let M be a pre-
Frobenius supermanifold.

4.3.1. DEFINITION. A pre-Frobenius structure is called (split) almost semi-
simple if there exists a local (global) basis {es}, & = 1,...,n, of 77, called
canonical, such that ®(eq,ez) = d,5lli(ea) = 645(ea)L

Since in the almost semisimple case II; completely determines II, and vice
versa, we can and will omit the subscripts [, 7. Note that Definition 4.3.1 makes
sense, because the extra condition ®(eq,e5) = d,40l(eq) is consistent with
4.2.1(ii) (and in fact implies the latter). Indeed, in the basis {es, e 1= II(eq)}
of 77 ® 7y the multiplication o takes the form

edoeﬁzédﬁea, edoeﬁ:eaoeﬁ-zéaﬁed, €q 0 €3 = 0np€q.

This algebra structure is evidently associative. This table together with Lemma
4.2.2 immediately imply that

is the identity, i.e. eo X = X oe = X for any X € 7. It also follows that

n
€= g eq = lle
a=1

satisfies e 0 X = 11X and X oe = XII for any X € 7. We call ¢ the II-identity.
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4.3.2. Odd multiplication. If M is an almost semisimple pre-Frobenius
supermanifold, then the formulae

II for X e 1,Y € 71,
O(XILY) for X € 7o,Y € 11,
O(X,IIY) for X € 71,Y € 7,
[&(ILX, 1Y) for X € T, Y € Ty,

define an odd associative multiplication in 7. Indeed, in the basis {es, en} one

XeY :=Xo (IIYI) =

has
edoeB:(Sdﬁem edoe,@:eaoeB:(SQ,@ea, €q ®€3 = 0np3€4.

The roles of e and € get interchanged: ¢ is the identity, that is, ce X = X ee = X,
while e is the II-identity, that is, ce X =TI1X, X e e = XTI for any X € 7.

4.3.3. DEFINITION. A pre-Frobenius structure on M is called (split) semi-
simple if
(i) it is (split) almost semisimple;
(i) there is a local (global) coordinate system {u®,0%}, called canonical,
such that the isomorphism s: 73 & 7y — 7 M is given by

S(ed) = ad + odaom 5(6(1) = 8047
where (eq, e4) is the canonical basis, dq = 9/90% and 0, = 9/0u®.
(iii) there is an odd metric g on 7.M such that 7; C TM is isotropic and
(4.2) 9(0ay05) = —bapnp,  9(€a,s(es)) =6, 4Ma

where 17, = 05V, 04 = (05 +0%0,)¥ and ¥ is an odd function. Such a
metric is called a Egorov metric.

Since the restriction of s : 771 ® 7y — 7 M to 77 coincides with 7 and hence is
rigidly fixed by the choice of a SUSY-structure on M, we identify from now on
X and s(X) for any X € 77. In particular, whenever the pre-Frobenius structure
is semisimple, we always assume that eq = 04 + 090,

Note that canonical coordinates are defined up to a transformation
0% > 0% = 0% + c%,  u® 0% = u® + ¢ + 0%

which satisfies 5a = 04, €5 = eg and hence leave all the defining relations

invariant.

4.3.4. ExAMPLE. If M is a SUSY;-curve, then any odd isomorphism 77 —
7o together with a global nowhere vanishing section of 77 (if any) and an odd
function ¥ equips M with a semisimple pre-Frobenius structure.
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4.3.5. Algebra structure in 7M. The isomorphism s: 7 — 7 M trans-
lates the product o from 7 to 7 .M where we denote it by the same symbol. The
element € := s(e) = ), Oq is the identity in (7M, o).

It is easy to check that in the basis {04, 0,} the induced multiplication o
takes the form

8@085:5d33a, 8doaﬁ:8ao 6:60438@, 0aoaﬁ:5aﬁ8a,

implying that the element € = Y% _| 95 is the TI-identity in (7.M, o), where the
odd automorphism II : 7M — T M is defined by

4.3.6. Representation of the Neveu—Schwarz Lie superalgebra in
TM. Let M be a semisimple pre-Frobenius supermanifold. Consider the vector
fields

E:i(o‘ﬁ +190‘ea F = Zu eq

a=1

on M. A direct calculation shows that the vector fields

— pelatl) _ a+l

HM3

|:( a)a+18a + (Ua)aeded:|, a:O’l’Q,“.’

f1+1/2 *HZFO (i+1) _ Z a z+16d’ i:0,172,,..7

satisfy the following commutation relations:

[ea;e] = (b—a)eays,
[ea, fi] (z —a/2)fita,
[fu f]] = H—jv

where a,b=0,1,2,... and i,j:%7

[SJ[°]

5
PERRE

4.4. Flat connections on pre-Frobenius supermanifolds. On a su-
permanifold M with a SUSY-structure one may define the differential operator
0 : Op — 17 as the composition

§: 0 — QM T

Let M be a semisimple pre-Frobenius supermanifold with the associated

commutative diagram
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0

J'*
v

0 —— Oy —2 5 oM —4 1 02Mm

dop*
and let ®* : Tp0 222,

structure. Then one has

A?T* be the (dual) Frobenius form of the SUSY-

4.4.1. PROPOSITION. There is a one-to-one correspondence between locally
flat connections in a locally free sheaf F on M and covariant differentials

V:F-T'®F
such that
V(fv) =46+ fV(v), YfeOm, vedF,
and the composition
OV FITr e F Y NT @ F - AT @ F/3"(T)) ® F

(which is Opr-linear) is zero, where the action of V on T @ F is defined as
follows:

V(it@v) = (-1)yolde(t@ V() + 8t ®@v, teT, veF.

PROOF. Given a linear connection D : F — Q' M ® F, one defines V as the

composition
v:F2omMmer N ey
Since the curvature tensor, F' € Q2M @ F ® F*, of D satisfies
F(X,Y)v = [Dx, Dy]v— Dix yv

for any X,Y € TM and v € F, the composition V2 := V o V, viewed as a
morphism A%27; ® F — F, can be written explicitly as

VVINTIRF - F, X®Y Qv Dagxyyv+ F(X,Y),

implying that C(V?) is essentially v ® Id zg# (F). Hence C(V?) is always O -
linear and vanishes when D is flat.
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In the other direction, let V : 7 — 7;* ® F be a covariant differential such
that C(V?) = 0. Then V? factors through the composition

V2T e F 22 neFr Yl F

for some covariant differential operator V° : F — 75 ® F. Define
D:F-QMF =T @FaTy @F
as V@ VO A simple calculation in the canonical coordinates (which we omit)

shows that D is flat. This completes the proof.

Note that in the presence of a SUSY-structure with invertible Frobenius form
any covariant differential V : 7 — 7" ® F can be canonically extended to a linear
connection D : F — QM @ F as V @ VO, where

2 * —1
VO F Y T F T Ty 9 F.
More generally, such an extension is possible whenever M comes equipped with
a monomorphism O : 7y — A%7; satisfying © o & = Id. For example, if M is
almost semisimple pre-Frobenius, then
©:T) — N°Ti, eq—eq@eq,
does have this property. When we call a covariant differential V : F — T3 @ F

a connection on F — M, we mean precisely this SUSY extension.

4.5. Semisimple Frobenius structures. Let (M, 71,s,11,g) be a semi-
simple pre-Frobenius supermanifold.

4.5.1. DEFINITION. M is called semisimple Frobenius if g is flat.

4.5.2. Levi-Civita connection. If g is an odd metric on a supermanifold
M and gap := (fl)Ag(eA,eB) are the components of g in a basis e4 of 7M,
then the Christoffel symbols, V., ep =3~ FiBec, of the associated Levi-Civita
connection V are given by

1
IGp = 3 Z |:€AQBD + (-1)*Pepgap — (—1)PATETITBe g4
D

+) (Chpgup — (—1)PPHETPCN g s
M
_ (_I)A(B+D+1)+DOgIDgMA):| gDC’

where C4L; are defined by
[ea,eB] = ZC%BGM.
M

Consider now a special case when ¢ is a Egorov metric on a semisimple
pre-Frobenius supermanifold M.
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4.5.3. PROPOSITION& DEFINITION (Darboux—Egorov equations). The met-
ric g is flat if and only if ¥ satisfies the equations

((4-3)) €iVap = Vi Vg for all i # & # B # p,
((4.4)) €5 =0 forall & # B,
where
€allg
Yap = £

2\/Mamg

These equations are called Darbouz—FEgorov equations.

SKETCH OF PROOF. The only non-trivial commutator of basis vector fields
(€asOa) 18 [ea, €] = 20, 50a so that the only non-vanishing components of CiL
are Cg- = 20,306~ Then, using the above formulae for 'S, one obtains the
following Christoffel symbols of the Levi-Civita connection of g:

€ 77a €all
4. o s = Ona e, - Calli
( 5) v # L a + 2,',}0é 277u 6#7
UL €ally €M
(46) Veﬂaa =€4 <2nd)€d + lu‘ E ( >
B
€aNa Na €M
— Opa Opa E
+ 2 Oa 8 + 0y ﬁ (3'5

By Proposition 4.4.1, the connection V is flat if and only if
Ve, Ve, ] =0 forall i # v.

A straightforward but very tedious calculation shows that the latter equations
are equivalent to the Darboux—Egorov equations (4.3) and (4.4).

4.6. Flat identity. We say that the o-identity e on a semisimple pre-
Frobenius supermanifold M is flat if Vé = 0, where V is the Levi-Civita covari-
ant differential (4.5)—(4.6).

4.6.1. PROPOSITION. The identity e is flat if and only if the potential ¥
satisfies the equations

(47) eng = O7
or, equivalently,

(4.8) Z 7)o = const.
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Proor. It follows from (4.6) that
Ve, €= Ve,es
B

s €al 3"
= a5 e+ X Peu - ea ot )
FR 5

3 2n;, 215
il ) €4
+ Z . 85—77—_8,L+Z 2, 85
B B " B8 B
_ 25N
277ﬂ w

where we used the fact that e;ns + eany = 20447a-

4.6.2. PROPOSITION. Let M be a semisimple pre-Frobenius supermanifold.
The I-identity & is flat, i.e. VE = 0 for V being the Levi-Civita covariant dif-
ferential, if and only if the potential U satisfies the equations

(49) (9“ — Qd)eﬂnd = 0,
(4.10) ENg = Na-
PROOF is a straightforward calculation.

4.7. Euler field. We want to introduce the notion of homogeneity of a
Frobenius structure by assigning the scaling degrees 1 and 1/2 to the canonical
coordinates u® and 0% respectively (reflecting the fact that 9, = eses). With
this motivation, we define a scaling field on a Frobenius supermanifold M as an
even vector field E satisfying

[Eaaoz] = *aou [Eaed] = *%eo'w

4.7.1. PROPOSITION. If E is a scaling field, then
E= Z [(u® +c* + 0%c*)0, + %(9‘5‘ + cd)ed]
[0

for some even constants ¢ and odd constants c®.

PrROOF. Putting E =Y E“0, + E%e4, one obtains

[E,00] = —€a & Y [(0aE?)05 + (0aE”)es] = a,
B
B, eq] = —Sea & > [(eaB)05 + (ea B )es] — 2B%0, = Lea,
B
implying 0, E° = aaEB = ey FP = edEB =0 for all & # B as well as 9, E* =0,
e B = 2E% and e, EY = 1/2. Hence E% = 1(0%+¢%) and E® = u® +c* +6%c*
for some even constants ¢® and odd constants ¢®.

Given a scaling field E, we can and will normalize the canonical coordinates
so that £ =" [u“@a + %Oded].
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4.7.2. DEFINITION. A scaling vector field E on a semisimple pre-Frobenius
supermanifold M is called an Fuler field if Lieg(g) = Dg for some constant D,
that is,

(4.11) E(9(X,Y)) —g([E, X],Y) — g(X,[E,Y]) = Dg(X,Y),
for all vector fields X, Y.
4.7.3. PROPOSITION. If E is an Fuler field on a semisimple pre-Frobenius
supermanifold M, then the potential ¥ satisfies
EV = (D — 1)V + const,

or, equivalently,

(4.12) Ena = (D — 3/2)ns.
PrROOF. Write (4.11) for (i) X = 0, Y = 0g, (ii) X = €4, Y = 05 and (iii)
X =eq, Y =¢j to find that

(i) < E9(0a,03) + 29(9a, 93) = Dg(0a, Op),
(i) & Eg(ea, 9p) + 39(ea, 05) = Dglea, 9),
(iii) & 0 =0,
which imply equation (4.12) and
(4.13) Eng = (D —2)nq.
However, the latter equation is not independent—applying e; to both sides of
(4.12), one easily obtains E(esns) = (D — 2)esna, implying (4.13).
4.7.4. COROLLARY. If E is an FEuler field on a semisimple pre-Frobenius
supermanifold M, then
(4.14) EYpo = =5V
PrOOF. We have
By — E( ety ) _ (Beany) _ (Bmi)(eans) _ (Emy)(eqns)
N AN R N L N
= (D =2y — 5(D = 3)vw — 5(D — 3) % = — 5V
4.7.5. Nullness of the o-identity. In the presence of an Euler field, the
flatness of e implies that either D = 2 or g(e, €) is identically zero, i.e. the identity

e € (TM,o) is everywhere a null vector. Indeed,
60 =9( 0. 305) = X
a B e
while equations (4.8) and (4.13) imply (D —2) > 7a = 0.

4.8. Geometry on 7;. Let M be a semisimple pre-Frobenius supermani-
fold. Define a new splitting of the SUSY-extension (4.1) as follows:

€476

Ty TM, demod Ty T =00 = 30 e
—~ 21,
B
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4.8.1. LEMMA. The splitting § decomposes T M into a direct sum Ty ®3(7y)
of isotropic submodules.

PROOF. The restriction of the Egorov metric to $(7p) is
~ - €.ns €sNg
g(eoneﬁ):g(aa_z ae[uaﬁ_z Y ael-,)
= 21, — 215
€plle | Cally

2 2
Note for future reference that g(s(ea), es3) = g(s(ea), €5) = dapna-

= *5aﬁ77a + 0.

4.8.2. Distinguished connections on 77 and 7. The decomposition
TM =T, ®3(7y) induces a projection p; : TM — 7;. Then, if V : TM —
T* ® T M is the Levi-Civita covariant differential of the Egorov metric, one may
define the operators

VT T enh, VOTh-T el
as the compositions
VT S ST e TM 22 T g T,
VO Ty 53(T0) % T 0 TM 25 T @ T,
where ¢ and p are defined in (4.1).

Remarkably, the connections V! and VO are essentially one and the same

thing:

4.8.3. LEMMA. V(XII) = (VOX)II, VO(YII) = (VIY)II for any X € Ty
and Y € 1;.

PROOF. Since

5 2
from (4.5) one obtains
=~ €437 €nMNa eaNp
4.15 Ve, ea = 04 ple, y Sille,  Calln,
(4.15) enCa = Opa 3 2n; ‘s 24 ca 2ny K
Analogously,
~ €sMa €M
ve;lea = p(veﬂ <ao¢ - Z ; ] eﬁ)) = p(Veﬂaa) + Z %p(Veﬂeﬁ')
5 8 g
N €4"a M €ala
= ea + 6,6 —eg — Spa—e€,+ e
25 g %: 2ny 7 T
€l Bl €alln
- at ] & -
B " %: 21 2n; "

Then the required statement follows.
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From now on we use one symbol V to denote the covariant differentials V!
onT,VoonToand V@V on 7 =T, @ Tp.

4.8.4. Metrics on 7. The Egorov metric g gives rise to

(i) an even metric h on Ty, h(X,Y) = ¢g(IIX,5(Y)) for X,Y € 7Ty (note
that g(ILX, 5(Y)) = g(ILX, 5(Y)));

(ii) an odd metric g on 7 as the pullback of g relative to the isomorphism
s : 7T — TM. Note that 7y and 7; are isotropic and g(X,Y) =
9(35(X), Y) = g(s(X),Y) for any X € To, ¥ € 7.

Due to the isomorphism ©%(7;) = ©2(II7*) = A2%(7y*), the metric h on
Ty can also be viewed as an even non-degenerate skew-symmetric form on 77.
Explicitly, h is given by

h(ea,e3) = bapla, h(easeg) =0, hlea,es) = 44ma
while g satisfies
g(eom 65) =0, g(eav eﬁ) = (Saﬁn(iv g(ed7 eﬁ) =0.

4.8.5. Frobenius property. The triple (7,0, §) obviously satisfies g(X,Y)
=0(X oY) for any X,Y € T, where the odd 1-form 6 is defined by § = Po¥, §
being the SUSY-differential and P the parity change functor [Ma3]. In particular,
one has

g(X oY, Z)=g(X,YoZ)
for any X,Y,Z € T (which is a defining property of the so-called Frobenius
algebras [D], [H]).
4.8.6. PROPOSITION. Vh =0 and %ﬁ =0.

PROOF. Let us view h as, for example, a skew-form on 7;. Then
(Ve h)(eareq) = eph(eases) — h(Ve,eaeq) + hlea, Ve, e5)
= daxeplla — 5064€iMa + 50i3€aTli — 59676474
= 30aqita + 50aae4Ma — 30u5ean
=0.
Analogously one checks other statements.

4.9. Odd identity. The e-identity ¢ is said to be flat if Ve =0.

4.9.1. PROPOSITION. Ve =0 & > 4 Na = const.

PROOF.
~ €l Do Calli il
Vo (Lea) = X ey - ol o 3
a ,3 B M ﬁ B
= ’I’}[u — 720‘ ednﬂ 6,‘11 = 76,&(204 nd)eﬂ = 0

W 2m 2,
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4.9.2. PROPOSITION. Flatness of € implies flatness of e, or equivalently,
Z ng = const = Z T = const.
& a
PrROOF. We have
an = const & 65'(2%4) =0en= Z €alls
& a Gra#B
=Y mp= Y ean;=0.
B &, B:6£ 0
4.9.3. Orthogonality of flat identities. In the presence of an Euler
field, the flatness of the odd identity ¢ implies that either D = 3/2 or ¢(e,¢) is

identically zero, i.e. the even and odd identities €, € (TM,0) are everywhere
g-orthogonal. Indeed,

o0 =g( L ow ;) =S
=) T4

while Proposition 4.9.1 and equation (4.12) imply (D —3/2) >, na = 0.
Since g(e,e) = g(s(e),e) = g(€,e), one may reformulate the above observa-
tion as the g-orthogonality of the identities (e, e) € (7, 0).

4.10. Uniqueness and flatness of V. The main justification for intro-
ducing the connection V comes from the following result.

4.10.1. PROPOSITION. Let M be a semisimple pre-Frobenius supermanifold.
Then the associated connection V is flat if and only if VU satisfies the equation
(4.3) and

(4.16) Z eV = €uYuw + €V
BB,
for all pp #v.
PROOF is a straightforward but lengthy calculation.

4.10.2. COROLLARY. Let M be a semisimple pre-Frobenius supermanifold.
If the associated connection V is flat, then M is semisimple Frobenius.

PROOF. By Proposition 4.5.3, it will suffice to show that equation (4.16)
implies equation (4.4). This is established by the following calculation:

Z DoV = Z ealyViw = 2 Z eaep Yo + 2 Z €apVjw
o &8 & &
= de Y — 2 Z en(eayun) +4e, v — 2 Z ei(ea V)

= de, Vi — 24 (20w + 2€0v00) + A€y — 2€5(2€,Vu0 + 2€0Yi)
= — 4(6;16[, + 6[,6#)’7/21', =0.
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4.10.3. COROLLARY. Let M be a semisimple pre-Frobenius supermanifold.
If ¢ is flat and ¥ salisfies the equation (4.3), then V is flat as well (implying
that M is Frobenius).

PRrROOF. Assume eﬂ(ZB 776) = 0, or, equivalently,
b= Z €45
B:6#n
Then

T ows 8 T S
B:B# P B:B# 4,1 B:B# D B:8#v
-y e 6577'/ eny  nuleans) — mu(eans)
Fh 23/ 2\/% /MM Mo /M0
evlyy entls  nuleans) — nuleans)
2V 2MaTe A/t Ane /Mt
= €uYuw + €Y,

so that the equation (4.16) is satisfied.

For later use we give the following characterization of v:

4.10.4. PROPOSITION. Let M be a semisimple pre-Frobenius supermanifold.
A linear connection V : Ty — T* @ T satisfies the conditions

(a) Vh=0,

(b) Ve,ea + Vesen =20uVe, 4,

(c) h(veﬂem%) =0 forany 1 # & # B # [,
if and only if it is given by (4.15).

PrROOF. Define A ap 88
A
_ R&p
Veﬂed = Z %6[3
B
Then
(a) & eunadyp = %(Auaﬁ + A sa)
(b) & Auap T D4 = 20685
(c)@Aﬂdﬁ-:Oforallu#a%ﬂ#ﬂ,
implying that the only non-vanishing components of A ap are
Apaa = Dpap = Daap = ealla-

Hence
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€ ATk
Z 25 a% for o1 = &,
N 77,3
Ve, €6 = B
€ulla €ulla €nlla €alln . .
eq + = e — e, for &,
QT]Q o 27]}1 " 27]0, @ 2’[7# " H 7&

implying V = v.

5. Supersymmetric Schlesinger equations

5.1. Meromorphic connections with logarithmic singularities. Let
M be a complex supermanifold equipped with a SUSY-structure (4.1) and let
F — M be a locally free holomorphic sheaf on M. Keeping in mind semisimple
Frobenius structures, we also assume that M comes equipped with a monomor-
phism © : 7y — A27; which, as explained in 4.4, canonically extends any covari-
ant differential V : F — 77" ® V to a linear connection on F.
Let D be a complex super-submanifold of M of codimension 1|0.
Assume first that D is irreducible and that the associated divisor line bundle
[D] is free. Let f be a global basis section of [D]. A holomorphic covariant
differential
V:F-T'®F
on M\ D is said to be a meromorphic connection with logarithmic singularities
along D if there is a holomorphic covariant differential
ViF-T'®F
on M such that
/ of
V-V =A—
f
for some even holomorphic section A € HO(M, F @ F*).
Note that

(a) this definition does not depend on the choice of a particular trivialization
f of [D] and hence can be appropriately localized and generalized;

(b) the section A restricted to D does not depend on the choices made and
hence gives a well-defined element of H(D, F ® F*) which is called the
residue of V at D;

(c) for any local trivialization f of [D], the connection V induces a holomor-
phic residual connection VP> on F|p associated with the holomorphic
covariant differential V'|p = (V — A%HD; if V is flat, then so is VP»/
for any f. '

5.2. Universal isomonodromic deformation. Consider C*" with its
natural SUSY-structure 7; € 7C"" spanned by the vector fields eq = 94 +
0%0,, where (u®, %) are natural coordinates. Let B be the universal covering of
Crin\ (ue — uB — 9498 = 0), where pairwise distinct integers o and 8 run over
1,...,n.
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Consider a supermanifold B x P! with the direct product SUSY-structure,
and denote by ﬁa the inverse image in B x P!I' of the submanifold A\ — u® —
£0% = 0 in C"" x P where (),£) are natural coordinates on a big cell of
P!, Furthermore, define Do = B x 00 C B x P!, where oo stands for the
codimension 1|0 submanifold of P!I* given by A = 0, where A = 1/A.

With any given point (2§, 65) € C™™ one may associate an embedding

io : P — Bx P (X&) — (25,65, ), 6).

5.2.1. THEOREM. Let F° be a locally free sheaf of rank plg on P and
let VO be a flat meromorphic connection on it with logarithmic singularities at
Us_, DY U oo, where DY C P is given by A — ug — €05 = 0. Then there exists

a locally free sheaf F of rank p|q on B xP'* and a flat meromorphic connection
V on it such that

(a) V has logarithmic singularities at Do, a =1,...,n, and Duo;
(b) there is a canomnical isomorphism i : if(F,V) — (F°,V9);

(c) the data (F,V,i) are unique up to unique isomorphism.

COMMENT ON THE PROOF. According to Penkov [P], a pair (£, V) consisting
of a locally free sheaf £ on a supermanifold M and a flat holomorphic connection
V on £ is uniquely determined by the associated monodromy representation of
71 (Mieq) on Eeq. This together with the observation made in 2.2.2 about the
isomorphism of the first homotopy groups of the underlying classical manifolds
immediately implies that there is a pair (F,V) on B x P\ (J_, Do UDy)
such that the statements (b) and (c) are true outside singularities.

Using a straightforward generalization of Malgrange’s original arguments,
one may extend (F,V) to B x P! in such a way that (a)—(c) hold.

5.3. Supersymmetric Schlesinger equations. In this subsection we will
assume that F* = T ® Opij1 where T is a vector superspace of dimension plq.

Using the semicontinuity principle as in Section 2.3, one may show that there
is an open subset B’ C B such that F is free on B’ x P!I'. Moreover, one may
identify F on B’ x P! with T'® Op/pin compatibly with the corresponding
trivialization of F°. Indeed, one may first trivialize F along 500 using the
residual connection, and then take the constant extension of each horizontal
section along P'I'. Since

S(u” —A—07¢) = (6" — £)d(¢” ~€),

in the chosen trivialization F|g/ ypin = T @ Op/yprin the covariant differential

V must be of the form

"OAL 07 —€) .
(5.1) V=6+ ——d(0" —§)
;u —A—07¢

for some even meromorphic sections A, € H°(B, F @ F*).
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5.3.1. THEOREM. The connection (5.1) is flat if and only if

5.2 A, = —Jﬁ;ﬁ;—A A

() € V__u/‘—u”—eﬂe"’[ 1) l/]’
oi — v

(5:3) it = 2 =g P A

or, equivalently,
d(ut — u” — 6°0”)
(54) dAH - Z# utt — u’ — rgY [AI»H Al/]
Rz
where d is the usual exterior differential on B.

PROOF is straightforward. The equations (5.2) and (5.3) are called super-
symmetric Schlesinger equations.

5.4. From Frobenius supermanifolds to strict special solutions of
Schlesinger’s equations. Let M be a semisimple Frobenius supermanifold
with an Euler field E and flat identities € and €. Define an even linear operator
V : Ty — T; as follows:

V(X)=pi1(VxE)—1(D—-1)X forany X €Ty,
where V is the Levi-Civita connection and p; : 7M — 77 defined in 4.8.2.

5.4.1. THEOREM.

(a) Let fo =ea/\/Ma. Then
(5.5) V(fd) = Z {Gd'yﬁ-d + uﬁ%%d - udadvd[; + Z u”e;y'yde] fﬂ
B:B#£c rvFa,B
(b) V is symmetric relative to h, i.e.
rV(X),Y)+h(X,V(Y))=0 forany X,Y € T;.
(c) VYV =0.
(d) V() = =2Le.

PRrROOF. (a) and (c) follow from a straightforward calculation which we omit,
while (b) immediately follows from (4.9) and (5.5). To check (d), note that
V(e) =p1(VeE) = 5(D - 3)e =p(Vee +[6, E]) — 5 (D — 1)e
3—2D
e—i(D-1)e= T

5.4.2. The structure connection. Let M be a semisimple pre-Frobenius

1
2

supermanifold with canonical coordinates (u®,#%), and let M be a (n+1|n+1)-
supermanifold M x P\ (u” — X — 67¢ = 0) equipped with a product SUSY-
structure

T = span(eq, e¢) C M,
where e = 0/0¢ 4+ £€0/0N. Let pr : M — M be the natural projection and
define Ey := " u®es and By =) _0%4.
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The following theorem introduces a so-called structure connection on pr*(7;)
C 7, which associates with any semisimple Frobenius structure a l-parameter
solution of Schlesinger’s equations.

5.4.3. THEOREM. For any X,Y € pr—Y(T1) C Ty put
(5.6) VxY =VxY —(V4cxld)(Ey—A+£E) ‘e (E —£)eXeY
(5.7) Ve Y =(V+kld)(Ey—A+{E) e (B —§)eY.
where k € C. If M is a semisimple Frobenius supermanifold with an Euler field
and flat identities € and €, then V is a flat connection on pr*(7T1) C Ty for any k.

PRrROOF. If X =e; and Y = eq4, then equations (5.6) and (5.7) take the form
V(ea) + real (0% =€)

Ve, €6 = 6(5,16@ +dap

p u _)\_9d€ ’
o [Vlea) Freal(8% =€)
Veeta = = e TN gag

Then, by Theorem 5.3.1, it will suffice to show that under the conditions
stated in 5.4.2 the matrix-valued fields

AL = —0saVas + O]
satisfy, for any x € C, the Schlesinger equations
o — 6

- . . . . 9;1 _ 01‘/ .
(5.9) e”Aﬂﬁd +T0 AN — FZdA,,ﬁs = Z u—[Aua Au}ga

(5.8) €A S + rf_j AL~ A T = — (A, A5, n# v,

pno- THe M_uu_gpgz'/
ViVFEL
where
€N ean €57
1"/3 — ok _ [ad S
T T

are the coefficients of the connection 6, and Vs are the coefficients of the
operator V in the basis eg.
It is not hard to show that equations (4.9) and (5.5) imply, for u # v,
0" — 0" v, Gl
ukt —u¥ — Qg H 2
which in turn implies that the terms of order x° in (5.8) and (5.9) are all equiv-
alent to the equation VV = 0 which follows from 5.4.1(c).

Since there are no terms quadratic in & in (5.8) and (5.9), it remains to show
1

that the terms of order s
(5.8) are

cancel. Indeed, the terms linear in x on the Lh.s. of

. . ealls
—6uargd + 6VBF5(X = (61’0‘6#/8 o 5/”“161/'6)?7
"3

while the terms linear on & on the r.h.s. of (5.8) are
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9t _ v €alls
— o gge (" Ova0us Vo + 8uaduVin) = (vadus — 5ua5uﬁ)%~

Analogously one checks that the terms linear in x in (5.9) also vanish identically.

5.5. Strict special solutions of Schlesinger’s equations. Consider the
supermanifold M = C"!" with canonical coordinates (u®, %), a (p|q)-dimensio-
nal vector space T and a set of even holomorphic matrix functions 4, : M —
End(T), v =1,...,n, such that the Schlesinger equations (5.4) are satisfied. In
particular, summing (5.4) over v and setting W =) A,, we find dW =0, i.e.
W e End(T).

Theorem 5.4.3 motivates the following definition (cf. Section 2.4):

5.5.1. DEFINITION. A solution to Schlesinger’s equation as above is called
strict special if
(a) rank T = O|n;
(b) T is endowed with a complex non-degenerate skew-symmetric form h €
AX(T);
(¢) W= -V —«ld, where x € C is an arbitrary parameter and V € End(T)
is an even operator symmetric with respect to h;
(d) for any v,
(5.10) A, =—-V+«kld)P,,
where P, : M — End(T) is a set of even holomorphic matrix func-
tions whose values at any point of M constitute a complete system of
orthogonal projectors of rank 1 with respect to h:

(5.11)  P,Py=6,P,, Y P,=Idy, h(ImP,,ImP,) =0 if u+# v;
(e) there is a vector € € T such that
3-2D
(5.12) V() =

4
for some D € C and e, := P,(e) are nowhere vanishing on M.

9

Theorem 5.4.3 says that with any semisimple Frobenius supermanifold there
is canonically associated a strict special solution of Schlesinger’s equations.

5.6. From strict special solutions to Frobenius supermanifolds. Let
(M, T, h,A,, ) be a strict special solution of Schlesinger’s equations.

5.6.1. THEOREM. These data come from the unique structure of semisimple
split Frobenius supermanifold on M, with Euler field and flat identities € and €.

PROOF. Put e, = P,(e) € T ® O and identify Oy @ T with Ty € TM
by setting e, = 0/00” + 0”0/0u”. This transfers h from T to 7;. Define
N = h(es, eq). Define the multiplication in 7M by the formulae 4.3.2.
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To prove Theorem 5.6.1 it will suffice to show that 1) 75 = es ¥ for an odd
function ¥ (potentiality); 2) W satisfies the Darboux—Egorov equations (4.3) and
(4.4) (flatness of the Egorov metric); 3) the equation (4.12) is satisfied (Euler
property); 4) the equations (4.9) and (4.10) are satisfied (flatness of ). That
the condition ), 14 = const (flatness of ¢) is satisfied follows immediately from
the definition of 74 and the fact that >, ns = h(e, €).

STEP 1 (potentiality). Since
Zed = ZP(X(E) =1Id(e) =¢

and h(ImP,,ImPg) = 0 if a # 3, we have hs = h(e, es) and hence, in view of
5.5.1(c),(d),
(5.13) h(g, Ay (e)) = —=h(e,(V + k1d)e;)

3—2D — 4k

=h(V(e),e;) — kh(e,e;) = —y

Let V be the unique flat connection in 77 ~ T X M which makes constant
sections of T' x M horizontal. Obviously, v preserves h and satisfies Ve = 0.
Then differentiating (5.13) we find, for every u # v,

(5.14) %ew = W(Ve 6, Ave) — hle, Ve, (Ase)) = h(e, (e A)e).
Since, in view of (5.2),
6" — ov

e.A = - -
pey ut — ¥ — Orgv

A, Al = —es A Yu#u,
we find
ey +epny =0 Yu#v,
or, equivalently,
epny + eony = 20p5my Vi, v,
where 7, = e;n,;. Analogous calculations, involving Schlesinger’s equations
(5.2) and (5.3), show that
ety — Ounp =0, Ouny — Oynyu = 0.
Finally, defining the 1-form w = Y _[d0%(ns — 09n4) + du®n,], it is straightfor-

ward to check that the latter three equations are equivalent to dw = 0. Hence
w = d¥ for some odd function VU, i.e. 14 = eg V.

STEP 2 (flatness of the Egorov metric). Let ¥ be as above and ¢ the associ-
ated Egorov metric. Let us prove that g is flat.

By Corollary 4.10.2, it will suffice to show that the flat connection V co-
incides with the connection (4.15), i.e. that V satisfies all three conditions of
Proposition 4.10.4. The condition 4.10.4(a) is obviously satisfied. Since k is
arbitrary, we may assume without loss of generality that W is invertible and
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rewrite Schlesinger’s equation (5.2) in the form
0" — 0”

e-P = -
pov ut — uv — rgr

WAL, AL
Then for every i # © we have
Ve, +Ve,en = Ve, (Pye) + Ve, (Pue) = (euPy)e+ (e Py)e
6" — o” _q
= - A A,
u“—u”—@%‘”w [Aps Avle
6” — o~ 1
-—— WA, A
u¥ — ut — HVWW [ nle
= ()7
or, equivalently,
Veﬂe,; + Veﬁeﬂ = 25[“~,Veﬂeﬂ V/J, V.
Thus, it remains to check the condition 4.10.4(c) for all 4 # © # & #
o~ — 0”
h(Veﬂel-,, ed) = h((eﬂPl,)E, Pac‘f) = —m

e p )+ P ) Pag) = 0.

Cuk — oy — Qg
This establishes the flatness of the Egorov metric.

hW ™A, Avle, Pag)

STEP 3 (Euler property). Schlesinger’s equations (5.2)—(5.3) imply
EA, = Z (u“@ltAu + é@ﬂeﬂAy> +u"9,A, + %GDEpA,)

HipFy

ut[A,, A, 01 (07 — 07)[A,, A,
3 (_ [ ] ( i ]

M_V_;ll'/_ w_ v _ Qv
o ut —u¥ — 0rf 2(ut —u¥ — 0197)

u’[A,, A . 67 (07 — Gf‘)[AV,AM]>

u’ — ub — gL 2(u” — ut — GvH~)

— Y Al

HipFEY
Then, using (5.13), we find
3—-2D -4k

En, = h(e,(EA))e) = —h<5, Z [AM,AU}e)
HipFEY
=—h(e,[V+rld,(V+kId)P,]e)

_ /3-2D\(3-2D—dx\
- 2 1 o

Hence Eny, = (D —3/2)n;.
STEP 4 (flatness of €). One finds from (5.14) that
3—-2D -4k, , o . 5
0" = 0)euns = (0" — 0)h(e, (epA)e)
9;1 _ 91)

Tyt — u¥ — QRgv

4

=—(0" — eﬂ)h(g [AM,A,,]a) =0.
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Hence equation (4.9) is satisfied. Analogously one checks that (4.10) is valid as

well.

This completes the proof of Theorem 5.6.1.
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