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EXISTENCE RESULTS FOR RESONANT
PERTURBATIONS OF THE FUCIK SPECTRUM

DaviD G. CosTA — MABEL CUESTA

1. Introduction

1.1. Let 2 be a bounded smooth domain in R™, m > 1. The so-called
Fucik spectrum of —A on £ with Dirichlet boundary condition is the set ¢ =
B (HE(Q)) of all pairs (o, ) € R? for which there exists a nonzero solution of the
problem

P)(an) —Au=Muy —au_, u€ Hy(Q),

where u; = max{u,0} and u_ = uy —u (see [Fu], where this notion of spectrum
was introduced). In this way, when (a, \) € Xg, problem (P),, ) will be called
a resonant problem and it is clear that Xy contains the lines R x {A\;} and
{A1} X R as well as the points (Ag, Ag), where 0 < Ay < Az < ... are the distinct
eigenvalues of —A on H}(Q2). Also, in the one-dimensional case m = 1 (say, with
Q= (0,T7)), it is easy to see that ¥ is the union of the two lines R x {\1} and
{A1} x R and the curves

Ty ={(a,\) € R | n/Va+p/VA=T/r},

where Ry = {x € R | z > 0}, n,p > 1 are integers with |n —p| = 0 or 1, and
n + p > 2. The situation in the case of a general domain Q2 C R™ is much more
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delicate and only a few general facts are known about 3y (cf. [Ca, Da, dF-Go,
Ga-Ka, Ma, Ru]). Among other results, [Da] shows that the lines R x {\;} and
{A1} x R are isolated in ¥y, and [dF-Go] shows that

So=Rx {M}U{M}xRUC U]

where Cy = {(a(r), A(r)) € R? | 7 > 0} is a continuous, strictly decreasing curve
asymptotic to the lines {\1} x R and R x {\1}, with a(r) > Ay and A(r) > N\
for all 7 > 0, and where the set X} is contained in the component of R? \ Cs
to which the point (A1, A1) does not belong. Recently, we learned about the
results of [Sc3] which, extending the methods of [Cal, provide the most complete
description of the Fucik spectrum and complement all the previously known
results. In particular, it is shown in [Sc3] that there exist decreasing continuous
curves Cy1 and Cp 2 passing through each eigenvalue Ay (with Cn o above
Cn .1, and possibly coincident) such that, in each square Ay = [An_1, An+1] X
[AN—1, AN+1], there are no points in the Fué¢ik spectrum inside Ay lying below
Cn, or above Chy a.

1.2. In this paper we consider perturbations
(P) —Au= My —ou_ +g(z,u), ue H(Q),

of the resonant problem (P)q, >\) with (a A) € C which are also resonant in the
sense that the primitive G(z, s) fo x,0)do satisfies

(R) lim 2G(z,s)/s> =0 uniformly for a.e. € Q.

|s]—o0

Keeping in mind the situation a = A = Ag with g(z, s) = g(s)+h(z), h € L>=(£2)
and g(s) having finite limits g(+00) = lims_, 4o g(s) which satisfy +g(£o0) > 0,
g(—00) < g(s) < g(o0) or £g(£o00) < 0, g(oo) < g(s) < g(—o0) (Landesman—
Lazer [L-L] situations), it is clear that additional conditions are necessary for
(P) to have a solution. Here, we assume that G(z, s) is nonquadratic at infinity
([Co-Ma2]) in the sense that either (NQ); or (NQ)_ below holds:

(NQ) .. lim [sg(z,s) — 2G(x,s)] = £oo uniformly for a.e. z € Q.

|s]—o00
We note that the Landesman-Lazer situation recalled above automatically sat-
isfies (NQ)_ when +g(£o00) > 0 holds [resp. satisfies (NQ)1 when +g(£o00) <0
holds] and |h|e < min{|g(4+00)|,|g(—00)|}. We also note that (NQ)s allow
many situations where

0= lim g(x,s)/s <limsupg(z,s)/s = oo,

[s|—0 |s|—o0

for which one has crossing of infinitely many eigenvalues (see Section 4). In this
respect, our result will complement and extend other results in the literature on
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resonant and double-resonant problems (e.g. [Co-0l], [Co-Mal,2], [Cu], [Cu-Go],
[dF-Go], [dF-Mi], [dF-Ru], [Gn-Mi], [Mw-Wd-Wi], [Sc1,2], [Si1,2], [So]).

Our approach is variational and is motivated by the works [Co-Ma, Cu, Cu-
Gol. Throughout this paper, the perturbation g : Q@ x R — R is assumed to be a
Carathéodory function with subcritical growth, that is,

(SG) lg(z,5)| < ag|s|P~t +by forae z€Q, scR,

for some ag,bp > 0 and 1 < p < 2m/(m —2) if m > 3 [resp. 1 < p < o0 if
m = 1,2]. So, the weak solutions of (P) are precisely the critical points of the
associated C!-functional I : H}(Q2) — R given by

1

(1)  I(u) = 3 /Q(|Vu|2 — At —au?)dz — /QG(J;,u) dz = q(u) — N(u).

In Section 2 we prove

THEOREM 1. Let (a,\) € Cy. Under conditions (R) and (NQ), problem
(P) has at least one weak solution u € H} ().

1.3. From a variational point of view, the geometry of the function I is such
that it is anticoercive on the one-dimensional subspace (¢1) spanned by the first
eigenfunction of —A on H}(2). On the other hand, as a consequence of (NQ)
and of the variational characterization of Cy given in [dF-Gol, the functional I
is bounded from below on a corresponding cone M C HE () of codimension 1
which “separates” t¢; and —t¢; for all ¢ > 0. Moreover, either nonquadratic-
ity condition (NQ)4 or (NQ)_ implies (cf. [Co-Ma2]) a compactness condition
of Palais—Smale type [Ce], so that a variant of the Saddle-Point Theorem of
Rabinowitz [Ra] can be used to prove existence of a critical point for I.

Now, when the nonquadraticity condition (NQ)_ is assumed instead of
(NQ)+, the functional I turns out to be anticoercive on any two-dimensional
half-space (¢1) ® Riv where v is a nonzero solution of (P)(4,x). The variational
characterization of Cy in [dF-Go] provides one such v, but there is no known way
(cf. Section 4) of determining all these “generalized eigenfunctions” of (P)(q,x)-
This information is clearly needed for the geometry of the functional in order
to possibly apply some higher linking variational result. Moreover, although the
Fucik spectrum is explicitly known in the one-dimensional situation, no varia-
tional characterization of that spectrum is known under Dirichlet boundary con-
ditions. When periodic boundary conditions are assumed instead of the Dirichlet
condition, the corresponding Fuéik spectrum has been characterized by [dF-Ru]
using variational methods. Therefore, we will next consider the corresponding
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one-dimensional problem under periodic boundary conditions
—u" = duy — au_ + g(z,u),

(P u(0) = u(2m),
u'(0) = ' (2m),

and prove in Section 3 the following:

THEOREM 2. Assume (a,A) € Cn, N > 2 and that g satisfies (R). Then

(a) if (NQ)4 holds, then problem (P)y has at least one solution;
(b) if (NQ)_ holds and o > Ay_1, A > An_1 then (P); has at least one
solution.

2. The Dirichlet problem

In this section we prove Theorem 1. The proof will be a consequence of
Theorem 2.1 and Corollary 2.5 below.

2.1. We start by recalling a compactness condition of Palais—Smale type
introduced by Cerami [Ce] (see also [Ba-Be-F], [Co-Ma2|, [Gn-Mi| for applica-
tions). Let (X, || -]|) be a real Banach space. A functional I € C'(X,R) is said
to satisfy condition (C) at the level ¢ € R if the following holds:

(C) Any sequence (u,) C X such that I(u,) — cand (14 ||u|]) |1’ (u,)|| — 0

has a convergent subsequence.
If (C) holds for all ¢ € R we say that I satisfies condition (C).

In [Ba-Be-F, Theorem 1.3] it was shown that condition (C) suffices to get
a deformation theorem. Then, by standard minimax arguments, the following
critical point theorem holds true (see [Mw-Wil).

THEOREM 2.1 [Mw-Wi]. Let I € CY(X,R) satisfy condition (C). Assume
that there exist a compact metric space K, a closed part Ko C K and a map
ho € C(Ky, K) such that

(2.1) max I(ho(2)) < maxI(h())

foranyh el ={he C(K,X)|h|lk, = ho}. Set

c¢=inf max I(u).
heT ueh(K)

Then c is a critical value of I.
2.2. Let us now consider X = H} () and the functional I defined in (1.1)

associated with problem (P). We have the following two analogues of Lemmas
1.2 and 3.1 of [Co-Ma2].
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LEMMA 2.2. Assume that g satisfies (R) and either (NQ)4 or (NQ)_. Then
I satisfies condition (C).

PROOF. In view of the growth condition (SC) on g, it suffices to show that
“(C)-sequences” are bounded. Assume that (NQ)y holds true (the proof under
(NQ)- is analogous). By contradiction, suppose that I does not satisfy condi-
tion (C) for some ¢ € R. Then there exists a sequence u,, € Hg(f2) such that
I(uy) — c and |[I'(un)|| - |un|l — O but ||u,|| — co. Hence

(2.2) lim [ (g(x,up)un — 2G(z,uy,))de = lim (2I(u,) — (I'(un), un)) = 2c.

n—oo O n— oo

On the other hand, we claim that there exists some subset 5 C 2, with
|| > 0, such that |u,(x)| — oo for a.e. x € Q. To prove this claim, consider
the sequence @, = u,/||u, || that converges to some % in the weak sense in H{ (£2)
and strongly in L?((2). By Fatou’s lemma and condition (R), we have

. 1
hrrlnjotip a2 /Q G(z,un(z))dz <0

and, consequently,

1
0= lim ——=1I(u,) >

1 ~ -~
n

Hence © # 0 and it suffices to choose Qp = {z € Q | u(x) # 0} to prove the
claim.

Now, using hypothesis (NQ); we obtain

lim [g(z, un(2))un(x) — 2G(z,upn ()] = 00 for a.e. z € Q.

n—oo

Moreover, since (NQ)4 and (SG) imply that
g(x, up)un(z) — 2G(z, un(x)) > —M for ae. z € Q,

for some M > 0, we conclude that

lim inf/(g(x,un)un —2G(z,uy)) dx
Q

n—oo

> liminf/ (9(z, up)un — 2G(x,up)) de — M|Q\ Qo] = oo,
Qo

n—oo

which contradicts (2.2). O

LEMMA 2.3. Assume that g satisfies (R).

(a) If (NQ)y holds then lim|y o G(x,5) = —00.
(b) If (NQ)_ holds then lim; o G(z,s) = oo.
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ProOOF. (a) By (NQ)4, given M > 0 there exists sps > 0 such that
(2.3) g(x,8)s —2G(x,8) > M V|s| > sy, for a.e. z € Q.

Using (2.3) and integrating the identity

<1cx%@):guﬁp—zcwﬁ)

ds 52 53

over [s,3] C [sar, 00| gives the inequality

G@$G@@>M<1 1)

52 2 = 2

so that, in view of (R), we obtain

G(x,8) < —M/2 Vs> sy, forae xeQ.

Analogously we prove that G(z,s) < —M/2 for all s < —s); and a.e. x € .

Since M is arbitrary, we conclude that (a) holds true. The proof of (b) is similar

and we omit it.

2.3. We shall use these two lemmas to study the geometry of the functional

I in the next proposition. We recall that, according to our notation, ¢; is the

positive eigenfunction associated with the first eigenvalue A\; of —A in H{ ()

and satisfying ||¢1(2 = 1.

PROPOSITION 2.4. Assume (R) and (NQ)i. Consider the subspace V =

(¢1) and the cone
M = {u € H}(Q) ’ / usdy de = =M / U_ 1 dx}.
0 A=A Jo

(1)l —oouev I (u) = —00;
(ii) infuep I(u) > —o0.

Then

PrOOF. (i) Let u = t¢y, t > 0. We have

I(u) = 7t2>\1 /Gxtdh

Since lim|g| o0 2G(z, 5)/s* = 0 uniformly for a.c. z € €, it follows that, for any
e > 0, there exists M > 0 such that 2G(x,s) > —es®> — M for all s € R. Hence

1 t2
I() < 5200 - X) + 54 0l
Similarly, for u = t¢, t <0, we find
et?

1
I(U)S §t2()\1 )+7+*|Q|
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Therefore, by choosing 0 < ¢ < min{a — A1, A — A1} we obtain

lim I(tg1) = —oc.

[t| =00

(ii) We shall use the following property of the set M (cf. [dF-Go)):

(2.4) /|Vu|2da:2)\/u3_dx+a/u2_dx Yu € M.
Q Q Q

Notice that (2.4) is equivalent to the estimate g(u) > 0 for all w € M. On the
other hand, since lim,|_o G(z,s) = —oc uniformly for a.e. z € Q (cf. Lemma
2.3(a)), there exists M > 0 such that G(z,s) < M for all s € R and a.e. z € Q,
hence

N(u) < M|Q| Yue H} (),

and we finally obtain the estimate
T(w) = g(u) - N(u) > ~M|Q| Vu € M,
which proves (ii). O
COROLLARY 2.5. There exists T > 0 such that

max{I(T¢1), [(—T¢1)} < }izrelgterflfal),(l] I(h(t)),

where A = {h € C([-1,1], H}(Q)) | h(£1) = £T¢1}.

REMARK 2.6. We apply Theorem 2.1 to the functional I with K = [-1,1],
Ky = {£1} and ho(£1) = £T'¢; (i.e., the “mountain pass” result of Ambrosetti—
Rabinowitz) to conclude that

= inf I(h(t
¢= inf max I(h(t))

is a critical value of I.

PROOF OF COROLLARY 2.5. By Proposition 2.4(i) we can choose T > 0
such that

max{I(T¢1),[(-T¢1)} < 13{4[(11)
Let h € C([—1,1], H}(Q)), h(£1) = £T¢;. It is easy to check that

(/Q (h(1)+—i_;\\1h(1)—>¢1 dx) </Q (h(—1)+—(;\_§:h(_1)_>¢1 dm) <0,

Then, by continuity, there exists some ¢ € ]—1, 1] such that

/Q (h(t)+ - (;f_ith(t))% dz =0,
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i.e., h(t) € M. Therefore, we have

Jnax, I(h(8)) = I(h()) = nf I > max{I(T¢1), I(=T1)},

which concludes the proof. O

3. The periodic problem

3.1. In this section we consider the periodic problem

{ —u(t) = My (t) — au_(t) + g(t,u), te€]0,2n],

(P), B e
u(0) = u(2mw), «/(0) =u/(27),

where g satisfies the regularity and growth conditions of Section 1.

We shall assume here that (a, \) € X, the Fucik spectrum in the periodic
case. This spectrum can be easily computed to be the union of the two lines
R x {0} and {0} x R and the sequence of curves C given by

Cn = {(e,\) €R2 | 1/V/a+1/YA=2/(N—-1)}, N>2.

We recall that Ay = (N — 1)2, N € N, is the sequence of eigenvalues of
(—u”, [0, 27]) with periodic boundary conditions. Notice that, according to the
previous notation, the point (Ax, Ay) belongs to Cy for all N > 2.

Let us denote by Hj,_ the subspace of H*(0,27) consisting of the 27-periodic
functions. As in the Dirichlet case (see Section 2), we associate with problem
(P); the functional I : Hi — R defined by

where ¢ = q(qo,») is the quadratic form

q(u) = 5([W113 = Mut 3 — allu—13)

and N is the nonlinear functional
2
N(u) = G(t,u(t))dt, we H,,..
0

3.2. It can be easily checked that Lemmas 2.2 and 2.3 also hold in this
periodic setting, for any (o, A) € X,. In order to describe the geometry of the
functional I under hypothesis (a) or (b) of Theorem 2, we will make use of the
results in [dF-Ru] concerning two variational characterizations (v.c. for short) of
the set X,. We briefly recall these results and introduce some necessary notation.

First v.c. Set M = {u € Hi_| |lull2 = 1}. Let (a,\) € Cy, N > 2. Then

(3.1) 0= AleanN max o) (W),
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where
I'v ={A C M | Ais compact, invariant and yo(A4) > N — 1}.

Here “invariant” means invariant under the group of translations Tp, 6 € S!
(=R/27Z), which is defined as follows:

To(u) =u(@+-), ueH,,.
The map 7o in the definition of T'y is the “relative S'-index of Benci” (cf. [Bs-
Ls-Mn-Rul).

Second v.c. We denote by S, the sphere of RxCF with respect to the euclidean
norm. That is,

k
2> =2+ |zl = 1},

i=1

Sk:{z:(x,zl,...,zk)eRx(Ck

and we set
So={-1,1}.
On R x C* consider the following S'-action:
So(x,21,. .., 21) = (z,e%21,...,e"2), 68,

and observe that Sy(Sy) = S, for all 6 € S1.

From now on we will use the same notation Sy for the action defined above
regardless of the number of components k, k € N.

Let (a, A) € Cn, N > 2, be given. Let hg : Sy—2 — M be a continuous map
satisfying!

(i) hoo Sp = Tp o hg Vo € S,
(3.2) (ii) ho(x,0,...,0) == Ve € RN Sy_q,
o < 0.
) ey fent
Then
3.3 inf a =0,
(3:3) hEll{lN—l uei?(lgifiI Y ()
where S;" = {z = (v, 21,...,2,) € Sk | zx > 0} and

An—1={h e C(Sy_1, M) | hlsy_, = ho}.

3.3. Let us start the proof of Theorem 2(a). It is a consequence of Corollary
3.2 below.

!The existence of such maps hg is also proved in [dF-Ru].
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PROPOSITION 3.1. Assume that (a, A) € Cy and that g satisfies (R) and
(NQ)+. Let ho: Sy—oa — M be any continuous map satisfying condition (3.2).
Then

(i) imp oo MaXyeRAg(Sy_s) I (U) = —00;
(i) If Agp = {h € C(S§_,,H3.) | hlsy_» = Rho} then, for R > 0 suffi-
ciently large, we have the strict inequality

max  [(u) < inf max  I(u).
u€ERhIo(Sn—2) heAr ueho(va,l)

PrROOF. (i) Condition (R) implies that, for any € > 0, there exists M > 0
such that
G(w,s) > —es> — M Vse€R.
For a given € > 0 (to be determined later), we have the estimate
(3.4) I(u) < q(u) + el|ul3 + 27 M.
Let u € Rho(Sn—_2). Then ||ul|3 = R? and, by (3.4),
I(u) < q(u) +eR? + 27 M = R*(q(u/||ull2) +¢) + 27 M,

hence

3.5 max I(u) < R? max v)+¢€)+ 2nM.
( ) u€ERho(SN—2) ( )_ (veho(SNfz)q( ) )

Since by (3.2) we have maxX,cp,(sy_,) ¢(v) < 0, we can choose 0 < e <
— MaXyep,(Sy_s) ¢(v) in (3.4) to conclude, from (3.5), that

lim max  I(u) = —oc.
R—00 u€Rho(Sn—2)

(ii) From Lemma 2.3(a) we deduce that there exists M > 0 such that
G(t,s) <M VseR, for ae. t€|0,2n].
Therefore,
(3.6) I(u) > q(u) —27M Yu € Hj .
Let us fix R > 0 in part (i) so that

max  I(u) < =27 M
ueRhD(SN72)

and set Ag as in the proposition. Given h € Ag, we distinguish two cases:

(a) 0 € h(S%_,). Then

max I(u) > I(0)=0> —27M.
u€h(SX 1)
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(b) 0 & h(S%_,). Consider the map h : S, , — M defined by h(z) =
h(z)/||h(2)||2. Obviously h € Ayx_; and then, by the second v.c.,

max ¢(v) > inf maxq = 0.
veh(SE_,) An-1

We now use (3.6) and the above inequality to obtain the estimate

1 2n M
max (u)# >  max q(u)2 = max ¢(v) >0,
wen(sy_)  llullz ueh(si_y) lullz  vercsi

so that

max [I(u) > =27 M.
u€h(SH_,)

In both cases we have

max [I(u) > —-27M > max I(u),
u€h(SH_,) u€Rho(Sn—2)

which concludes the proof of (ii). O

COROLLARY 3.2. Under the hypotheses of Theorem 2(a), problem (P); ad-
mits at least one solution u € H3 .

3.4. Next we deal with case (b) of Theorem 2, where condition (NQ)_ is
assumed instead of (NQ);. Since, by Lemma 2.3, lim;_o G(t,5) = oo, the
functional I is then anticoercive in any direction v € Ha_\ {0} with ¢(v) <0 or

q(v) = 0. Examples of functions v with g(v) = 0 are the solutions of problem
(P )(a,)\):

" (t) = Ny (t) — au_(t),
(P)(a,A) / ’
u(0) = u(2m), '(0) =u'(2m).
Let us introduce some new notation. Given Aqy,...,Anx_1, the N — 1 first

eigenvalues of (—u”, H3.), and (\,a) € Cy, denote by E;, j =1,...,N —1, the

eigenspace associated with \; and by F' the set of solutions of (P)(q,). We write
Ei =R,
E;j={r¢;(0+-)|r>0,0eS8'}, j>2
F={rv@+)|r>0,60¢eS}

for some (fixed) Aj-eigenfunction ¢; with ||¢;]l2 = 1,¢1 = 1 and some v € F

with |lv]]s = 1. Set E = @;V:_ll E; and assume the following condition (*) on
(o, A) € Cn:

(*) 042)\1\[,1, )\2)\]\],1.

Observe that since (Ay_1,An—1) € Cn we have min{a — An_1,A — Ay_1} > 0.
This condition (x) allows us to prove the following lemma.
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LEMMA 3.3. Let hy : Sy—1 — M be the map defined by

hi(z, retf . ,TN,lewal)
2+ N 2 ridia (0 + ) + rv_1v(On_1 + )
|z + N 2 i1 (0; + ) + rv—10(On—1 + )|z

Then hy is a well defined continuous map which satisfies (3.2). Moreover, there

exists some ¢ > 0 such that
(3.7) q(u) < —c|P(w)|3 Vu € hi(Sy-1),
where P: E+ F — E, P(up+w) = ug forup € E and w € F.

PROOF. Let us prove that hy is well defined. Continuity and condition (3.2)
follow directly from the definition.

We write each u € hy(Sy—1) in the form

) +w

luo + w2’
where ug € E and w € F with |Jug|l2 - ||w|l2 # 0. Then u is well defined if we
show that up+w # 0, i.e. FNE = {0}. This is obviously true when a = A = Ay
because then F' = Ey and it is well known that Exy N E = {0}. In the case
a # ), observe that the solutions w € F' of problem (P)(q4,)) are at most of class
C? whereas the functions ug € E are C*°. Thus again ENF = {0}. Also notice
that ENF = {0} implies that the map P in the lemma is well defined. It is easy
to check that P is continuous.

Let us now prove (3.7). We write the elements u € h;(Sy—1) in the form

u=opug+w, R uge ENM, weF.

Fix up € ENM and w € F. Define the map g : R — R letting g(0) = ¢(ouo +w).
Then (3.7) is equivalent to showing that there exists a constant ¢ = ¢(a, A) > 0
such that

(3.7) g(o) < —co® VoeR.

In order to prove (3.7)" we first state some properties of the function g:

(a) g(0) = g(w) =0, since w € F}
(b) g is differentiable and

27 2T 27
g’<g>=2( / (ouotw)'uly di—\ / (ouotw) 4 uo di+a / (Quo-HU)Uodt);
0 0 0

(c) ¢ is differentiable and

2m
g”(@):2</ u'sdt — ugdt—a/ ugdt).
0 {ouo+w>0} {ouo+w<0}
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As a matter of fact, the differentiability of ¢’ follows from the property below
(see [So] and [Cu] for a proof):

{t | (ouo +w)(t) =0}| =0 Vo €R, Vug € E, Yw € F such that gug + w # 0.

Now, since ug € EN M, we have fo% u dt < An_1 fo% ud dt = Anx_1 and, using

(c), we conclude that

(3.8) g"(0) < 2max{An_1 — \,Any_1 — a}.

Set ¢ = min{a — Ay_1, A — Ay_1}. From condition (%) we have ¢ > 0. Finally,
from (a), (b) and the Mean Value Theorem, we obtain

2

9(e) = 39" (10)0* for some 7 €]0,1],

so that, using (3.8), we conclude the proof of claim (3.7)’. O

LEMMA 3.4. Assume that (a,\) € Cn satisfies condition (%) and consider
h1 defined in Lemma 3.3. Let

A={he C(S]J{,,M) | hlsy_y = hi}.
Then there exists some constant d > 0 such that

inf max u) > d.
heAueh(S;ﬂ)q( )2
Proor. We take a point (o/,A") € Cn41 such that o < o and A < X.
Then, letting d = min{\ — X\, &/ — a} > 0, we have

(3.9) 01) = oy (1) = oy (w) + dul3 Vu € H),

and, therefore,

inf > inf I\ .

inf max ¢ > inf max gas, ) +d
On the other hand, the map h; satisfies condition (3.2) relative to (a/, \'). In-
deed,

max o (u) < max u)—d<0—-d<0
u€h1(SN_1)q( ’)\)( ) u€h1(SN_1)Q( )

since maxyep, (sy_,)¢(w) < 0 in view of (3.7). We can then apply the second
v.c. to (a/,\') to conclude that

0= inf}/\nax Q(a’,/\’)v
and hence, from (3.9), that
inf}\naxq >d. O

We are now ready to announce the following result on the geometry of the
functional I in the case (b) of Theorem 2. The proof of statement (b) in Theorem
2 will follow from Corollary 3.6 of the following proposition.
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PROPOSITION 3.5. Let (o, A) € Cn satisfy condition (x). Assume that g
satisfies conditions (R) and (NQ)_. Then

(i) Bmp— oo MaxXyeph, (Sy_y) L (u) = —00;
(i) If Agp = {h € C(S%,H3,) | hlsy_, = Rh1} then, for R sufficiently
large, we have

max  I(u) < inf max I(u).
uERh1(SNn-1) heAr ueh(S})

PROOF. (i) We know from Lemma 2.3 that lim,_,o, G(t,s) = oo. Therefore,
there exists some M > 0 such that

G(t,s) > M Vs€eR, forae. t,
so that we obtain the following estimate from above for the functional I:
(3.10) I(u) = q(u) — N(u) < q(u) — 27 M.

Now, by contradiction, suppose that (i) does not hold. Then there exist A > 0
and a sequence (my), with my — oo, such that

—-A< max I(u).
u€mphi(Sn-1)

Choose a corresponding sequence of points ug € hq(Sy—1) such that

(311) —A< I(mkuk)

and write mpur = aguok + Wi, ok € ENM, w, € F,ap > 0. We distinguish
two cases:

CASE 1: limg_,o0 a = oo (for some subsequence). Using Lemma 3.3 and
(3.10), we obtain

I(mguy) < —cai —2rM — —oco  as k — oo,

which contradicts (3.11).
CASE 2: (o) is bounded. Write

g Wi W
Uy = —uor +— and v =— € F.
my m my,
We then have
QL
(3.12) lvklle = ||luk — —uo k|| — 1,
my 2

and, noticing that ||w’||3 = A||w |3 + a|jw_||3 for all w € F, we see from (3.12)
that (||vg||) is bounded. Therefore, there exist a subsequence of (vy) (still denoted
by vi) and some vy € Hi_ such that

v — vy in H217r, vy — v in L2.
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Since ay/my — 0 as k — oo, we also have
: 1 T2
up, —=vo in Hy., up—wvy in L".

In particular, [|vgll2 = limg— o [Juk|l2 = 1, so that vg(t) # 0 for a.e. t and,
therefore,

(3.13) mg|ug(t)] = oo as k — oo, for a.e. t.

Finally, using the fact that lim, . G(7,s) = co and Fatou’s lemma, it follows

that
2

N(mpuy) = G(t,mpug(t))dt — oo as k — oo
0
and, hence,

(3.14) I(mpug) < 0— N(mpug) — —o0  as k — o0,

which contradicts (3.11). This concludes the proof of (i).
(ii) Let 0 < € < d where d is the constant in Lemma 3.4. Condition (R)
implies that there exists a. € L' such that

G(t,s) < es® +a.(t) VscR, for ae. t,

so that
I(u) > q(u) = ellull3 = [lac|:-
Fix R > 0 in (i) such that

3.15 I < —
( ) ueRgll?gNﬂ) (u) llacllx

and let h € Ar. We distinguish 2 cases:
(a) 0 € h(S%). Then

(3.16) max I(u) >0 > —|lac:.
u€h(S;\r,)

(b) 0 & h(Sf). Then, defining h : S§ — M by h(z) = h(z)/||h(2)]2, it is
clear that h € A and, therefore,

1
L”;‘s”l > max ¢(v)—e>infmaxg—e=d—¢e >0,
ueh(SY) [[wll3 veRh(SY) A
so that
(3.17) max I(u) > —|lacl-
u€h(SH)

The proof of (ii) readily follows from (3.15)—(3.17). O
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4. Some examples and final comments

In this section, as stated in the introduction, we provide some nontrivial
examples where both the resonance condition (R) and the nonguadraticity at
infinity condition (NQ)+ hold, and yet the nonlinearity crosses infinitely many
eigenvalues. We will also try to illustrate the technical difficulties which may arise
in higher dimensions, even in the particular case of a simple domain Q C R? and
with resonance (from above) at the second branch Cy of the Fucik spectrum.

4.1. We start with some examples (cf. also [Co-Mal).

ExXAMPLE 1. Let ¢ : [1,00] — R be any continuous function such that

/mwﬂﬁ<ag
1

and define H(s) = d + [ (t)dt, s > 1, where d € R is such that H(s) — 1
as s — oo and H is supposed to be extended to the whole real line as an even
function of class C! with H(0) = 1. Then it is easy to see that the function

G(s) = 1(As? +as?)[H(s) — 1]

satisfies conditions (R) and (NQ).. Moreover, one has crossing of all the eigen-
values in the sense that
0= lim g(s)/s < limsupg(s)/s = .
[s|—0 |s|—o0
EXAMPLE 2. Suppose that g : R — R is a continuous function satisfying (R)

and (NQ)., with the quantity sg(s) — 2G(s) tending to co at least linearly, that
is, such that

5(G) = timinf 24 =260) 5

|s|—o0 |s]
In this case, we can think of §(G) as a measure of deviation from quadraticity
at infinity for the function G (clearly, §(G) = oo is possible). Now, consider the
resonant problem

(4.1) —Au =My —au_ +g(u) +h(z), ue H(Q),

where h € L>®(Q) is given. Then, as an immediate consequence of Theorem 1,
we obtain the following:

COROLLARY. Let (a,\) € Cy. Under the above conditions, problem (4. )
a weak solution u € HZ () provided that |h|s < 0. In particular, if 6(G) =
then problem (4.1) has a solution for any given h € L.

We should note that the above result is in the spirit of the Landesman—
Lazer results, as we briefly pointed out in the introduction. In fact, assume
that the limits g(+o0) = lims_ oo g(s) exist and are distinct, say g(—oo) <
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g(00). Without loss of generality (by subtracting and adding the average of these
numbers on the right hand side of (4.1)), we may assume that g(—o0) = —g(o0) <
0. Then, in this context, an analogue of the Landesman—Lazer situation might
state that a weak solution exists provided that

(LL) |hiloo < g(00),

where hy, denotes the projection of h onto the set of “generalized (o, A)-eigenfunc-
tions”.

ExAMPLE 3. Although (as shown above) these situations of nonquadraticity
at infinity partially extend the Landesman—Lazer situations, they do not easily
compare with those of Ahmad-Lazer—Paul (cf. [A-L-P], [Ra2]). Indeed, in the
context of problem (4.1) (with A = 0 for simplicity), an analogue of the Ahmad-
Lazer—Paul situation might state that a solution exists provided that
(ALP) g(s) is bounded and G(£o0) = lim G(s) = 0.

|s|—o0
Consider the following examples of continuous functions g : R — R:

(a) g(s) is odd and such that G(s) = slog(s) for s > 0 large;
(b) g(s) is odd, 4-periodic, and such that g(s) > 0 for 0 < s < 2 and
g(s) < 0 for 2 < s < 4, with fOZg = 4, f;g = -2, ¢g(1) = 1 and
G(1) = 2.
In case (a), it is easy to check that g satisfies both conditions (R) and (NQ)_,
but it does not satisfy (ALP) above, since g(s) = 1 4 log(s) (for s > 0 large)
is not bounded. On the other hand, in case (b), the function g clearly satis-
fies (ALP), while (NQ)+ does not hold since a simple calculation shows that
(45 —3)g(4j —3) —2G(4j —3) = =3 for all j > 1.

Finally, we would like to make a few comments on these resonant Fucik
problems, nonquadratic at infinity, which hopefully will illustrate their intrinsic
complexity when trying to handle them by variational methods in the case of
higher dimensional domains. As we saw in this paper, some specific knowledge of
the Fucik spectrum and of variational properties of the “generalized eigenfunc-
tions” was needed in order to determine the geometry of the functional I and
be able to use min-max techniques. More precisely, when (a, \) belonged to Cs
and (NQ)_ was assumed, we would have resonance from above at (o, \) (since
lim|4| o0 G(x,5) = oo by Lemma 2.3(b)) and, as a result, the functional I was
anticoercive on any two-dimensional half-space (¢1) ® Ryv, with v an arbitrary
“generalized eigenfunction” (i.e., solution of (P)(4,y)). Thus, some precise in-
formation on “all” these generalized eigenfunctions was necessary to handle the
case of resonance from above at Cs. In Section 3, the one-dimensional periodic
problem was considered in general situations of resonance (from below or from
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above) at an arbitrary eigenvalue Ay, precisely because both the Fué¢ik spectrum
and a variational characterization of Cy were known in this case.

Let us next consider one of the simplest possible domains in R?, namely the
unit disc Q = {(z,9) | 22 +y* < 1}. When o = A = )\, (the usual kth eigenvalue
of —A on H{()), it is known (see [Wa] and [A-C]) that Ay = v? where v is a
positive zero of some (unique) Bessel function J;(r) of first kind (I = 0,1,2,...).
Moreover, Ay is either a simple or a double eigenvalue depending on whether [ = 0
or [ > 1, respectively. For a simple eigenvalue, a corresponding (radial) eigen-
function is Jy(vr), whereas, for a double eigenvalue, two linearly independent
eigenfunctions spanning the eigenspace Ny are given by v1(r,0) = J;(vr) cos(16)
and va(r,0) = Jy(vr)sin(ld). Now, in view of the radial symmetry of both the
domain  and the operator —A, given b [0, 27), any of the functions v (-, 0+ s
va (s 0+ -) is again a Ag-eigenfunction (and it is clear from the cosine (or sine)
addition formula how these eigenfunctions are expressed in terms of v; and vs).
On the other hand, when « # A, we still have a whole “continuum” of generalized
eigenfunctions obtained as above by “rotating” any given generalized eigenfunc-
tion v(r, ). However, as the set Fj, of all these generalized (o, A)-eigenfunctions
is no longer a vector space, it is not hard to imagine the technical difficulties
arising from a possible “infinitude” of linearly independent such functions.
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