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TRAJECTORY ATTRACTORS FOR THE 2D
NAVIER-STOKES SYSTEM AND SOME GENERALIZATIONS

VLADIMIR V. CHEPYZHOV — MARK I. VISHIK

To the memory of Juliusz Schauder

Introduction

We are dealing with the non-autonomous 2D Navier—Stokes system
(1) Ou+vLu+ B(u) = g(z,t), (V,u) =0, ulsq =0,

r €N ER?t>0u=ulxt) =) =ul), g =gt) = (¢"¢%) =
g(t). Here Lu = —PAu is the Stokes operator, v > 0, B(u) = PZ?:I ;O U
P is the orthogonal projector onto the space of divergence-free vector fields (see
Section 1).

Consider the autonomous case: g(x,t) = g(z), g € H, to begin with. Suppose
for t = 0 we are given the initial condition

(2) U|t:0 =ug, ug€ H.

The problem (1), (2) has a unique solution u(t), ¢ > 0, which can be represented
in the form u(t) = S(t)up. The family of mappings {S(t) | ¢ > 0} forms a
semigroup: S(t1)S(t2) = S(t1 + t2) for t1,t2 > 0, S(0) = Id. A set 2 C H is
said to be an attractor of this semigroup (or an attractor of equation (1)) if A
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218 V. V. CHEPYZHOV M. I. VIsHIK

is compact in H, 2 is strictly invariant with respect to {S(¢)}: S(¢t)2% = 2 for
t > 0, and 2 attracts every bounded set B in H:

distg (S(t)B,2A) — 0 (t — o0)

(see, for example, [13], [20], [2], and the references cited there).

The non-autonomous equation (1) has been less studied. Let an external
force go(z,t) = go(t) in (1) depend on t, t > 0. Assume the function gg is
translation-compact in LY(Ry; H) = LY° (or in LS (Ry; H) = LYS). This
means that the family of translations {go(- + /) | h > 0} forms a precompact set
in LY¢ (respectively, in ngoz)) It is easy to formulate translation-compactness

criterions (see Section 1). For example, go is translation-compact in L5, if and

only if the following norm is finite:
t+1
3) Jaoll2 = sup [ lgo(s) P ds < oc.
t>0 Jt

Denote by H(go) the hull of the function gy in the space leffﬂ, ie.

Hi(g0) = {g(-+h) [ h> OHleffuv

where [-]x means the closure in a topological space X.

Consider the family of equations (1) with external forces g € Hy(go) = %.
Let {U4(t,7) | t > 7 > 0} be a family of operators (called a process in H) such
that Uy (t, T)ur = ug(t), t > 7 > 0, where ug is a solution of equation (1) with
the external force g and with the initial condition u|i=, = u, € H. Evidently,
Ug(t,7) : H— H, Ug(t,0)Uqy(0,7) = Uy(t, 1), Ug(r,7) =Id for t > 6 > 7 > 0.
Consider the family {U,(¢,7) | ¢ € H4(go)} of processes corresponding to the
family of equations (1) with external forces g € H4(go). (In the autonomous
case, go(t) = go, H+(90) = {90}, Ug(t,7) = S(t — 7).) It is known that this
family has a uniform (with respect to g € ¥) attractor s in H. More precisely,
s is compact in H, it attracts every bounded set B in H uniformly with respect
to g € X

supdisty (Uy(t,7)B,As) = 0 (t — o00) V7 >0,
geES

and Ay is a minimal compact, uniformly attracting set (see [9], [6], and [4]
dealing with a more restrictive case). In [6], [4] the structure and properties of
the uniform attractor for (1) were also studied.

In the present work we introduce and study a trajectory attractor As for
equation (1). We point out at once that a trajectory attractor Ay is a compact
set in the corresponding trajectory space of equations (1) that consists of their
solutions ugy(t),t > 0, considered as functions of ¢ with values in H. In the
previous considerations, the attractor 2y, was a compact subset of points in H.
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Consider as before a fixed external force gy which is a translation-compact
function in LY° (or in LYS) and let Hy(go) = ¥ be the hull of go in L¥©.
(The case when gq is translation-compact in LIQOE, is studied in Section 1.) Let

H"(Qty 1), r = (2,2,1), be the Nikol’skil space in Q¢, ¢, = Q X Jt1,t2[ (see [3]) of
functions ¢(z,t) = p(t) = (¢!, ¢?) € H, t € Jt1,t2[, with a finite norm

1902, =/
(Qtq,t5) 0

To each external force g € H4(go) there corresponds a trajectory space IC;F.

(3 o2etw + upte. 0 ) v

Atz Ne<2

The space K is the union of all solutions u(t) = uy(t), t > 0, of equation (1)
in the space H™!°¢(Q4) = H™°°, Q4 = QOx]0,00[ (i.e. u € H*(Qy, 1,) for all
Jti,t2[ C Ry). Let K+ = cpy, (4) Kq be the union of all K. The translation
semigroup {7'(h) | h > 0} acts on H™°:

T(h)p(t) = ¢t +h), h=>0.
Evidently, T'(h)ug(-) = ug(- +h) = upm)e(-) € IC;(h)g. Therefore,
(4) T(hKT CKT Vh>0

(the inclusion may be strict, see Section 1). Tt is proved that Kt is closed in
H™'°¢_ Tt is clear that the semigroup {T'(h)} is continuous on H*!'°¢. Denote by
H™*(Q,) = H™* the subset of H™!°° of functions ¢(t), t > 0, having a finite
norm
lolFra = Y 10513 + 10wellz < oo,
lo <2

where ||+ || is defined in (3).

A trajectory attractor of the translation semigroup {T'(h)} acting on Kt is
a set Ay C Kt which is compact in H"!°°, bounded in H*?, invariant with
respect to {T'(h)}: T(h)As = Asx for h > 0, and has the following attraction
property: for every set B C K* bounded in H*?  and for each [t,%s] C Ry the
set T'(h)B tends to Ay in the strong topology of the space H"(Qy, +,), i.e.

(5) distp(q,, .,)(T(h)B, As) = 0 (h — o).

In Section 2, we construct the trajectory attractor As. of the translation
semigroup {T'(h)} acting on K. Section 1 deals with the trajectory attractor As
in the “weak” topology of H%'°°(@Q ) under the assumption that go is translation-
ic, only. In this case T'(h)B tends to Ay in the weak topology of
H"(Qyy 1) for all [t1,t2] C Ry. In Section 3, the structure of the trajectory

attractor As, is described.

compact in L
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Trajectory attractors have been constructed for various equations and sys-
tems of PDE for which the corresponding Cauchy problem has non-unique solu-
tion or for which the uniqueness theorem has not been proved yet (see [7]-[10]
and [5]).

In Section 4 we construct a trajectory attractor for the 3D Navier—Stokes
system; the structure and some properties of the trajectory attractor are given
as well. In particular, the trajectory attractor Ay is stable with respect to small
perturbations of the external force go(x,t); the trajectory attractor .A(ZN) of the
Faedo—Galerkin approximation system of order N tends to Ayx, as N — oo in the
corresponding topology. Some other unexpected properties are also exhibited.

1. Trajectory attractor for the 2D N—S system with

loc

translation-compact external force in L3,

We consider the Navier-Stokes system in a bounded domain ) € R?. Ex-
cluding the pressure, the system can be written in the form

(1.1)  Sw+vLu+ B(u) = g(x,t), (V,u)=0, ulgo=0, z€Q, t>0,

where © = (21, %2), u = u(x,t) = (u',u?), g = g(x,t) = (¢, ¢%). L is the Stokes
operator: Lu = —PAuw; B(u) = B(u,u), B(u,v) = P(u,V)v = PZ?:1 w0y, 0,
v > 0 (see [16], [15], [19], [21]). By H, V, and Hy we denote respectively the
closure in (L2(2))%, (HY(Q))?, and (H?(Q))? of the set Vo = {v | v € (C§(Q))?,
(V,v) = 0}. P denotes the orthogonal projector in (L2(£2))? onto the Hilbert
space H. The scalar products in H and in V are (u,v) = [ (u(z),v(x))dx
and ((u,v)) = (Lu,v) = [,(Vu(z), Vo(z))dr and the norms are respectively
lu| = (u,u)"? and ||u|| = (Lu,u)*/?. The norm in Hy is || - ||

To describe the external force g(z,s) in (1.1) consider the topological space
LYS,(Ry; H). By definition, the space LY, (Ry; H) = LY, is Ly°(Ry; H) = Ly°
endowed with the following local weak convergence topology. The sequence {g,,}

converges to g as n — oo in LY, whenever fttf (gn(s) — g(s),v(s))ds — 0 (n —

OO) for all [tl,tg] - R+ and all v € Lg(tl,tQ;H).
Suppose we are given some fixed external force go € L¥¢. Assume it is
translation-compact (tr.-c.) in L¥S  i.e. the set {go(- + h) | h € Ry} is pre-

2w
loc

compact in Lgy’y,. This condition is valid if and only if

t+1
(1.2) lgoll sz, :my = llgollz = 2313/ l90(s)[* ds < o0
>0 Jt

(see [6]). Denote by H,(go) the hull of the function go in L¥S: Hi(go) =

2,w
Hgo(-+h) | h e Ry }]Ll;i}. Here [ - ]le",fu means the closure in LY . It can be shown
loc

5> 15 metrizable and the

that the set H (go), which is a topological subspace of L
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corresponding metric space is complete. Moreover, every function g € H (go) is
tr-c. in LY, Hi(9) € Hy(g0), and [|glla < [|go]la-

The translation semigroup {T'(t) | t > 0} = {T'(¢)} acts on Hy(g0): T (t)g(s)
= g(s +t). Evidently, T'(t) is continuous in L¥<, and T()H4 (g0) € H4(go) for
t>0.

We shall study the family of equations (1.1) with various external forces
9 € H4(g0)-

Denote by Qq, ¢, the cylinder Q X [t1,t2], where [t1,t2] C Ry.

Consider the space H"(Q¢, 1,),* = (2,2,1) (see [3]), H"(Q¢,.1,) = La(t1, to;
Hy)N{v | 0w € La(t1,t2; H)}. The norm in H*(Qy, 1,) is

ta
(1.3) 9l = [ (I + [0r0(s)?) ds.
ty
Let us recall the existence and uniqueness theorem.

THEOREM 1.1. Let g € Lao(ty,t2;H) and ug € V. Then there exists a
unique solution u of equation (1.1) belonging to the space H*(Qy, +,) such that
u(t1) = ug. Moreover, u € C([t1,t2]; V).

This theorem is a variant of the classical result (see [14]-[16], [19], [2]). The
proof uses the Faedo—Galerkin approximation method.

We shall study equation (1.1) in the semicylinder Q4+ = Q x R,, where
9 € Hi(9o0)-

Consider the space H™°¢(Q,) = LY°(Ry; Hy) N{v | Opw € LY (Ry; H)},
ie. v € H™°(Q,) if HHtl’tQUH%r(Qn,tz) < oo for every [t1,t2] C Ry, where
IL;, 4, is the restriction operator to the interval [ti,ts]. We introduce two dif-
ferent topological spaces HX'°¢(Qy) and HE¢(Q.) (“strong” and “weak”).
The space HX'°¢(Qy) (resp. HE(Qy)) is H™'°°(Q) with the following con-
vergence topology. By definition, v, — v (n — o) in H5!°°(Q4) (resp. in
HEP(Q4)) if Tl 4y vn — gy 4,0 (n — 00) strongly in H*(Qy, +,) (respectively,
Ty, 1o vn — Iy 1,0 (0 — 00) weakly in H(Qy, 1,)) for all [t1,t2] C Ry, It is easy
to prove that the linear topological space HI'°°(Q, ) is metrizable, for example,
by means of the Fréchet metric generated by the seminorms ||IL,, n110[|gr(Q, 1y1)s
n=0,1,2,... The space H%'°°(Q) is not metrizable, but it is a Hausdorff and
Fréchet—Urysohn space with a countable topology base.

We shall also use the space H™*(Q. ), which is a subspace of H*!°¢(Q.). By
definition, v € H™*(Q) if the following norm is finite:

(1.4) lolErrag,) = Ivl7a = sup T2 4100 (@0 )

Evidently, H*?*(Q+) with the norm (1.4) is a Banach space. We shall not use
the topology generated by the norm (1.4). We need the Banach space H**(Q)
to define bounded sets in H™!°¢(Q), ) only.
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With any external force g € H(go) we associate the trajectory space IC!‘]Ir
that is the union of all solutions u(s),s > 0, of equation (1.1) in the space
H™'°¢(Q ). Notice that |B(v)| < C|v|1/2\|v||2||v||§/2; therefore any solution u €
K} satisfies (1.1) in the strong sense of the space LY“(Ry;H). By Theorem
1.1, the trajectory space K} is wide enough for each g € H(go). Define £* =

+ _ +
ICH+(90) - U96H+(go) Kg )

LEMMA 1.1. If go € LY(R; H) satisfies (1.2) then KT C H>*(Q.).

This lemma will be proved later on.
Consider the translation semigroup {T(¢) | t > 0} acting on H™!°¢(Q,) by
the formula
T(t)v(s) =v(s+1t), >0, ve H"Q).
Obviously, the family {K} | g € H(go)} of trajectory spaces corresponding to
equation (1.1) satisfies the embedding

(1.5) T(t)Ky € K7 vt > 0.

g’
In other words, for each ¢t > 0, the function u(s + t), s > 0, is a solution of
equation (1.1) with a shifted symbol g(s+t) = T'(t)g(s) for any solution u € K
of equation (1.1) with symbol g € H,(go). Hence, the translation semigroup
{T(t)} takes KT = IC;L(gO) into itself: T(t)Kt C KT, t > 0.

In this section we study the trajectory attractor Az (4,) of the translation
semigroup {T'(¢)} acting on £t = IC7':(+(90). The set Az, (4,) attracts every set
T(t)B as t — oo in the topology of ©'°¢ = HE1°°(Q. ), where B C KT and B is
bounded in the Banach space 73 = H"*(Q.).

DEFINITION 1.1. Let X be a complete metric space and let © be a topological
space. Consider a family of sets {K, | ¢ € ¥}, K, C O, depending on a
parameter o € X. The family {K, | 0 € X} is said to be (0,X)-closed if the
graph set [ J, 5, Ko X {0} is closed in the topological space © x X with the usual
product topology.

PROPOSITION 1.1. Let X be a compact metric space and {K, | o € X} be

(©,%)-closed. Then the set Ky = J ¢y, Ko is closed in ©.

PrOOF. We use the standard reasoning. Let u ¢ Ky = |J,c5 Ko. Then
(u,0) & Ugrex Ko x {0’} for all o € X. The set J, o5, Ko X {0’} is closed in
© x X, so there is a neighbourhood W, x O, in © x ¥ such that W, x O, N
(Usres Kor x{0'}) =0, w € W,, 0 € Oy, where W, and O, are open sets
in © and ¥ respectively. The family {O, | o € X} forms an open covering
of X. Since X is compact, there is a finite subcovering {O,, | i =1,... ,N}. Put
W(u) = ﬂfil W,,. Evidently, W(u) N Kx, = 0. Hence, for every u ¢ Ky, there is
a neighbourhood W(u) with W(u) N Ky = 0, i.e. Ky is closed in ©. O
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LEMMA 1.2. The family {K | g € H1(g0)} of trajectory spaces correspond-
ing to equation (1.1) is (©'°°, H, (go))-closed and K+ = IC;;Jr(gO) is closed in
o',

PROOF. Assume that u, € Ky, gn € H4(g0), un — u (n — 00) in ©'¢ and
gn — g (n — 00) in LYS,. We claim that u € K. Indeed, for each fixed [t1,t] C
R4 we have u,, — u (n — o0) weakly in H*(Q4, +,). Thus, du,, — Opu (n — o)
weakly in Ls(ty,te; H) and 0%u, — 9% (n — oo) weakly in Lo(t1,to; H) for
all @ = (a1, a2) with |a| < 2. In particular, by refining, we may assume that
U, — u (n — o0) almost everywhere in Qy, 4, and B(u,) — B(u) (n — o0)
weakly in Ly(t1,te; H) (see the compactness theorems in [16], [19]). Therefore,
in the equation

Optp, + vLuy, + B(uy) = gn(z,t),

we may pass to the limit as n — oo weakly in Lo(t1,t2; H) and get
0w+ vLu + B(u) = g(z,t),

so that u € IC;‘. Finally, it follows from Proposition 1.1 that IC;_L+ (90) is closed

in @lfc since ¥ = H4(go) is a compact metric space. O

Consider the translation semigroup {7'(t)} acting on the metric space
H(go). Evidently, the semigroup {T'(¢)} is continuous in H4 (go)-

DEFINITION 1.2. A set 2 is said to be a global attractor of a semigroup
{S(t)} acting on a complete metric space X if (i) 2 is compact in X and 2
attracts every bounded set B:distx (S(t)B, ) — 0 (t — o0); (ii) S(¢)2A = A for
all t > 0.

For the case X =X = H,(go) we have

PROPOSITION 1.2. The translation semigroup {T'(t)} acting on the compact
metric space ¥ = Hi(go) has a global attractor A which coincides with the w-
limit set of ¥:

where [, means the closure in X. Moreover, T (t)w(X) = w(X) fort > 0.

This statement follows from well-known theorems from the theory of attrac-
tors of semigroups acting in metric spaces (see, for example, [2], [20], [13]).

Consider a more general scheme. Let ¥ be a complete metric space. Let also
F be a Banach space. Assume F C O, where O is a Hausdorff topological space.
Let a semigroup {T'(t)} act on ©: T(t)© C O, t > 0. Suppose we are given a
family of sets {K, | 0 € £}, Ky € F. Put Ky =, 5, Ko
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DEFINITION 1.3. A set P C O is said to be a uniformly (with respect to
o € ) attracting set for the family {K, | o € £} in the topology © if for every
bounded set B in F and B C Ky, the set P attracts T(t)B as t — oo in the
topology of O, i.e. for every neighbourhood O(P) of P in © there exists t; > 0
such that T'(t)B C O(P) for all t > t;.

DEFINITION 1.4. A set Ay C O is said to be a uniform (with respect to
o € X) attractor of the semigroup {T'(t)} on Ky in the topology © if As is
compact in © and is a minimal compact uniformly attracting set of {IC, | 0 € X},
i.e. Ay is contained in every compact uniformly attracting set P of {KC, | o € ¥}.

Let a semigroup {T'(t)} act on 3: T(()X C X, ¢t > 0.

DEFINITION 1.5. The family {K, | o € 3} of trajectory spaces is said to be
translation-coordinated (tr.-coord.) if for all o € ¥ and u € Ky,

T(t)u € ’CT(t)a vt > 0.

It follows from (1.5) that the family {K} | g € Hy(go)} is tr.-coord. with
respect to the translation semigroup {7T'(¢)}.

PROPOSITION 1.3. Let X be a compact metric space and suppose that a
continuous semigroup {T(t)} acts on ¥ and on ©: T(H)X C X, T(t)© C O,
t > 0. Suppose we are given a family of sets {K, | o € B}, Ko C F. Assume
that the family {K, | 0 € X} is (©,X)-closed and tr.-coord. Let there exist a
uniformly (with respect to o € ) attracting set P for {K, | 0 € £} in © such
that P is compact in © and P is bounded in F. Then the semigroup {T(t)} acting
on Ks = U,ex, Ko has a uniform (with respect to o € X) attractor Az € Kz NP
in the space ©, and

(1.6) Tt)As = As VYVt > 0.

Moreover,

As = Aux),
where Ay sy is the uniform (with respect to o € w(X)) attractor of the family
Ko |0 cw®)}, Aurs) € Ku). Here w(X) is the attractor of the semigroup
{T(t)} on B, T(H)w(X) = w(X). The set As = Ay is compact in © and
bounded in F.

The proof of Proposition 1.3 is given in [5] (see also [10]).

In application to the Navier—Stokes system (1.1) in this section, ¥ = Hy (go),
F =F% = H**(Q4), © = 0%° = H5°(Q4), {T(t)} is the translation semi-
group, and {K | g € H,(go)} is the family of trajectory spaces of equation
(1.1). In this case a uniform (with respect to o € ¥) attractor Ay (4,) is called
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a trajectory attractor of the family {KC} | g € H,(go)}. In the next section we
shall consider the “strong” space © = Q¢ = H°¢(Q).

Let us formulate the main result of this section.

THEOREM 1.2. Let go be tr.-c. in L5, (Ry; H). Then the translation semi-

w

group {T(t)} acting on KT = K7—z+(go) has a trajectory attractor Ay (g,) in
oc = HE(Q4); the set Ay, (g9 attracts every set B C K*, bounded in
Fi = H™*(Q4). The set Ay, (go) is bounded in FT, compact in ©'°, and it is
invariant with respect to the translation semigroup: T(t) Ay (g0) = An, (g0) fOT
all t > 0. Moreover,

(17) AH+(go) = Aw(H+(go))’

where Ay (11, (o)) 15 the trajectory attractor of the family {Ky | g € w(H4(g0))},
AuHa (90)) € Ko (g0))- Bvery function u € Ay, (44) 8 tr.-c. in GLE’C.

Notice that the topology of the space Hy, (Q¢, t,) is stronger than the uniform
convergence topology of the space C([t1,t2]; H), Hy (Qt,.1,) C C([t1,t2]; H). So,
we have

COROLLARY 1.1. For every set B C KT bounded in F*, one has
distc(jo,r);zn) (o, v T (1) B, Ho,r Ap (g0)) — 0 (t —00) VI >0.
Similarly, from the embedding HY (Q4, +,) C Cw([t1,t2]; V), we obtain

COROLLARY 1.2. For every set B C Kt bounded in F*, and for all v € V,
one has

distc(jo,r)) (o, r JuT'(¢) B, Ho,r JuAs, (40)) = 0 (t — 00) VI >0,

where J,, is the mapping from HY(Q4, +,) into C([t1,t2]) given by J,(u(:)) =
((u(),v)), ((-,+)) being the scalar product in V.

To prove Theorem 1.2 we use Proposition 1.3. According to (1.5) and Lemma
1.2 we only have to check that the family {K} | g € H, (go)} of trajectory spaces
corresponding to equation (1.1) has a uniformly (with respect to g € H4(go))
attracting set P compact in @L‘F’C and bounded in F%. This is the most difficult
part of the proof. We separate the proof of this fact into a few lemmas.

LEMMA 1.3. For all w € K, g € Hi(g0), the following estimates are valid:

(1.8) u(t +8)]> < e Mu(r)> + Cillgl2, t,7 >0,
(1.9) IT@)ull] .y < e M u(0)* + Cullgl2,
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where \ is the first eigenvalue of the operator vL, C; = A~1(1 — e )7L

t+1

t+1
(1.10) v / lu(s)| ds < [u(®)]? + Ca / l9(s) 2 ds,
t t
(L.11) VITEulym, vy < e (O + Csllgl2,
where Co = A71, C3=C1 +Cy, t > 0.

ProOF. Taking the scalar product in H of (1.1) with u, we get

d _
@ +vlu@ < A7Hg(0)l,

d
(1.12) @m(m? +Alu(t)]* <
and integrating from 7 to 7 4+ ¢t we obtain
T+t
lu(T 4+ t))? < e Mu(r)]? + A"le AT+ / lg(s)2e® ds.

T

Estimating the last expression, we get

T+t
/ |g(8)‘267)\('r+tfs) ds

T+t THt—1
< / |g(8)‘26—)\(‘r+t—s) ds +/ |g(8)|2e—/\(r+t—s) ds + ...

+t—1 THE—2
T+t TH+t—1 T4+t—2

g/ |g(s)\2ds+e4/ |g(s)\2ds+e*2*/ lg(s)|>ds + ...
T4+t—1 T4+t—2 T+t—3

Slalli+e? +e™ ) = [lglat —eM7h

So, inequality (1.8) is proved. Inequality (1.9) follows directly from (1.8). In the
usual way, one derives (1.10) from (1.12). Combining (1.8) and (1.10), we get
(1.11). O

LEMMA 1.4. For all u € K}, g € Hy(g0),

74T
113) st 0l <G (L) [ oo ds), Tz

0<t<T -
where C1(n1,m2,m3) s a continuous and increasing function with respect to each
n; = 0.

The proof is analogous to one given in [2]. We sketch the main points for
convenience of the readers. For brevity, we suppose without loss of generality
that v = 1 and 7 = 0. Multiplying equation (1.1) by ¢Lu we get

1d

(1.14) 5 —(tu®)]*) —%IIU(t)||2+tIIU(t)II§+t(B(U), Lu) < tlg(t)|2+itHU(t)||§-
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Recall that (u, Lu) = ||u||? and (Lu, Lu) = ||u||3. We also have

(1.15) (B(u), Lu) < [B(u)| - Jull2,
1/2
o) 1< [ i) < eluloalula
Q
(1.17) lullos < eallull™?ful, Julloa < ealfullylu]*/?
(see inequalities (1.17) in [15], [21]). It follows from (1.15)—(1.17) that
(1.18) [Bw)] < calfully ull - [ul*/?,
t te
(119)  #(B(u), Lu) < teslfully[[ull - [ul/* < Zlull3 + - ful*ful®.

Using (1.14) and (1.19) we obtain

d
(1.20)  —Z (Eu®)l?) + tlu@ < [lu@))* + 2tlg()]* + tea|u@) [ [u®),
Define z(t) = t|ju(t)||*. Consequently,

2'(1) S b(t) +y(D2(t),  b(t) = lu(®)]]* +2tlg()*, (1) = callu(®)|P|u(®).

Applying the Gronwall inequality, we get

0 < [oren ([ a@a)as< ([ oas)en( [0as).

Using (1.12), we have

(1.21) u()? + / lu(s)|? ds < Ju(O)]? + A / l9(s)P? ds.

Therefore
Hlu(t) | < ( / ()P +2sg(s>|2>ds) exp ( / t C4||u<s>||2|u<s>|2ds)
< <|u<o>|2 +(0 ) | t |g<s>|2ds>

X exp <C4<|u(0)|2 + 271 /Ot |g(s)|2d8>2>.

Finally,
I
(1.22) sup tllu(®)]? < G (r, o), [ |g<s>|2ds)7
0<t<T 0
where C1(n1,m2,m3) = (72 + (A~ + 2m1)n3) exp(ea(ne + A7 1n3)?). 0

Inequality (1.13) implies that

trr+1
(1.23) Hu(t—i—7+1)||2 < (17u(t+7)|27/ g(s)|2ds>.
t+71
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Taking sup in (1.23) with respect to 7 > 0, we obtain, according to (1.9),

IT(t + Dulli vy < CLOITO U @ m), 1TOg]2)
< Ca(e™ M [u(0) [, [lglI3)-

Hence we get

COROLLARY 1.3. For all u € /C;, g € Hi(g0),

T+ Dull] g, ) < Cale X u(0),|gl2), ¢ >0.

LEMMA 1.5. Forall u € K}, g € Hi(go),

7+ T+
(20 [ = DI + o) ds < G (TR [ o) as)

T+1
(1.25) IT(t+ Dulf. = S>1£1/ (lu(s)[13 + |eu(s)[?) ds

< Cale™[u(0), llgll2),

where T,t, 1" are positive and arbitrary.

ProOF. It is sufficient to prove (1.24) for 7 = 0 and v = 1. It follows from
(1.20)~(1.22) that

T
(1.26) /Osnu(s)H%ds
< / Ju(s)||? ds + 2T / l9(s) 2 ds
+eal sup fu(®))( sup tlu(®)]?) / lu(s)|? ds
0<t<I’ o<t 0

T I
< [u(0) + A1 / lg(s)[? ds + 2T / lg(s) 2 ds
0 0

e+t | o) ds>201 (P, [ g i)

—cy(r o, | ) )P ).
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Now, equation (1.1) implies directly that

(1.27) (/0F5|8tv(s)|2ds>
<(] Fs||u<s>||§ds>1/2+ ([ Fs|B<u>2ds)1/2+ ([ Fs|g<s>2ds>1/2

<oy, [ o) i)

! e is) 7 of [ " sl 2hu(s) is) "

We have used inequality (1.18). At the same time by (1.22) and (1.26), we get

1/2

T

T I
(1.28) / sllu(s)lallu(s)|Plus)| ds < / sllu(s)]*u(s) [ ds + / slu(s)|3 ds

< (s [P s @) [ u(e)ds + (), [ lats)Pas )

0<t<T

< (luopeat [ e ds)201 (ruoP. [ e)P is) + G40

Combining (1.27) and (1.28) we obtain

(1.20) / () ds < €Y (v, | g is)

Summing (1.26) and (1.29), we derive (1.24). From (1.24) it follows for I" = 2
that

t4+7+2

t+r+2
(1.30) / (|v<s>||§+|atv<s>|2>dss03(2,|u<t+r>|2, /

966 ds ).
+7+1 +7
Taking sup in (1.30) with respect to 7 > 0, we obtain, according to (1.9),
IT(t+1)ull; 0 < Ca2, IT@ull @,y 21T @)gl7) < Cale™ M u(0), 1g]7). O

Lemma 1.1 follows from a more general

LEMMA 1.6. For all u € K}, g € Hy(g0),

74T

T4+T
asn <||v<s>||§+atv<s>|2)dssc5(||u<r>||2, / |g<s>|2ds)

for 7, >0, and

T+1
lull? e = Sup/ (lu(s)]I3 + |0eu(s)*) ds < Co([[u(0)], llg]13)-

T>0
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PROOF. Similarly to (1.20) we get

%(IIUU)HQ) +u®)3 < 219 + callu®)[I*lu®)]?,
24(1) bi() +y)z(t), zt) = [u®)]?, bi(t) = 2]g(t)]?,

() < <z1(0) + /O "hi(s) ds) exp ( /0 ") ds).

So, using (1.21), we obtain, as above, (1.31). Finally, combining (1.31) with
7 €[0,1] and (1.25) with 7 € ]1, 00| we get

T+1
lullfa = Sl;p/ (lu(s)[13 + |cu(s)[*) ds

< max{C5 ([u(O)]1% lg]2), Ca(Ju(0) 2, gl2)} = Co(lu(O)I, llg]12)- O

Coming back to the proof of Theorem 1.2, we construct a uniformly attracting
set P in ©'0¢ for the translation semigroup {7'(¢)} acting on K = IC;+(QO). From
(1.25) it follows that

(1.32) 1T(t+ D)ul|?, < Cy(e™||ul

ra —

-
2 9112) < Cale™ [lull? ., llgol12)

for u € K, since [|gla < ||golla for all g € H(go). Consider the set

Py={veF [|lvlia < Ca(Lllgoll2)}-

Evidently, P, is the desired attracting set. Indeed, if B C KT NF? is a bounded
set of trajectories then e *||ul|Z, <1 for all u € B whenever ¢t > ' > 1 and
therefore, by (1.32), T(t+1)B C Py. Hence P, is even a uniformly absorbing set.
Notice that the set Py is bounded in F? and compact in ©'°¢ = H5°°(Q. ). The
latter is true since the topology in HE'°°(Q ) is generated by the weak topology
of the Banach spaces H*(Qy, 1,) = Lo(t1,t0; Ha) N {v | O € La(t1,ta; H)}.
Recall that u,, = u (n — oo0) weakly in H"(Qq, +,) whenever diu,, = Oyu (n —
o0) weakly in Lo(t1,to; H) and 0%u,, — 0%u (n — oo) weakly in Lo(t1,to; H)
for all o = (a1, av2) with || < 2. That is, a bounded set in H*(Qy, +,) is weakly
compact in H"(Qy, 1, )-

REMARK 1.1. The set Py, being a compact subspace of H%°¢(Q,), is a
metrizable space and the corresponding metric space is compact. This follows
from the fact that a ball of a separable Banach space endowed with the weak
topology of this space is metrizable and compact. The translation semigroup
{T(t)} is continuous on Py and T(t) takes Py into itself: T(t)P, C P, for all
t > 0. So Proposition 1.2 is applicable. In particular, the set 2 = w(Fp) is a
global attractor of the semigroup {7'(t)} acting on Py. Moreover, & = Ay (49
because Py is a uniformly absorbing set of the family {K} | g € H(go)} of
trajectory spaces. This reasoning proves the first part of Theorem 1.2. To prove
property (1.7) we have to use a more subtle reasoning (see [5]).
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2. Trajectory attractor for the 2D N—-S system with
translation-compact external force in LY°

Now consider the case when the external force g(z,s) in (1.1) is a tr.-c.
function in LY°(R,; H). The space LY°(R,;H) = LY is endowed with the
following local strong convergence topology. A sequence {g,} converges to g as
n — oo in L¥¢ whenever j;tf lgn(s) — g(s)]?ds — 0 (n — oo) for each [t1,ts] C
R, . The space L¥° is metrizable and complete. A function g € L¥° is tr.-c. in
LY whenever the set {g(- + h) | h € Ry} is precompact in LY°. The criterion
of being tr.-c. in LY is given in [6]. We recall that a function g € L¥® is tr.-c.
in L¥¢ if and only if

(i) for every h > 0 the set {ftt+h g(-,s)ds | t € Ry} is precompact in H;

(ii) there is a function £(s) > 0,s > 0, such that §(s) — 0+ (s — 0+) and
t41
[ o) - gt D as < 51y v =0,
t

REMARK 2.1. Let us give a simple sufficient condition. A function g € L¥¢
is tr.-c. in LY° if
ITo,19(- + )|l 5oy <M VE>0
for some § > 0. Here H?(Qo.1) = H®(Q x [t1,t2]) is the Sobolev space of order §.

Suppose we are given a fixed tr.-c. function go in L¥°. Evidently, go is tr.-c.
in LY as well. Consider the set {go(- + h) | h € Ry}. Notice that [{go(- + h) |

h € RiYpoe = [{go(- +h) | h € Ry} e and the corresponding topological
subspaces of LS, and LY are homeomorphic. Hence, H4(g0) = [{go(- + h) |
h € Ry }]= does not depend on = = LS, or Z = L. As usual, the topological
space H (go) is compact and every function g € H. (go) is tr.-c. in LY, H. (g) C
H+(90), and [|glla < [golla-

Now consider the “strong” space H'°¢(Q. ) introduced in Section 1. Recall
that v, — v (n — o00) in HY°¢(Qy) if TL;, 4,vn — i, 4,0 (n — o0) strongly
in H*(Q4, +,) with respect to the norm (1.3) for each [t1,t2] € Ry. The linear
topological space HF!°¢(Q), ) is metrizable and complete.

To each g € H(go) there corresponds the trajectory space /C;‘ that is the
union of all solutions u(s),s > 0, of equation (1.1) in the space H™'°¢(Q.).
Consider the family {KC} | g € H4 (go)} and the union IC7+{+(90) = Ugen, 90 Kd-

In this section we study the trajectory attractor Az (g,) of the translation
semigroup {T'(t)} acting on £t = K7t+(go)
HT°°(Q4). The set Ay, (4,) attracts every set T'(¢)B as t — oo in the topology
of O = Hr'°°(Q,), where B C K* and B is bounded in the Banach space

Ft = HQ4).

in the “strong” topological space
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THEOREM 2.1. Let go be tr.-c. in LY°. Then the trajectory attractor Ar, (90)
in HE(Q4) of the translation semigroup {T(t)} acting on K from Theorem
1.2 serves as the trajectory attractor in H>'°¢(Q.) of this semigroup. In partic-
ular, for every set B C KT,

diStHr(Q07r)(T(t>B,AH+(90)) — 0 (t — OO) v > 0.

The set Ay, (go) is bounded in FT, and compact in HE'°¢(Q4.). Every function
u € Ay, (g0) 15 tr-c. in HPO°(QL).

Notice that if the trajectory attractor in HI'°¢(Q,) exists then it coin-
cides with the trajectory attractor Az, (40) in H5'°(Q4) since the embedding
HToc(Q,) C HE°(Q) is continuous and the trajectory attractor is the mini-
mal attracting set. So to apply Proposition 1.3 we have to produce an attracting
set Py that is compact in H>'°¢(Q) and bounded in F} = H™*(Q-).

From the continuous embedding HE(Qy, +,) C C([t1,t2]; V) and from Theo-
rem 2.1, we deduce

COROLLARY 2.1. For every set B C Kt bounded in F*, one has

disto((o,ry;v) (Ho,rT'(t) B, Ho,r Az, (40)) = 0 (t — 00) VI >0.

PROOF OF THEOREM 2.1. Consider the set Pj = Py N K™, where P, is the

absorbing set constructed in Section 1. Evidently, P} is uniformly absorbing for
the family {KC} | g € H4 (g0)}. Put

Py =SM)F; = {ug = ug(s + 1), sEO\ugEIC:;ﬂPO, 9 € Hi(g0)}

The set Py is uniformly absorbing for the family {K} | g € H(go)} as well. To
complete the proof of Theorem 2.1 we have to establish the following

LEMMA 2.1. The set P; is compact in HF(Q).
It is easy to prove the following statement using the diagonal process.

PROPOSITION 2.1. The set B is compact in H™'°°(Q) if and only if 1o r B
is compact in H*(Qor) for every T’ > 0.

PROOF OF LEMMA 2.1. Fix I' > 0. Let u™(s) = T(1)u™(s) = u™(s+ 1) be
any sequence from Py, u™ € Kf N Py, gn € Hy(g0). Without loss of generality,
we may assume that

I'+1
(2.1) / gn(s) — g(s)[2ds — 0 (n — o0)

for some g € Hy(go). Let us show that the sequence {a™} is precompact in
H*(Qor). Since u™ € Py, we have

(2'2) Hun(')HH'(Qo,FJrl) < M(F + 1) Vn € N,



TRAJECTORY ATTRACTORS 233

where the positive function M (#) is non-decreasing. We can represent the func-
tion u™(s) as a sum of two functions:

u"(s) = uy(s) + uz(s), s=0,

where u}(s) and u}(s) are solutions of the following problems:

(2.3) Al (t) + Lul(t) =0, t >0,

(2.4) uf(0) =u"(0), ufloe =0, [uf(0)] < Mi;
(2.5) @u<w+<m@<> “BW (1)) + galt), >0
(2.6) ( ) Uo |aQ =0.

Accordingly, u™(s) = ut(s) + u3(s).
Since u} is a solution of the Stokes problem (2.3), (2.4), we obtain

@1 [ O+ ) ds < Male+ 1L IO = Msli + 1)
for 0 <t <T. Let 9(t) be a cut-off function:
GOS1, 21 Y =0, 0St<1/% YeCER), w(t) 0.
It follows from (2.3) that
Oy (()ut (1) + LW (t)uy (t)) = o' (H)ul (1)
Differentiating this equation in ¢ and setting 0, (¢ /(t)ul(t)) = p", we get

Op™ + Lp™ = " (t)ul (t) + ¢’ (t)druy (1),
p"(0) =0, p"loq =0.

So,
t+1
(2.8) A (L, ()2 + |02 (vl ?) ds
t+1
=A (p"(5)]2 + 0" (5)]?) ds

t+1
< O/ (|ul? + |0u?|?) ds < My(t +1).
0

Combining (2.8) and (2.7), we obtain

t+1
(2.9) ; V2 (5)(|0pui ()13 + 107 ui (s)[*) ds < Ms(t +1).

Now we apply the operator L to both sides of equation (2.3) and get

LQU?(t) = —BtLu’f(t), L’U/:THQQ = —&guﬁag =0.
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Therefore

t+1 t+1
(2.10) V)L (s) P ds = | 2(s)|0p(Luf(s))| ds < Mo(t +1).
0 0

Finally, by virtue of (2.7), (2.9), and (2.10), we conclude that
t+1
/1 (10w (s)1I3 + 107 ()1 + [[ug (s)II3 + ut (s)]3) ds < Mz(t +1).

In particular, the sequence {u}'} is compact in H*(Q1,r+1) and {uf} is compact
in H*(Qo,r)-

Now we shall prove that the sequence {u}} is compact in H*(Qo r+1) as well.
According to (2.5) it is sufficient to prove that the sequence B(u") = B(u™,u™)
is precompact in Lo (0,T'+ 1; H). (From (2.1) it follows that the sequence {g,} is
precompact in Ly(0,T" + 1; H).) The sequence {u"} is bounded in H*(Qo r+1),
hence, by refining, we may assume that u, — u (n — o0o0) weakly in H*(Qo,r+1)-
Thus, Oru, — du (n — o0) weakly in Lo (0,T'+1; H) and 0%u,, — 0%u (n — o0)
weakly in Ly(0,T + 1; H) for each a = (a1, ap) with || < 2. Let us prove that

(2.11) B(u"™) — B(u) (n— o0) strongly in Ly(0,I" 4 1; H).

By the Nikol’skif theorem (see [3]),
(2.12)

H"(Qor+1) C H8(Qory1), r=(r1,72,73), ©=(01,02,03), q2=>2,
whenever
(2.13) 0j/r; <1—(1/2—-1/q)(1/r1 +1/ra+1/r3), j=1,2,3.

Moreover, the embedding (2.12) is compact if the inequalities in (2.13) are strict.
The values r = (7“1,7"2,7“3) = (2727 1)a Q= (Qh 02, Q3) = (17 170)7 q < 4 meet
the conditions (2.13), since g, /r; <1/2<1-(1/2—1/¢)2. So we conclude that

(2.14)

SCqHU||1L1‘“(Q0,1“+1)v 1=1,2, 2<q¢g< 4
Lq(Qo,r+1)

ov
ox i

For ¢ < 4 the embedding H*(Qo,r+1) € Hél’l’o)(Qo,rH) is compact. Similarly,
taking o = (01, 02, 03) = (0,0,0), ¢;/r; =0<1—(1/2—-1/¢;)2 for all ¢ > 2,
we obtain

”vHqu(QO,F-H) < C;1||UHH”(Q0,F+1)
and the embedding H*(Qo.r+1) € Ly, (Qo,r+1) is compact.
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Finally, we get

(2.15) [ B(u™) — B(U)||L2(0,F+1;H)
= |IB(u") — B)|| < | B@" - w,u™)| + | Blu,u™ — u)|

1/2
< C’</ |u"—u|2|Vu"|2dxds>
Qo.r+1
1/2
+C’</ [ul?|V (u™ — u)|? da:ds)
QO,F+1
1/3 1/6
<Cy (/ |Vu"|? dx ds) (/ lu™ — ul® dxds)
Qo,r+1 Qo,r+1
1/6 1/6
+C1(/ |u|6dxds) (/ |V(u”—u)3dxds> .
Qo,r+1 Qo,r+1

Since Hr(QO,F_H) c H?El’l’o)(Q07p+1) and Hr(QO,F_H) S L6(Q07F+1), we get

/ |V (u™ —u)]*dxds — 0, / |u" —ul®drds — 0 (n— 00)
Qo,r+1 Qo,r+1
and, by (2.14) and (2.2),
/ |Vu"|® daeds < M.
Qo,r+1

Therefore, the right-hand side of (2.15) tends to zero as n — oo and (2.11) is
proved.

Thus, the right-hand sides of (2.5) form a precompact set in Lo(0,I'+ 1; H)
and, hence, the set {u3} of solutions is precompact in H*(Qo r+1). Consequently,
{u3} is precompact in H"(Qor). The sum {u"} of two precompact sequences
{ut} and {u%} is precompact in H*(Qo,r). Lemma 2.1 is proved. O

3. On the structure of trajectory attractors

In this section we shall describe the structure of the trajectory attractors
from Theorems 1.2 and 2.1 in terms of complete trajectories of equation (1.1),
i.e. when solutions u(s), s € R, are determined on the whole time axis R.

Let the function go(z,s) satisfy (1.2) and let Hy(go) be the hull of gg in
LY (Ry; H). As usual, Hy(go) is a complete metric space and the translation
semigroup {T'(t)} acts on Hy(g0), T (t)H+(g90) € H+(go), T'(t) is continuous for
all ¢ > 0. Consider the attractor w(H(go)) of the semigroup {T'(t)} on H.(go),

(3.1) T(t)w(H+(90)) = w(H4(g0)) Yt =0

(see Proposition 1.2).
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Similarly to LY°(R,; H) and L3(R,; H) we consider the spaces LY¢(R; H)
and L3(R; H) of functions on the whole axis. The space L§(R; H) has the norm

t+1
HCH%;(R;H) = SUP/ |¢(s)]*ds < o0.
teR Jt

Consider an external force g € w(H(go)). The invariance property (3.1)
implies that there is a function g; € w(H4(go)) such that T'(1)g; = g. Consider
the function ((s),s > —1, ((s) = g1(s + 1). Obviously, ((s) = g(s) for s > 0,
hence, (¢ is a prolongation of g on the semiaxis [—1,00[. Next, there is go €
w(H+(g0)) such that T'(1)ga = g1,T(2)g2 = g. Put {(s) = ga(s + 2) for s > —2.
Evidently, the function ¢ is well defined, since ga2(s +2) = g1(s + 1) for s > —1.
Continuing this process, we define ((s) = gn(s + n) for s € [—n,o0[, where
gn € w(H1(g0)) and n € N. We have defined a function ((s),s € R, which is
a prolongation of the initial external force ¢(s),s € R,. Moreover, ¢ has the
following property: II1,¢{; € w(H4(go)) for all t € R, where (;(s) = ((t + s).
Here 11 = IIp o is the restriction operator to the semiaxis R. Evidently, ¢ €
L5(R; H) and HC”%;(R;H) < ||90H%;(R+;H)'

DEFINITION 3.1. (i) A function ¢ € L§(R; H) is said to be a complete exter-
nal force in w(Hy(go)) if T (1) =Ty C(t+ ) € w(Hi(go)), for all t € R. Let
Z(go) be the set of all complete external forces in H (go)-

As shown above, for every symbol g € w(H(go)) there exists at least one
complete external force ¢ which is the prolongation of g for negative s. Notice
at once that, in general, this prolongation need not be unique.

By analogy to Section 1, for the cylinder @ = 2 x R we introduce the space
H®'°¢(Q) = LY°(R; Hy) N{v | Opv € LY(R; H)}, ie. v € H™OC(Q) if

”HtthUH%r(Qtlytz) <oo V[t ta] CR.

We shall use the topological spaces HI°¢(Q), H%'°¢(Q), and the Banach space
H*?(Q) with the norm

H’U”?—IT@(Q) = [lv 12~,a = ilellg ||Ht,t+1v\|?1r(Qt,,+1)-

Suppose we are given some complete external force ((s), s € R, in w(H4(go)).
Consider the equation

(3.2) Ow+vLu+ B(u)=((z,t), (V,u)=0, ulpa=0, z€Q, teR

DEFINITION 3.2. The kernel K of equation (3.2) with the complete external
force ¢ € Z(go) is the set of all solutions u(s), s € R, of equation (3.2) that are
in the space H*?*(Q).

The following theorem specifies the structure of the trajectory attractor from
Theorems 1.2 and 2.1.
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THEOREM 3.1. (i) Let go be tr.-c. in LYS,(Ry;H). Then the trajectory

attractor Ay, (g0) in H5'(Q4) of the translation semigroup {T(t)} acting on
Kt = IC;;Jr(gO) can be represented in the form

(3.3) Ar (go) = Aw(ry (90)) = H+< U ’Cc) =111 Kz(go)-

CEZ(g0)

The set K z(g,) is compact in H2'°°(Q) and bounded in H™*(Q). For all { € Z(go)

the kernel K¢ is non-empty and every function u € K¢ is tr.-c. in HEoc(Q).
(i) Let go be tr.-c. in LY°(Ry; H). Then the set Ky, is compact in

HE°(Q) and every function u € K¢ for ¢ € Z(go) is tr.-c. in HF°¢(Q).

The proof of Theorem 3.1 is given in [5] and it uses the invariance property
(1.6) of the trajectory attractor Ay (g0): T'(t)Ax (o) = A (go) for t > 0.

REMARK 3.1. It was mentioned above that, in general, the prolongation ¢ of
an external force g € w(H4(go)) for s < 0 need not be unique. Let us describe an
important case when it is unique. Let g be a tr.-c. function in L§(R,; H), i.e.
the set {go(- + h) | h € Ry} is precompact in the Banach space L§(R,; H) with
the uniform norm (1.2) and, hence, the hull H, (go) is compact in L3(R,; H).
It can be proved that there exists a unique function go(s), s € R, such that go is
tr.-c. in L3(R; H) and

t+1
/t 190(s) — Gols)Pds — 0 (t — o).

Therefore, w(H4(go)) = H+(go). Tr.-c. functions in L§(R; H) are also called al-
most periodic functions in the Stepanov sense. These functions have all the main
properties of usual almost periodic functions (in the Bohr or Bochner—Amerio
sense, see [1]). In particular, the translation semigroup {7'(¢)} is invertible on
H4(3o) and My (§o) = T4 H(Go), where H(Go) = [{Gol- + h) | h € RY|ps(sn) is
the hull of the almost periodic function go. Finally, in (3.3), Z(g0) = H(go) and
every external force g € w(H4(go)) has a unique prolongation for s < 0 as an
almost periodic function.

To conclude the section we describe the uniform (with respect to g € H (go))
attractor Ay, (g, for the family {U,y(t,7) |t > 7 > 0}, g € H1(go), of processes
corresponding to equation (1.1). By Theorem 1.1, for every g € Hy(go), one
defines a process {Uy(t,7) | t > 7 > 0} acting on V: Uy(t, T)u, = uy(t), where
ug is a solution of (1.1) with the initial condition u|;=, = u,, 7 > 0. Now consider
the set Z(go). In a similar way, to each ¢ € Z(go) there corresponds a complete
process {Uc(t,7) |t > 7, 7 € R}, Ue(t, T)ur (t) = uc(t), where uc(t) is a solution
of (3.2) with the initial condition u|;=r = u,, 7 € R. Consider the kernel K,
corresponding to (.
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We denote by K¢ (t) the kernel section at time t € R: K¢(t) = {u(t) | u(-) €
K¢} C V. It is clear that

Ue(t, T)Ke(m) =Ke(t) VE>71, T€R.
Using Theorem 3.1, Corollary 2.1, and Corollary 1.2 we get

COROLLARY 3.1. (i) If go is tr.-c. in LY°(R,; H) then the set

(3-4) Ar (g0) = U K¢(0)

CEZ(g0)
is the uniform (with respect to g € H, (go)) attractor Uy, (g,) in V' of the family
of processes {Uy(t,7) |t > 7 >0}, g € Hi(go), and the set Ay, (g, is compact
in V.

(ii) If go is tr.-c. in LYS,(Ry; H) then the set 2y, (4,) defined in (3.4) serves
as the uniform (with respect to g € Hi(go)) attractor in V,, (with the weak
topology of V') and it is bounded in V. In particular, Ay (g,) is the uniform
attractor in Hy_s, Apy (g0) € H1—5, 0 < < 1.

4. Trajectory attractors for the 3D N-S system

In this section we shall construct a trajectory attractor for the non-auto-
nomous Navier-Stokes system in a 3D domain Q € R®. The structure of the
trajectory attractor will be described and some properties of the attractor will be
given. Only a brief general scheme will be sketched, without proofs and detailed
explanations. This part will be expounded in more detail in another publication
(see also [7], [10], [18]).

Consider the 3D Navier—Stokes system in the semicylinder Q4+ = 2 x Ry
(4.1) Opu+ vLu + B(u) = g(z,t), (V,u) =0,
’ u‘agzo, ;CEQ@R?’, t>0,
where z = (1’1,1'2,583), u = U(I7t) = (ul,u2,u3), g = g(I,t) = (91392793)' Lis
the 3D Stokes operator: Lu = —PAwu; B(u) = B(u,u), B(u,v) = P(u,V)v =
PE?:l u;0z,v. The spaces H and V are determined similar to the 2D case.
Suppose g € LY(Ry; H).

Let there be given an initial external force gy € LY(Ry; H) in (4.1). Assume
that go is tr.-c. in LS (Ry; H) = LS, ie.

2,w

t+1
(4.2) ||90H%3(R+;H) = ||90||§ = tSUP / |90(3)|2 ds < 0.
t

€Ry
Let ¥ ="M (g0) = [{go(- +1) [t = 0} iwe (m, sy be the hull of the function go in
the space L5, (R ; H). It can be proved that H (go) is a complete metric space.

The translation semigroup {T'(¢)} is continuous on Hy(go) and T(t)H(go) C
H(go) for all ¢ > 0; moreover, ||g||? < |lgo||? for every g € H.(go)-
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To study the trajectory attractor of equation (4.1) we consider the family of
those equations with various external forces g € Hy(go)-

To describe a trajectory space IC; of equation (4.1) with the external force
g we shall consider weak solutions of equation (4.1) in the space LY¢(Ry;V) N
LR H). Ifu € LYS(Ry; V) N L (R ; H) then equation (4.1) makes sense
in the distribution space D'(R4; V”), where V' is the dual space of V. This is the
usual way to define weak solutions of equation (4.1) (see [16]).

DEFINITION 4.1. The trajectory space IC;‘ is the union of all weak solutions
u € LY(Ry; V)N LI (R, ; H) of equation (4.1) with the external force g that
satisfy the inequality

(4.3) 5 lu@®F +vllu@)l® < (g9(t),u(t), € Ry.

This inequality should be read as follows: for each ¢ € C5°(]0, 00[), ¥ > 0,

1 oo

@t 5 [P sy [P s < [, usue s

Let us formulate the existence theorem:

THEOREM 4.1. Let g € LY°(Ry; H) and ug € H. Then there exists a weak
solution u of equation (4.1) belonging to the space LY¢(Ry; V)NLYS(Ry; H) such
that w(0) = ug and u satisfies inequality (4.4).

The existence theorem is a classical result (see [14]-[16], [19]). The proof
uses the Faedo—Galerkin approximation method. To get (4.4) one has to pass to
the limit in the corresponding a priori equality involving the sequence {u,,} of
Faedo—Galerkin approximations.

REMARK 4.1. For the 3D case, the uniqueness problem is still open. Also,
it is not known whether every weak solution of (4.1) satisfies inequality (4.3).

It can be shown that every weak solution u € L¥°(R,; V) N L2¢(R,; H) of
equation (4.1) satisfies

O/ Fu e LY Ry H) Ve,0<e<1/4,
(see [16]), and Opu € LL‘)/%(R+; V") (see [20]). Consider the following space:

Fi¢ =LY (Ry; V) N L (Ry s H)
N{v |87 v € LRy V)N {v | O € LR (R V)Y,

where ¢ is fixed, 0 < ¢ < 1/4. The space ffc is endowed with the following
“weak” convergence topology.
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DEFINITION 4.2. A sequence {v,} C F°¢ converges (in a weak sense) to
v E FRasn — ooif v, = v (n — o) weakly in Lo(t,t2; V), *-weakly
in Loo(t1,te; H), 63/4_8% — 8,51/4_51) (n — o0) weakly in Lo(t1,t; H), and
Oyvn, — Opv (n — 00) weakly in Ly 3(t1,t2; V') for all [t1,t2] C Ry,

The space ffc with the above weak topology is denoted by @L‘_’C. We shall
also use the space

Fi = L3Ry V)N L (Rys H)
N{v |8 v € L3RV} N {v | Bv € Ly 5(Ry; V)Y,

which is a subspace of F1°°. If X is a Banach space then L3(Ry; X) means the
subspace of L“(Ry; X) having the finite norm

t+1
[0l ) =00 [ ol ds.
P t>0 J¢

Similarly, the space Lj(R; X) has the norm

t+1
[0l =50 [ (o) ds,
P teR J¢

LeMMA 4.1. (1) K C F3 for all g € Hy(go)-

(ii) For everyu € K},
(4.5) 1T uC)llrs < ClluC)II7 0,16 exP(=At) + Ro ¥t >0,
where X is the first eigenvalue of the operator vL; C depends on X\, and Ry
depends on X and ‘|90||%3(R+;H)‘

Put
Ks = U Ky, % =MHi(g0)

g€H+(g0)
The translation semigroup {T'(t) | t > 0} acts on Ki:

T u(s) =u(t+s), s>0.

Evidently
+
T(t)u € Ky,
so the family {KC} | g € H(go)} is translation-coordinated. Therefore

VueKf, t>0,

TS CKf ve>o.

It is clear that every mapping T'(t) is continuous in ©'0°.

It follows from (4.5) that the ball By = {||v|[#2 < 2Ro} serves as a uniformly
absorbing set of the translation semigroup {T'(t)} acting on K. The set By is
bounded in F% and it is compact in G)l_fc.
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LEMMA 4.2. The family {K} | g € X} is (0'¢, H 4 (go))-closed and K, is
closed in ©'°°.

In this way, by Lemmas 4.1 and 4.2, Proposition 1.2 is applicable.

Let w(H4(go)) denote the global attractor of the semigroup {7'(¢t)} on
H4(go). Here

o(rtton) = () | U 70 (o)
>0 Li>r Lys,
is the w-limit set of H, (go).

Let Z(go) be the set of all complete external forces in Hy(gg), i.e. the set
of all functions ¢ € LY¥¢(R; H) such that ¢; € w(H,(go)) for all t € R, where
Ce(s) = T (s + t),s > 0. Evidently, for every g € w(Hy(go)) there is at least
one ¢ € Z(go) such that {(s) is a prolongation of g(s) for negative s. To each
complete external force { € Z(go) there corresponds the kernel K¢ of equation
(4.1). The kernel K, consists of all weak solutions u(s),s € R, of the equation

Owu + vLu + B(u) = ((z,t), teR,
that satisfy inequality (4.4) and that are in the space
F* = L3R, V) N L2 (R; H)
N{v] 8/ v e L3R V)} N {v | 8w € L3 5(R; V')}.
Let us formulate the main

THEOREM 4.2. Let go be tr.-c. in LYS,(Ry; H). Then the translation semi-
group {T(t)} acting on K& (X = Hi(go)) has a trajectory attractor Ay =
A, (go) TN @L‘_’C. The set Ay, (g,) @8 bounded in F3 and compact in G)l_f_’c. More-
over,

At (90) = Aw(s(g0) = H+< U ’Cc) =LK 7 (g0)-
C€Z(g0)
The kernel K¢ is non-empty for all { € Z(go); the set Ky(g, is bounded in F*
and compact in ©1°°.

The detailed proof of Lemmas 4.1, 4.2, and Theorem 4.2 is given in [5].
Notice that the following embedding is continuous: G)lfr’C C LY(Ry; Hy_s),
0<d<1,sowe get

COROLLARY 4.1. For every set B C KT bounded in F?,
distz, (0,r;m, _s) (Ho,r T'(1) B, lo,r K z(4,)) — 0 (t — 00),
where I' is fived and arbitrary.

In conclusion, we shall formulate some properties of trajectory attractors of
the Navier—Stokes system.
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(I) Let go(z, s) = g1(z, s)+a(x, s) in (4.1), where g; and a are tr.-c. functions
in LY (Ry; H). Assume that T(t)a — 0 (t — oo) in LS (Ry; H), ie.

w w

1
(4.6) /0 (a(s+1t),¥(s))ds =0 (t — o0)

for all ¥ € Lo(0,1; H). Then the trajectory attractors corresponding to ¥ =
H.y (g1 +a) and to X1 = Hy(g1) coincide:

(4.7) AH+(91 +a) = 'AH+(91)‘

In particular, if g; = 0 then Ay, (a) = Ax, (0) = {0}

For example, the function a(z, s) = o(x) sin(s?) satisfies (4.6) for all ¢ € H.
Thus a more and more rapidly oscillating additional term a(s) does not affect
the trajectory attractor. The equality (4.7) is valid for 3D just as for 2D N-S
systems.

(IT) Let go(x,s) = goe(z, ) = g1(x,8) + €g2(x, s) in (4.1), where the g; are
tr.-c. functions in LYS (Ry; H) and |e| < 1. Put A(e) = Ay, (go.)- Then A(e) is
lower semicontinuous with respect to €. More precisely, it can be proved that the
ball By = {[|v[|73 < Ri}, which is a topological subspace of O°°, is metrizable,

and in this metric
(4.8) distgoe (A(e), A(0)) = 0 (t — o0).

The radius R; is large enough to provide the inclusion A(e) C By for all e, |e] < 1.
For the 2D N-S system (1.1) the property (4.8) is also valid with distelic being
replaced by distgr10c or by dist Frloe depending on the tr.-c. class the external
force belongs to.

(I1I) Let A;_(NQ( Pygo) = AW) be the trajectory attractor of the Faedo-Galer-
kin approximation system of order N for equation (4.1), where Py is the pro-
jection onto the finite-dimensional subspace of H spanned by the first IV eigen-
functions of the Stokes operator. Then

disterpe (AN, Az, (g) = 0 (t — 0).

In other words, for each neighbourhood O(As, (49)) Of Az, (o) in OC there is
N such that A C O(Ax (gy)) for all N > Ni.
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