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OF NONLINEAR SEMIFLOWS
WITH APPLICATIONS TO
ROTATING VISCOELASTIC RODS, PART I
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Dedicated to Louis Nirenberg

1. Introduction

This paper establishes abstract results, which extend those of Potier-Ferry
and Sobolevskii, on global existence and stability of solutions to quasilinear
equations near an equilibrium point whose spectrum lies in the strict left half
plane. The result may be regarded as a version of the linearization principle
for quasilinear systems in a context where the main difficulty is to show that
near the equilibrium shocks are suppressed by small damping. In the second
part to this work, applications will be made to the dynamics of rods undergoing
uniform rotation and satisfying the formal stability criteria based on the energy-
momentum method of Simo, Posbergh, and Marsden.

The stability of relative equilibria of dissipationless geometrically exact rods
moving in space was analyzed by Simo, Posbergh, and Marsden [1990]. Applying
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the energy-momentum method, they obtained sufficient conditions for the for-
mal stability of these relative equilibria. For these partial differential equations
the theory only gives conditional stability since basic existence and uniqueness
questions remain a difficulty due to the quasilinear nature of the equations and
the associated problem of shock formation.

In this paper we prove that in the presence of dissipation (viscoelastic dissi-
pation, for instance), formal stability also ensures the global existence of smooth
solutions and nonlinear asymptotic dynamical stability for relative equilibria of
geometrically exact rods (shells, etc.) moving in space. Since the system is free
to rotate, the stability results are modulo appropriate rotations.

Early work in this direction was done by Browne [1978], who considered the
problem of existence, uniqueness and stability for the quasilinear partial differen-

tial equations governing the motion of nonlinearly viscoelastic one-dimensional

bodies.

Results obtained. This study will consist of two parts. In the first part,
we shall look at the fixed points of semiflows in a Banach space. We will prove
an abstract version of the linearization principle type which states that

if some modest continuity conditions are satisfied and if the lin-
earized systems have eigenvalues all with negative real parts, then
these fixed points are locally asymptotically stable in their neigh-
borhoods, and we have global existence for solutions in these neigh-
borhoods.

Our result generalizes the linearization principle of Potier-Ferry [1981] and
is more convenient for the kind of applications we intend, which adopt the geo-
metrical formulation developed in Simo, Marsden, and Krishnaprasad [1988].

The above result will be applied to the fixed points of evolution equations in
a Banach space. Sobolevskil [1966] established some basic results about the exis-
tence and continuity of solutions to Cauchy problems for equations of parabolic
type in a Banach space. We will make use of these results to find conditions on
the evolution equation that guarantee the asymptotic stability of fixed points
and global existence of solutions in the neighborhood of fixed points.

In Part II, we shall analyze some relative equilibria of viscoelastic rods moving
in space, using the two-director Cosserat rod model. This model satisfies the
invariance requirements under superposed rigid body motions and imposes no
restrictions on the degree of allowable deformations. By a relative equilibrium
we mean a dynamical solution z(t) which is also a group orbit: z(t) = exp(t€) - z.
for some Lie algebra element £. In our situation relative equilibria are uniformly
rotating solutions. Stability itself is, as we have already stated, taken relative to
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group orbits, and in our case taken modulo rotations about the axis of rotation
of the equilibrium solution.
Part IT will prove that

the equations of motion for geometrically exact rods with dissipa-
tion and linearized at a relative equilibrium generate an exponen-
tially decaying holomorphic semigroup.

We do this by modifying the techniques of Potier-Ferry [1982], which in turn
are essentially based on Sobolevskii’s theory of equations of parabolic type in a
Banach space and are used to prove the stability of static equilibria of elastic
bodies moving freely in space.

Finally, we write the equations of motion for hyperelastic geometrically exact
rods moving with a viscoelastic dynamical response in the abstract form

% = G(u).

These equations have the form of Hamiltonian equations with dissipation and
the potential energy used is the augmented stored energy potential. Applying
our abstract result on the fixed points of semiflows in a Banach space to this

evolution system, we prove that

the relative equilibria of hyperelastic rods in the presence of vis-
coelastic dissipation are asymptotically stable if they are formally
stable, and that the solutions to the equations of motion in the
neighborhood of a relative equilibrium exist and are smooth for all

time and decay exponentially to the relative equilibrium.

We believe the approach in this work also applies to the case of thermoelas-
ticity as well as elastic shells and three-dimensional elastic bodies.

2. Stability of fixed points of semiflows

In this section we consider the stability of the equilibria of semiflows (and
flows) in a Banach space.

2.1. Notation. Let F be a Banach space and U an open subset of E. Let
V be a neighborhood of U x {0} in U X R (or U x R, ) such that for each z € V,
we have
(i) ({z} xR)NV = {z} x (a,b) for some open interval (a,b) containing 0;
(ii) in the case of U x Ry, ({z} x R)NV = {z} x [0,a) for some a > 0.
We will write F} = F(-,t) for any map F': V — E. Wecallamap F: V — E
or F; a flow or semiflow if F; satisfies
(i) Fp =1d (the identity map);
(ii) F;o Fs = Fy1s whenever Fy, Fs and Fyy are all defined.
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A point uy € U is said to be a fized point of the flow or semiflow F} if
Fi(ug) = up for all ¢ (for which F; is defined). The time for which F;(u) exists
will be called the lifetime of u.

We shall denote the space derivative by D,,, or by D.

2.2. Boundedness and joint continuity of space derivatives. Let F}
be a semiflow on a Banach space E. Assume that
A-T wyg is a fixed point of the semiflow;
A-TIT there exist Ty > 0 and a neighborhood Uy of ug such that each v € U
has a positive lifetime T,, > Tp;
A-TIT Fy(u) is continuous in ¢ for ¢ > 0 and fixed u over Uy x [0, Tp];
A-1V D, F;(u) is norm-continuous in u for fixed ¢t € (0, Tp];
A-V D, F;(u) is strongly continuous in ¢ for fixed u € Uy.
The following lemma is a modification of Lemma 8A.4, p. 260 of Marsden and
McCracken [1976], which in turn is based on Chernoff and Marsden [1972].

LEMMA 2.1. Let u, — ug in E and § > 0. There exists a dense subset G
of [0, T] such that if t,, — to € G, then
(a) limy, nooo [|DF, (un) — Dy, (uo)|l = 0;
(b) limy, oo DFy,, (un)x = DFy (ug)zx for fivred x € E.

ProOF. For € > 0, set
Gne=1{t€[0,T]| |DFi(w) — DF;(u)| < e for alll > n}.

The set G, is closed because DF;(u) is strongly continuous in ¢. Assume
fn € Gpc and fn — t. Let 2 be an arbitrary unit vector and [ > n. It is obvious
that

|DF;(w)x ~ DF(uo)z| = lim | DE; (u)z — DE;, (uo)al]| < e.

Hence, || DFx(u;) — DFx(up)| < € since z is arbitrary. Thus, t € G, ..
Also, we have

G G = [6,T),

n=1
since DF}(u) is norm-continuous in u for fixed ¢. It now follows from the Baire
Category Theorem that some of the G, .’s have nonempty interiors. Thus,

G. = G Int(G,, <)
n=1

is nonempty. We claim that G is dense in [J,T].

Otherwise, there would be at least one closed interval [a,b] C [6,T] with the
property that [a,b] N G. = (). Applying the same argument to [a,b], one gets a
nonempty open subset G[Ea’b} of [a, b] contained in G., which is a contradiction.
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Next, we set

G= ()G

k=1
where G/, is constructed like G.. Since it is a countable intersection of open
dense subsets of [§,T], G is itself dense in [§,T]. Pick any to € G. Since each
Gk is open, there is a neighborhood Uy of ¢y contained in G, x for some ny.
For n > ni and large m such that t,, € Ug,

IDE,, (un) = DFy, (uo)|| < 1/k.

Therefore, (a) is true. As for (b), for any fixed € E, we can find M > 0 such
that

|DE, (uo)x — DFy, (uo)z| < 1/k
and t,, € Uy for m > M. Hence,

IDE,, (un)z — DFy (uo)z|
< [|DF, (un) = DE,, (uo)| - [[x]| + [[ D, (uo) — DFy (uo)ll - |||

A

1
<~z +1)
for all n > ng and m > M. O

Another basic property we will need is:

A-VI DF;(ug) is norm-continuous in ¢ for ¢ € (0, Tp], i.e.,
Jlim [|DF(uo) — DFyy(uo)|| =0

for any to € (0,Tp).

PropoOSITION 2.2. If the semiflow also satisfies A-V1, and if u, — ug and
t, — tg > 0, then the limit
Tz = lim DF; (un)x
defines a bounded operator T on E and

lim |T — DF,, (uy)] = 0.

n—oo

PrOOF. The assertion follows if we can show that DF; (u,) is a Cauchy
sequence (by the Banach—Steinhaus Theorem, see e.g. Theorem 1.1.8, p. 55 of
Dunford and Schwartz [1953]).

Let G be constructed as in Lemma 2.1. Pick ¢ € G such that 0 < ¢ < to and
let 7,, :=t, —to + t. We write

oi(u) = DFy(u), u' = Fy(u).
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(2.1) lim ||, (un) = ¢r,, (uo)|| = 0.

m,n— oo

Now

1@t (Um) = @t,, (un) |
< lt,,, (wm) = @, (o) [l + e, (w0) = @, (wo) | + It (w0) = ., (un) |

and

Tm

@t (Um) = @t (o)l < Ny, (ui) © (pr, (m) = @r,, (o)) |
+ g, —#(ug) = @1, 7(w0)] © o, (wo) -

Assumptions A-IIT and A-IV on F;(u) ensure that Fy(u) is separately con-
tinuous in w € Uy and t > 0, hence also jointly continuous in u and ¢ for
(u,t) € Ux(0,Tp]. (See Marsden and McCracken [1976], Theorem 8A.3, p. 260.)
We thus have

U™ — U
and hence
o, —7(um') — @4, —(uo)|| — 0.

Also ||t (uo)|| — ||t (uo)]| by A-VI. Therefore, noting (2.1), we can find

Np > 0 such that
[t (um) = @t,, (uo)ll < /3
for all m > Ny, where € > 0 is given.

Similarly, we find Ny > Nj such that

e, (uo) = s, (un)|l < /3

for all n > Ns.
Finally, by A-VI one finds N > Ns such that if m,n > N, then

[, (wo) = e, (uo)|| < /3

for all m,n > N. It follows from the above inequalities that for m,n > N,
1€, (Um) = @t (un)|| <&,

and hence, ¢, (u,) is a Cauchy sequence. O

The next basic property we need is

A-VII Given any x € E, there exist M, > 0, € > 0, and a neighborhood U, of
uo such that

|IDF;(u)x — DFy(u)z|| = | DFy(u)z — z|| < M,,

forall0 <t<eanduecU,.
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PROPOSITION 2.3. Assume in addition that Fi(-) satisfies A-VII. Then
there exist § > 0, M > 0, and a neighborhood U of uy such that

[DF(u)|| < M
for allu e U and t € [0,0].

PRroor. This is a consequence of A-VII and the Uniform Boundedness Prin-
ciple. For the purpose of contradiction, suppose that ||DF;(u)| is unbounded
over any U x [0, §], where U is a neighborhood of wy. Thus, for any n € N, there
exist u,&"% k=1,2,..., and ¢

b M =1,2,.. . satisfying

lim 4" =0, n” =" —uo N0, and [DF ()] =n.

m— 00

Taking subsequences, one gets sequences u,, and t,, that satisfy
tn O, 7Tn = [lun —uol| O, and [|[DF, (un)| > n.

It is obvious from A-VII that |DF;, (un)z — x| — 0 as n — oo. Hence,
{DF}, (up)zx} is bounded for any given z € E, and by the Uniform Bound-
edness Principle, there is some M > 0 such that, for all n, |DF;, (u,)] < M,
contradicting what we deduced from our supposition. O

2.3. Exponential decay of the spatial derivative
PROPOSITION 2.4. Let Fi(-) be a semiflow satisfying A-1 through A-V1. If
[DF(uo)|| < exp(—ot)

fort >0, and for some o > 0, then for any given § € (0,Ty] and 0 < o/ < o one
can find a neighborhood U of ug where

IDF;(u)| < exp(—0't)
for all w e Uy and t € (6,Tp).

PROOF. First we observe the following three points:

(i) Since exp(—o’t) > exp(—ot) for t > 0 and DF;(u) is norm-continuous in
u when t is fixed, there exists r; € (0,00) or r; = oo such that ||u — ug|| < 7
implies |DF;(u)|| < exp(—o’t) and for finite r;, one can find at least one w,
satisfying
lug —uol| =7 and ||DF;(us)|| > exp(—a't).

(ii) The existence of U in this proposition is equivalent to

2.2 7= inf > 0.
(2.2) T tel[gTo]{n}
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(iii) Suppose ¥ = 0. Then one would be able to find a sequence t,, € [, To]
with corresponding r, =1y, \, 0, and {u,} C Uy satisfying
lun = uoll = rn, | DF, (un)ll = exp(—o'tn).

Here, without loss of generality, by passing to a subsequence if necessary, we can
assume t, — to € [0, Tp)-

We will prove that 7 = 0 leads to a contradiction. Let t,, u,, 7, be as in (iii).
By Proposition 2.2,
T = lim DF; (u,) € B(E)

n—oo

(the space of bounded operators on E) and
IT|| > exp(—ato),

since ||[DFy, (up)] > exp(—o'ty), tn — to > 0, and exp(—oty) > exp(—o’to).
Hence, for large n one can find some €9 > 0 such that | F;, (un)]| > exp(—otp)
+ £p. On the other hand, starting with [¢',7], 0 < ¢’ < &, we obtain a dense
subset G of [§’,T] as in Lemma 2.1. Pick ¢ € G such that 6’ <t <ty and set

Tnztn7t0+t~.

Then 7, € [¢, Tp] for large n and 7, — t € G. The assumptions A-III and A-IV
on Fy(u) guarantee the joint continuity of Fy(u) at (u,t) € Uy x (0,7p]. Hence

lim FT" (un) = Fz(uO) = Ug-
n—oo
Therefore,

DFto—?(Fm (un)) — DFtO_'[(UO)

in norm as n — oco. Now pick any = in E. Then
DF;, (un)x — DF:(up)x
in norm by virtue of Lemma 2.1(b). It follows that
i [|DF, (un)al| = lim |DE,, (Fy, (un)) o DE, (un) - 2]

~ | DF,, #(u0) o DFy(uo) -

= [[DFyy (uo) - 2| < [|DFy, (uo)| - ||| < exp(=ato)l|z].-
Thus, since x is arbitrary,

[T = I lim DFy, (un)|| < exp(—ato),

a contradiction. O

For the next proposition, we need the following lemma on the upper semi-
continuity of the spectrum of a bounded operator on a Banach space (see The-
orem 3.1 and Remark 3.3 on p. 208 of Kato [1977]).
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LEMMA 2.5. The spectrum o(T') is an upper semicontinuous function of T €
B(E), that is, for any T € B(E) and € > 0, there exists a § > 0 such that

dist(a(S),0(T)) = AZU?S)()\7U(T)) <e

if IS—1T| <.

PROPOSITION 2.6. Let F; be a semiflow on E satisfying A-1 through A-VI.
Assume also that the spectrum of DFy(ug) lies inside and at a positive distance
away from the unit circle for any t € (0,Ty]. Then, given any 0 < § < Ty, there
is an equivalent norm |- | on E and o > 0 such that

|DF;(ug)| < exp(—ot)
for all t € [6,Tp)].

PROOF. Since F; is a semiflow and wg is a fixed point, denoting DF;(ug) by
¢, we get from the Chain Rule

Pras(T) = props(x), o =1d,
for all x € F and t, s such that ¢ is defined. Also, by assumption
- 1 = o = Id.
S t{% Pt = ¥o
Let t1 4+ to =t} + 5, t;,t; € [0,Tp), i = 1,2. It is easy to verify that
Pty O Pty = Pr) © Py,

Moreover, both ¢, o...0 ¢, and ¢ o... 0@y are well-defined if

n n
Ztizzt; for ti7t; € [OvTO]v i=1,...,n,
=1 =1

and
Pt1 0.0 Pt =Py O 0P

Therefore, we can extend ¢; to [0, 00) by defining

Pt =Pt ... 0P,

where t; € [0,Tp] and t1 + ... + t, = t. Thus, ¢; is a Cp-semigroup of linear
operators on F.

Let § € (0,Tp) be given. Choose d9 > 0 such that Jy < ¢ and mdy = Tp for
some positive integer m. If ¢’ € [do, Tp], then

(i) < exp(—¢y)
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for some positive ¢; by our assumption on the spectrum of DF;(ug). Pick 0 <
oy, < oy, where oy -t = ;. In view of hypothesis A-VI and Lemma 2.5, there
exists a Oy such that

7(p1) < exp(—dy - t)
for all t € (¢ — 6y, t’ + 0p). Hence, we have a cover of [0y, Tp] of the form
{(t = 6e,t+60) | L € [0, Tol}

with the d;’s chosen in a manner similar to the above ¢y. Furthermore, [dg, 7o)
being compact, a finite subcover exists, say,

(tl - 5t1at1 +5t1)7' L) (tn - 5tnatn + 5tn)
with corresponding o1, ...,0], > 0. Setting ¢ = min{o},...,0,}, we now have
r(pe) < exp(—ot)
for all t € [50,To].
If, in choosing 09 = Tp/m, we always pick an even m > 2, any t € [dg, 00)
can be written as t = 2ngdp + t' with t' € [0p, Tp] and ng € N. It follows that
(o) = T [l sy el < Tim [l 17 /7 - i 7 < e,

Thus, r(p:) < e 7" holds for t € [§p, 00), and ||¢}||/e~ ™" is uniformly bounded
from above for all ¢ > § and for all n € N. This allows us to define a new norm
on E as follows (cf. Abraham, Marsden, and Ratiu [1988], Lemma 4.3.8, p. 301):

| = sup [lgf(2)ll/e""
n>0,6>8
for z € E. Clearly this defines a norm, and the two norms || - || and | - | are

equivalent because

ol < | < ( sup [lpp|/e7") - |||

n>0,t>4
for any = € E. When estimating |:,(x)| we need to consider two cases. If the
supremum is assumed at n = 0,
sup |} (1, (2)) /€77 = s (@),

n>0,t>6
we get
—oto

sup |} (z)]| /7" = e 7" xl.

n>0,t>4

ot ()] = llot ()] < e
Otherwise, we have

oty (@) = sup [} (pry ()] /e
0,t>6

ni

<e sup  ph(x)]| /e = e,
n>0,t/>6

Thus, under this new norm |p;| < e~ for all z € [§, 00). O
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2.4. The main theorem. There are two versions of the main result. We
begin with the following preparatory case.

PROPOSITION 2.7. Assume that the semiflow Fy(-) satisfies A-1 through A-
VII, and ||DFi(ug)|| < exp(—ot) for allt € Ry and some o > 0. We have

(a) Global existence of integral curves in a neighborhood of ug: there exists
a neighborhood U of ug such that every w € U has infinite lifetime.
(b) Asymptotic stability at ug:

tlim | Fi(u) —uol| =0 foralluel.
— 00

PrOOF. By Proposition 2.3, there are § > 0, M > 0 and a neighborhood U;
of ug such that
[DF(u)|| < M

for all w € Uy and t € [0,4]. Fix 6 < Tp/2 and U;. We find a neighborhood Us
of ug as in Proposition 2.4 such that

IDF(u)|| < exp(—d"t)

for all t € [§,Tp] and u € Us, for some ¢’. Both U; and Uy are chosen to be
subsets of some Uy where A-II is satisfied. Now let U C U; be a neighborhood
of ug such that

M(U—UQ) e U,

for all u € Uy. Taking note of the estimate

1Fu() — woll = | Fy(w) — Fy(uo)| = H [ DE s+ (1= syua) - (= o) s

- M||u — up| for 0 <4,
exp(—o’t)||lu — ug|| for t € [0, Ty],

we know Fy(u) € Uy N Us, hence it can be extended in time by at least Tp.
For t > 0, write t = n(t)To + ¢/, where Ty > t' > 0 and n(t) € N. By
induction, one gets the estimate

| Fe(u) —uoll = [ Fyr, © Fr(w) — Foyn, © Fir(uo) ||

1
= H / DF(n(t)—l)To(- . ) o l)l‘?T0 (Ft/(u) - UQ) ds
0

< M exp(—n(t)o'Ty) - ||u — ug]|-

Without loss of generality M > 1 is assumed here. Thus, the semiflow can be
extended infinitely in time for every w in U and lim;_, . || Ft(u) — ug|| = 0, since
n(t) — oo as t — oo. O
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Combining Propositions 2.2 through 2.7, we obtain the following theorem
on the asymptotic stability of the fixed points of flows (semiflows) in a Banach
space and the global existence of (semi-)flows in their neighborhood.

THEOREM 2.8. Let F; be a semiflow (flow) in a Banach space E. Assume
that F; satisfies the hypotheses A-1 through A-VII. Assume also that the spectrum
o(DF;(up)) lies uniformly inside the unit circle for t € (0,Tp]. Then there exists
a neighborhood U of wug such that we have

I Global existence: each uw € U has infinite lifetime,
II Asymptotic stability at ug:

tlim | F:(u) —up|| =0 for allu € U.

3. The evolution equation

3.1. Introduction. Now we investigate the semiflows generated by evo-
lution equations in a Banach space. We shall apply the results we obtained
in Section 2 to flows of evolution equations. More specifically, we shall find
conditions on the evolution

(3.1) % = G(u)

which, when satisfied, will guarantee that the equilibrium ug is asymptotically
stable. In (3.1), G is a map from ) to X, Y and X are Banach spaces and Y
is continuously and densely included in X. Consistent with our applications, we
shall assume that G has the form

G(u) = Alw)u + g(u),

where A(u) is a closed linear operator, and g(u) a C! nonlinear mapping. Taylor-
expanding g(u) at up and combining D, G(ug) with T'(u), we can assume that
A:)Y — X is a closed linear operator and ¢ is a nonlinear map from ) to X
having the property ||g(u)||x = o(]ju — uo||x), when we consider the equation in
a neighborhood of ug.

3.2. Notation and terminology. Let us recall some definitions and nota-
tion to be used. A continuous local semiflow on a Banach space ) is a continuous
map F : Y x Rt DD — Y, where D is an open subset, satisfying

e YV x {0} C D

o F(z,0) = a;

o if F(x,t) € D and (F(x,t),s) € D, then F(x,t+ s) € D and

F(z,t+s) = F(F(z,t),s).
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We say G generates the semiflow F(xz,t) if F(x,t) is t-differentiable for ¢ > 0
and x € ), and

d
ZF (1) = G(F(a,1)).

When G depends explicitly on time, we replace the local semiflow F(z,t) by an
evolution operator Fy s :) — Y, satisfying

[ ] Ft,t = Id,
o [y o0F, ,=F, when 0<r <s<t<T, for some T}

d
i %Ft,s(x) = G(Ft,s(x)7t)'

Let {U(t) | t > 0} be a (C°) semigroup on a Banach space X, A its infini-
tesimal generator defined by

g — i DT —2
t\0 t

b

on the domain D(A), that is, the set of those z € X for which the above limit
exists. We say A € G(X, M, B) if [|U(t)|| < Me~*#. We will also use the notation

Y(w,8) ={reC||Arg\| <7/2+wor ReX > —[}.
Note that the following two conditions are equivalent:

e the spectrum of a linear operator lies uniformly to the left of the imaginary
axis;

e there are positive w and g such that X(w, 8) is contained in the resolvent
set of the operator.

3.3. Sobolevskii’s results on parabolic equations in Banach spaces.
We will make use of the following results Sobolevskii [1966] obtained for equations
of parabolic type in a Banach space.

THEOREM 3.1. Let the operator A(t), t € [0,T], act in E and have an
everywhere dense domain of definition D not depending on t. For any t,r,s €
[0,T] suppose

ITA(t) = A(NIAT (s)]| < CJt = 7]°
for some € € (0,1]. For any A with Re X > 0, assume the operator A(t) + Al has
a bounded inverse and

I[A() + M| < ClIA + 1]

Then there exists an evolution operator U(t,T) which is defined and strongly

continuous for all t and T such that 0 < 7 <t < T. Also, U(t,T) is uniformly

differentiable in t fort > T, and
oU (t,T)

S AUt T) = 0.
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For vy € FE,
v(t) = U(t,0)vo
defines a unique solution to the Cauchy problem
d
T HAY =0 (0<t<T), v(0) =,
which is continuous for all t € [0,T] and continuously differentiable for t > 0.

If v € D, then v(t) is continuously differentiable for t = 0.
THEOREM 3.2. Assume f(t) satisfies the Holder condition
1£(8) = ()l < Clt = s

for some 6 € (0,1]. Then the variation of constants formula

v(t) = U(t,0)vg —l—/o U(t,s)f(s)ds

gives a unique solution to the nonhomogeneous equation

dv
— + A(t)v = f(t
which is continuous for all t € [0,T] and continuously differentiable for t > 0.
If vop € D, then v(t) is continuously differentiable for t = 0. If f(t) is an op-
erator function, then the formula defines a uniformly continuously differentiable
solution.

Finally, we shall need:

THEOREM 3.3. Let Ag = A(0,vg) be a linear operator whose domain of
definition D is dense in E. Let the operator Aal be completely continuous in F
and Ag + Al have a bounded inverse satisfying

I[Ao + M) 7| < CA[ + 1]

for any X with ReXA > 0. For some o € [0,1) and for any v € E,|v|| < R,
assume the operator A(t, Ay “v) is defined in D and satisfies

I[A(t, Ag ) = A(r, Ag*w)] A || < CR)[Jt = 7|7 + o — wl|]

with €,0 € (0,1], for any 0 < t,7 < T, ||v|| < R, and |w|| < R. In this region,
suppose

IF(t, Ag ) = f(r, Ag*w)]AG | < C(R)[It = 71 + [Jo — w]9].

Lastly, for some B > a, let vy € D(Ag), and let ||AJvo|| < R. Then there exists
at least one solution of the Cauchy problem

(32) WAl 0) = f,0),

(3.3) v(0) = o,
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which is defined on a segment [0,%g), is continuous for t € [0,to), and continu-
ously differentiable for t > 0. If o =1, the solution is unique, and we can omit
the assumption on the complete continuity of Aal, The solution can be obtained
by the method of successive approrimations in this case.

3.4. Continuity of solutions and evolution systems

PROPOSITION 3.4. Let Fi(u) be the solution of (3.2) corresponding to the
initial condition Fy(u) = w € D. Then under the conditions of Theorem 3.2 and

-1 (A’ (u)v)x is Lipschitz continuous in u, i.e.,
1(A" (u1) — A (u2))v)z| < Cllug — uzll - 0]l - [[z]lp,

and the Lipschitz estimate
B-1I
1 (u1) = f(u2)l| < Clluy — ual],

the solution Fy(u) is continuous in u, uniformly in t € [0,t1] for some t1 < tg.

PROOF. Let u(t) = Fy(ug), u(t) = Fi(up), and A(t) = u(t) — u(t). Then

< A Qu(t) + (1= Nu@)] - lu(t) —u@®)] - Izl

l(AGu(t)) - ”E'_H [ 0ult) + (= V) ) — )] 0

+ (A(u(?)) = Afa(®))u(t) + f(u(t)) - f(u(t).

It follows that

(3-5) %I\A(t)ll < [[Aw@)] - A®]
+ 1A Au(t) + (1 = Nu@)ll - [A@I - @) o + CUA@I)
< Cllaw)]

where C is a positive constant depending on wg, ug, and ty. To get this estimate,
we have used the fact that w(¢) and u(t) are continuous in ¢, and A’(u) is con-
tinuous in u. Moreover, the constant in the estimate can be chosen to depend
only on ¢y and @g. Since [0,¢1], [0,1], and {(¢,\) | 0 < ¢t < ¢, 0 < A < 1}
are compact, Au(t) + (1 — N)u(t), u(t), and u(t) are continuous, there exists a
connected finite subcover of

Dw(t) + (1= Na(t) [0<t<t, 0<A< 1}



286 C.Y. Xu J. E. MARSDEN

consisting of open balls contained in D. Also recall that the solution to (3.2)
and (3.3) is the fixed point of the map u(t) — v(t) given by

o(t) = U(t, 0)uo + /0 Ut 5)f(u(s)) ds.

Hence,
|w%xw—wn=Wme—UmﬂwM+Azﬂu@ﬂ%@»@
< (14 ) Jug|
+ (i [fu(t) = woll + £ ) ) 51— )
and

max [ (1) ol < Bluosto) + (mavs [lun(®) = uoll) - 5 (1~ ™),

0<t<to

| =

where B(ug, tp) is continuous in ug and . It follows that

1 n
" t _ < Bto L= 1_ 7Bt
omax lun(t) — uoll < e + Jluo] {ﬁ( e

and the solution u(t) satisfies

omax [u(t) —uol < C(uo, o)
Thus, if we start with vy close to ug, for the constant in (3.5) we can find a
constant C depending on uy and ty only such that

L1l < Claw).

Therefore, by Gronwall’s inequality, maxo<i<s, ||u(t) — @(t)|| — 0 as |Jug — Uol|
— 0, as claimed in the proposition. O

The above proof gives the following estimate which will be used later.
COROLLARY 3.5. Under the same conditions as in Proposition 2.4,
IA@)] < C(uo, to) [AO)]
for all t € [0,t1].

PROPOSITION 3.6. Let Fy(u) be the solution to (3.2) satisfying the initial
condition Fo(u) = u. Let u(t) = Fi(ug), v(t) = F(vo), A1(t) = A(u(t)), and
As(t) = A(v(t)). Assume ||ug — vg|| = 6. Then under the same conditions as in
Proposition 2.2 there exist t1, a constant C and some 6 € (0,1) such that

1(A1(t) = A2(8))2|| < Cd|z]|p,
(3.7) [(A1(t) = A2(t) — As(s) + Ax(s))z| < CJt — 5| - [l]|p,

forall0 <s<t<t.
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PrOOF. Let T (A, t) = A(Au(t) + (1 — AN)v(t)) and A(t) = u(t) — v(t). The
first inequality is obvious from the proof of Proposition 3.4. As for (3.7), rewrite

(Aq(t) — (s) + Aa(s))x
/ SO0 T ) dn
- / (T30 1) — Ta (A $)]A) + Ta(h, 5)[A(E) — A(s)]}a A,

and we have the estimate

T (A1) = Ta (A, ) A
= [[A'Qwu(t) + (1 = No(t)) = A'(Mu(s) + (1 = Ao(s))]A@®)z]

< Crnuts) - <>> =300 oDl 1Al
<o s (| %92 [ 2 )=t naon- e

< C6lt — |- |lzllp

by Corollary 3.5, where C' is some generic constant. Similarly we get the esti-
mates

a6 - a1 < (

t)H) [t — s] < C10]t — s
and
ITA(A, s)(A(t) = A(s))z| < C2Cs]t — 5| - ||z p,

where the bound Cs on ||Tx (A, s)|| results from (A’ (u)v)z being continuous in u.
Combining these estimates, we get (3.7). O

With the above inequalities established, we can now estimate how close
U®(t,s) and U¥(t,s), the evolution operators corresponding to the solutions
Fi(z) and Fy(y), are to each other. For this end we need the following lemma.
The proof given below follows Sobolevskil [1966] and Potier-Ferry [1982].

LEMMA 3.7. Under the same conditions as in Proposition 3.4,
ITA(E(2)U* (t, ) A7 (Fs (@) — A(Fe(y)) U (¢, 5)A™H(Fs(y)) || < Co.

PROOF. Let

where we have abbreviated the notation for convenience, and adopted the conven-
tion that § in front of a quantity denotes the variation of that quantity brought
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about when z is perturbed to y. Then the operator
o(r) = " (r, 5) A7 (s)

is strongly differentiable, and integration of ¢/(r) from s to t shows that Q(t, s)
is the solution to the Volterra integral equation

(3.8) Q(t,s) = A(t)e *(t*S)A(t)A*I(s)
/ A(t)e A [A(t) — A ANP)Q(r, ) dr.
It follows that
(39)  8Q(t5) = 6{A(t)e 94D A1 (5))
/ S{A(t)e DADY[A(t) — A()]ATM(r)Q(r, ) dr
+ [ Awe CIASA®) - AW AT )@ 5) dr
+ / A(tye IAO[A®) — AW)S{A (1)}Q(r. 5) dr
+ /t A(t)e_(t_T)A(t) [A(t) — A(T)]A_l(r)(SQ(r, s)dr

Since the semigroup generated by A(t) is holomorphic, we have the estimates

(3.10) 1647 (s)zl < Ciélzlp,
(3.11) 16 A(t)e _(t_s)A(”}H < Cad/(t =),
(3.12) I6{A(t)e= =AW AT ()} ]| < Cso,

and the resulting inequality
16Q(t,5)]| < Csd + C36 / AW - AEA QG 5) | dr
¢ / JA()eE=AD A ) Qr, )] dr
X / JA@)eIAO[A(E) — AE)Q(r, s)]| dr

/||A em TIADLA(E) — A(r)]ATH ()| - 16Q(r, )| dr

Since the relevant functions inside the integrals are continuous, we obtain

t

10Q(t,s)| < Cé+ B sup ||0Q(¢t, )| dr.

s s<r<t

Hence, ||6Q(t, s)|| < C4. O
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PROPOSITION 3.8. Assume B-1 and B-II. Then U“(t,s), the evolution sys-
tem for the Cauchy problem (3.2) and (3.3), is norm-continuous in u, where u
is the initial condition in (3.3).

PROOF. From Theorem 3.3 it follows that
0
5 (U7 (r,5) =UY(r,5)) = ~[A(F:(@)U* (1) + A(F (4))U" (1, 5)]-

Integration from s to t yields

Ut(t,s) = UY(t,s) = —/ [A(F,(2))U* (r, s) A7 (Fy(2)) A(Fi(2))
— A(F:()U(r, s) A7 (Fs () A(Fs(y))] dr.

Hence,

IU*(t, s) = UYL, s)]v|| < / {116Q(r, s) A(Fs(x))v||
+1Q(r, $)[A(Fs(z)) — A(Fs(y))]vl|} dr.
The first term has the estimate
[6Q(r, s)A(Fs(z))v[| < CO||A(Fs(z))v||

for some constant C' by Lemma 2.1, and from Proposition 3.6 (inequality (3.6))
we get

IACE (@)U (r, ) A (Fs () [A(Fs () — A(Es(y)]v]| < Cid]Jv]lp,
where Q(r, s) and §Q(r, s) are as in Lemma 3.7, and § = ||# — y||. Therefore,

lim ||[U*(t,s) — UY(t, )| = 0. O

lz—yl—0

3.5. Spatial differentiability of solutions. Returning to the evolution

equation (3.1),

d
o = Glu,t) = Alu,t)u+ g(u, 1)

we examine the spatial derivatives of its solutions. The following results will be
used in the proof:

BOUNDED PERTURBATION THEOREM. If A € G(X, M, 3) (the space of gen-
erators on X with bounds M and (3, as defined in Section 3.2) and B € B(X),
then A+ B € G(X, M, 3+ ||B||M). (See Kato [1977], p. 495.)

TROTTER-KATO THEOREM. If A, € G(X,M,3) (n = 1,2,...), A €
G(X, M, B3) and for \ sufficiently large, (A — A,))~t — (A — A)~! strongly, then

etAn — et strongly, uniformly on bounded t-intervals. (See Kato [1977], p. 502.)
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THEOREM 3.9. Assume conditions of Theorem 3.2 are satisfied. Assume
also that B-1 and B-1I are satisfied. If Dg(ug) =0 and Dg is continuous at ug,
then in some neighborhood U of ug the solution to (3.1), Fy s(x), is differentiable
with respect to x, with DF; 4(x) being the solution to

ow

(3.13) a5

= [A(Fy(z)) + Dg(Fy(x))]w + A'(Fy(x))w(Fi(z) + w).
PROOF. Let A(t,s) = Fy s(x) — Fis(y). We have, by construction,

Alt,s) = Uz — Uy + / U7 g(F(x)) — UYg(F(y))) ds,

Mg;’ *) (At F@) F(e) - At F) F()] + 9(F(2) - 9(F(),
oU(t,s) .

5 - —A(t, Fys(2)) U (L, 8),

WD) (1,1 A Fra)),

where we have dropped subscripts or arguments in F ((z), F; s(y), U*(t,s) and
UY(t, s) respectively in the first two equations.

Let A¢(h) := Fi(x + h) — Fi(x). From Proposition 3.6, and Proposition 3.8,
it follows that

9 (Fia+h) - Fy(x)

ot
= A(Fi(x + h)Fi(z + h) + g(Fi(z + h)) — A(Fi(2)) Fi(z) — g(Fi(2))
= A(Fi(2))(Ai(h) + Dg(Fi(x))(As(h)) + o(Ai(h))
+ [A'(Fi(2) Ar(h) + o(Ar(h)]Fi(x) + [A'(Fy()) Ai(h) + 0o(As(h))] A ()
= [A(Fy()) + Dg(Fy(x)) + oz, h)|Ay(h)
+[A'(Fi(2)A(h) + (e, )] Fi(x) + [A'(Fy(2)) Ad(h) + o(z, h)] A (h),

where g(x,h) and g(x,h) are operators continuous in x and h, whose norms

satisfy
(3.14) i lle(z, h)||/1IR|] = 0,
(3.15) i l[o(z, h)||/1I|] = 0,

since || Fy(z+h)— Fy(z)|| — 0 as ||h]| — 0. Fix x and h. Let (;(h) be the solution
to

9G(h)

(3.16) — [A(Fy(x)) + Dg(Fy(x)) + o(a, h)]Go(k) + (G (R),
(317)  Glh) =1,
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where
g(w) = [A'(Fy(2))w + o(x, h)|Fy(z) + [A"(Fy(z))w + o(x, h)]w.

Since Dy is continuous at ug with Dg(ug) = 0, Fi(x) is strongly continuous
in t and [[eAF @) < e for some § > 0, there exists [0,] such that for
te [O,to],

(3.18) | eAE@)+Dg(Fi(@) | < o=t
for some & > 0, by the Bounded Perturbation Theorem. By the same argument,
we know that there exist [0,¢o] and € > 0 such that for ¢ € [0,t0] and h < e,
(3.19) || eAE@)+Dg(Fe@)+e(@h) || < ¢=to,
Therefore, (;(h) exists over [0, tg] for all h < &, by Theorem 3.2.

Thus, letting 0,(h) := A(z, h,t) — ((h) - h, we have

320) 2 (R w) ¢ Do(Fw) + ol W) + 706(),

(3.21) 8o(h) = 0.

We now show that ||0;(h)|/||k|| — 0 as ||h]] — 0. From the preceding two
equalities, we get

d||6:(h
WL < o, ) - e+ M)
where M > 0 is a constant independent of h. Hence, by (3.14),
9 <|9(h)||> (||9(h)|>
3.22 — | —— | <e(|h|]) + M| ———
(3.22) o\ (IR1[) 2

where ¢(||h||) — 0 as ||h]| — 0. Thus,

g 1F@ £ h) = Fy@) = G(h) - b _

3.23
(3:23) M Al

0

by Gronwall’s inequality. Therefore, D, F;(x) = limy_q (:(h), if the limit exists.
Next, we show that limy o (;(h) exists as a result of the Trotter—-Kato Theo-
rem. First, we need to prove that (;(h,) is a Cauchy sequence for h,, — 0, which
is equivalent to showing that, for any two hy,he < €, ||¢:(h1) — (:(h2)|| can be
made arbitrarily small if hy, ho are small enough.
Since

G (h)
ot

= [A(Fi(2)) + Dg(Fy(x)) + o(x, h1)]Gi (h1) + g(Ci (ha))

and

ulls) _ LA (@) + Dg(Fi()) + o, ) (ha) + (G ),



292 C.Y. Xu J. E. MARSDEN

we have

9|[¢e(h1) = Gi(ha)l
ot

By (3.14), for any € > 0 we can find 6 > 0 such that

< M|¢e(ha) = Gi(h2)ll + [lo(x, hi)Ce(hn) — e(, h2)Gi(h2)]]-

llo(z, h1)Ce(h1) — o(, ha)Ce(h2)|l < &
if hl, hy < 0. Thus,
(3.24) [ICe(h1) — Ce(ho)|l < etoeMb — 0 for any t € [0, to],

as hl, hg — 0.
Before we can apply the Trotter—-Kato Theorem, we have to verify that for
A sufficiently large, (A — A4,,)~! — (A — A)~! strongly, where A,, stands for

A(Fi(x)) + Dg(Fi(x)) + oz, hn),

and A stands for A(Fy(x)) + Dg(Fi(x)). Since A,, — A strongly by (3.14), this
is a consequence of the resolvent identity:
Ry — R# = (,LL - )\)RAR#,

where Ry = (A—A)~! and R, = (u— A)~" are the resolvents of A € G(X, M, 3)
for A > g and u > (.
Let U"(t, s) be the evolution system associated with

A(Fi(x)) + Dy(Fi(2)) + olz, h),
and U (t, s) be the evolution system associated with
A(Fi(x)) + Dg(Fi(x))-
Then limy,_o U"(t,s) = U(t, s), as a result of the Trotter—Kato Theorem. Taking

the limit of

(3.25) Co(h) = T"(t,0)] + / 0" (¢, 5)3(Ca(h) ds

S

as h — 0 produces

(3.26) D, Fi(z)=U(t,0)I
t
+ / Ul(t,s)A (Fi(z)) Dy Fs(2)[Fy(x) + Dy Fs(x)] ds. O
3.6. Main results. With the preceding preparations we are ready to ver-

ify that under the conditions given below, conditions A-I through A-VII from
Section 2 are satisfied.
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THEOREM 3.10 (Existence and continuity of solutions with respect to initial
data). Let D and E be two Banach spaces, with D continuously and densely
included in E. Let G(u) = A(u)u+ g(u), where g(u) is a nonlinear map from a
neighborhood U of ug in D into E, A(u) is a closed linear operator from D into
E for each uw € U. Assume B-1, B-I1, and

B-0 wg is a fized point of G(u), g(ug) =0, Dg(ug) =0, and Dg is contin-

uous at ug;

B-TIT there are positive numbers w and 3 such that X(w, 3) (defined in Sec-
tion 3.2) is contained in the resolvent set of the operator A(ug); more-
over, there exists C' > 0 such that

I[Ag + A 7Y| < CIA + 1)1

for all A € (w, B).
Then there exists a neighborhood Uy of ug and Ty such that for any u € Uy, the
Cauchy problem
dv
= A(t,v)v +g(t,v), v(0)=u e Up.
has a unique solution Fy(u) € D, with lifetime at least Ty. Furthermore, Fy(u)
is continuous in t € [0,Tp] and u € Up.

PrOOF. Recall that the spectrum of a bounded operator on a Banach space
is upper semicontinuous (cf. Lemma 2.5). Since A(u) is continuous in u, we
can find a neighborhood Uy of ug and 8’ such that for any u € Uy, X(w, ) is
contained in the resolvent set of the operator A(u), and there exists C’ > 0 such
that

ITAQ) + MY < C[IAL + 1] 7
for all A € ¥(w, ). The assertion now follows from Theorem 3.2 and Proposi-
tion 3.4. 0

Thus, the conditions A-I, A-IT and A-III from Section 2 are satisfied.

THEOREM 3.11 (Existence, norm-continuity in z, and strong continuity in ¢
of D, Fi(x)). Under the same notation and conditions as in Theorem 3.10, the
solution Fy(u) to the Cauchy problem

d
dit’ At 0)0 = g(t,v), v(0) =u € Uy,

is differentiable with respect to u with

Dy Fi(u) = U(t,0)I + / U(t, s)A'(F,(u)) Dy Fs(u)[F,(uw) + Dy Fy(u)] ds,



294 C.Y. Xu J. E. MARSDEN

where U(t,s) is the evolution system associated with A(F,(u))+ Dg(Fy(u)). Pur-
thermore,
A-IV D, Fi(u) is norm-continuous in u for fized t € (0,Tp] for some Tp;
A-V D, Fi(u) is strongly continuous in t for fixed u in some neighborhood

of ug.

PrOOF. By the same argument as in Theorem 3.10, it follows from Theo-
rem 3.9 that there exists a to > 0 such that

Dy Fy(u) = U(t,0)I + / U(t, s)A'(Fy(u)) Dy Fy(u)[Fy (1) + Dy Fy(u)] ds

exists in a neighborhood Uy of ug for 0 < t < tg. By Proposition 3.4, for fixed
t € [0,t0], Dy Fi(u) is norm-continuous in u. A-V follows because D, Fy(u) is
continuous in ¢, as a solution to equation (3.13). O

THEOREM 3.12. Under the same notation and conditions as in Theorem
3.10, the solution Fi(u) to the Cauchy problem

% + A(t,v)v = g(t,v), v(0) =u € Uy,

also has the following properties:

A-VI DF,;(ug) is norm-continuous in t for t € (0,Tp], i.e.,

lim || DF;(ug) — DFy,(uo)|| =0

t—to
fOT‘ any to € (07TO};
A-VII strong continuity of D,Fi(u) in t at t = 0 is uniformly bounded in u
locally at uw = g, that is, given any x € E, there exist M, > 0, € > 0,
and a neighborhood U, of ug such that

|DF;(u)x — DFy(u)z|| = | DFy(u)r — x| < M,

forall 0 <t <e andu € Uy,
A-VIII the spectrum o(DFy(ug)) lies uniformly inside the unit circle for t €
(0, Tp].

PRrOOF. Recall that by Theorem 3.9 there exists a ty > 0 such that
t
D, Fi(u) = U(t,O)I+/ U(s,0)A" (Fs(u)) Dy Fs(u)[Fs(u) + Dy Fis(u)] ds
0

in a neighborhood U of uy and U (t,s) is the evolution system associated with
A(Fy(u)) + Dg(Fy(u)). Hence, at ug, U(t,0) = et with |U(t,0)] < e=#* in
view of B-III. Noting that the integrand in the second term is continuous in s,
we see that there exist Ty > 0 and 3’ > 0 such that the resolvent set of D, F;(u)
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is contained in X(w, ") for all ¢ € [0,Tp] by Lemma 2.5, which is equivalent to
A-VIII. To show that A-VT is satisfied, we note first that at uy,

Dy Fi(ug) = U(t,0) + /O U(s,0)A" (ug) Dy Fs(uo)[uo + Dy Fy(ug)] ds,
and

8U§i’ O _ Awo)(t,0).

Pick an arbitrary unit vector z € Y, and to € (0,Ty]. Then

(3.27)  (DuFi(uo) — DuFy (uo))z

t

= (U(t,0) — U(tg,0))x + </ U(s,0)A" (ug) Dy Fy(ug)[ug + Dy Fs(ug)] ds)z.
to

By the basic properties of semigroups, ||[(U(t) — U(to))z| — 0 as ¢ tends to

to. Note also that the integrand in the second term is bounded in norm and

continuous in s. It is obvious that

limsup [|(Dy Fy (uo) — Dy Fy, (ug))z|| = 0.

t—>t0

Let tg = 0 in (3.27). Condition A-VII follows by the same argument. O

Finally, as a consequence of Theorem 2.8 in Section 2 and the preceding
theorems, we have the following result about asymptotic stability and global
existence of solutions to (3.1) in a neighborhood of a fixed point.

THEOREM 3.13. Let D and E be two Banach spaces, with D continuously
and densely included in E. Let G(u) = A(u)u+ g(u), where g(u) is a nonlinear
map from a neighborhood U of ug in D into E, and A(u) is a closed linear

operator from D into E for each u € U. Assume

B-0 wug is a fized point of G(u), g(ug) = 0, Dg(ug) = 0, and Dg is continuous
at ug;
B-1 (A'(u)v)zx is Lipschitz continuous in u, i.e.,

I[(A"(ur) = A'(u2))v]]| < Cllur = uz|l - [[ol] - [l p,

where uy,ug € U;
B-IT for all uy,us € U, we have

lg(ur) = glug)|| < Cllur — uslf;

B-III there are positive w and 3 such that 3(w, B) is contained in the resolvent
set of the operator A(ug), and there exists C > 0 such that

I[Ao + M7 < O[N] + 1)
for all A € (w, B).
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Then there exists a neighborhood U of ug such that G(u) = A(u)u+ g(u) gener-
ates a semiflow Fy(u) in U, and we have

I Global existence in U: each uw € U has infinite lifetime;
II Asymptotic stability at ug:

tlim |1 Ft(u) —upll =0 for allu € U.

Future directions. It is our belief that the present context also allows one
to prove invariant manifold theorems. Some progress in this direction was already
made by, for example, Renardy [1992]. For example, it would be interesting to
be able to apply some of the work on dissipation induced instabilities of Bloch,
Marsden, Krishnaprasad, and Ratiu [1994, 1995] to the present context. This
should also allow one to prove theorems on, for example, the Hopf bifurcation for
quasilinear pde’s of the sort that occur in nonlinear elasticity; see Antman [1996)
and references therein. Remarkably little has been done in this area despite all
of the activity in infinite-dimensional dynamical systems.
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