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DOMAIN VARIATION FOR CERTAIN SETS
OF SOLUTIONS AND APPLICATIONS

E. N. DANCER

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

The purpose of this paper is three-fold. We generalize work of our earlier
papers [8]-[10] to show that certain solutions or sets of solutions of

(1) —Au= f(u) in

(or systems of equations) with either Dirichlet or Neumann boundary conditions
continue if ) is perturbed in quite a general way. More precisely, in the earlier
work, we showed that if the set of solutions has non-zero Leray—Schauder degree,
then it does continue if € is perturbed. Here we prove similar results when we
consider sets of solutions of non-zero homotopy index (or Morse numbers), where
the homotopy index is defined in Rybakowski [22]. The proof of this is much more
delicate than the earlier case since we need to retain the variational structure.
We become interested in this problem for two reasons. Firstly, if 2 is invariant
under the orthogonal action of a compact Lie group G, then the set of solutions
of (1) is invariant ynder the natural action of the symmetry group G. Thus the
solutions of (1) are usually orbits under this group action rather than isolated
points. Then a theorem of Sylvester [25] implies that these orbits frequently
have Leray—Schauder degree zero (for example if G = S* and the orbit consists
of more than one point). Thus the old arguments do not apply but the new result
does apply. Note that one cannot always avoid the problem by using subspaces
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fixed by a subgroup of G. We will use this result and some additional arguments
to answer a question of Jimbo and Morita [17]. More precisely, we construct a
contractible domain D in R™ where m > 3 such that the equation

Ju
I =0 ondD,

has a stable non-constant solution. Here u is complex-valued. Note that, by sta-

—Au = Xu(l — |u|?) in D,

bility we mean orbital stability for the natural corresponding parabolic equation.
This equation is known as the Ginzburg—Landau equation and has been studied
under various boundary conditions extensively. See [2], [4] and [17] where many
further references can be found. Note that our example contradicts their original
conjecture. Subsequent to my outlining the construction here, Jimbo and Morita
[18] have found a different example by a different proof. Their method seems
to depend more strongly on A being large. Our method has the advantage that
it can also be used to construct various types of unstable solutions. We do not
know if there are similar examples with m = 2.

As a second application, we use similar ideas to prove some results on the
existence of positive solutions of the exterior problem

(2) —Au=u? onR"\D, uw=0 ondD,

for p close to but less than the critical exponent p*. We do not solve the con-
jecture in [11] but give partial results which strongly support the conjecture.
Note that (2) was studied in [11] because it was of importance for problems on
bounded domains with a small hole.

In §1, we prove our main perturbation results while in §2 we construct our
counterexample for the Jimbo—Morita problem. Finally, in §3, we consider the
exterior problem.

1. Perturbation theorems

Assume g : R — R is C! and  is a domain in R™. We consider the equation

(3) —Au=g(u) in Q, % =0 on 09,

where we consider the equation in the weak (W12) sense. We will prove that,
for suitable sublinear g, if T is a compact connected set of solutions on which
the energy is constant and which has non-trivial homotopy index in the sense of
[22], then some of these solutions persist when we perturb 2 in quite a general
way. We now make this more precise.

We assume g is C!' and bounded and there exist o < 3 such that g(y) < 0 if
y > B and g(y) > 0 if y < . By the weak maximum principle (or test function
arguments) we see that any solution of (3) in W12(Q) satisfies o < u(z) < 3
on . (Note that if g were not bounded, we could truncate g to be bounded
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without affecting the bounded solutions). Now choose a small and positive such
that g(y) + ay is negative at 3 and positive at a. We then define g C! and
bounded (and ¢’ bounded) so that §(y) = g(y) +ay on [«, 5], g(y) < 0 on [3, c0)
and g(y) > 0 on (—oo,a]. By similar arguments to above, we see that (3) is
equivalent to the problem

%:O on 0f).

Now if 2 is a bounded open set in R™, —A + al is a positive self-adjoint

Au+au=g(u) in Q,

operator on L?(€) and hence it has a positive self-adjoint square root Hq which
has compact resolvent if —A + al does. We drop the Q when the meaning is
clear. Tt is well known (cp. [20]) that Hg has domain W2(Q). Let Sq = H".
Then our problem is equivalent to the problem

(4) v = SQg(SQU)

where u = Squv. (Remember that Hg is a bijection of W2(Q) onto L?(£2) and
Hg, is injective because —A + al is.) We work with this equation henceforth.
Note that the solutions of (4) correspond to the critical points of E(v) = 1|v|I2-
G(Squ) where G : R — R and G’ = §.

We now consider domains §2,, approaching 2. More precisely, as in [10] we
write Q,, —, Q as n — oo if Q and €2, are bounded open sets such that the

following properties hold:

(i) 9, 2 for each n and each 2, has Lipschitz boundary,
(ii) m(Q,\Q) — 0 as n — oo where m denotes Lebesgue measure,

(iii) the natural inclusion i : WH2(Q) — L2(f2) is compact and

(iv) {u|q :u € C§(R™)} is dense in WH2(Q) in the W2(Q) norm.

As discussed in [10], these are rather weak assumptions that are satisfied very
generally. Note that we do not assume that €2 is connected.

Next we assume that 7' is a component in W12(Q) of the weak solutions of (3)
such that any two points of T can be joined by a curve in T which is continuous
and piecewise differentiable (in the W12 norm). Note that this assumption is
satisfied in many cases. For example, it is easy to check that it is satisfied if T
is an orbit under the continuous linear action of a compact connected Lie group
(by [13]) or if g is real analytic (because our solutions are then the zeros of a real
analytic Fredholm map in an appropriate space and T is locally diffeomorphic to
a real analytic variety in finite dimensions). The reason for the interest in this
assumption is that it implies that the energy E(u) = [, 3|Vul? —G(u) is constant
on T'. This follows simply by differentiating E on such a piecewise differentiable
curve. Note that by a simple calculation E(u) = E(v) where u = Squ. Thus
our comments also apply to (4). We define the homotopy index h(T') to be
the homotopy index in the sense of [22] of the flow of the differential equation
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i = —u + Sqg(Squ) on L2(£2) on a suitable small neighbourhood of HoT. We
will prove a little later that this is well defined provided that there are no other
solutions of (4) close to HoT.

We now state our main result for Neumann problems.

THEOREM 1. Assume that the above conditions on g are satisfied, T is a
component of the set of solutions of (3) satisfying our earlier assumptions, no
other solutions of (3) are close to T in W12(Q), Q, —, Q as n — oo and h(T)
is non-trivial. Fiz p > 1. For large n, there is a solution u, of (3) on §, such
that ||un, —wl|p is small for some w € T. (Here we compare solutions on different
sets by extending them to be zero outside their domain.)

Before proving this result, we need a technical lemma on square roots. Let
P, : Lajoc(R™) — L2(£2,) be the natural restriction operator. P is defined
analogously (for §2,, replaced by Q).

LEMMA 1. Assume Q, —, Q asn — co. Then Sq, are uniformly bounded
as maps on L>=(,) and L*(Qy,). If f € L?*(R™),Sq, P,f — SoPf in L?(R™)
as n — oo. Moreover, Sq, is compact on L*(Q,). If QU U2, Q, C B and
W is bounded in L>(B), then |Jo—, Sq, P,W lies in a compact subset of L?(B)
(where we extend functions on Qy, to B by defining them to be zero on B\§,).

PRrROOF. It is well known and easy to prove that —A + al with Neumann
boundary conditions has inverse with norm bounded by a~! both on L?(2) and
L>(Q). (For the case of L>®(R™), we use the fact that the inverse is positivity
preserving and (—A + al)~1(1) = a~1.) Since (=A + al)~! is self-adjoint, the
bound for Sq on L?(2) follows by standard results. To obtain the bound on
L% (R™), we use the formula for S (cp. Kato [20], p. 282). If f € L?(£2), then

(5) ng—/ooo NV2(CA 4 (a4 NI FdA

Here A means the Laplacian on €2 with Neumann boundary conditions. If f €
L>(Q), by our estimate above,

I(=A+ (a+ XD flloo < (a+ X)) flloo
for A > 0 and hence, by (5),

1SaFle < 1]l / A2 (a4 A) N < K o
0

where K is independent of 2. To see that Sq, P, f converges to SqPf, first
note that the arguments in [9] and [10] imply that (—A + (a + /\)I)giPnf —
(A4 (a+ N5 Pf in L?(R™) for each f € L*(R™) and each A > 0. Indeed,
since the resolvents are uniformly bounded, it follows easily from the resolvent
equation that the convergence is locally uniform in A for fixed f. The convergence
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of the square root follows easily from this and the integral formula (5) if we note
that, in the integral, we can uniformly estimate the parts for A small and )\ large.
The compactness statement follows from standard results.

To prove the last statement, we first note that Sq,, are uniformly bounded
as maps of L?(Q,) to W12(€Q,). It is convenient to estimate instead Hg, . The
estimate follows, because if u € D((—A + al)g,, ) then

18, ull3 = (Sa,u, Sa,u) = ((—A+af)u,U)=/ (IVul* + au?).

n

This establishes the bound for u € D((—A +al)gq, ) and it extends to W12(Q,,)
by density.

Hence we see from the compactness of the embedding of W12(Q) into L2(£2)
that (J;2, Sa, P, W|q lies in a compact subset of L?(2). Moreover, by our ear-
lier estimates, (J;~ | Sa, P,W is bounded in L*°(B) and hence we easily see that
1Se, Pruwl

pactness follows easily from this and the precompactness of UZO:1 Sa, PoWq.

2,0\ is small if n is large uniformly for w € W. The required com-

(The precompactness of Sq, P,W for fixed n is similar but much easier.)

ProOOF OF THEOREM 1. Choose a ball B such that QU (J)~, 2, C B. We

consider the maps
Fn(v) =v —inSq,9(5q, Pav)

on L?(B). Here i, is the natural inclusion of L?((2,) into L?(B) and i is defined
analogously (with Q,, replaced by Q). Note that F,, is the gradient of f,, where
fa(v) = 3|v]|? - G(Sq, P,v), and F and f are defined analogously. Note also
that the zeros of F), are in R(P,) and hence are solutions of v = Sq, g(Sq, v) on
0, extended to be zero on B\ ,,.

Choose a neighbourhood W of HoT in L?(f2) such that no other solution of
(4) lies in W. We prove that no solution of the equation

(6) i = —u+ Sqg(Squ) on L*(Q)

can be completely contained in W (except for the constant solutions at points of
HqT). Note that the flow g for (6) is defined since the right hand side is Lip-
schitz and is strongly admissible in the sense of [22] by Theorem II1.4.4 there.
Now by a simple differentiation the energy is strictly decreasing on solutions
except at zeros of I — F in W. It follows easily from this and the strong admissi-
bility that any bounded solution of (6) approaches the set of stationary solutions
as t — +o00. Thus any solution which lies on W for all ¢ is either constant and
a point of HqT for all ¢t or approaches two points of HoT of different energy as
t tends to £oo. The latter case is impossible since the energy E is constant on
HqT. This proves our claim. Hence the homotopy index h(T") is defined for the
flow of (6) by using W as an isolating neighbourhood.
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Next we note that we obtain the same homotopy index if we choose the flow

0 of
u=-—u-+ zSgﬁ(SQPu)

on L*(B) where i is the natural inclusion of L?(f2) into L?(B). One easily
sees that this is still a gradient system. The flow is a product flow for the
decomposition L?(B) = L?(Q) @ L?(B \ Q). Hence the product theorem for the
homotopy index as in [22], Theorem 1.10.6, implies that the homotopy index of
this flow in a small neighbourhood N of HoT in L2 (B) is still h(T). (Note that,
on L?(B\ ), the flow is a simple stable linear flow.)

We now prove that the flow 7, for the system
U= —u+ iS50, 4(Sq, Pru)
on L?(B) has the property that {m,} are strongly admissible and that
(7) T (Uny tn) — To(u, t)

as u, — w in L?(B) and t,, — t. The strong admissibility follows from Lemma 1
above and Remark 1 on p. 167 of [22]. (Note that, as before, the flows are globally
defined because the right side of the differential equation is globally Lipschitz.)
Thus it remains to prove the convergence property. By the flow properties, it
suffices to prove (7) for 0 < ¢,, < T where T > 0 is fixed. This follows easily from
Theorem 3.4.8 of Henry [16] once we note that i, Sq, §(Sq, Pyu) — 1Sqg(SoPu)
for each u € L?(B). This follows easily from Lemma 1 and standard continuity
properties of the Nemytskii operator.

It now follows from (7) and Theorem I1.2.3 of [22] that the homotopy index is
defined for the flow 7, on N for large n and is the same as h(T'), in particular,
it is non-trivial. Thus 7, must have a bounded solution completely contained in
N and, since it is a gradient system, it follows that (4) on ,, rather than Q has
a solution in N, that is, a solution close to HoT in L?(B).

Note that solutions of F},(u) = 0 are uniformly bounded because g is bounded
and by using Lemma 1. To complete the proof we need to check that if {u,}52,
are uniformly bounded and [lun, — ugll2,0 is small then [|Sq,un — Sa,ullp is
small where we compare functions on different sets by extending them to be zero
outside. Since {Sq,uy,} are uniformly bounded in L*> (by Lemma 1), one sees
that it suffices to prove ||Sq, un — Squl|2,q is small. This follows easily from

Lemma 1.

REMARKS. 1. We do not really need that Q,, D Qy. We could allow small
holes much as in [9] or [10].

2. With care we could avoid the assumption that the energy is constant on
T if we assume T has a suitable isolating neighbourhood in the sense of [22].
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3. We could replace the homotopy index condition by the condition that some
cohomology Hi(E® N Hq(T), E°N (V' \ Ha(T)),Z) is non-zero where ¢ = E(T),
E¢ = {ue L*Q): E(u) < ¢} and V is a small closed neighbourhood of Hq(T).
To do this, we need to prove a slight generalization of Theorem I11.4.8 of [22].
This is not difficult.

4. The theorem readily generalizes to systems. Assume g : R? — R? is
a CO! gradient mapping such that g(y) -y < 0 for |y| > 7 where - denotes
the usual scalar product on R2. It follows easily from the maximum princi-
ple that any solution of the two-dimensional system —Au = g(u) on Q with
Neumann boundary conditions satisfies |u| < r on Q. We can truncate g for
ly| > r such that g(y) -y < O for |y] > r and g is bounded and C'. Tt is
then easy to find a small positive @ and a C' function § which is bounded and
C*' such that g(y) = g(y) + ay for |y| < r and g(y) -y < 0 for |y| > r. It
once again is easy to check from the maximum principle that any solution of
the system —Au 4+ au = g(u) in Q (with Neumann boundary conditions) sat-
isfies |u| < r and hence is a solution of the original equation. It is now easy
to generalize the proof of Theorem 1 to this case. (The square root is taken
componentwise.) This can be easily generalized to systems of more than two
equations.

We now consider the corresponding result for the Dirichlet problem. Here we
can do somewhat better by allowing a slightly more general definition of domain
convergence from [9] and more interestingly we can allow a much more general
growth of g: it only needs to grow subcritically (and indeed we can usually
remove this by a truncation argument). This case is easier than the Neumann
case because we can take a = 0. We do not need to assume any sign condition
on g but do assume g is bounded. Then the analogue of Theorem 1 holds with
essentially the same proof. The only change that needs to be made is that
we obtain the uniform (in the domain) estimates for (—=A + aI)~! on L*(,)
from the LP-LY estimates for elliptic equations as in Gilbarg and Trudinger [15].
(These are estimates for Dirichlet boundary conditions.) Note that, for a > 0,
we can always eliminate the a term in the test function estimates in the proofs
in [15]. We obtain the compactness condition on (J;7 ; Sa, P,W more easily
because this set is bounded in W12(B).

The other major change is in the proof of the bound for Sq, on L>*(,). We
still use the integral formula for the square root but to estimate (—A -+ \I)~! for
large A we use the fact that if f > 0, then (—=A + AI)~! f for Dirichlet boundary
conditions is dominated by the same expression but for Neumann boundary
conditions. Hence [[(=A + M)~ < A71if A > 0 and if we use Dirichlet
boundary conditions (where the operator norm is on L?(£2)). Otherwise the
arguments are as before.
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We now weaken the growth condition on ¢ to requiring that g is C' and
lg(y)| < K|y|® for |y| large where s < (m + 2)(m —2)71 (s < oo if m = 1 or
2). To do this, we choose g; C* and bounded on R such that g;(y) = g(y) if
ly| < j and |g,;(y)| < Kly|* + K2 on R where K and K» do not depend on
j. Tt suffices to prove that if w, are solutions of (4) (with g replaced by g,
and Q replaced by Q) with ||u, — ug||2,p small for some uy € Hqo(T) then
Sq, u, are bounded in L* (because Sq u, are then solutions of the original
equation). If ||u, — ugll2,p is small, then ||uy|/2,q, are uniformly bounded and
hence it follows easily that Sq, u, are uniformly bounded in W12(€2,,). By the
Sobolev embedding theorems for the space W'2(Q), it follows that v, = Sq,

are uniformly bounded in L*(£2,) where s = (m + 2)(m — 2)~%.

By using the
LP-L9 estimates for the Laplacian (as earlier) and a bootstrapping argument, it
follows that v,, are uniformly bounded as required. It remains to prove that v,
is close to v = Squg. This follows easily from Lemma 1 since u,, is close to ug in
L?*(B). (Note that we can use a simple homotopy invariance argument similar
to those in §3 to show that h(T) is independent of the truncation.)

We have proved the following theorem for the problem
(8) —Au=g(u) in€, u=0 on N

THEOREM 2. Assume that g is C* and |g(y)| < K|y|® for large |y| where
s < (m+2)(m—2)"t (s <ocoifm=2). Assume that T is a component of
the set of solutions of (8) such that T satisfies the regularity condition before
Theorem 1, no other solutions of (8) are close to T in W'2(Q),Q, — Q as
n — oo in the sense of §1 of [9] and h(T') is non-trivial. Fizp > 1. For large n,
there is a solution u, of (8) on €, such that ||u, —wl|, is small for some w € T
(Note that in the definition of h(T'), we use Sq for the Dirichlet problem.)

REMARKS. 1. If T is bounded in L*(2), we could use truncation argu-
ments to obtain results in supercritical cases. We could also allow f to depend
continuously on z.

2. We can prove the theorem for the Dirichlet case by working in WLQ(B)
rather than L?(B), looking at weak solutions and avoiding square roots. This
works easily in this case because there is a natural inclusion of Wl’z(Qn) into
Wh2(B).

3. In the Dirichlet case, as in [8], it is much easier to keep control of the
stability properties of solutions.

In many applications, it is important to know if the solutions u,, on 2, are
positive for large n. (In many applications, this arises naturally.) We assume €,
are connected. It is clearly necessary for u € T to be non-negative on 2 for the
Uy, to be positive. We will use Dirichlet boundary conditions. (Neumann seems
much more technical.) If u(xz) > 0 on Q for uw € T and f(0) > 0, it is not difficult
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to apply weak maximum principle type arguments to u,, to prove that u,(z) > 0
on Q, for large n. We now assume T' = {uo}. If f(0) > 0, and up(z) > 0 on Q, we
can easily use the maximum principle type arguments to prove that uo(x) > 0 on
some components of {2y and vanishes identically on the others. From the results
in [8] and [14], it is clear that the stability of ug on the components of  where
it vanishes identically plays a crucial role. In fact, it can be shown that for wu,,
to be positive it is necessary for ug to be stable on any component of {2 where it
vanishes. For the remainder of this paragraph, let us assume that f(0) = 0. If
ug is non-degenerate and stable on the components where u vanishes and if wug
has non-trivial homotopy index on the other components (on the space WLQ),
then one can prove that u, must be positive on €2,. The proof uses eigenvalue

estimates.

2. The Jimbo—Morita problem
In this section, we use the results of §1 to construct, for each m > 3, a
contractible domain 2 in R™ such that the equation (with u complex-valued)

9) —Au = (1l —[u*) inQ, Ou =0 on 00
n

0
has a non-constant stable solution u. Here by stability we mean stability for the
natural corresponding parabolic equation and more precisely orbital stability of
the orbit through u (under the action of the group S'). Here S! acts by the
pointwise action on the components of u, that is, (e?u)(x) = e®u(z). For future
reference note that this action is easily seen to be a smooth action on any of the
usual function spaces (L?(Q) etc.). It suffices to obtain an example with m = 3
because if we find an example on Q C R3, it follows that we have an example
on ) X B, where B is a ball, by making u independent of the other coordinates.
We could then repeat the arguments below to obtain an example on a smooth
domain with v depending on all coordinates.

To construct our counterexample, we choose an annulus D = {x € R? : a <
lz|]| < 1} and a A > 0 such that for Q = D, (9) has a non-constant stable solution
u (cp. [17]). The construction shows that the linearization about this solution
has a one-dimensional kernel (which is as small as it can be). We can think of
this solution as a solution on Q1 = Q x [—1,1] (with &, independent of the last
coordinate). On the other hand, there is a stable constant solution @y on the
domain Qy = B x [~2, —1 — 6] where B is the unit ball and where we will choose
a fixed small § later. We choose smooth domains €2,, approximating Q1 UQ, in
a natural way as in Fig. 1. (The diagram shows a cross section.) We will prove
that there is a stable non-constant solution on ,, for n large if § is small (and
fixed).
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We first use Theorem 1 to show that there is a solution close in L? to the set
P which is the product of the orbits of w; and wy. Since u; and us are each non-
degenerate (modulo the symmetry), their orbits are isolated components of their
respective solution sets (cp. [13]). A slightly technical point occurs here. The
theory in [13] works more conveniently in L?(2) for p large but since solutions are
uniformly bounded in L>(2), they are close in LP(f2) if they are close in L?((2).
Hence we easily see that Theorem 1 applies to the set P where ,, — f~21 U (~22 as
the thickness of the joining “cylinder” tends to zero as n tends to co. The only
point to check is that the homotopy index is non-trivial on ¢ = Q1 U Qs. Now
on Qp = ﬁl U ﬁg our map is a product of the maps on ﬁl and ﬁg and hence its
homotopy index is the smash product of the homotopy indices on Q1 and Q.
Hence if we prove that each of these homotopy indices is S* U {*} where * is a
base point, it will follow easily that the homotopy index of P is non-trivial. (In
fact, it is (ST A S1)U{*}.) Note that the flow is the analogue of (6) and P is the
product of the orbits of Hﬁlﬂl and Hﬁz Us.

Now our assumptions imply that the orbit through Hﬁlﬂl is a strict local
minimum of the energy E (strict modulo the symmetry). Hence it is easy to
construct a small neighbourhood N of the orbit of the homotopy type of S!
such that the flow is inward on ON. One simply uses S, the component of
{u € L) : Eq,(u) < Egl(Hﬁlﬂl) + p} containing up, where p is small
and positive and note the flow is inward across the boundary of S. (Note that
one can use the non-degeneracy to check that if p is small then S is a small
neighbourhood of the orbit through @;.) Thus N is an isolating neighbourhood
for the flow on L?(£2;) with empty exit set and hence by the definition of the
homotopy index h(P1) = S* U {*} where (x) is a base point and P; is the orbit
of Uy = Hﬁlﬂl. In particular, it is not trivial. Since we can use the argument
on ﬁg, it follows from our earlier remarks that the homotopy index of P must
be non-trivial. Hence all the assumptions of Theorem 1 and a remark after it
are satisfied and hence there is at least one solution w,, of (9) on €, for n large
near the product of the orbits of w; and us.
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We prove that if we choose things carefully, u,, is (orbitally) stable. To do
this, it is convenient to first obtain a little more information from the homotopy
index. By earlier, h(P) is (S* A S1) U {*} where * is a base point and hence, for
n large, there is a neighbourhood W, of the set of solutions of the analogue of
(4) on Q,, near ’ﬁ, the product of the orbits of 41 and s, such that its homotopy
index is (S' A S1)U{*}. This means that there is no exit set for the flow on W,,.
This follows because in the construction of the homotopy index, we can choose
the neighbourhood N of the connected set P to be connected and thus by the
construction in [22], W,, can also be chosen connected. Hence W, quotient by
its exit set will only have a separate base point if the exit set is empty. This
proves our claim.

Now let Z,, be the solution of the analogue of (6) of least energy among the
compact set of solutions in W,. It follows that Z,, must be a local minimum
of E,. Here E, is the energy on Q,. (If not, solutions starting close to Z,
with energy strictly less than Z,, would have to leave W, because in future time
such solutions have energy decreasing and less than En(Zn) and thus there is
no point in W, for these solutions to approach as ¢ — co. Thus some solutions
leave W,,, which contradicts our earlier claim.) It follows that Sq, Z, is a local
minimum of E on €,. If the orbit containing Sq,_ Z, is isolated among the
solutions of (9) (and thus E(w) > E(Sq, Z,) at every point close to the orbit
but not on the orbit), a standard Lyapunov functional argument implies that
Sq,, Zy is stable. (We first prove a stronger coercivity inequality near the orbit.)
If the orbit is not isolated and 2, is chosen carefully, we will prove that near
Sa,, Zn the solutions form a stable hyperbolic 2-manifold and the stability follows
from Exercise 6 on p. 108 of Henry [16] (in fact stability rather than orbital
stability). It remains to prove the claim above. It in fact suffices to prove that,
if Q,, is chosen suitably, then the linearization at a solution in W,, has at most
2 non-positive eigenvalues counting multiplicity. Assuming this, we show that,
if the orbit through Sq, Z, is not isolated, the solutions nearby form a smooth
2-manifold which is easily seen to be stable and hyperbolic. To prove this, we
use a tubular neighbourhood construction. It is convenient to work with (9)
rather than the analogue of (4). The tubular neighbourhood construction (cp.
[13]) implies that, if the orbit is not isolated, then Sgq, Z, is not an isolated
solution in T = {w € W2(,) : (w — Sq, Zn, ASq, Zn) = 0} where (,) is the
usual scalar product on Wh2(Q,) and A is the infinitesimal generator of the
group action. Let P, be the orthogonal projection onto the subspace T+ Sq, Zn
and let our equation (9) written in weak form on W12(€,,) be L(w) = 0. Note
that L is real analytic (since the nonlinear terms are polynomial). We look at
the equation P,L(w) = 0 as a mapping on T into R(P,). Tt is easy to see the
derivative at Sq, Z,, is Fredholm of index zero and has a one-dimensional kernel.
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(The kernel cannot be trivial because Sq, Z,, is not isolated in f) By a standard
Lyapunov—Schmidt argument, it follows that the solutions of P, L(w) = 0 near
Sq, Zy in T are determined by a one-dimensional bifurcation equation h(t) = 0
where h : R — R is real analytic (and ¢ = 0 corresponds to w = Sq, Z,).
Since Sq,, Zy, is not isolated, 0 is a non-isolated zero of h and hence h vanishes
identically (since h is real analytic). Thus the solutions Z of P,L(w) = 0 in T
near Sq, Z, form a real analytic 1-manifold. If w € Z , then

(10) L(w) = aASq, Zn

by the definition of P,,. On the other hand, by differentiating the energy along
an orbit,

(11) (L(w), Aw) = 0

always. Now, by continuity, Aw is close to ASq,Z, # 0 and hence (10) and
(11) imply that a = 0, i.e. points of Z are solutions of L(w) = 0. Thus the
solutions of L(w) = 0 in T form a smooth 1-manifold and hence by the tubular
neighbourhood and the group action the solutions near the orbit of Z, form a
smooth 2-manifold, as required.

It remains to prove our claim on the eigenvalues of the linearization. To do
this we need to specify the joining “cylinder” J, more carefully. We assume
that the joining cylinder J,, is {(z,2) e RZxR:1—-n"t < |z]| <1, -1-6 <
z < —1}. We assume that for a sequence of n’s tending to infinity (which we
will relabel to be the whole sequence) the linearization of (9) at a solution w,
near P on (), has 3 eigenvalues AL, A2, A3 with A}, < 0 (not necessarily distinct)
and orthogonal normalized eigenfunction v, (in L?). Without loss of generality,
we may assume u, — up as n — oo. It is easy to see that A/ are bounded
below and vfl are bounded in W2, Fix i. Let R = §~22 and £ = (~21. Now
vl |r is bounded in W2(R) and hence by the Sobolev embedding v’ |z has a
subsequence converging weakly in W12(R) to w’. Choose a further subsequence
so Al — a <0 asn — oo. We prove that w' is a multiple of Aug|r. It suffices
to prove that w’ is a solution of the Neumann problem for

(12) —Aw = X1 — h'(up))w + aw on R.

Here h : R? — R2 is defined by h(y) = |y|%y and ug € P. This follows because
we know from our construction that all eigenvalues a of (12) satisfy o > 0.
Hence a = 0 and our claim follows from our construction. Since Y, the set of
smooth functions vanishing near the corners of R, is dense in W'2(R) (by using
capacity ideas as in [9]), it suffices to show that the weak form of (12) holds for
peY. If ¢ €Y, we can think of ¢ € W12(Q,,) for large n by defining ¢ to be
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zero on 2, \ R. Substituting this in the weak form of the equation we see that
/ waquS—f—/ A1 = 1 (un))w! ¢ = )\ﬁl/ w! ¢
R R R

and we obtain the required inequality by passing to the weak limit. Similarly,
v |z has a subsequence converging weakly in W12(L£) to a multiple of Aug|..
By choosing subsequences, we can arrange that v’ |ru,s converges weakly in
WL2(LUR) fori = 1,2, 3. It follows easily that we can choose o', i = 1,2, 3, with
Zle a? = 1 such that v,, = 2;'3:1 a'vl, converges weakly to zero in W12(RUL)
(and hence strongly to zero in L2(R U L)). Now EL(7,) < 0 since v, is a
linear combination of orthogonal eigenfunctions corresponding to non-positive
eigenvalues. Here EL is the natural energy for the linearization at u,,. Now EX
is an integral over €,. We decompose the integrals over €2, into the integrals
over 2 Q% QF where €, is the enlarged joining cylinder where we allow z to
vary from —1 — 24 to —1+ 4§, Q% = (Q,, \ 2,) N R, and QF = (2, \ )N L.
Now limy, .o inf Ef(v,) > 0, where Ef denotes the contribution to Ef
from the integral over Q%. Note that this follows easily because v, — 0 in
L?(Q2) while the term involving the gradient is non-negative. Similarly lim,, .o
inf EL(,) > 0 (with the obvious notation). Since EL(7,,) <0, it follows that

(13) lim sup EE, (3,,) <0
n—o00 n

(with the obvious notation). We will prove in a moment that there is a k& > 0
independent of n and p, with p, — 0 as n — oo such that

(14) E§, (0n) 2 Kl[Tnll2.0;, — -

Hence (13) implies that |[v,[[2,0r — 0 as n — oo. This is impossible since
[Onll2.0, =1, [[onll20c — 0 and [[vn]l2,0r — 0 asn — oo.
Thus it remains to prove (14) (at least for ¢ small). First note that

QZQZQ{ZS— —%50r22—1+%5}

is in the interior of R U £ and hence by standard W2? interior estimates we can
ensure that vfl|§ converges strongly in C'. Hence 9,, — 0 in C' on Q. Now if §
is small, the first eigenvalue of —A on €/, with Dirichlet boundary conditions on
z=—1-—26 or —1+ ¢ and Neumann on the other parts of the boundary is large
(greater than or equal to k). For example, we can separate variables. Choose
¢(z) smooth and scalar-valued so that ¢(z) = 1if =1 — 3§ <2 < -1+ 36 and
¢(z) =01if z=—1+40 or —1 —24. Then U, ¢(2) is a suitable test function in the
energy form for —A on Q) with the above boundary conditions. Hence

[RCECIETy RCE

’
n n
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Since T, is C' small on Q and o(z) =1if -1 — %(5 <z< -1+ %5, it follows

easily that
/ |van|2zk/ B2 —
, ,

where p, — 0 as n — oco. (14) follows easily from this if we choose § small so
that k is large. (The other term in the energy EKLZ; is easily seen to be dominated
by 4 [, [0a]?.)

This 72:omp1etes the construction of our counterexample.

REMARKS. 1. Clearly, we could allow rather more general joining strips but
our arguments need some restriction on the joining strip. We could also round
off the corners to get an example which is a smooth domain.

2. The difficulties in the argument are largely caused by the fact that the
product of the symmetries leave some indeterminacy on where the stable solution
should lie.

3. We suspect that there is an alternative way of overcoming some of the
difficulties. It seems very likely that we can modify the arguments of Saut and
Temam [23] to prove that, for generic smooth €2, the linearization of (9) at every
solution has at most a one-dimensional kernel. This would enable one to choose
Q, so that each of the orbits of solutions is isolated. This would greatly simplify
the proof above (by choosing suitable €,,).

3. Exterior near critical problems

The purpose of this section is to prove some theorems on the existence of
positive solutions of

(15) —Au=|ufP"'u mR™\Q, u=0 indQ,

where ) is a smooth bounded open set in R™ (not necessarily connected) but with
R™ \ Q connected, m > 2 and p is less than but close to p* = (m +2)(m —2)~L.
By an inversion about some point in 2, we see as in [11] that this is equivalent

to finding positive solutions of
(16) —Au=|z| 1Py in Q*\ {0}, u=0 ondQ*,

where 2*\ {0} is the image of R™ \ Q under the inversion and ¢(p) = (m +2) —
p(m — 2).
We prove results which show that many positive solutions of the problem

(17) —Au=|ul’" "'y inQ* wu=0 ondN,

can be continued to give positive solutions of (16) and hence of (15). We use
similar techniques to those of §1 except that it is more convenient to work in the
space W12(Q*) rather than L2(Q*).
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We assume that T is a component of the positive solutions of (17) in W2(Q*)
such that T is compact, is isolated and bounded in L*°. We also assume that
the natural energy is constant on T'. (If T is reasonably smooth as in §2 or if
m = 3 or 4 or 6 so that our nonlinearity is real analytic on L (Q*), it is not
difficult to show that this last condition holds automatically).

It is easy to see that non-trivial solutions u of (17) cannot be small in the
W12 norm and we can use similar arguments to those in Theorem 2.3 of [3] to
show that ||u~|]1,2 cannot be small and non-zero. This shows that components
of positive solutions of (17) are also components of all solutions of (17).

Since our non-linearity is locally Lipschitz on W2(Q*) (in fact C), it is not
difficult to deduce that there is a neighbourhood W of T in W2(Q*) such that
the flow of

U= —u+S(u)
is globally defined on W. Here S is defined by

S = [ Ju

and we have used the Sobolev embedding theorem. It can be shown (see later)

*7
)

that this flow satisfies the strong admissibility condition of [22] on W so that
homotopy indices can be defined. In particular, arguing as in §1 we see that there
are suitable neighbourhoods of N of T' (with N C W) such that the homotopy
index h(T) is defined and is independent of V.

THEOREM 3. Assume there is a component T as above such h(T) is non-
trivial. Then the exterior problem (1) has positive solutions for all p close to but
less than py.

We actually construct solutions of (16) which are in W2(Q*).

Before proving the theorem, we make some remarks on the assumptions.
Firstly, it is well known that all solutions of (17) in W2(Q*) are smooth and
that all solutions W2 close to a fixed solution in the W2 norm are uniformly
bounded in L*. (To prove the latter, we use the fact that given a compact
subset Y in WI’Q(Q*), and a ¢ > 0, we can choose A > 0 and a neighbourhood
Z of Y on Wh2(Q*) such that f‘u|>)\ |u|*/(m=2) < ¢ for u € Z. This follows
from the Sobolev embedding theorem. We then use the proof in [3] or Kavian
[21] to bound u in LY for large ¢ and then use the Gilbarg—Trudinger estimates.)
Hence a compact set in W”(Q*) is automatically uniformly bounded in L>°(2*)
and an isolated compact component in W12(Q*) is also isolated and compact in
L (Q*) and vice versa.

PrOOF OF THEOREM 3. Choose K > sup {|ul|ec : w € T}. Let fx, be
C' and increasing such that fr ,(y) = |y[Psigny if |y| < K and KPsigny if
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ly| > K 4+ 1. We will restrict K a little more later. If p is close to p*, we will
prove that the equation

(18) u— frp(u) =0

has a solution u near T in W2(Q*) with ||u||cc < K. This will complete the
proof. Here fx p is the mapping of WI’Q(Q*) into itself defined by

(Frep(w),v) = (Jall =P frep(u),v).

It follows easily from the Sobolev embedding theorem that fK,p is a well defined
continuous map for p close to p*.

We first consider solutions of u = fK,p* (u) near T'. Equivalently, we consider
solutions of Au = fx p-(u) on Q* with Dirichlet boundary conditions on 0.
Let gx by defined by frp«(y) = ygr(y). It is easy to see from the Sobolev
embedding theorem that given ¢ > 0 we can choose K large enough independent
of K so that if u is close to T in WH2(Q*), then ||gx (u)X(juj>k1)lle < ¢ where
t = 4/(m — 2). The proof of Theorem 2.3 in Brezis and Kato [3] then implies
a bound for ||u||, for each large ¢. (Remember that, since u is close to T', ||ull2
is bounded.) Choosing ¢ > %mp* and a simple bootstrapping argument implies
that we have a bound independent of K for ||u|lcc when w is close to T. We
now choose K larger than this bound. This means that all solutions of (18) (for
p =p*) near T in W12(Q*) are bounded above by K and hence are solutions of
(16). Hence T is an isolated (in WW12(€2*)) component of solutions of (17). We
can use the same argument for the equations (for 0 < s < 1)

—Au = slulP u4 (1 =) frep-(u) in Q.
Hence the homotopy index for the flow of
() = —u(t) + (1= 5) fre pe (u(t)) + sS(u(t))

on an isolating neighbourhood of T' (but contained in W) is independent of s.
Here as in §1 we use Theorem 1.12.2 of [22]. The only difficulty is to prove that
the flow is strictly admissible on W for each s. To do this it suffices to show our
map satisfies the Palais—Smale condition on W. The easiest way to see this is
to use the fact that the map v — v — (1 — s)fK,p* (u) — sS(u) is locally proper
near T'. This follows easily because the map is C! (cp. [5]), and its derivative is
Fredholm on T (cp. [24]).

Hence we see that I — fx ,~ also has non-trivial homotopy index on some

isolating neighbourhood of T'. If we prove that fK,p is uniformly close to fKJ,*
on W in the W12 norm if p is near p*, it will follow that I — fKJ, has non-trivial
homotopy index on an isolating neighbourhood of T" and hence has a zero near
T. Hence we will have completed the proof if we show that fK,p is uniformly
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close to ]’FK,p* on W in the W2 norm and that solutions u of u = fK,p(u) near
o < K.
To prove the first of these statements, note that by the Sobolev embedding

T satisfy ||u]

theorem, it suffices to obtain an estimate of ||]?K7p(u) — frp~(u)|ls where s =
(m+2)(m —2)~! and fAK,p(u) = ||2||79®) fr ,(u). Away from the origin, it
is easy to see that fK,p(y) — frp+(y) is uniformly small for y € R. Thus it
suffices to make the estimate near zero. The estimate near zero follows easily
since |fK,p(y) — frp ()| < ||z 9P Ky (where Ky depends on K).

Thus it suffices to prove that solutions u of

—Au = fKJ, (u)

near 7' in the W2 norm satisfy ||u]lo < K. If ¢ > 3m and fixed, a slight variant
of the argument of the previous paragraph shows that ||]?K7p(u) — frp-(w)]q is
uniformly small on W if p is near p*. On the other hand, since fx ,~ is continuous
and bounded the map u — fk ,«(u) is continuous as a mapping of W12(Q*) into
L(Q*). (Remember that the inclusion of W2(Q*) into L7(Q*) is continuous if
g = 2m(m — 2)~1.) Hence, since T is compact, if u is close to T in W12(Q*),
then fx ,+(u) is close to fx p-(v) in LI(Q*) for some v € T. Thus fK,p(u) is
close to fx p+(v) in LY(Q*) for some v € T. Hence, by L regularity theory,
(—A)_lfKJ,(u) is L>°(2%) close to (—A)™! fx p+(v) = v for some v € T. Hence
we see that any fixed point of ]FCVKJJ near 7' in W”(Q*) for p close to p* is L™
close to some element of T'. By our earlier bounds for 7" in L°°, it follows that
any fixed point u of fx , for p near p* satisfies ||u|lcc < K, as required. There
is one minor point in the above proof. We need to check solutions we obtain are
positive. This follows easily by multiplying by «~ since u is uniformly bounded
and [[u™ |l2m/(m—2) is small. This is similar but much easier than arguments in
[3]. This completes the proof.

REMARKS. 1. If T is a single point (and with some work for all such T'),
we can apply Theorem II1.4.8 of [22] to prove that the cohomology of h(T)
with coefficients in Z is simply H(E* NV, E* N (V \ T),Z) where u = E(T),
EF = {u € W"2(Q*) : E(u) < pu} and V is some neighbourhood of T in
WI’Q(Q* )

2. Note that the homotopy index of T is unchanged if we replace |u|p*_1u
by (ut)P*.

3. The reason for the interest in the above theorem is the following. In
[11], we conjectured that if € has non-trivial homology with coefficients in Za,
then (15) has a positive solution for p close to but less than p*. The above result
gives strong grounds for believing this conjecture. If we can find a, b positive such
that the cohomology H(EY, E%) is non-trivial, the positive solutions of (17) with
energies in [a, b] are isolated and if the Palais—Smale condition holds for u with
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E.(u) € [a,b], then it follows easily from Theorem 3 and Remark 1 after Theorem
3 that the conjecture is true in this case. Here F is the natural energy for the
non-linearity (u*)P*. Moreover, the proof of the Bahri-Coron theorem [2] seems
to show that, under the above conditions on € and if all positive solutions of (17)
are isolated, then there exist a, b positive such that H(E? E%) is non-trivial, the
Palais—Smale condition holds on [a, b] except possibly at the ends and there is a
positive solution of (17) with non-trivial homotopy index. (If there are positive
solutions with energies at the critical levels where the Palais—Smale condition
fails, we also need to use the removability theorem of [12].) Thus, in a variety of
cases, Theorem 3 implies that our conjecture is true and provides strong support
that it is true in general. In fact it seems that the isolatedness assumptions
can be greatly weakened especially in the cases where m = 3,4,6 where the
non-linearity u?” is real analytic. Indeed, in these cases, the occasion where our
attempted proof of our conjecture seems to have most serious difficulties is when
there is a non-compact component of the set of positive solutions of (17).
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