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TRAJECTORY ATTRACTORS
FOR REACTION-DIFFUSION SYSTEMS
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Dedicated to Louis Nirenberg

Introduction

Recently, the problem how to describe the limit behaviour of solutions of
evolution equations for which the Cauchy problem can have non-unique solu-
tion arouses much interest (see, for example, [3], [5], [6], [8], [14]). Trajectory
attractors can help to solve such problems.

In the present paper we study trajectory attractors for the non-autonomous
reaction-diffusion system

(1) du = alu — fo(u,t) + go(z,t), ulan =0 (or du/Iv|pn = 0)

where u = u(x,t) = (ul,...,u), 2 € Q€ R", t >0, fo(v,s) = (f&,..., f&),
(v,5) € RN xRy, go(x,8) = (gd,...,95), € Q, s > 0. We assume that the
matrix a and the functions fy, go satisfy some general conditions (see Section 2).
These conditions provide the existence of a solution u of the Cauchy problem for
the system (1) (u|t=0 = uo, uo € H = (L2(Q))Y). However, this solution can be
non-unique because we do not suppose any Lipschitz conditions for fo(v, s) with
respect to v.

The pair of functions (fo(v, s), go(x,s)) = oo(s) is called the symbol of equa-
tion (1). To construct a trajectory attractor for (1), we consider the family of
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all such systems with shifted symbols oo(s + h) = (fo(v,s + h), go(x, s + h)),
h > 0. We also include in this family every symbol o(s) = (f(v,s),g(x,s))
that is the limit of some sequence {oo(s + hm)}men, hm > 0, in an appropriate
topological space Z,.. The topology in =, provides the solvability of the equation
of the form (1) with symbol o(s) = (f(v,s),g(x, s)). The family {o(s)} of such
symbols is said to be the hull Hy(og) of the function o in 2, i.e. Hy(og) =
{(fo(v,s+h), go(xz,s+ h)) | h > 0}]=, . Here [-]=, means the closure in Z.
We assume that H4(0p) is compact in .

To every equation of the form (1) with a symbol o(s) = (f(v,s),g(x,s)) €
H4 (00), there corresponds a trajectory space K} = {u(z, s), s > 0} that consists
of all solutions u(z, s) = u(s) of this equation in a weak sense. Here we replace ¢
by s. Consider the united trajectory space Ky, = UU€H+(UO) K} . The translation
semigroup {T'(t) | t > 0} acts on K&: T(t)u(s) = u(t + s). Evidently, T(¢)KF C
IC;(t)o, therefore T(t)ng - IC; for all t > 0. Now, we embed the set IC; into an
appropriate topological space ©4 such that ICJEr is closed in ©4. The topology
in O, is a local weak convergence topology on every segment [tq,t2] C R, (see
Section 2).

A global attractor (in the topology ©) of the translation semigroup {T'(¢)}
acting on IC;r is said to be a trajectory attractor Ay (,,) of the family of equa-
tions (1) with symbols o € H (0¢). More, precisely, the set Ay, (o) is compact
in ©, it is strictly invariant with respect to {T'(t)}: T(t) A, (00) = Aw, (00) for
t > 0, and the set T'(t)B is attracted to Ay, (o,) in the topology ©4 ast — oo
for every bounded set B C IC;. To define bounded sets in IC; we use a Banach
space Fy C Oy.

In Section 2 we prove the existence of a trajectory attractor for equation (1).
The structure of the trajectory attractor Az (o, is described as well.

Section 3 deals with systems (1) for which the uniqueness for the Cauchy
problem holds. In this case, the trajectory attractor Ay, (5,) is more regular
and Ay, (5, attracts bounded sets B from IC; in a stronger topology ©% .

In Section 4 we study trajectory attractors for some class of ordinary dif-
ferential equations in finite-dimensional Euclidean space. The corresponding
Cauchy problem can have non-unique solution. This class includes the Galerkin
approximation system of order m for equation (1). We prove the theorem on the
existence and structure of trajectory attractors for such equations. In particular,
the Galerkin approximation system with symbol og,, has a trajectory attractor
Agz)(%m) in the space P,,©4, where P, is the orthogonal projection onto the
corresponding m-dimensional space.

In Section 1 we present the general scheme of construction of a trajectory
attractor for an abstract non-autonomous operator evolution equation.
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In Section 5 we study some perturbation problems for the trajectory at-
tractor of system (1). The translation semigroup {T'(t)} acts also on the hull
Hy(oo): T(t)o(s) = o(t+s), t > 0. Consider the attractor w(Hy(op)) of
the translation semigroup on Hy(og): T(t)w(Hi(oo)) = w(Hy(op)) for all
t > 0. The following equality holds: Ay (50) = Au(r,(00)) (Se€ Section 2).
Now, assume for brevity that one perturbs the term g¢ in the following way:
g(x,s) = go(x, s) +a(x,s), where a(-,s) — 0 (s — 00) in a weak sense. (For ex-
ample, a(z, s) = A(z)sin(s?), A € H). Then the trajectory attractor Az, (f,.40)
does not change: Ay (fy.904+a) = A, (fo,90)- We also study the analogous per-
turbation of the non-linear term fy in the corresponding space. Other pertur-
bation problems arise when the symbol o¢(s) depends on a small parameter e,
i.e., for example, when the terms of equation (1) are: fo(v,s) + ef1(v,s) and
go(x, s) + €g1(x, s). We describe the limit behaviour of the trajectory attractor
Ar (fo+efr,go+egr) @ € — 0. Finally, dealing with the approximation problem,
we prove that the trajectory attractor Agﬁ )(aom) of the Galerkin approximation
system of order m converges as m — oo to the trajectory attractor Ay +(o0) of
the reaction-diffusion system (1) with the original symbol oq(s).

1. Preliminaries

In this section, we describe the general scheme of constructing a trajectory
attractor for an abstract operator evolution equation. In the next sections, this
scheme will be applied to the study of reaction-diffusion systems. Consider a
non-autonomous equation of the type

(11) 8tu = Aa(t) (u), t> 0.

For every s € Ry, we are given an operator A,,)(-) : E — Ep, where E, Ey

are Banach spaces. The function parameter o(s),s € Ry, in (1.1) reflects the

dependence of the equation on time. The function o is called the time symbol

(or symbol) of equation (1.1). The values of o belong to some Banach space .
For example, in the reaction-diffusion system

Ou = alAu — f(u,t) + g(z,t), wulogna =0, t>0,

where 7 € Q € R*, u = (ul,...,u™), f = (fY ..., V), g = (¢%,...,g"), the
symbol is the pair o(s) = (f(v,s),g(z,s)), s > 0. The component g(z,s) is
viewed as a mapping from R, into (Ly(Q2))Y, and f(v,s) as a mapping from
R, into a specially selected function space M = {¥(v) = (¥*(v),...,vN(v)),
v e RN} C C(RY;RY). The norm of M takes into account the growth of f(v, s)
with respect to v (see (2.30) and (3.48)). In this case ¥ = M x (Lo(Q))".

We assume that the symbol o(s) of equation (1.1), as a function of s, belongs
to a topological space = of functions € : Ry — W. Usually, in applications, the
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topology in Z; is a local convergence topology on every segment [t1,t2] C Ry.
Consider the translation operator T'(t) on =,

(1.2) T()E(s) = E(t+5), seRy, t>0.

We assume that the mapping T'(¢t) takes =, into itself for all ¢ > 0. Evidently,
{T'(t) | t > 0} forms a semigroup on =.

Now consider a family of equations (1.1) with various symbols ¢ belonging to
a set X C Z,. The set X is called the symbol space of the family. It is assumed
that 3, together with any symbol o € X, contains all positive translations of
o:o(t+ -)=T(t)o(-) € X for any t > 0, i.e.

(1.3) THECS V>0

We suppose that the symbol space ¥ with the topology inherited from =, is
a metrizable space and the corresponding metric space is complete.

We shall study the family of equations (1.1) with symbols ¢ from the com-
plete metric space ¥ C =. We assume that the translation semigroup {T'(¢)} is
continuous on ¥ and it satisfies (1.3).

Let us describe the typical symbol space in particular problems. We are
given some fixed symbol o¢(s),s > 0, consisting of all time-dependent terms of
the equation under consideration. Then one chooses an appropriate enveloping
topological space =4 of functions on R, such that og € Z;. Consider the closure
in E4 of the set {T'(t)oo(-) |t >0} ={oo(t+ )|t > 0}. This set is said to be
the hull of the function og € Z, and it is denoted by

(1.4) Hi(oo) = {T(t)oo | t = 0}z,

Here [ ]z
t>0.

. means the closure in 2. Evidently, T'(t)H(009) C H4(0o) for all

DEFINITION 1.1. The function o¢ € 2 is translation-compact (tr.-c.) in 24
if the hull H4 (09) is compact in = .

In applications, we consider the symbol spaces ¥ = Hy (09), where og(s) is
a tr.-c. function in an appropriate topological space =..

The aim of this article is to study solutions u(s) of equation (1.1) which
are defined for all s € R.. We assume that u(s) € E for any s > 0. In all

<

applications below, we shall strictly clarify the meaning of the expression: “a

b2

function w is a solution of (1.1)”. To each symbol o € 3, we assign a set I
of solutions of equation (1.1). The set K} is said to be a trajectory space of
equation (1.1) with the symbol o. We shall study the family {K} | o € 3} of
trajectory spaces corresponding to equations (1.1) with symbols o € 3. In this
section we shall emphasize the properties of K needed to construct a general

theory of trajectory attractors.
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As before, T'(t) means the translation operator acting now on the trajectory
spaces KI: T(t)u(s) = u(t +s),t > 0.

DEFINITION 1.2. The family {K} | 0 € I} of trajectory spaces is transla-
tion-coordinated (tr.-coord.) if for all o € 3 and all u € K,

(1.5) T(t)u € Kipy, VE20.

DEFINITION 1.3. Theset Ki =
of the family {K} | o0 € ¥}.

ves K7 is called the united trajectory space

PROPOSITION 1.1. If the family {K} | o € X} is tr.-coord. then the trans-
lation semigroup {T(t)} takes K5 to itself:

(1.6) T(HKE C K, ve>o.
The proof is evident.

DEFINITION 1.4. A compact set A € X is said to be a global attractor of a
semigroup {S(t)} acting on a complete metric space X if

(i) A attracts every set B, bounded in X: distx(S(¢t)B,A) — 0 (t — o0);
(ii) A is strictly invariant with respect to {S(¢)}: S(¢t)A = A for all ¢ > 0.

In the case X =¥ and {S(¢t)} = {T'(¢)} we have

PROPOSITION 1.2. Ewvery continuous translation semigroup {T'(t)} acting on
a compact metric space ¥ has a global attractor A which coincides with the w-
limit set of X:

(1.7) A=w(®) =) [ U T(h)EL, w(X) C .

>0 Lh>t
The set A is strictly invariant with respect to {T(t)}: T(t)A = A fort > 0.

This statement follows from well-known theorems from the theory of attrac-
tors of semigroups acting in metric spaces (see, for example, [1], [10], [15]).

To describe the limit behaviour of the translation semigroup {7'(¢)} acting on
the united trajectory space IC; we need a more general notion of global attractor,
a trajectory attractor Ay of the translation semigroup. Let ICJEr C FL C 0O4,
where O, is a Hausdorff topological space and F, is a Banach space. We
use F to define bounded sets in K. Let the translation semigroup {T'(t)} be
continuous with respect to the topology of ©,. The set Ay attracts every set
T(t)B as t — oo in the topological space O, where B C Ky and B is bounded
in the Banach space F.
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DEFINITION 1.5. A set P C O is said to be a uniformly (with respect to
o € X) attracting set for the family {K, | o € X} in the topology © if for every
bounded set B in F; and B C Ki;, the set P attracts T(t)B as t — oo in the
topology O, i.e. for every neighbourhood O(P) in ©, there exists t; > 0 such
that T'(¢)B C O(P) for all t > t;.

DEFINITION 1.6. A compact set Ay € ©, is said to be a uniform (with
respect to o € X) trajectory attractor of the translation semigroup {T'(¢)} on K3
in the topology © if

(i) Ay is a minimal compact uniformly attracting set of {K, | ¢ € X},
i.e. Ay is contained in every compact uniformly attracting set P of
{Ks |0 €%},

(ii) T(t) Ay = Ay, for all t > 0.

Notice that a trajectory attractor Ay is contained in IC; and it depends on
the symbol space 3.

DEFINITION 1.7. The family {K, | o € £} is said to be (04, %)-closed if
the graph set [ J, ¢y,
usual product topology.

Ky x {c} is closed in the topological space ©, x 3 with the

PROPOSITION 1.3. Let ¥ be a compact metric space and {I, | o € X} be

(©4,%)-closed. Then the set Ky = o5 Ko is closed in O.

ceY

PRrOOF. The reasoning is standard. Let u ¢ Ky = J, ¢y, Ko Then (u,0) ¢
U, ex Ko x {0’} for all o € ¥. By the assumption, the set Usex/Cor x {0'} is
closed in ©4 x X, so there is a neighbourhood W, x O, in ©, x ¥ such that
We X OsN(Uyrex Ko x{0'}) =0, u € W5, 0 € O, where W, and O, are open
sets in © and ¥ respectively. The family {O, | o € ¥} forms an open covering
of ¥. Since ¥ is compact, there is a finite subcovering {O,, | i =1,...,N}. Put
W(u) = ﬂfvzl W,,. Evidently, W(u) N Ky = (). Hence, for every u ¢ Ky, there is
a neighbourhood W(u) with W(u) N Kg = 0, i.e. Ky is closed in O. O

Together with the family {KT | 0 € X} of trajectory spaces we shall consider
a more slender family {KI | 0 € w(X)} (see (1.7)), which corresponds to the
strictly invariant symbol space w(¥X) C X. Now we have the following result
about trajectory attractors of families of equations (1.1).

THEOREM 1.1. Let ¥ be a compact metric space and suppose that a contin-
uous translation semigroup {T(t) | t > 0} acts on X: T(1)X C X. Assume the
family {Kt | 0 € 3} corresponding to equation (1.1) is tr.-coord. and (©4,%)-
closed, and {T(t)} is continuous in © . Let there exist a uniformly (with respect
to o € X) attracting set P for {K} | 0 € B} in O such that P is compact in
O and bounded in F. Then the translation semigroup {T(t) |t > 0} acting on
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ICJEr has a uniform (with respect to o € ) trajectory attractor As in the topology
O, in particular As, C K& N P, and

(1.8) T(t)As = As ¥t > 0.

Moreover,

As = Ay,
where A, sy is the uniform (with respect to o € w(X)) trajectory attractor of the
family {K} | 0 € w()}, Ay C Kj(z)' The set Ay, = Ay (x is compact in O
and bounded in F .

The proof of Theorem 1.1 is given in [3] (see also [8]).

REMARK 1.1. The introduced notion of a trajectory attractor depends on the
selected trajectory space {KT | o € ¥}. Therefore, generally speaking, different
trajectory attractors correspond to different families {K} | o € X} of trajectory
spaces of equation (1.1).

Theorem 1.1 shows that to construct the trajectory attractor one needs a
uniformly attracting set P, compact in ©, and bounded in F,. Usually, in
applications, a large ball Bg = {||f|lz. < R} in 74 (R > 1) serves as such
an attracting set (or even an absorbing set). Attraction to Bg follows from the
inequality

(1.9) IT@)ullz, < Cllullz)e™" + Ry ¥t >0

forallu € ICJZF, where C'(R) depends on R, and ~, Ry do not depend on u. Usually,
inequality (1.9) follows from a priori estimates for a solution of equation (1.1).
If, in addition, a ball Bg in F, is compact in ©4 then Bsg, is the required
compact uniformly attracting set.

COROLLARY. If u € Ay then u is tr.-c. in ©4.

Indeed, using (1.8), we get T(tH)u € Ay for any ¢t > 0, that is, the set
(T(t)u | t > 0 is compact in ©4, i.e. u is tr.-c. in O4 (see Definition 1.1). O

Now, we shall describe the structure of the trajectory attractors from The-
orem 1.1 in terms of the complete trajectories of equation (1.1), i.e. solutions
defined on the whole time axis. Let ¥ be a compact symbol space, ¥ € =,
and suppose that the semigroup {7'(¢)} is continuous on X. Consider any sym-
bol ¢ € w(X). The invariance property (1.7) implies that there is a symbol
o1 € w(X) such that T'(1)o; = 0. Consider the function &(s) = o1(s+ 1) defined
for s > —1. Obviously, 7(s) = o(s) for s > 0, hence, 7 is a prolongation of o
on the semiaxis [—1, co[. Next, there is o3 € w(X) such that T'(1)oy = o1 and
T(2)os = 0. Put o(s) = o2(s + 2) for s > —2. Evidently, the function & is well
defined, since o3(s+2) = o1(s+1) for s > —1. Continuing this process, we define
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o(s) = on(s+n) for s € [—n, oo[, where o, € w(X) and n € N. We have defined
a function ¢ on R which is a prolongation of the initial symbol o defined on
Ry . Moreover, ¢ has the following property: 11,0, € w(X) for all ¢ € R, where
o1(s) = 0(t+s). Here IT = Il o is the restriction operator to the semiaxis Ry.

DEFINITION 1.8. A function ¢(s),s € R, is said to be a complete symbol in
W)U G( ) =Tt + ) €ew(X) for all t € R.

As shown above, for every symbol o € w(X) there exists at least one complete
symbol ¢ = ¢ which is the prolongation of ¢ for negative s. Notice at once that,
in general, this prolongation need not be unique.

Now consider some complete symbol {(s), s € R, in w(X). It is easily seen that
to ¢ there corresponds the family of operators A¢)(-) : E — Eo, Ac¢py(-) =
An,¢,(+), t € R. Consider the corresponding evolution equation on the whole

axis:
(1.10) Oy = AC(t) (u), teR.

DEFINITION 1.9. A function u(s), s € R, is said to be a complete trajectory
of equation (1.10) with complete symbol ((s),s € R, (with respect to the family
{KF|loex})if

My, € Ky o, dee Tyu(t+ ) € Kf vt € R.

T g(t+-)

DEFINITION 1.10. The kernel K¢ of equation (1.10) in the space Fy with
complete symbol ((s),s € R, in w(X) is the union of all complete trajectories
u(s), s € R, of equation (1.10) (with respect to the family {K} | o € ¥}) that
are bounded in F:

(1.11) ITu(t+ )|z, <Cy. VteR.

Denote by Z = Z (%) the set of all complete symbols in w(X), Z = {((s),s €
R | I, ¢ € w(X) Vt € R}. Evidently, 11, Z(X) = w(X). Let Kz(x) denote the
union of all kernels K¢ of all complete symbols ¢ € Z(X) : Kzx) = UCEZ(Z) Ke.

THEOREM 1.2. Let the conditions of Theorem 1.1 be valid. Then
(1.12) As = Auim) = H+< U ’Q) =1 Kz().
(ez(%)

the set 11, K z(x) is compact in © 1 and bounded in F. If the family {K} | o € ¥}
satisfies the condition: for some ball Br in Fy the set BRNKY # 0 for allo € %,
then K¢ # 0 for all { € Z(X).

The proof of Theorem 1.2 is given in [3] and it uses the invariance property
(1.8) of the trajectory attractor As.
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2. Trajectory attractors of reaction-diffusion systems

In this section we study the reaction-diffusion system
(2.13) O = aAu — f(u,t) + g(z,t), ulaga=0, z€QeR", t>

(Similarly one can study a problem with the Neumann boundary conditions.)
In system (2.13), u = (u!,...,u") is an unknown vector-function, g = g(z,s) =
(g%,...,g") are external forces, and f = f(v,s) = (f!,..., fY) are interaction
functions. The real N x N matrix a has a positive symmetric part 3(a + a*) >
BI, B> 0. Set H (Lo(Q))N and V = (H, (Q)) The norms in these spaces
are [v]?> = [, N |vi(2)]? dz and ||v]|? = [, 32| [Vvi(z)|? da respectively. Let
also V! = (H~1(2))"N. We suppose that g € LY°(R,;V’) and g is translation-
bounded in L¥¢(R,; V'):

t+1
(2.14) lgll? = sup / lg(s)|I2 ds < co.
t>0 Jt

We also suppose that f € C(RY x R, ;RY) and

(215) 7|/U|p - Cl S (f(’l},S),’U)7 p Z 27 > 07
(2.16) If(v,s)] < Co(Jv]P~t 4+1) VYweRY, seR,.

Let ¢ be the conjugate exponent for p, 1/p+1/¢=1, 1 < ¢ < 2. Let u(z, -) €
Ly(t1,to; (Ly(Q))NY), [t1,t2] € Ry. It follows from (2.16) that f(u(z, -), ) €
Ly(t1,te; (Ly(Q))Y) and

(217) || f(u(=, -), ')H%q(tht%([,q(g))N) < Cs(|lu(z, ’)||Zjip(t1,t2;(Lp(Q))N)+t2*t1)a

where C5 = Cs(p, |Q2|,C2). At the same time, if u(z, -) € La(t1,t2; V) then
Au(z, <) + g(x, -) € La(t1,t2; V'). The Sobolev embedding theorem implies, by
passing to the conjugate spaces, that L,(Q) C H~"(2), where r > n(1/q —
1/2). If, in addition, » > 1, then the right-hand side of (2.13) belongs to
Ly(ti,t2; (H7"(Q)N). Put r = max{1,n(1/q — 1/2)} for p > 2. Let X =
(H="(Q))N. We conclude that if u(z, -) € Ly(t1,t2; (Ly(Q2))N) N La(ty,te; V)
then equation (2.13) can be considered in the distribution sense of the space
D' (t1,t2; X) and dyu € Ly (t1,ta; (H"(Q))N).

DEFINITION 2.1. A function w(z,s), € Q, s > 0, is said to be a weak
solution of equation (2.13) if u € Ly (t1,t2; (L,(Q))N)NLa(t1,t2; V) and u satisfies
equation (2.13) in the distribution sense of the space D’(t1,t2; X ), where X =
(H="(Q))N and r = max{1,n(1/q — 1/2)}.
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LEMMA 2.1 (Lions—Magenes [12]). Let X and Y be Banach spaces such that
Y C X with a continuous injection. If f € C([t1,t2]; X) and f € Loo([t1,t2];Y)
then f is weakly continuous on [t1,ts] with values in'Y, i.e. for every € Y* the

function (i, f(-)) € O([t1,t2]).

If u is a weak solution of (2.13) then, evidently, u € C([t1,t2]; X) for X =
(H=7(Q))N. If, in addition, u € Ls(t1,t2; H) then, by Lemma 2.1 we have
u € Cy([t1,t2]; H). Therefore, the initial-value problem

(218) u|t=t1 = Ug

for equation (2.13) is meaningful when uy € H. Let us formulate the weak

solution existence theorem.

THEOREM 2.1. Let g € La(ty,t2; V'), let f satisfy conditions (2.15), (2.16),
and ug € H. Then there exists a weak solution u of equation (2.13) satisfying
u € Lp(tl,tg; (LP(Q))N) n Lg(tl,tg; V) n Loo(tla to; H) and U(tl) = Ugp.

Proor. We implement the Galerkin approximation method, with a com-
plete system {w;} of functions in V N (L,(Q))". We outline the main points
of the method. Let wy,(z,s) = Y./~ ajm(s)w;(z) be a solution of the ordinary
differential system

dum,
(2.19) % = Py — Ponf (i, t) + Prg(t),  tm(t1) = Prtio,
where P, is the orthogonal projection in H onto H,, = [wy, ..., w,,]. Evidently,

Prug — w (m — o0) strongly in H and P,g — ¢ (m — oo) weakly in
Lo(t1,t2; V'). Equation (2.19) implies that

(2.20)
1d

2 dt

Using condition (2.15) and integrating in s from 7 to ¢, we obtain

[t (8) [ + (Vi (8), Vra (t)) + (f (m (t), 8), um (t)) = (g(1), um (1))

(221)  [um(®) — |um(D) + B / ()2 ds + 2 / lum (), ds

1 t
<3 / lg(8)[12 ds + 2(t — 7)Co,

for all t,7 € [t1,t2], t > 7, where [[v]} = ||U||pr(Q))N. It follows from (2.21)
that the sequence {u,,} remains in a bounded subset of La(t1,t2; V) N Ly (t1, to;
(Lp()N) N Loo(t1, t2; H), since |upm, (t1)|? is bounded. By (2.17), {f(um(-), -)}
is bounded in L (t1,t2; (Ly(22))V). So, by refining, we may assume that there
exists a function u € La(t1,t2; V) N Ly(t1, ta; (Lp(2))Y) N Leo(t1,te; H) such
that u,, — u (m — oo) weakly in La(t1,t2; V), weakly in Ly (t1,t2; (L,(Q))N),
and #-weakly in Lo (t1,t; H). In particular, Au,, — Au (m — oo) weakly in
Lo (t1,t2; V'), Ottty — Opuw (m — 00) weakly in Ly(t1,t2; X) and f(um(-), -) —
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w (m — oo) weakly in Ly (t1,te; (Ly(Q))Y) for some w € L, (t1,t2; (Ly(2))N).
Passing to the limit in equation (2.19) we obtain the equality

Ou=alAu—w+g

in the distribution sense of the space D’ (t1,t2; X ). Notice that u,, — u (m — 00)
in Cy([t1,t2]; H), so that u(t;) = ug.

To prove that u is a weak solution of (2.13) we have to check that f(u(s),s) =
w(s). From (2.19) it follows that {9,u,} is bounded in L,(t1,t2; X ). Due to the
compactness theorem (see [9], [11]), we extract a subsequence of {u,,} (which
we label the same) strongly convergent to w in Lo(t1,t2; H) and uy,(z,s) —
u(z, s) (m — oo) for almost all (x,s) € Q x [t1,t2]. Therefore f(un(z,s),s) —
fu(z,s),s) (m — oo) for almost all (z, s) € Qx[t1, 2], since f is continuous. On
the other hand, the sequence {f(um(z, -), -)} is bounded in Ly(t1,t2; Ly(£2)).
From the Lions lemma (see [11, Chapter 1, Lemma 1.3]), we conclude that
flum(z, -), ) — flu(z,-),-) (m — o0) weakly in L,(t1,t2; Ly(£2)), hence,
fu(s),s) =w(s). O

REMARK 2.1. Tt is easily seen that conditions (2.15) and (2.16) do not ensure
the uniqueness for the Cauchy problem (2.13), (2.18).

PROPOSITION 2.1. Let u € Ly(t1,t2; (Ly(2))Y) N La(t1,t2; V) be a weak
solution of (2.13). Then

(i) uwe C(ftr, t2]; H);
(i) the function |u(-)|? is absolutely continuous on [t1,t2], and

(2.22) 5 7 u®)” + (aVu(t), Vu(t) + (f (u(d), t), u(t)) = {g(t), u(t)),

for almost all t € [t1,t2].

This proposition follows directly from

LEMMA 2.2. Let H be a Hilbert space and let V, E, X be Banach spaces
withV CHCV' CX and ECHCE' CX, V' and E' being the duals of V
and E respectively. Here H' is identified with H. Assume that u € Lo(t1,t2; V)N
Ly(t1,t2; E) (p > 1) and the distribution Oyu from D'(t1,t2; X) is representable
as Opu(s) = w(s) + h(s), where w € La(t1,t2; V') and h € Ly(t1,t2; E') (1/p +
1/q=1). Then

(i) we C([tr, t2); H);
(i) the function |u(-)|? is absolutely continuous on [ty,ts], and

(2.23) %|u(t)\2 = 2(0gu(t), u(t)y = 2(w(t), u(t)) + 2(h(t), u(t))

for almost all t € [t1,ta].
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This statement is a generalization of the known interpolation result. (See
[12] and [16, Chapter 3, Lemma 1.2], where the author considered the case
V = E, p =2, V being a Hilbert space.) The proof uses the regularization
technique.

To prove Proposition 2.1 we use Lemma 2.2 for E = (L,(Q)V. If u €
Ly (t1,t2; (Ly(2))N) N La(t1, t2; V) then, by equation (2.13), d;u = w + h, where
w(s) = alAu(s) + g(s) and h(s) = f(u(s),s). Evidently, w € Ls(t1,t2; V') and
h € Ly(t1,t2; E') (see (2.17)). So u € Cy([t1,t2]; H) and |u(-)| is continuous on
[t1,t2], consequently, u € C([t1, t2]; H).

COROLLARY 2.1. Let u € Li*°(Ry; (Lp(2))N) N LY (Ry; V) be a weak solu-
tion of (2.13). Then for all t > 0,

20 1
2 2 —ot 2 2 _ 221, 2
(224) P < uOFe™™ + R, Bi=="+ 55—

t+1 t+1
e2) [ Jus)Pdst [ ), ds <o + B,
t t

lgll3, = B,

1
RS =201 + —llgll2,
g
¢
(2.26) ﬂ/ lu(s)||?e® ds < (14 at)|u(0)|? + 2RZe™.
0

PRrROOF. Every weak solution u satisfies (2.22). Using condition (2.15) and
the Bouniakovsky—Schwarz inequality, we get

d 1
(2.27) Z[uOF + Bllu@* + 29w}, <2C1 + B”Q(t)”%/'-

In particular,
d 2 2 1 2
2 [u@)” +afu®)” < 2C1 + Bllg(t)llvu

and hence

d 1
S (@) exp(at)) < 20y exp(at) + Bllg(t)\\%w exp(at).
Integrating from 0 to ¢, we get

t
u(t)Pe™ — Ju(0)[* < —— (e — 1) + %/O lg(s)I[7-e ds.
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Estimating the last integral,

t—1

t t
(2.28) /0IIQ(S)II?//eo‘SdSS/1H9(8)||2v/e°“ds+/ lg(s)I[¥re™* ds + ...
t—

t t—1
Seat/ 1||9(5)||%// d8+€°‘(t71)/ , ()15 ds
t— t—

t—2
+ e2(t=2) / lg(s)||% ds+ ...
t—3

<llglae* (A +e *+e > +...)

= lgllze* (1 —e™*) 7,
we get

(o34 2C1 [ 1 [0 —Q\— e}
u(B)e™ ~ [u(0)]? < e + 5 lgl2e (1 - 7)™ = Be

and (2.24) is proved. Inequality (2.25) follows directly from (2.27) by integrating
over [t,t+ 1].

Let us check inequality (2.26). We shall use this inequality in the next section.
Multiplying (2.24) by ae®® and integrating, we obtain

t
(2.29) a/ lu(s)|?e®® ds < at|u(0)|* + Rie™.
0
Inequality (2.27) implies that

%(IU(t)\2 exp(at)) + B]lu(t)]|* exp(at)

1
< 20y explat) + 5 9(0)[} explat) + alu(®) explar).
Therefore, using the above reasoning and (2.29), we get

¢
[u(t)Pe™ + ﬁ/ lu(s)lIPe®* ds < [u(0)]* + Rie™" + at|u(0)[* + Rie™
0
= (1 + at)|u(0)* + 2RZe™.
The proof is complete. O
The pair o(s) = (f(v,s),g(z,s)) is the symbol of equation (2.13). With
each symbol o satisfying (2.14)—(2.16), we associate the trajectory space KF.
By definition, K} is the union of all weak solutions u € Li°(R; (L,(€2))V) N
L¥Y<(Ry; V) of equation (2.13).
COROLLARY 2.2.

(i) For every ug € H there exists u € K such that u(0) = uo.
(i) w € LRy (Lp(2)N) N LY(Ry; V) N LIS (Ry; H) for all w e KF.
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According to the general scheme of Section 1, we introduce spaces ©, and
.7:+. Put

Floe = [R5 H) M LY (Ry5 V) N LR 5 (L, ()N)
N{v|owe LRy X)},
X =HTQ)N, r=max{l, n(1/2—1/p)}.

Denote by ©4 the space fﬁfc with the following convergence topology: a se-
quence {v,} C ffc converges to v € fﬂfc asm — 00 in ©4 if v, — v (M — o)
s-weakly in Lo (t1,to; H), weakly in Lo (t1,t2; V), weakly in Ly (t1,t2; (L, (2))V),
and Oyvp, — Oyv (m — 00) weakly in Ly(t1,t2; X) for all [t1,t2] C Ry. It is easy
to prove that ©, is a Hausdorff space with a countable base. The translation
semigroup {7'(¢)} is continuous on O .

Now, define F by putting

f+ = {U E‘F-l‘,?c | ||U||f+ < OO}?
where
[vllF, = iglg{||T(t)v||Loc(o,1;H) + [ T(t)vll Ly 0,15v)
+ 1T vz, 0,152~y + 1T ()|l L, 0,1:) }-

Evidently, . is a Banach space and 7 C ©4.

To describe a symbol space X suppose we are given a fixed symbol og(s) =
(fo(v, ), go(,5)).

The function go is translation-bounded in LY¢(Ry; V') (see (2.14)). There-
fore, it is tr.-c. in the space leofu (R4; V') with the following local weak conver-
gence topology: hp, — h (m — o0) in LS (Ry; V') if hyy — b (m — o0) weakly
in Lo(t1,t2; V') for all [t1,t2] € Ry. The hull Hi(go) (see (1.14)) is a compact
set in LS, (Ry; V7).

The function fy satisfies (2.15) and (2.16). Consider the space My = {¢ €
CRY;RY) | [¢(v)] < Ca(Jv[P~t +1) Vv € RV} endowed with the following local
uniform convergence topology: (™ — ¢ (m — oo) in M if

‘Iﬁ?}%lw( ') =) =0 (m — o0)
for each R > 0. This topology is generated by the norm

o0

1
(2:30) [Wllae, = 37 ey mas (o)l

m=1
M is a Banach space. Consider the space C'(R4; Mj) of continuous functions

with values in M;. We assume that fy is a tr.-c. function in C(Ry; M;). By
(2.16), fo is bounded in every semicylinder Q4 (R) = {(v,s) | [v| < R, s > 0}.
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By [3], fo is tr.-c. in C(R4+; M;) if and only if for each R > 0 it is bounded and
uniformly continuous in each Q4 (R), i.e.

(2.31)  [fo(v1,81) = folvz, s2)| < 1(|vr — v2| + |51 — 52|, R)
V(v1,81), (v2, 82) € Q+(R); ai(s,R) — 0+ (s — 0+).

The hull H4(fo) is a compact set in C'(Ry; Mj). Evidently, the symbol o(s) =
(fo(v,s), go(x,s)) is a tr.-c. function in 2 = C(R4, My) x LY (Ry; V7).

Now define the symbol space ¥ of equation (2.13) to be H4(0g), where
Hy(0p) is the hull of the function oy in Z4. It can be shown that the space
H(00) is metrizable. Therefore, ¥ = H (0p) is a compact metric space. The
translation semigroup {7'(t)} acts continuously on ¥.

PROPOSITION 2.2. For all symbols o(s) = (f(v, s),g(z,s)) € ¥ = H(00),

. t+1
() llgllz = supiso J; ™ ()l ds < llgoll2;
(ii) f(v,s) satisfies conditions (2.15), (2.16), and (2.31) with the same con-

stants and with the same function (s, R).

The proof is straightforward.

To each symbol o € H, (o) there corresponds the trajectory space K.
Evidently, the family {K} | o € £} is tr.-coord. Define Kf; =, o5, K7 .

Let w(X) be the global attractor of the semigroup {T'(¢t)} on ¥ = H (o)
(see Proposition 1.2). Let Z(og) := Z(X) be the set of all complete symbols in
%, i.e. the set of functions ¢ € E = C(R, M1) x LS (R; V') such that ¢, € w(X)
for any t € R, where (;(s) = II+((s +t),s > 0. To each complete symbol
C(s) = (h(v,s),r(x,s)) € Z(op) there corresponds, by Definition 1.9, the kernel
K¢ of equation (2.13). [C¢ consists of all weak solutions u(s),s € R, of the
equation

Ou = Au — h(u,t) + r(x,t), teR,

that are bounded in the space F with the norm
[vll7 = jlelﬂlg{llT(t)vHLw(o,nH) T @)vllLa0,1v)
+ 1T @®)vl 0,152~y + 1T ()| L, 0,1:x) }-

Here T'(t) is the translation operator for ¢ € R. Let us formulate the main theorem
on trajectory attractors of equation (2.13).

THEOREM 2.2. Let oo(s) = (fo(v, s),g0(z,s)), s € Ry, where gy is transla-
tion-bounded in LY°(R.; V') and fy satisfies conditions (2.14)—(2.16) and (2.31).
Let ¥ = Hy(0g) be the symbol space of equation (2.13). Then the translation
semigroup {T'(t)} acting on K5 = U, ex
o € Hy(00)) trajectory attractor Ay (5, (in the topology © ; bounded sets are

K} has a uniform (with respect to
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taken in the Banach space Fy). The set Ay, (o) is bounded in F , compact in
Oy, and

A1 (00) = Aw(Hy(00) = H+< U ’Q) =1 K2 (o)

C€Z(o0)
The kernel K¢ is not empty for any ¢ € Z(0o). The set Kz (s, is bounded in F.

Notice that the following embedding is continuous: ©, C L¥¢(R,; H;_s),
0<d<1,sowe get

COROLLARY 2.3. For each set B C Ky bounded in F,
distL2(0,R;H1_5)(H(),RT(t)B,H07RICZ(UO)) -0 (t— o0)

for all R, where Iy g is the restriction operator to the segment [0, R).

Proor orF THEOREM 2.2. To apply Theorems 1.1 and 1.2 to the family
{Kf | 0 € X} of trajectory spaces, we have to prove Propositions 2.3 and
2.4 below. By (2.32), the translation semigroup {T(t)}, acting on Ky, has a
uniformly (with respect to o € X) absorbing set P = B = {v € Fy | ||[v||r, <
R} for the family {K} | g € H4(g0)} whenever R > Ry. The ball B is compact
in O, and bounded in F,. This completes the proof. O

PROPOSITION 2.3. If oq satisfies conditions (2.14)—(2.16) and (2.31) then

(i) KX C Fy forallo € Hy(op);
(ii) for all u e K},

(2.32) IT(t)ull%, < Calu(0) exp(—at) + RG ¥t >0,

where a = (A1, Cy depends on a,v,Cs, and Ry depends on o, Ci,
and ||go|3.

PrROOF. (i) follows from Corollary 2.2 and (2.32). It follows from (2.24) that
(2.33) IT @)l sy < [u(0)]? exp(—at) + Rg, vt >0,
where R%, =201 /a + ||go|?/(B(1 — e=®)). Using (2.25) and (2.33), we obtain

(2:34) BIT(Oul, 010 + 2NTOUIE 010 @y < [u(O)P exp(—at) + R,

p
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where R%, = R, + 2C1 + 371||go||?. Taking into account (2.17), from equation
(2.13) we get

([ o) .

<( [ tadu ds)l/q ( If(u(s),s)lggdé‘)l/q
ds)

<

t+ 1/q

t+1
t
1
+< ()%
t+1 /2 t+1 1/q
o [ ||u<s>||2ds) (e[ 1o, as+1)
t t
(0
t

t+1 1/2
o(s)[2 ds)

< C5(B7Hu(0)]?e ™" + 571 REy)?
T (C5(20) M u(0) e + Ca(2y) " B2y + 1)1
< Colu(0)]*e™" + RE,
since 1 < g < 2. Thus,
(2.35) IT()0ullr, &, x) < Cslu(0)[?e™*" + R3.
Finally, inequalities (2.33)—(2.35) imply (2.32). O

PROPOSITION 2.4. The family {K} | o € £} of trajectory spaces is (0,%)-
closed.

PROOF. Let 0p(s) = (fm(v,5),9m(z,5)) € X, um € Kf , and uy — u
(m — 00) in O4, frn, — f (M — o) in C(Ry;My), and g, — ¢ (M — 0) in
LY< (Ry; V). The functions u,, satisfy the equations

Fix any interval [t1,t2] C R,. Passing to a subsequence, we may assume that
Um — u (M — 00) strongly in Lo(ty,te; H), um(z,s) — u(x,s) (m — oo) for
almost all (z,s) € Q x [t1,t2], and fr(um(-), ) — w (m — o) weakly in
L, (t1,1t2; Ly(£2)) (see the proof of Theorem 2.1). Passing to the limit in equation
(2.36) we find that

(2.37) Ou = aAu — w + g.

It remains to show that w(s) = f(u(z, s), s). To do this, similarly to the proof
of Theorem 2.1, we have to check that f,,(un(z,s),s) — f(u(z,s),s) (m — o0)
for almost all (z,s) € Q X [t1,t2]. Let (z,s) be a point such that u,(z,s) —
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u(x,s) (m — o) in RY. The set {u,,(z, s)} is bounded in R¥ | i.e. |u,(z,s)] < R
for all m € N and for some R. But

|fm(um(x, 8), 8) - f(u(m, 8)7 8)‘
< max |fm(v,5) = f(v:5)| + er(fum(2, 5) = u(z, 5)|, B) = 0 (m — o0)
(see (2.31)). Hence, fi(um(z,s),s) — f(u(x,s),s) (m — oo) for almost all
(x,8) € Q X [t1,ts]. Therefore u € K1+'2 for all [t1,t2] C Ry, so that u € KF. O

3. Reaction-diffusion systems with uniqueness.
More regular trajectory attractors

In this section we study the reaction-diffusion systems for which the Cauchy
problem (2.13), (2.18) has a unique solution under some regularity conditions.
The results of Section 1 are also applicable in this case. The trajectory attractor
As has a more regular structure and it attracts bounded sets in a stronger
topology ©% than © described in Section 2.

Consider once more the system (2.13). Now, we assume that the function g
is translation-bounded in L¥¢(R,; H):

t+1
(3.38) 1912 = sup / 19(s)[2 ds < co.
t>0 J¢

For the vector-function f, we suppose, besides (2.15) and (2.16), that f/;, €
C(RN x R ;RYN) for j=1,...,N and
(3.39) ~Crlwl? < (fu(v, s)w, w);
(3.40) |fo(v,8)] < Cs(Jv|P~2 +1) Vo,w e RY s € Ry.
THEOREM 3.1. Let g € La(t1,t2; V') and f satisfy conditions (2.15), (2.16),

and (3.39). Then a weak solution u € Ly(t1,ta; (Ly(Q))N) N La(t1,ta; V) of the
Cauchy problem (2.13), (2.18) is unique.

PRrROOF. We follow the proof from [1] where the autonomous case of system
(2.13) was studied. Suppose there are two weak solutions ui,us € Ly(t1,t2;
(Lp(2))N) N La(t1,t2; V) such that uy(t1) = ua(t1) = ug. The difference w(s) =
u1(s) — ua(s) satisfies

Ow = alAw — (f(uy,t) — f(ug,t)), w(t1)=0.

Since w € Lp(tl,tg; (LP(Q))N) n Lg(tl,tg; V) and é)tw € Lq(tl,tg; (Lq(Q))N) +
Lo(ty,t2; V'), Lemma 2.2 is applicable and we have

5 = W) + (@Vw(t), Vw(t)) = —(f(u1,t) — f(uz, ), w(t))
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for almost all ¢ € [t1,ts], and the function |w(-)|? is absolutely continuous on
[t1,ts]. From (3.39) it follows that (f(v1,t)— f(va,t),v1 —v2) > —Cr|vy —ve|? for
all v1,v2 € RY and ¢ > 0. Consequently, —(f(u1,t) — f(uz2,t),w(t)) < Crlw(t)|?
and, hence,

Lum)P < 20wP, & ()P exp(-~Crt)) <0,

because (aVw(t), Vw(t)) > 0. Finally, we get |w(t)|> < exp(Crt)lw(0)|? = 0,
and so w(t) = u1(t) — ua(t) =0 for all ¢ € [tq, o). O

PROPOSITION 3.1. Suppose that g € LY(R,; H) satisfies (3.38) and f sat-
isfies (2.15), (2.16), and (3.39). Then for every weak solution u € L*°(Ry;
(L)) N LY(Ry; V) of (2.13) the following inequalities hold for t > 0:

(3.41) u(®)]* < (" + 1+ t)Colu(0)Pe™" + (t7" + 1)RY,

t+1
(3.42) / |Au(s)ds < (t7 + 1+ t)Crolu(0)2e=t + (t~1 + 1)R2.
t

PROOF. It is sufficient to prove (3.41) and (3.42) for every solution u,, = u of
the Galerkin approximation system (2.19), since the corresponding exact solution
is unique and we can pass to the limit as m — oo in the resulting inequality.
So, we multiply (2.19) by —Au,,(s) and integrate over z € . After standard
transformations we get

%%HU(??)HZ + Bl Au(t)]? < (f(u(t),t), Au(t)) — (9(t), Au(t)).

Here we omit the index m for brevity.

(3.43)

Without loss of generality, we may assume that f(0,t) = 0 for all ¢ > 0.

Otherwise we can replace f(v,s) and g(x,s) by f(v,s) = f(v,s) — f(0,s) and
g(v,s) = g(v,s) — f(0,s) respectively. The functions f and g satisfy the same
conditions with modified constants C;, because |f(0,s)] < Cy for all s > 0

(see (2.16)). Using this assumption, we can integrate by parts in the term

(f(u(t),t), Au(t)) since f(u(t),t)|loq = 0:

n N ;
i 0’
LA Afi(u,t) Oul Oul
=X D> |
k=1i=1j=1 “ Uj Lk OLk
- ou Ou
= - v at YRR d
<C f: nult_ g |2
< (7 oo | = .
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We have used condition (3.39). For the second term —(g(t), Au(t)) we have
~(9(0), Ault) < S1Au(P + - lgto)

Therefore, by (3.43) and (3.44), we obtain

(3.45) %IIU(t)II2 +BlAu(t)* < 2C7[[u®)|* + 8 g(t)*

and p
allﬂ(t)ll2 + allu(t)[|* < 207 |lu@®)|* + B~ g ().

Multiplying by te®t, we get

%(t\lu(t)ll%at) < (207t + Dlu(®)[e + B tlg(t)*e™".

Integrating from 0 to ¢, we obtain

(3.46)

t t
tluolPert < @Crt+1) [ Juo)lPeds+ 571 [ lg(o)Pe ds.
0 0
Now, using estimates (2.26) and (2.28), we have
(3.47) tllu(t)]|?e* < (2C7t + 1)B7 (1 + at)|u(0)|? + 2R3 e
A1 - ) e
< (14t + 1) Colu(0)|* + (1 + t)R2e™.

Therefore, estimate (3.41) is proved.
Finally, integrating (3.45) over [¢,t + 1], we deduce

t+1
[ u
t

t+1
51'\AM@F@SHMMF+%2/

Combining (2.25), (2.24), and (3.47) we get

t+1
<m9w+ﬂ*l)|ﬂﬁﬁw.

t+1
@/t |Au(s)|?ds < B((t7F + 1 +1)Colu(0)[Pe™* + (71 + 1)R?)

+ 20787 ([u(0)Pe™*" + R} + R3) + B |g|2
< (T 14+ 1)Crolu(0)Pe™ 4 (t7 + 1) R2.

Thus, estimate (3.42) is valid.

In this section we assume that the symbol o(s) = (f(v,s),g(s)) of equation
(2.13) satisfies more regularity conditions: (2.15), (2.16) and (3.38)—(3.40). As
before, K denotes the set of all weak solutions u € L¥¢(R,;V) N L},OC(RJF;

(Ly(2))N) of equation (2.13).

Let Hy = (H?(2))V. Tt is well known that the norm in H, on the subspace

H; NV is equivalent to the norm ||ulls = |Aul.
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COROLLARY 3.1. If the symbol o(s) = (f(v,s),g(s)) satisfies the above con-
ditions of regqularity then T(t)u € LI%¢(R,;V) N LY(Ry; Hy) and T(t)0u €
Lie¢(Ry; (Lg(Q))N) for all u € KF when t > 0.

Indeed, by Proposition 3.1, T(t)u € LR, ;V) N LYS(Ry; Ha), ie.
T(t)(aAu + g) € LY(Ry; (La(2)N) for t > 0. By (2.17), f(u,s) € L}IOC(R+;
(Ly(2))N). Hence, T'(t)0u € L}IOC(R+; (Ly(Q)N) for t > 0.

Therefore we can study the translation semigroup {7'(t)} acting on K3
in a space with a stronger topology. Denote by ©% the space LR ; V) N
L¥°(Ry; HQ)HLLOC(RJF; (Ly()M)N{v | 0w € L}IOC(RJF; (Ly(2))N)} with the fol-
lowing convergence topology: a sequence {v,,} converges to v in ©% as m — oo
if vy, — v (M — 00) *-weakly in Loo(t1,t2; V), weakly in Lo(t1,ta; Ho), weakly
in Ly (t1, t2; (Lp()N), and dyvy, — Opv (m — o0) weakly in Ly (t1, t2; (Ly(2))N)
for every [ti,t3] € Ry. It is easy to prove that ©% is a Hausdorff space with a
countable base. We also define 73 by setting

Fi={veoi] ||UH]:j_ < oo},
where
[vllzs = igg{||T(t)UHLoc(0,1;V) + 1T ) v £a(0,1:12)
T @) vz, 0,152~y + 1T )|l L, 0,152, 2))N) }-

Evidently, 77} is a Banach space.

As before, we are given a fixed symbol o¢(s) = (fo(v, s), go(z, 5)).

The function g is translation-bounded in LY°(R,; H) (see (3.38)). There-
fore, it is tr.-c. in LS (Ry; H).

The function fj satisfies (2.15), (2.16), (3.39), and (3.40). Consider the space
Ms = { € CLRY;RY) | [p(v)] < Ca(jo]? 1+ 1), [,(v)] < Cu(ol24+1) o €
RN} endowed with the following local uniform convergence topology: (M) — )
(m — o00) in My if

max ([ (v) = ¥ (0)| + [ (v) = o (V)]) = 0 (m — o0)

lv|<R

for each R > 0. This topology is generated by the norm

- 1 1
B48) Wl = 3 (e s W0+ 5 max 4 0)])

Thus M5 is a Banach space. Consider the space C'(R;; M2) of continuous func-
tions with values in My. We assume that fj is a tr.-c. function in C'(R4; Ms).
By (3.40), the function fo, is bounded in each semicylinder @4 (R) = {(v,s) |
[v] < R, s > 0}. By [3], fois tr-c. in C(Ry; M>) if and only if for any R > 0
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the functions fo and fo, are bounded and uniformly continuous in each Q1 (R),

ie.

(3.49)  |fo(v1,s1) = fo(va, s2)| + | fou(v1,51) — fou(v2, 52)]
< as(|vy — va| + |s1 — 52|, R)
V(v1,81), (v2, 82) € Q+(R); aa(s, R) — 0+ (s — 0+).

S

Evidently, the symbol og(s) = (fo(v,s),g0(x,s)) is a tr-c. function in =5 =
C(Ry, My) x LIS Ry H).

Now define the symbol space ¥ of equation (2.13) to be H, (0g), the hull of
oo in 25 . It is easily shown that the hull of a function in Z% coincides with its
hull in 2, = C(Ry; My) x LES (Ry; V'), Moreover, the topology on H (00) is

n = in =S
the same in = and in =% .

PROPOSITION 3.2. For all symbols o(s) = (f(v, s),g(x,s)) € ¥ = Hy(00),

. 1
(i) 1913 =supizo ;" lg()I ds < lgol3;
(ii) f satisfies conditions (3.39), (3.40), and (3.49) with the same constants

and with the same function as(s, R).

Now consider the family {K} | o € 3} of trajectory spaces corresponding to
equation (2.13). Thanks to Proposition 3.1, the translation semigroup {7T'(¢)},
acting on K3, has a uniformly (with respect to o € X) absorbing set P’ = Br =
{ve Fg | lv(-)llFy < R} for the family {K7 | o € Hy(00)}, whenever R > 1.
The ball Bp is compact in ©% and bounded in 3. Hence we can formulate the

following result.

THEOREM 3.2. Let the function oo(s) = (fo(v, s), go(x, s)) satisfy conditions
(2.15), (2.16), (3.38)—(3.40), and (3.49). Then the trajectory attractor As. of the
family of equations (2.13) for ¢ € ¥ = Hi(og) from Theorem 2.2 is also a
uniform (with respect to o € Hi(0g)) trajectory attractor in the topology ©7 .
The set As; is compact in ©% and bounded in F7 .

The following embedding is continuous: ©% C L¥Y°(Ry;Ha_5), 0 < § < 2,
so we get

COROLLARY 3.2. For every set B C K5 bounded in Fy,
distz,(0,r:#,_5)To, T (t) B, o, K 2(55)) — 0 (t — o0)

for all R > 0.

4. Trajectory attractors for ordinary differential equations

In this section, we briefly describe how the methods of Section 1 can be
applied to the study of non-autonomous ordinary differential equations. We do
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not suppose the unique solvability of the corresponding Cauchy problem. As
an example of such equations, we consider the Galerkin approximation system
(2.19) of order m for the reaction-diffusion system (2.13). It contains M = mN
ordinary differential equations. This is why we shall study the following type of
ordinary differential equations in R :
dy
i
Here y = (y',...,y™M), F=(F',...,FM), o = (¢},...,pM). We assume that
¢ € LY*(R,;RM) and F € C(RM x R, ; RM). Suppose also that

M
(4.51) (F(z,8),2) = ZF’(z,s)zl >z -C VzeRM s>0,

i=1
where § > 0. The pair o(s) = (F(z,s),¢(s)) is the symbol of equation (4.50).
We are looking for solutions y of (4.50) such that y € HVI°¢(R;RM) = {2 | 2/ €
L¥e(R,; RM)Y. Tt is classical that for any yo € RM equation (4.50) has a solution
y € HY¢(R,; RM) such that y(0) = yo. (Condition (4.51) provides prolongation
of every local solution y € H([0,t0[;R™) on the whole R, .) Evidently, this
solution need not be unique (we do not suppose any Lipschitz conditions for F'

(4.50) —F(y,t) + (), t>0,

with respect to z).

Denote by K the set of all solutions y € H°¢(R,; RM) of (4.50). We shall
study the trajectory attractor of the translation semigroup {7'(¢)} acting on the
union K3 of trajectory spaces, where the symbol space X is described below.

Let 09 = (Fy, o) € C(RM xR ; RM) x L¥°(R,; RM) be some initial symbol.
Assume that g is tr.-c. in L¥S (R ;RM) i.e.

2w

t+1
(4.52) pol? = sup / 9o (8)|2as ds < 0.
t>0 Jt

Suppose also that Fy satisfies (4.51) and it is tr.-c. in C(R4;My), ie. Fy is
bounded and uniformly continuous on every semicylinder Q4+ (R) = {(z,s) |
|z|[gm < R, s > 0}:

[Fo(2,8)| < C1(R)  ¥(z,5) € Q+(R);

(4.53)
|Fo(21,81) — Fo(z2,52)] < ao(]z1 — 22| + |51 — s2|, R)

V(z1,81), (22, 82) € Q+(R); ap(s,R) — 0+ (s — 0+).

Here Mo = C(RM;RM) is endowed with the following local uniform conver-
gence topology: ¥(™) — ¥ (m — o0) in My if max,|<p [¥™ (v) — ¥(v)| — 0
(m — oo) for all R > 0.

Evidently oo = (Fp,¢o) is tr-c. in 2 = C(Ry; Mo) x LYS (R ; RM). Put,

as usual, ¥ = Hy (00) = [{oo(- +h) | h > 0}]=, . The space X is metrizable and

compact in =.
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PROPOSITION 4.1. For all symbols o(s) = (F(z,s),¢(s)) € ¥ = Hy(0o),

. t41
() lel2 =sup;>o f; le(s)]*ds < ol
(ii) F satisfies conditions (4.51) and (4.53).

Consider the family {K} | ¢ € X} of trajectory spaces corresponding to
equation (4.50). Evidently, this family is tr.-coord. Define K = |J, o5 KJ

As an enveloping space O, we consider the space HL°¢(R,;RM) with the
local weak convergence topology: z,, — z (m — o) in O4 if z,, — 2z (m — 00)
weakly in H'([t1,ts]; RM) for every [ti,t2] C R,. Let also

Fr={z € HVRRY) | 2|7, = SUp(T(£)2] 2 0.1) + [T(8)2']a(0.0)) < 00}

PROPOSITION 4.2. If oy satisfies the above conditions then
(i) KX c Fy for all o € Hy(op);
(ii) for everyy € KF,
2C 1

2 < 2 —dt 2 2 _ 4 2.
|y(t)| = |y(0)| e +R13 Rl 5 + 6<1_6_5)|90|aa

t+1 1/2
( / |y'<s>|2ds) < Cul(y(O) P + B)Y2) +lgola Wt > 0.
t

Consequently,

1Ty )z, < Cally(0)?e™") + Ry Vt > 0.

PROPOSITION 4.3. The family {KT | 0 € £} of trajectory spaces is (04,%)-
closed.

We omit the proofs of Propositions 4.2 and 4.3 as they are similar to the
proofs of Propositions 2.3 and 2.4.

Let w(X) be the global attractor of the semigroup {T'(¢t)} on ¥ = Hy (09). Let
Z(09) := Z(X) be the set of all complete symbols in ¥, i.e. the set of functions
¢ € B = C(R;Mop) x LY, (R; RM) such that ¢; € w(X) for all t € R, where
Ce(s) = I ¢(s +t),s > 0. To any complete symbol ((s) = (H(z,s),®(s)) €
Z(09), there corresponds, by Definition 1.10, the kernel K¢ of equation (2.13).
It consists of all solutions y(s), s € R, of the equation

dy
i
that are bounded in the space F with the norm

—H(y,t)+ ®(t), teR,

lzll7 = iu£(|T(t)Z|L2(O,1;RM) + |T(t)2"| L, 0,1,80))
€

Let us formulate the main theorem on the trajectory attractor of equation (4.50).
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THEOREM 4.1. Let oo(s) = (Fo(z,s),0(s)),s € Ry, where ¢q is transla-
tion-bounded in LY°(R,;RM) and satisfies (4.51), and Fy satisfies (4.53). Then
the translation semigroup {T'(t)} acting on Kt = U, s, K& has a uniform (with
respect to o € Hy(00)) trajectory attractor Ay (44) (in the topology © 1 ; bounded
sets are taken in the Banach space Fy). The set Ay (q4) is bounded in Fy,

compact in Oy, and

Ar (00) = Aw(Hy (00) = H+< U ’Cc) =1 K2(00)-

C€Z(00)

The kernel K¢ is not empty for any ¢ € Z(oo). The set Kz(oy) is bounded in F.

Notice that the following embedding is continuous: ©, C C(R4;RM), so we
get

COROLLARY 4.1. For every set B C IC; bounded in Fy,
diStc(OyR;RM)(HO’RT(t)B, HO,R’CZ(J[))) — 0 (t — OO),
for all R > 0.

Theorem 4.1 follows directly from Propositions 4.1-4.3 (see Theorems 1.1
and 1.3).

REMARK 4.1. The Galerkin approximation system (2.19) of m equations
satisfies all the conditions of Theorem 4.1.

REMARK 4.2. Consider a more regular case: p =0, X = H (Fp). Then ev-
ery solution y of equation (4.50) belongs to C1 (R ;RM) ie. K C C1(Ry;RM).
Consider the topological space 0% = CL(Ry;RM) with the local uniform con-
vergence topology: z, — 2z (m — o0) in ©% if max,cp, 4,){|2m(s) — 2(s)| +
|z, (s) — 2'(s)|} — 0 (m — o0) for every segment [t1,t2] C Ry. It can be proved
that for every set B C lC; bounded in F,,

diStCl(O’R;RIM)(HO’RT(t)B, HO,RK:Z(FO)) — 0 (t — OO),

and the set 1L Kz (g, is compact in ©F = C'(Ry;RM) and bounded in F73.
The norm in F3 is [|z]#: = supyso [T(t)z]cr (0,115

5. Some applications to the perturbation theory
of trajectory attractors

Below we study some perturbation and approximation problems for trajec-
tory attractors of reaction-diffusion systems considered in Sections 2 and 3. We
prove that trajectory attractors are stable with respect to small perturbations
of symbols of equations. In some cases, it is shown that perturbations do not
affect the trajectory attractors. We investigate the convergence of the trajectory
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attractors of Galerkin approximation systems to the trajectory attractor of the
original reaction-diffusion system.

1. Consider system (2.13) with a perturbed external force go + g1 and with a
perturbed interaction function fy+ f1. We assume that both gg and gy are tr.-c.
in LIQijU(R+;V’ ), i.e. inequalities (2.14) hold. The functions fy and f; satisfy

conditions (2.15), (2.16), and they are tr.-c. in C'(Ry; M;), i.e. conditions (2.31)
are valid. Moreover, we suppose that

(5.54)  T(h)gi(w,s) = gi(z,5+h) =0 (h—o0) inLyg (R V');
(5.55) T(h)fi(v,s) = fi(v,s+h) =0 (h—o00) in C(Ry; My).
(See Section 2.) Put o9 = (fo,90), o1 = (f1,91)-

THEOREM 5.1. Under the above conditions, the trajectory attractor
A, (oo+0r) Of the perturbed reaction-diffusion system (2.13) coincides with the
trajectory attractor Ay (,) of the unperturbed system:

(5.56) At (o0t+01) = Ar ()

The proof follows from formula (1.12) because w(H4 (09 +01)) = w(H4(00))
by (5.54) and (5.55):

Ar (ootor) = Ay (ootar) = Awy (00) = Ak (00)-

As an example, consider the disturbing external force g;(x,t) = G'sint?,
where G(x) € H. Evidently, G(z)sin(t 4+ h)* — 0 (h — 00) weakly in L¥S (t1, t2;

H) for every [t1,t2] € Ry and (5.54) holds. Let also fi(v,s) = a(s)Fi(v), where
a(s) — 0 (s — oo) and Fi(v) satisfies conditions (2.15) and (2.16).

2. Consider system (2.13) with a symbol 0%(s,e) = (fo(v,s) + efi(v,s),
go(z, s) +eg1(x, s)), where f; and g; (i = 1,2) satisfy (2.14)—(2.16) and (2.31).
To construct the trajectory attractor for (2.13) with symbol o09(s,e), we
study the family of equations (2.13) with symbols o(s,e) = o(e) € X(e) =
Hi(00) +eH (01), where oo(s) = (fo(v, ), go(,5)), o1(s) = (f1(v, 5), g1(x, ).
The hulls H4 (0;) are taken in the space 2 = C(Ry; M1) x LY (Ry; V7). Ac-
cording to Theorem 2.2, the translation semigroup {T'(¢)}, acting on the united
trajectory space KT (g) = IC;(E) = Ua(e)ez(e) ICj(E), has the trajectory attrac-
tor Asx(c) in the topology ©, which was described in Section 2. The following
statement generalizes Theorem 2.2.

THEOREM 5.2. Assume that the symbol o%(s,e) = (fo(v,s) + efi(v,s),
go(x,8) + eg1(x, s)) satisfies the above conditions. Then the semigroup {S(t) |
t = 0} acting on U, <., Kt (e) x {e} by the formula

S(t) (ua(s) (5)’ 5) = (ua(s) (5 + t)v ‘5)7
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where uq()(s) € ICj(E), has a global attractor A with the following properties:
(i) A is compact in O X {|e| < eo};
(il) A = Ujej<c, As(e) % {€}, where Asy.) is the trajectory attractor of the
family of equations (2.13) with symbols o € X(¢);
(iii) the trajectory attractors As,.) converge to the trajectory attractor As g
= Ay (59) a8 € — 0 in the topology © . In particular,

diStLQ(O,R;Hl_é)(HO,R-AZ(s),HO,RAH+(JO)) -0 (¢—=0) VR>0,0<6<1.

The proof is similar to one given in [1].

Using the results of Section 3 one can formulate the analog of Theorem
5.2 when the initial symbol 0°(s,e) = (fo(v,s) + ef1(v,s), go(x, s) + eg1(x, s))
satisfies more regularity conditions: (2.15), (2.16), (3.38)—(3.40), (3.49), and the
corresponding Cauchy problem is uniquely solvable. In this case, everywhere
in Theorem 5.2, one can replace the topological space ©, by a space ©% with
a stronger topology. One can also combine these statements in the following
way. Suppose that a regular symbol o¢(s) = (fo(v, $), go(x, s)) is perturbed by a
non-regular one o1 (s) = (f1(v,s),g1(,s)). Then the Ax(.y converge to Ay, (o)
in ©, and Ay (5,) is compact in ©% and it has a more regular structure.

3. Now fix some symbol o¢(s) = (fo(v, s),go(z,s)) that satisfies the gen-
eral conditions (2.14)-(2.16), (2.31), and consider the corresponding trajectory
attractor Ay, (o,) in ©4. Suppose we are given some complete system {w,}
of functions in V N (L,(Q))N. Let P,, be the orthogonal projection from H
onto the space H,, = [wi,...,wy,]. Consider the Galerkin approximation sys-
tem (2.19) of order m. It follows easily that this system of ordinary differential
equations satisfies conditions (4.51)—(4.53). Therefore, the results of Section 4
apply and the Galerkin system has a trajectory attractor A in the space
L (R HYN LY (R V) VLG, (R (Lp(2)Y) N {w | 0o € LY, (Ry5 X)) =
0., X =(H"(Q)N.

THEOREM 5.3. The trajectory attractors A™) of the Galerkin approzimation
system (2.19) converge as m — oo (in ©4) to the trajectory attractor Ay (s,)

of the system (2.13). In particular,
diStLQ(o,R;Hlfé)(HO,RA(m),HO,RAH+(UO)) —0 (¢—0) VR>0,0<6<1.

The proof is standard.
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