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CRITICAL POINTS WHEN THERE
IS NO SADDLE POINT GEOMETRY

MARTIN SCHECHTER

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

We show how mountain pass methods can be used even when there is no
mountain pass or saddle point geometry. The functional can grow on linking
subsets. Applications are given.

1. Introduction

The original saddle point theorem of Rabinowitz [R] can be described as
follows. Let M be a closed subspace of a Hilbert space H such that M # H and
N =M=+ # H. Let G be a C! functional on H such that

(1.1) Gv)<a, veEN,
(1.2) Gw)>a, wedBsNM,
(1.3) G(swg +v) <mp, s>0,veEN, |[swy+v| =R,

for some wy € 0B N M, where 0 < § < Rand B, = {u € H : |lu|]| <r}. A slight
generalization of Rabinowitz’s theorem is

THEOREM 1.1. In addition to (1.1)—(1.3) assume

(1.4) dim N < oo,

(1.5) mp < a.
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Then there are a sequence {u,} C H and a ¢ > « such that

(1.6) G(ug) — ¢, G'(ux)— 0.
Although (1.6) does not guarantee a solution of

(1.7) G'(u) =0

it does so in many applications. Theorem 1.1 was generalized by Silva [Si] and
the author [Sc1-4] to

THEOREM 1.2. If one replaces (1.5) in Theorem 1.1 by

(1.8) supmp < m < 00
R>6

then there is a sequence satisfying (1.6) with o < ¢ < m.
In the present paper we derive theorems which imply
THEOREM 1.3. Assume
(1.9) either dim N < oo or dim M < oo,
(1.10)  %(¢) is a nondecreasing positive function with mp — a < fORl/J(t) dt.
Then for each § > 0 there is a uw € H such that

(1.11) a—0<Gu) <mr+9d, |G| <v(ul+9).

COROLLARY 1.4. If 3>0 and
(1.12) mr/R*T -0 as R — oo
then there is a {ux} C H such that
(1.13) IG" @)l /(luell + 1) =0, G(ur) — ¢, a<c< oo

We consider applications to semilinear elliptic boundary value problems. Let
Q be a smooth, bounded domain in R™, and let A > A9 > 0 be a selfadjoint
operator on L?(Q) such that C§°(Q) € D := D(AY?) ¢ H™(Q), m > 0, with
eigenvalues Ao < A; < ... and eigenfunctions that are in L>°(Q). Let f(z,t) be
a Carathéodory function on €2 x R such that

(1.14) [f (@, )] < C(Jt] +1).

Let

(1.15) F(x,t):/o f(z,s)ds.
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We assume

(I) For some eigenvalue A\, £ > 1, we have

(1.16) 2F (z,t) < At?, |t <6,
(1.17) 2F (x,t) > N\p_1t?, tER,
(1.18) 2F (z,t) > \t* — V(2)?h(t) — W(z), tER,

where § > 0, W € LY(Q), h(t) is a locally bounded function satisfying
(1.19) h(t)/t* =0 ast?® — oo

and V(z) € L?(Q) maps D into L?(9).
(1) f(z,t)/t — ax(z) a.e. as t — too.
(II1) If

(1.20) Au=ajut —a_u",
where 4 = max{4u,0}, then u = 0.
We have
THEOREM 1.5. Under the above hypotheses the equation
(1.21) Au = f(z,u)
has at least one nontrivial solution.

We can change the directions of the inequalities (1.16)—(1.18). In fact, we
can replace hypothesis (I) with

(I') For some eigenvalue A\, ¢ > 0, we have

(1.22) 2F (x,t) > \t?,  |t] <6,
(1.23) 2F (2,t) < Mpyat?, tER,
(1.24) 2F (x,t) < Mt* + V(2)?h(t) + W(z), tER,

with V, W, h as before.

THEOREM 1.6. Under hypotheses (I'), (II) and (II1), (1.21) has at least one
nontrivial solution.

There are other geometries covered by our theorems. For instance, we have
THEOREM 1.7. Assume that (1.4) holds and that

(125) G(’U) < mpg, veNﬂ@BR,R>O,

(1.26) Gw)>a, weM.

If 8>0 and (1.12) holds, then there is a sequence satisfying (1.13).
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THEOREM 1.8. Assume that
(1.27) G(0) <a<G(u), ue€dBs, §>0,
and there is a w9 € 0B such that
G(Rpo) <mpg, R>0.
If >0 and (1.12) holds, then there is a sequence satisfying (1.13).

Applications of these theorems will be given in forthcoming publications.
Our abstract theorems are given in the next section. Proofs of the theorems of
this section are given in Section 3.

2. The abstract theorems

We recall the definition of linking given in [ST]. Let E be a Banach space
and let @ be the set of all continuous maps I'(t) from E x [0,1] to E such that

DEFINITION. A subset A of E links a subset B of E if AN B = ) and for
each I' € ® there is a t € [0, 1] such that T'(t)AN B # 0.

Let A, B be subsets of E such that A links B, and let G be a C! functional
on E. Define

2.1 a= inf  su G((s)u), ag=supG, by =infG.
(21) i s GO, a0 =swpG, b=y

Since A links B we have
(2.2) by < a.

Assume that

(2.3) d(A,B) > 0.

Let

(2.4) B :={ve B:G) <ap}.
Note that

(2.5) B =0 iff ap<by.



CRITICAL POINTS WITHOUT SADDLE GEOMETRY 299

Let 1 (t) be a positive nondecreasing function on [0, c0) such that

(2.6) a0 — bo < /0 L

for some finite R < d’ := d(B’, A) (we take d' = oo if B’ = (}). Our first result is
THEOREM 2.1. Assume in addition that

(2.7 —00 < by, a < 0.

Then for every 6 > 0 there is a u € E such that

(2.8) bo— < Glu) <ats, |G/l < wld(u, A)).

PROOF. Assume first that a = ag. If (2.8) were not true, then there would
be a ¢ > 0 such that

(2.9) P(d(u, A)) < |G (u)]

holds for all u in the set

(2.10) Q={u€eE:b—30<Gu)<a+30}.
By reducing ¢ if necessary we can find § < 1 and 7' < R such that
T
(2.11) a—by+90< 0/ () dt, 0 < 6p(0)T.
0
Let

Qo={ue®:bp—20 <Gu) <a+ 26},
Qr={ue@:b—0<Gu)<a+d},
Q2=FE\Qo, n(u)=d(u,Q2)/[d(u, Q1) + d(u, Q2)].

There is a locally Lipschitz continuous map Y (u) of E= {ue E:G'(u)#0} to
itself such that

(2.12) Y@l <1, 06" W)l < (G'(w),Y(w), ue k.

Let o(t) be the flow generated by n(u)Y (u). Then

oty —v = /0 n(o(F)o)Y (o(r)0) dr.
Consequently,
(2.13) d(v, A) — t < d(o(t), A) < d(v, A) +1, t>0.
We also have
(2.14) dG(o(t)v)/dt = (G'(0),0") = n(0)(G'(0),Y (0)) > On(o)[|G' (o)l
> On(o)(d(o, A)) > On(o)y(d(v, A) —t)
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in view of (2.9), (2.12) and (2.13). Now suppose v € B is such that there is a
t1 € (0,7 for which o(t1)v ¢ Q1. Then G(o(t1)v) > a + J. Consequently,

(2.15) G(o(T)v) > a+4d.

On the other hand, if o(t)v € @ for all ¢ € [0,T], then

(2.16) G(o(T)v) > G(v) + 9/0 Y(d(o(t)v, A)) dt.

If v € B’, this gives

T d
G(o(T)v) > by + 9/0 Y(d(v, A) —t)dt > by + 9/d Y(T)dr

-7
T
Zbo+9/ PY(r)dr >a+06
0

by (2.11), where d = d(v, A) > d > R > T. Thus (2.15) holds in this case as
well. If v € B\ B’, then

Glo(TY) > a+ 0 /OT W(d(o (), A))dt > a+ 0p(0)T > a+ 6

by (2.11) and (2.16). Hence (2.15) holds for all v € B.
We shall show that A links By := o(T)B. If so, this will contradict the
definition of a. For there is a I' € ® such that

(2.17) GT(s)u) <a+(6/2), 0<s<1, ueA.

But if A links By, then there is a t; € [0,1] such that I'(t;)A N By # (. This
means that there is a u; € A such that T'(¢t1)u; € By. In view of (2.15) this
would imply G(I'(t1)u1) > a + 0, contradicting (2.17).

Thus it remains to show that A links By. To this end, note that o(t)v ¢ A
for v € B and t € [0,T]. For v € B’ this follows from (2.13) and the fact that
T<R<d.Ifve B\ B we have, by (2.14),

G(o(t)v) > a+ 9/ n(o(T)v)(d(o(r)v, A))dr.
0
Thus
(2.18) G(o(t)v) >a, t>0,

unless 7(v) = 0. But this would mean that v € @Q,, and consequently that
G(v) > a+ 2§. Hence (2.18) holds for all v € B\ B’. Therefore o(t)v cannot
intersect A for all v € B and ¢ € [0,T]. Let I" be any map in ®. Define

Iy(t) = { o(2tT)1, 0<t<1/2,

o(T)7r(2t—1), 1/2<t<1.
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Then I'y € . Since A links B, there is a t; € [0,1] such that T'y(¢1)A N B # 0.
If 0 < t; < 1/2, this would mean o(2t;T)"'A N B # 0, or, equivalently, that
ANo(26T)B # 0, contradicting the fact that o(¢t)B does not intersect A for
t € [0,T]. Thus we must have 1/2 < t; < 1. This says that o(T)"1'(2t; —1)AN
B # 0, or, equivalently, I'(2t; — 1)ANo(T)B # (. Thus A links B; = o(T)B,
and the proof is complete for the case a = ag. If a # ag, then it follows from
Corollary 2.8 of [Sch] that there is a sequence {u} C F such that

G(ug) — a, G'(ur) — 0.

Thus for each 6 > 0 we can find a u such that a—¢ < G(ug) < a4+, |G (ug)]| <
¥(0) < ¢(d(ug, A)) which gives (2.8) for this case as well. O

THEOREM 2.2. Assume (2.7), and let
(2.19) A" :={ue A:G(u) > by}

Assume that (2.6) holds for some R < d” := d(A”,B). Then for each § > 0
there is a u € E such that

(2.20) bo—6< G <ats, [G'(w)] < (d(u, B)).

PROOF. As before, we may assume a = ag. If the conclusion of the theorem
were false, there would be a § > 0 such that

(2.21) ¢(d(u, B)) < |G'(w)]l, ueQ,

where @ is given by (2.10). Let 0, T, Qq, Q1, Q2, n and Y be determined as in
the proof of Theorem 2.1. Let o(t) be the flow generated by —n(u)Y (u). Then

we have

(2.22) d(u,B) —t < d(o(t)u,B) < d(u,B) +t
and
(2.23) dG(o(t)u)/dt = —n(0)(G'(0),Y (0)) < —0n(0)||G'(0)]|

< —On(o)p(d(o, B)).
Hence
(2.24) G(o(t)u) < G(u) — 9/0 n(o(T)u)yY(d(o(r)u, B)) dr.

Now suppose u € A is such that there is a ¢; € [0,7] for which o(t1)u ¢ Q;.
Then

(2.25) G(o(T)u) < G(o(t1)u) < by — 4.
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On the other hand, if o(t)u € Q1 for 0 < ¢ < T, then

(2.26) G(o(T)u) < Gu) — 0 /0 W(d(o(t)u, B)) dt.

If u € A”, this implies

T
G(o(T)u) <a-— 9/ U(d(u, B) — t)dt
0
d T
<a-—10 w(T)dTgafG/ P(T)dr < by — 4,
d-T 0
where d = d(u, B) > d” > R > T. Thus (2.25) holds. If u € A\ A”, then
G(O‘(T)u) < by — Hw(O)T < by — 0.

Hence (2.25) holds for all u € A.
Let Ay = o(T)A, a0 = sup,, G and

2.27 a; = inf su G((s)u).
(2.27) 1= sw (L'(s)u)

I claim that

(a) a10 <bp <ay <a,
(b) A; links B.

If (a) and (b) are true, then it follows from Theorem 2.1 of [ST] that there is a
sequence {ug} C D such that

G(ug) — a, G/(Uk) — 0.

This will contradict (2.21), establishing the theorem. First let us prove (b). We
show that o(t)A does not intersect B for 0 < ¢ < T. For u € A" this follows
from (2.22) and the fact that T < R < d”. Ifu € A\ A", we see from (2.24) that

(2.28) G(o(t)u) < by, t>0,

unless 7n(u) = 0, i.e., unless u € Q,. But then G(u) < by — 25. Hence (2.27)
holds for all u € A\ A”. This will prevent o(t)u from intersecting B at any time.
This now implies (b). Let I" be any map in ®. Let

r B o(2sT), 0<s<1/2,
1e) = { [(2s — D)o(T), 1/2<s<1.

Then I'; € ®. Since A links B, there is an s; € [0,1] such that 'y (s1)AN B # 0.
Since 0(2sT)AN B = @ for 0 < s < 1/2, we must have s; > 1/2. Hence
I'(2s1 — 1)o(T)A N B # 0, showing that A; = o(T)A links B.
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The first inequality in (a) follows from (2.25) while the second follows from
(b) and (2.27). To prove the last, let I' be any map in ®. Let
~ o(2sT)7 1, 0<s<1/2,
I(s) =
I(2s—1)o(T)71 1/2<s<1.
Then I € ® and
(o(T —2sT)u) < G(u), 0<s<1/2,

2

=l

=

2

3

£

I

—N
Q

G(T'(2s — 1)u), 1/2 <s<1.
Therefore
sup  GI(s)u) < sup  G(I(s)u).
0<s<1,u€A; 0<s<l,ucA
Thus a; < a, and the proofs of (a) and the theorem are complete. O

COROLLARY 2.3. Let {Ay, Br} be a sequence of pairs of sets satisfying the
hypotheses of Theorem 2.1 such that d, = d(Ay, B},) — 00 as k — oo and for
some (3> 0,

(2.29) (aro — bro)/(d})? T =0 as k — occ.
Then there is a sequence {ur} C E such that
(2.30)  bro — (1/k) < Glug) < ag + (1/k), |G (up) ||/ (d(ux, Ax) + 1)°.
Similarly, if d, = d(A}, By) — oo and
(2.31) (aro — bro)/(d})*! — 0
then there is a sequence {ur} C E such that
(2:32) bro — (1/k) < G(we) < a + (1/k),  |G"(u)|l/(d(ur, Br) +1)7 — 0.
ProoF. For each k take
Un(t) = (B4 1)(aro — bro)(t + 1)° /R

with Ry, equal to dj, or d}/, as the case may be. Then

Ry,
Pr(t) dt = (aro — bro)[(Re + 1) = 1)/RPT > ago — bo.
0

By Theorems 2.1 and 2.2 there is a uj such that
bro — (1/k‘) < G(uk) <ap+ (1/kj)

and either ||G'(ux)|| < ¥r(d(uk, Ax)) or |G’ (ug)|| < ¥ (d(uk, Bk)), as the case
may be. We now merely note that vy (t)/(tx + 1)° — 0 as k — oo for any
sequence t; > 0. O
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3. The applications

In this section we shall prove Theorems 1.5 and 1.6. We let Ny denote the
subspace of L?(Q2) spanned by the eigenfunctions of A corresponding to the
eigenvalues Ag, ..., A\s. Let My = NZJ- ND. Thus D = M, ® Ny. Let

(3.1) a(u,v) = (Au,v), |ullb = a(u,u), uw € D,
and
(3.2) G(u) = |jull% — 2/ F(z,u)dx, wueD.

Q

It is readily verified under hypothesis (1.14) that G is a C'! functional on D and
(3.3) (G'(u),v) = 2a(u,v) = 2(f(u),v), wuw€D,

where we write f(u) for f(x,u). It therefore follows that u is a solution of (1.21)
iff

(3.4) G'(u) =0.
Now (1.17) implies
(3.5) G(v) < ol = Ae—1flv]* <0, v e Ney.

We also have, by (1.18),
(3.6) G(v) < |lv||% = Ae|jvl® + /V(x)%(v) dz + B,

where B = [, W(z) dz.
Let € > 0 be given. By (1.19) there is a K such that |h(t)|/t*> < e for |t| > K.
Thus

/V(x)%(v) do g/ +/ < 01/V(m)Qdm—i—e/V(x)Qv(x)de
|lv|<K lv|>K
< Ci|[V|? +eCallol b,
where
(3.7) [Vol> < Calolh,  ve D.
Thus by (3.6),
G() < C1||[V|?> +eC2R* + B, v e Ny, |jv|lp = R.

Thus mp = sup{G(v) : v € Ny, ||v|]|p = R} satisfies limsupp_,, mr/R? < eCs.
Therefore

(3.8) mg/R> — 0 as R — oc.
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For w € My_1, write w = w' 4+ y, where w’ € My and y € E(\;), the eigenspace
of Ag. Since E(A¢) is finite-dimensional and contained in L*(2), thereisa o > 0
such that

(3.9) lyllp < ¢ implies  |y(z)| <d/2,

where § > 0 is given in (1.16). Thus if ||w|p < gand |w(x)| > § then

(3.10) 6 < fw(z)| < |w'(z)| + |y(z)| < |w'(2)| +d/2.
Hence
(3.11) lw(z)| < 2|w'(x)|.

Thus by (1.16) and (1.14),

(3.12) G(w) > |[w'[[h = Aeflw'|* = € (w? + |wl) d.
|w|>8

By the Sobolev imbedding theorem, there is a p > 2 such that
(3.13) lwlly < Collwllp, w e D.

Hence

/ (w2+|w|)dx§(62_p+61_p)/ lwl? dz
|w|>é&

|w|>8

<C '[P dz < Cllw'|[f < C'|lw'|p
2|w’|>6

by (3.11) and (3.13). Hence by (3.12),

(3.14) G(w) = (1= (Ae/Aepr) = Ol 572 [[w'|[3,
>elwh, we My, |wlp <o,

for g sufficiently small. Now suppose

(3.15) inf{G(w) : w € My_1, ||lw|lp =0} =0.

Then there is a sequence {wy} C My_1 such that ||wg|p = ¢ and G(wy) — 0.
Write wy, = wj, + Yy, where wj, € M, and y;, € E(\;). By (3.14) we see that
|lwy,l|p — 0. Hence |lyx||p — o. Thus for a renamed subsequence, y, — y in D
and ||y|lp = o- By (3.9), |y(x)| < /2. Hence by (1.16),

(3.16) 2F (z,y(z)) < My(2)?, z€Q.

Also
ol =2 | Plo.y)de = Glo) =0,
In other words,

/{QF(JJ7 y) — A\ey?}dz = 0.
Q
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Since the integrand is never positive, we have
(3.17) 2F (z,y(x)) = My(2)?, z€Q.
For {(x) € C5°(£2) and t small we have
2F (2, +1¢) < Ae(y +10)*.
Hence for ¢t > 0,
20 [F (2, y +10) — F(z,9)] < Ael(y +¢)* — %]/t

Taking the limit as ¢ — 0, we obtain

fl@,y)¢ < AyC, (€ Cgo(Q).

This implies f(z,y) = Aey. Since Ay = Agy, we see that y is a solution of (1.21).
Since ||y|lp = 0, y # 0. Thus if (3.15) holds, we have a nontrivial solution of
(1.21). Thus we may assume that the left hand side of (3.15) is positive. But in
this case the hypotheses of Corollary 1.4 are satisfied with § = 1. Hence there
is a sequence {ug} C D such that

(3.18) GI(U]Q)/(HU]CHD + 1) — 0, G(uk) > e
I claim that
(3.19) Ry = |lunllp < C.

For if Ry — oo, then we take uy = ug/Rg. Then ||ug|p = 1,4 — u weakly in
D, strongly in L?(Q) and a.e. in Q for a renamed subsequence. Hence by (3.18),

(G'(ur), ur)/(2RE) =1 — (f(ur), ur) /Ry — 1 — () = 0,
where
aw) = [ {as@)@ ) +a- (o))} do
Q

This shows that u # 0. Moreover, we have

(G (), )/ (2Re) = aliig, ) — (f () B ) = (i, 0) — aliiv) =0, ve D,
where

a(u,v) = /(2{a+u+ —a_u” jvdx.

Hence u is a solution of (1.20). By hypothesis (III) this implies that u = 0,
contradicting our previous conclusion. Hence (3.19) holds.

This implies the existence of a renamed subsequence such that ui — u weakly
in D, strongly in L?(Q) and a.e. in Q. By (3.18),

(G (ug),v) = 2a(ug,v) — 2(f(ug),v) — 2a(u,v) — 2(f(u),v) =0, ve D.
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Hence u is a solution of (1.21). We have also

lurl? = (G" (ur), ur) /2 + (f (we) ur) — (f(u),u) = [[ullp.
Thus u, — w strongly in D, and 0 < € < G(uy) — G(u). This shows that u # 0,
and the proof of Theorem 1.5 is complete. g

PrOOF OF THEOREM 1.6. By following the methods of the previous proof,
we show that

G(v) < —¢llV'h, v e N, [v]b <o,

for o > 0 sufficiently small, where v = v’ +y, v' € Ny_1, y € E(\g). Also
G(w) >0, we M,

and
Gw) > —-mpg, we€ My_1, ||w|p =R,

where mp satisfies (3.8). Reasoning as before we show that either (1.21) has a
nontrivial solution in E()\¢) or

Gv) < —e1 <0, veEN, |lvllp=e.

Now we can apply Corollary 1.4 to —G to obtain the desired conclusion. O

PROOF OF THEOREM 1.3. We take A = {v € N : |v|| < R} U {swy + v :
$>0,v €N, |swy+v|]| =R}, B=0BsN M. Then A and B link each other
(Proposition 1.2 of [ST]), and ag < mpg, @ < by. The hypotheses of Theorem 2.2
are satisfied, and we note that d(u, B) < ||ul| + 6. O

PROOF OF COROLLARY 1.4. We take ¢r(t) = (8 + 1)mp(1 + )8 /RPHL.
Then

R
VYr(t)dt = mg[(1+ R)PT —1]/RPH > mp.
0

Hence there is a ug such that o — (1/R) < G(ug) < mgr + (1/R) and
G (ur)|l/(Jugl + 1) < (8 + 1)mg/R*Tt — 0.

This gives the desired conclusion. O

PrOOF OF THEOREM 1.7. Let Ay = N N90Bg,B = M and apply Corol-
lary 2.3. O

ProOF OoF THEOREM 1.8. Let Ay = {0,k¢o}, B = 0Bs and apply Corol-
lary 2.3. g
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