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1. Introduction

In this paper we will use a new partial differential equation method to find
a new family of quasiperiodic solutions of fixed frequencies for the forced second
type nondissipative Duffing equation which can be written as

(1) i+ au — bu® = f(t),
where a > 0,b > 0, and f(¢) is assumed to be a quasiperiodic function with given
prescribed rationally independent frequencies wq,...,w,,. The solutions found
will have frequencies proportional to w1, ...,wy,. First we solve the equation
b 2 2
@ i = = g,
a a

where a and b are arbitrary positive numbers and ( satisfies the condition 0 <
B < 2/I, where I is the maximum length of a segment with direction (wy,...,wm)
cut out by the boundary of the torus T = [—m, 71]™.
We derive a nonlinear partial differential equation for the generating function
U(x) of the tentative smooth solutions u(t) for (2):
m 2 2 2
3) > w;g v =g = T,

,j=1
1991 Mathematics Subject Classification. Primary 34C27, 35J20, 35J60.

©1995 Juliusz Schauder Center for Nonlinear Studies

283



284 M. S. BERGER L. ZHANG

where f(t) = F(wit,...,wnt), —00 < t < 00, both F(z) and U(z) are defined on
the torus T™ and are periodic in each variable x;, i = 1, ..., m, with period 2.

Many authors put very restrictive conditions on the frequencies wy,...,wm,
namely infinitely many Diophantine conditions: for all integers ji, ..., jm, satis-

fying ZT:1 Jul >0,

m
Z Juwu + Jo
p=1

>001<Z|Jpl) :

p=1

where jo = 0,1,2,Cy, 7 are fixed positive numbers. In this paper, we remove
the Diophantine conditions on these frequencies. In order to do this we need
an additional condition. Suppose f(t) is a quasiperiodic function and F(x) is
the generating function of f(¢), i.e. f(t) = F(wit,...,wnt). We will assume
f(0) = F(x), where 29 = (2}, ...,25") can be anywhere on the torus T™ except
on a set of measure zero; thus equation (1) will have a smooth solution u(t) =
U(zd+wit, ..., 20 +wnt) on the trajectory {wo+wt = (2 +wit,. .., 20 +wnt) :
—00 <t < oo} on the torus for almost every xog € T™.

In our paper we construct a Hilbert space P; 2(T™) of functions U defined
on T, periodic in each variable with period 27 and such that

m 8U 2
U2 :/T (U2+ <Z°"iax) ) < .
" i=1 v

We use PP,(T™) to denote the closed subspace of Pi(T™) which is the
closure of C§°(T™) under the norm || - ||.
By minimizing the functional F5(U) defined by
mLwidL) - U
FQ(U) — / |:(Z7,1 16@) ﬂ

—_— 4 [R—
5 + 4aU + F(x)U] dx

on M, where
M ={U e P),(T™): U € LY(T™)},
we get a family of weak solutions U(z) for equation (3).
Here a weak solution of (3) is defined as follows. If U € P, (T™) satisfies

ou 9V ) b3? 4 b2
axi)<;w’axi>+ﬁ oV = uvV=r

m

fol(e

for all V- € C§°(T™), we call U(x) a weak solution of equation (3) in PP,(T™).
In our paper we first prove the following theorem:

FV] dr =0

THEOREM 1. There exists a weak solution for the following partial differen-
tial equation which corresponds to the second type Duffing equation:
b3?

- U 2 5

ij=1
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in the space Pﬂz, provided that F € L*(T™). Here a and b are arbitrary positive
real numbers and [ is any number satisfying 0 < 8 < 2/I, where I is the
mazimum length of a segment with direction (w1,...,wn) bounded by the sides
of the torus.

In the second part of this paper we will prove our main theorem:

THEOREM 2. For any a >0, b > 0, and each (3 as in Theorem 1, the second
type Duffing equation

il + B%u — @u3 = —Qf(t)
a a
has a smooth solution w(t) with prescribed rationally independent frequencies
Wi, ..., wm on the trajectory {zo+wt = (xh+wit,. .., 20 +wnt) 1 —00 <t < 0o}
on the torus for almost every zo = (x},...,20) € T™ provided F € C1(T™)

and f(0) = F(xo).
Thus finally we will have

THEOREM 3. For any a,b > 0, and each B as in Theorem 1, the general
second type Duffing equation (1) has a family of smooth solutions u(t) with

prescribed rationally independent frequencies %wl, ey %wm on the trajectory
{zo + wt = (2§ +wit,..., 2P + wmt) : —00 < t < oo} on the torus for almost

every xo = (z§,...,28") € T™ provided F € CY(T™) and f(0) = F(xo).
PRrROOF. (1) can be solved in two steps. We first solve

bﬁQ 2

U+,62’U;—7U3:;f

for all 8 as in the statement. Then by scaling ¢ into %t, we get a solution u of
i 4 au—bud = f

with frequencies (%wl, cee %wm)

Previous work on quasiperiodic solutions of nondissipative Duffing equations
includes the 1965 paper of Moser. He was the first to use the K.A.M. theory to
find quasiperiodic solutions of the forced Duffing equations using Diophantine
restrictions. Thus his solutions are not valid for all parameters a,b. Moser’s
solution is of small amplitude and Moser in fact requires a, b to satisfy certain
conditions.

On the other hand, Moser’s quasiperiodic solutions are not shown to be the
minimizers of any functionals, so they differ substantially from our solutions.
Moser’s solutions can be described for K.A.M. approximations. We will describe
the relationships between the solutions obtained here and his solutions in another

paper.
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2. An analogue of the Poincaré Inequality for the space P10’2

In Section 1 we defined the space P,(T™) as the completion of C§°(T™)

under the norm
m 2
oUu
||U||?91,2 = /Tm <U2 + ( E wié)ac-) ) < o0.
i=1 v

In this section first we prove the following lemma:

LEMMA 1 (An analogue of the Poincaré Inequality for PPo(T™)). For every

Ue P,
m 2
ou
/ < E Wi ) > (12/ U27
m =1 (91’1 m
where o = 2/1, and I is the mazimum length of a segment with direction

(Wi, ... ,wm) bounded by the sides of the torus.

Proor. If we make an orthogonal transformation of the coordinate sys-
tem from {z1,...,Zm} to {t,y2,...,ym} such that the direction of the ¢ axis
is (w1,...,wm), we can denote each point on the torus as (¢,y’), where y' =
(y2,...,Ym). Let A be the projection of 7™ to the hyperplane ¢ = 0. Then for
each U € PP,

U aut,y)\? .
L (Swgn) o= [ [ (Fg") aiw,

where [, denotes the line segment with direction (w1,...,wy) passing through

y' € A. (For simplicity we will use [ to denote [,/ later on.) We claim that for
almost every y' € A, U(t,y’) belongs to W{,(l). In fact, since U € Py,, there is
a sequence ®,, such that {®,} C C§°(T™) and

m

. ) ?
lim_ - [;wiaxi(U — @n)} dx = 0.

AU dd,\>
li =T dtdy = 0.
o /A /l ( dt  dt ) Y

2 .
Hence fl (% - %) dt converges to zero in measure on A. Therefore we can

find a subsequence of { [, (& — dfi" )th}, still denoted by { [, (4 — %)%lt},

which converges to zero almost everywhere on A. That means that for almost

That is,

every y' € A,
AU d®,\>
li = dt =0.
s [ (- G) =0

Therefore the claim is true.
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Since for each ¢ € C3°(l) and t €I,
#= i
to 2 '
where we suppose ¢(tg) = 0, we finally get
. 2
9llL2qy = m||¢||L2(l)~

This inequality holds for every function in WR 5(1), therefore for almost every
/
y €A,

du(t,y') 2
> Uy L2
H dt g2~ N ©
If we denote by I the maximum length of the line segments [ on the torus which
have the direction (w1, ...,wy), then
du(t,y') 2 /
7 > —||U(t .
|, 2 eve

Squaring and integrating on A, we finally get

LA 4/ )
Wi — > — U-~.
[(Xeg) 2 m /.

By setting a? = 4/I? we have finished the proof of the lemma.

LEMMA 2. For 0 < B < a, where « is as in Lemma 1,

m

U \?
||U||2:/Tm (;“’iaxi) do-0 [ U?ds

Tm

is an equivalent norm in P y(T™).

PROOF. First we show that ||| is a norm in P{,. In fact, for any U,V € P},

m

- ~ OU ov )
(U, V) —/ (;wlaxi)(;wzﬁxi) de — [ / UV dx

is an inner product in PﬂQ. It is obvious that the product (-,-) has the following

properties: (i) symmetry, (ii) linearity in the first variable, (iii) (U,U) > 0 when
U # 0. We only need to prove that if (U,U) = 0, then U = 0 a.e. on the torus.
By Lemma 1,

m 2
(U,U):/Tm <Zwi§g> dx—ﬂz/ Uzdxz(atﬂ?)/ U2 dz,
i=1 v " "

so that (U,U) = 0 will force that U = 0 a.e. on the torus. Therefore |U||?> =
(U,U) is a norm on Py,
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It is obvious that

m U 2
- |+ () o

i=1

>/ <iw-aU>2dx52/ U?dx = ||U|?.
- Tm i1 ami Tm

On other hand, let r satisfy 3?/a? < r < 1. Then

m 2
/ (ZwiaU) da;—ﬁQ/ U?dx
m i 81'7, m

m 2
(1-r / <sz ) dx—i—r/ (Z%SU> dx — (32 U2 dx
3 i m i—1 xX; Tm

K2

l—r/ (sz > dx+(a2r—62)/mU2dx.

Therefore

IU)1? = min{l —r,a®r — B2}|U|[3, -

So we conclude that the norms || - || and || - || p, , are equivalent.

3. A weak solution

In this section we will get a weak solution of the partial differential equation

2 2 2
(5) Z Wiw; 885 + 32U %U‘n’ = %F(w)

1,j=1

This equation corresponds to the second Duffing equation

(6) u+ﬁ2u—¥3 ﬁQf()

where 0 < 3 < 2/I, I = max{|l| : | is the segment with direction (wy,...,wm)
and |I| denotes the length of the segment [}. We have u(t) = U(zg + wt) =
U(zd +wit, ..., 2l +wnt), f(t) = F(zo +wt) = F(ad +wit,..., 20" +wnt) for
almost every xg = (zg,...,25") € T™, also {xg+wt = (z{ +wit,..., 2T +wpnt) :
—00 < t < oo} is the trajectory on the torus.

We use the minimization method to get a minimum point of F5(U) in M C
PP, where

M ={U e P),(T™): U € LY(T™)}

(X 1wzarl)52U2 b5 4, B
F2(U):/m[ 5 + 5V t 4 —FU | da.

and

Our theorem is the following:
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THEOREM 4. There is a point Uy € M C Pﬂz such that
F>(Ugy) = inf Fr(U
2(Uo) = inf F>(U)
provided F € L*(T™).

PRrROOF. We divide the proof into 3 steps:
(i) F5(U) is coercive and bounded below.

(ii) The minimizing sequence has a weakly convergent subsequence.
(iii) The weak limit of this subsequence is a minimum point of F5(U) in M.
In the proof we will take the norm of the space as

m 2
o= [ |(SCuge) -r?] .
i=1

?

(i) To prove that F5(U) is coercive and bounded below, it is sufficient to
prove that there is a constant ¢ such that

2 2
R) 2 310+ 5 [ (02-3) e

fF2+fU2
2

In fact, since
[ FU<10lalFls <
Tm

it follows that

i 2U2 2 4
F2(U)=/m[(z 1w‘9§) -0 +b§([i+FbU>}dx

b3 2
2 SI0IE+ 5 [ [0t - S0+ P s

2 1 2
= Sl + bﬁ/ (v2-3) +

where ¢ = —%(2# 2a me F?dx. Thus Fy(U) is coercive and bounded from
below.

(ii) Let {U,,} be a minimizing sequence in M. Also, we assume F5(U,,) < C,
where C' is some positive constant. Since F5(U) is coercive and bounded below,
{U,} is uniformly bounded in P; o norm, i.e. there is a positive constant K > 0
such that

HUn||P1,2 <K.

Therefore if || - || denotes the equivalent norm as before, we have

1 1 1
f/ Ul < *”Un”Q + */ Us dl‘—l—/ FU, dx + ||U||P1,2||FHL2
4 Tm 4 Tm Tm™

< C+ KJ||F| .
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If we write B = 4(C + K||F||12), then

/ UédeB.

Since {U,} is a bounded sequence in P{o(T™), {U,} has a weakly con-
vergent subsequence {U}} with weak limit U in Py(T™); we still denote this
subsequence as {Uy,}. (Since the whole space Py, is weakly closed, U € Pp,.)
Now we prove that U belongs to L*(T™).

By the Banach—Saks Theorem,

H Z?:l Ui —-U
n

— 0,
Py o

hence

— 0.

m U
HZ'L—I -U
n

L2
There is a subsequence of Y. | U;/n that we still denote by > I, U;/n such
that 7" , U;/n — 0 a.e. on T™. By Fatou’s Lemma we find that

n N\ 4 n 4
U4 dx S m (Zi—l U’/) dx S m Zz:l me Uz dz < B.
Tm n

Tm n— oo

Therefore U € L* and U € M.
(iii) We can rewrite the functional F»(U) as

n— o0 n

F(U) = 3|UI* + F*(U),

where [|U]| is the equivalent norm in P, and
b 2 2
F*(U) = / VU‘* + FU] dx.
m | 4a a
Since F*(U) is a convex functional on M which is weakly lower semicontinuous,
the norm || - || is also weakly lower semicontinuous. Therefore
C=inf F,(U) = lim F»(Uy,) > lim []|U,]* + F*(U,)]
M n—oo n—o00

>} i U2+ lim F*(Us) = 3|UJP+ F*(U) = Fa(U).

n—oo

That means U is a minimum point of F»(U) on M.

Thus we have the following theorem:

THEOREM 5. If F € L2(T™), then the equation

- PU_ L oy 05 _ B2
Wi — - —U'=—F
(8) MZ:lw “ipmar; TV U= ()

has a weak solution U in PP, for 0 < 3 <2/I, where I is as in Lemma 1.
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ProOOF. For each ® € C§°(T™) C M, we have

dFy

o
o — (U +t®)

t=0

That means that

[[(5o) ($02) v e -

for all ® € C5°(T™). We have finished the proof.

4. The regularity of u(zo + wt)

In this section we first prove the smoothness of u(t) on the closed segment
l, for almost every y’ € A, and then on the whole trajectory {z¢ + wt : —oco <
t < oo} for almost every o € T™. Here A is as in Section 2, i.e. we make an
orthogonal change of variables from {z1,...,2m} to {t,y2,...,ym}, and we let
A be the projection of the torus 7™ to the (m — 1)-dimensional space t = 0.
Now we prove the following lemma:

LEMMA 3. For almost every y' € A, u(t) = U(t,y’) satisfies the equation

2 2
) it pu— T = gy

on the closed interval L/, where 1, denotes the segment with direction (w1,...
W) bounded by the sides of the torus which passes through the point y' in
A, provided F € CY(T™).

PROOF. Suppose U(x) is the weak solution of Theorem 5 and U(x) satisfies
the equation

9?U b3 2
(10) Z B -+ U 5 Us = %F(x)

1,0=1

almost everywhere on the torus. Then for almost every 3’ in A equation (10)
holds almost everywhere on l,,. In fact, if not, (10) cannot hold almost every-
where on T™. Also from the proof of Lemma 1 we know that for almost every
y e A, U(ty) € WPy(ly). Set

P={ly :y €A Uty) e Wly(ly), Ult,y') satisfies (10) a.e. on I, }.

Suppose I, € P for a fixed y' € A. Then u(t) = U(t,y') € Wi,(l,). Therefore
u(t) € C(l,), and we can assume that there is a positive constant e such that
|u(t)] < e onl, for this fixed y' € A.
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Since F' € CY(T™) we can assume that |F(z)| < d on the torus for some

constant d > 0. By (10) we see that
b 1 291/2
(—u+ —u® + f(t)) ]
a a

1/2
(=) =]
l l
2-1/2
<e+be3—|—1d> ] < 00.
a a

<p { /

1,
Therefore u(t) € Was(l,). By the Sobolev theory the space Wa (1) is com-
pactly embedded in C'(l,/), and so % is bounded on l,,. Thus by the condition
that F € C'(T™) we find that [, [—3%0+ %mﬂ + %sz is bounded since

the integrand is. Therefore the weak derivative d3u/dt® exists and

3.\ 271/2 2 o 72\ 1/2
[ (@)] = ([ [roeSmme ] ) <

a
y/
Then u € C?(l,/). We have thus finished the proof of Lemma 3.

PrOOF OF THEOREM 2. Let F be the set of all x € T™ such that there
is at least one segment bounded by the sides of the torus that does not belong
to P on {x +wt: —o00 <t < oo}, where P is as defined in Lemma 2. If E
is a set of non-zero m-dimensional measure, the projection of £ to A will have
non-zero (m — 1)-dimensional measure. Let G denote this projection. There is
one and only one trajectory {y' +wt : —oo < t < oo} passing through each point
y' € G C A. Partition R™ into countably many cubes obtained by periodically
translating the cube of length 27, centered at the origin. Denote these cubes by
{T;}22, and let A; be the image in T; of A under this periodic translating for
each 7. Also let E; be the set of all points y’ of A; such that l,, does not belong
to P;, where

Pi={ly :y €A, Ult,y') € WPs(ly), U(t,y) satisfies (10) a.e. on I, }.

The projection of | J;=, E; to A is the set G. By assumption, p(G) # 0, therefore
there is at least one 4 such that F; has non-zero (m — 1)-measure. This means
that there is a subset G’ of G with non-zero measure such that if y’ € G’, then
l, does not belong to P, which is a contradiction to Lemma 3. We have finished
the proof of Theorem 2.
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