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Abstract. In this paper we present a neighborhood semantics for Intu-
itionistic Propositional Logic (IPL). We show that for each Kripke model
of the logic there is a pointwise equivalent neighborhood model and vice
versa. In this way, we establish soundness and completeness of IPL with
respect to the neighborhood semantics. The relation between neighborhood
and topological semantics are also investigated. Moreover, the notions of
bisimulation and n-bisimulation between neighborhood models of IPL are
defined naturally and some of their basic properties are proved. We also
consider Basic Propositional Logic (BPL), a logic weaker than IPL intro-
duced by Albert Visser, and introduce and study its neighborhood models
in the same manner.
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1. Introduction

There are several semantics for intuitionistic logic that are sound and
complete. Kripke semantics for intuitionistic logic and modal logic devel-
oped in the late 1950s and early 1960s. Saul Kripke proved completeness
of intuitionistic logic w.r.t. Kripke models in 1963. Neighborhood model
for modal logic was first studied by Dana Scott and Richard Montague
(independently in [6, 8]). In a neighborhood model for modal logic, each
state is associated with a collection of subsets of the universe (called its
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neighborhood), and a modal formula [y is true at a world w, if the set
of all states in which ¢ is true is a neighborhood of w. See [2] for more
details on neighborhood semantics for modal logic.

An interesting question is whether one can define similar neighbor-
hood semantics for Intuitionistic Propositional Logic (IPL). In this pa-
per, we give an answer to this question. The definition enables us to
naturally define some notions familiar in the context of modal logic for
intuitionistic logic. Among these notions are disjoint union, bounded
morphism and bisimulation.

The mentioned question can also be asked about subsystems of IPL.
In this regard, we consider Basic Propositional Logic (BPL) and intro-
duce neighborhood models of it by just omitting one condition in the
definition of the corresponding models of IPL. BPL was introduced by
Visser in 1981 [10]. His motivation was to interpret implication as formal
provability. To protect his system from the liar paradox, modus ponens
is weakened in the system. He gave an axiomatization of BPL in the
natural deduction form and proved completeness of BPL with respect to
finite irreflexive Kripke models. Afterwards, Wim Ruitenburg [7], con-
sidering philosophical criticisms of the intuitionistic interpretation of the
logical connectives, reintroduced BPL and a first order extension (BQC).

The structure of this paper is as follows. In Section 2, we review
some basic results concerning Kripke models of IPL and neighborhood
models of propositional modal logic. We also bring Visser’s axiomatiza-
tion of BPL in the natural deduction style. In Section 3, we introduce
neighborhood models for IPL, show that for every Kripke model there is a
pointwise equivalent neighborhood model and prove soundness and com-
pleteness. In Section 4, we discuss the relation between topological and
neighborhood semantics of intuitionistic logic. In Section 5, we introduce
and study the notions of disjoint union, bounded morphism, bisimulation
and n-bisimulation for neighborhood models and prove some of their el-
ementary properties. In Section 6, we present neighborhood semantics
for BPL.

2. Preliminaries

In this section we recall definitions of Kripke models for Intuitionistic
Propositional Logic (IPL) and for Basic Propositional Logic (BPL). We
also give an axiomatization of IPL and Visser’s axiomatization of BPL
in the natural deduction form.



NEIGHBORHOOD SEMANTICS FOR . .. 341

We work in a fixed propositional language throughout this paper, for
which P is the set of propositional letters.
The rules of IPL in the natural deduction form are the following.
Group I:
Y (M) AP PN

NP @ ( (AE)
® Y 1 o oY
oVD oV (VI) 2 (LE) 0 (—E)
Group II:
] [e]  [¥]
L VY x x
. (=) . (VE)

Recall that the rules in Group II cancel their hypotheses. For a set I'
and a formula ¢, we say ¢ is deducible from " in IPL and write I" I ¢ if
there is a deduction for ¢ using the rules of IPL with the property that
all of its uncancelled hypotheses are in I'.

A Kripke model for TPL is any triple (K, <, V), where K is a non-
empty set (its elements are called worlds or nodes), < is a preorder on
K (i.e., reflexive and transitive relation on K), and V is a valuation
function from P into 2% such that for all k, k¥’ € K and p € P we have:
o ifkeV(p) and k < k', then k' € V(p).

For any Kripke model for IPL we introduce a binary relation IF on
K X the set of formulas, which in a node k& € K is defined inductively as
follows:

1. klFpiff k € V(p), for any p € P;

kIF oAy iff kIF @ and k IF

klFoVvyiff kIFpor kIF;

kElFp— 9 iff Vieew(kIFpand k <k = K |F);
kW L (i.e., no elements of K forces L).

Gl N

By 4 and 5, for the intuitionistic negation, —¢ := ¢ — L, we obtain:

o kI - iff Vk/ew(k = K = kKW (p)

We shall use the expression “k forces ¢” (or “p is true at k”) for k I ¢.
The following two lemmas are standard and can be found in [9].

LEMMA 2.1. For any formula ¢ of IPL we have monotonicity:

Viwerx(klFpand k < k' = K Ik ¢).
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LEMMA 2.2 (Model Existence Lemma). If I' ¥ ¢ (in IPL), then there is
a Kripke model with a bottom node kg such that ko I+ ' and ko ¥ ¢.

BPL is a subsystem of IPL with the following rules. Group I: the
rules (AD), (AE), (VI), (LE), and

=P w—>x(Tr) o= p—=X
© =X o= (Y AX)

(AIf)

p—=oXx Y—Xx
(V) = x
Group II: the rules (—I) and (VE).

A Kripke model for BPL is any triple (K, R, V), where K is a non-
empty set, R is a transitive relation on K, and V is a valuation function
from P into 2% such that for all k, k' € K and p € P we have:

e if k€ V(p) and kRE', then k' € V(p).
Thus, Kripke models for BPL obtained from Kripke models for IPL by
removing the reflexivity condition for relations.

For any Kripke model for BPL we introduce a binary relation I, as
for Kripke models for PPL.

We write w IF I', if w forces each formula in I'. The semantical
consequence relation I" IF ¢ in IPL (resp. BPL) holds, if for every Kripke
model (K, =<,IF) (resp. (K, R,IF)) for any k € K: if k|- I", then k IF ¢.

The following theorem belongs to Visser [10].

(VEf)

THEOREM 2.3. BPL is sound and complete with respect to the class of
Kripke models for BPL.

3. Neighborhood semantics for intuitionistic logic

In this section we introduce neighborhood semantics for intuitionistic
propositional logic and show that IPL is sound and complete with respect
to this semantics.

DEFINITION 3.1 (Neighborhood frames). A pair (W, N) is called a neigh-
borhood frame of TPL, if W is a non-empty set and N is a (neighborhood)

function from W into 22" such that for each w € W we have:
1. weN(w);
2. N1 N(w) € N(w);
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3. iff X € N(w)and X CVY, then Y € N(w); (superset)
4. if X € N(w), then {fue W | X € N(u)} € N(w);

LEMMA 3.2 (]2, p. 220]). From clauses 2 and 3 for any w € W we have:

1. We N(w).

2. If & C N(w) then N Z € N(w). So also: if X,Y € N(w), then
XNY € N(uw).

3. If NN(w) C X then X € N(w).

DEFINITION 3.3 (Neighborhood models). A neighborhood model of IPL
is a tuple (W, N, V), where (W, N) is a neighborhood frame of IPL and
V is a valuation function from P into 2" such that for all w € W and
p € P we have:

e if w € V(p) then V(p) € N(w).

DEFINITION 3.4 (Truth in neighborhood models). Let (W, N, V) be any
neighborhood model of IPL. Truth of a propositional formula in a world
w € W is defined inductively as follows:
1. wlkpiff we V(p), for any p € P;
w ¥ L;
wlF e Ay iff wlk e and w ik ;
wlFeVy iff wlkeor wlky;
wiFp =y iff {fueW|ulooruly}e N(w).
Remark 3.5. For the intuitionistic negation, —¢ := ¢ — L, we obtain:
wlk - iff {fu e W |ulF ¢} € N(w).
We put V(p) :={w € W |wlF ¢}. Then we obtain:

LEMMA 3.6. If w Ik ¢ then V() € N(w).

Gl N

ProOOF. By induction on the complexity of formulas. The case where
 is a proposition letter follows from the clause 1 of Definition 3.4 and
Definition 3.3. Moreover, by the clause 2 of Definition 3.4 we have w ¥ L.

Let w IF pAY; so w Ik ¢ and w I+ ¥, by the clause 3 of Definition 3.4.
Then, by induction hypothesis, V(p) € N(w) and V(¢) € N(w). So
VipAY)=V(p)NV (1) € N(w), by the clause 2 of Lemma 3.2.

Let wlF ¢ V; so wlF ¢ or w Ik 1, by the clause 4 of Definition 3.4.
Then V(¢) or V() belongs to N(w), by induction hypothesis. Thus,
V(e V) =V(p)UV(y)) € N(w), by the clause 3 of Definition 3.1.

Now let w Ik ¢ = ;80 X :={v e W |vIF porvl ¢} € Nw).
Then V(e = ¢) = {u e W | X € N(u)} € N(w), by the clause 4 of
Definition 3.1, and the clause 5 of Definition 3.4. =
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Ezample 3.7. Let W := {wy, w2}, with wy # wse. We define the follow-
ing neighborhood model (W, N, V) where: N(wp) := {W}, N(ws) :=
{W,{wsz}}, and V(p) := {w2}. We have wy ¥ p V —p, since wy ¢ V(p)
and {u | ul¥ p} ={w} ¢ N(wq).

We write w IF I, if all formulas in I' are true in w. The semanti-

cal consequence relation I' = ¢ holds, if for every neighborhood model
(W,N,V) of IPL, for any w € W: if w I I, then w IF .

THEOREM 3.8 (Soundness). If I'F ¢, then I' |= .

PROOF. Suppose that I" = . We use induction on the complexity of
derivations from I'. Let (W, N, V) be any neighborhood model.

If a proof D consists of just ¢, then for each w € W: w I I' implies
w Ik .

Now suppose that D ends with an application of a derivation rule.
We only check the case of implication.

(—1) By the induction hypothesis, for any u € W: if u I- I'U{p} then
uwlk . Let w - I'. We show that w IF ¢ — 1, that is X := {u | ul¥ ¢
or u l- ¢} € N(w). By the clause 3 of Lemma 3.2, it is sufficient to
show that (N (w) C X. To do this, let w € (N (w) and u I . Since
w Ik I', so—by Lemma 3.6 —for any v € I' we have V(y) € N(w).
Hence u € N (w) C V(y), for any v € I'. So w I I'. Therefore, by the
induction hypothesis, u IF 1.

(—E) By the induction hypothesis, for any v € W: if v |- I" than
ulk ¢ and v - ¢ — . Let wIF I'. By assumption and the induction
hypothesis, w IF ¢ and X := {u | u ¥ ¢ or ul- ¢} € N(w). Hence, by
the clause 1 of Definition 3.1, we have w € (Y N(w) C X. So wl-1. A

We say that a Kripke model and a neighborhood model with the
same universe are pointwise equivalent, if in every world in this models
are true the same formulas.

THEOREM 3.9. For every Kripke model (W, =,V there is a pointwise
equivalent neighborhood model (W, N, V).

PROOF. Let Mk = (W, <, V) be a Kripke model and w € W. For each
w e W, we define R(w) :=={ueW |w < u}and N(w) :={X | R(w) C
X}. We show that M, := (W, N, V) is a neighborhood model.

By definition of N(w), clauses 1-3 of Definition 3.1, are immediate.
For the clause 4, let X € N(w), i.e., R(w) € X. We show that {u |
X € N(u)} € N(w). That is we must show R(w) C {u | X € N(u)}.
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Let x € R(w); i.e., w < x. To complete the proof we need only to show
X € N(z),i.e., R(z) C X. Since = is transitive, so R(z) C R(w). Hence
R(z) C X, since R(w) C X.

Let w € V(p). Then, by definition of the Kripke model (W, =<, V),
for any x € W: if w < z then = € V(p). Hence R(w) C V(p), i.e.,
V(p) € N(w).

Now we proof that Mk and M, are pointwise equivalent. The proof
is by induction on the complexity of formulas. We only consider the
case ¢ — 1, where the argument goes like this. Let w Iy, 0 — 9.
We want to show that w Iy, @ — ¢, ie, YV = {u | u Wy, ¢ or
u lFar, ¥} € N(w). By the clause 3 of Lemma 3.2, it is sufficient to
show that NN (w) C Y. Let u € N N(w) and w Iy, ¢. Then w < u
and u IFas ¢, by the induction hypothesis. Hence u IFpz, 1, by the
assumption. So u -z, 1), by the induction hypothesis.

Now let w IFpr, @ — . We show that w IFpye @ — 9. So let
w = wand ulkp . Then w I ¢, by the induction hypothesis. Since
ue€ NN(w) C{u|ukn, @ orulby, ¥}, sowlby, 1. Hence u -y 1,
by the induction hypothesis. That is, w IFp, @ — . .

By Lemma 2.1 and Theorem 3.9 we obtain.

LEMMA 3.10. If I' ¥ ¢, then there is a neighborhood model (W, N, V)
with a world w such that w I+ I and w ¥ ¢.

Finally, by the above lemma we obtain:
THEOREM 3.11 (Completeness). If I' = ¢ then I+ .

Thus, in theorems 3.8 and 3.11 we have soundness and completeness
of IPL with respect to the neighborhood semantics for IPL. Notice that
we obtain (see p. 342): I' = @ iff I' Ik .

Moreover, below we obtain a theorem that is inverse to Theorem 3.9.
We use the following lemma.

LEMMA 3.12. Let (W, N,V) be a neighborhood model. Then for all
we W and u € (YN (w) we have N(w) C N(u).

PROOF. Let v € (YN(w) and X € N(w). Then, by the clause 4 of
Definition 3.1, {v € W | X € N(v)} € N(w). Hence v € N N(w) C {v |
X € N(v)}. So X € N(u). Thus, N(w) C N(u). -

THEOREM 3.13. For every neighborhood model (W, N, V) there is a
pointwise equivalent Kripke model (W, =<, V).
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PRrROOF. Let M,, = (W,N,V) be a neighborhood model for IPL. We
define the following binary relation < on WxW: w < wiff N(w) C N (u).

We first show that Mk := (W, <, V) is a Kripke model. By definition,
reflexivity and transitivity of < are immediate.

Let w € V(p) and w < u. Hence, by definition, N(w) C N(u).
Moreover, by assumption, V(p) € N(w). So V(p) € N(u). Hence
AN(u) € V(p). Sou € V(p), since u € (Y N(u), by the clause 1 of
Definition 3.1.

Next, by induction on the complexity of formulas, we show that Mg
and M,, are pointwise equivalent. The only case of interest is implication
where the argument goes like this.

Let wlkar, ¢ — ¢, e, {v| vy, @ orvlka, ¥} € N(w). We must
show that w IFar @ — 1. So let w < w and u IFps @. Then w lFar, @,
by the induction hypothesis. Hence u IFys, 1, by the assumption. So
v Ik ¥, again by the induction hypothesis.

Now let w IFpr, @ — 9. We must show that w -y, @ — ¥, ie.,
X :={v|vk¥y, poruvlky, ¥} € N(w). By the clause 3 of Lemma 3.2,
it is enough to show that (Y N(w) € X. To do this, let v € (N(w)
and u lFpy, . By Lemma 3.12, N(w) C N(u) and so w =< u. Therefore
w a0 and so w l-pr, . That is w lkpr, o — 9. o

4. Neighborhood semantics vs. topological semantics

In this section we discuss the relation of neighborhood semantics to the
topological semantics. This semantics for some families of modal logic
and its relation to the neighborhood semantics have been studied ex-
tensively, see e.g. [1]. The book [3] contains much materials on the
connection between algebraic and topological semantics for IPL. At the
end of this section we consider topological models of IPL.

DEFINITION 4.1. Let (X, 0) be a topological space, where X is a non-
empty set and & is a family of open subsets of X, i.e., & C 2% and &
satisfies the following conditions:

1. 9, X € 0,
2. if A,B€ O,then ANB € U,
3. if & C O, then |Jo € 0.

Let V' be any valuation function from P into ¢. This function we induc-
tively extended to the set of all formulas as follows:
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V(eVy)=Vip) UV(y);

Ve A) =V(p) NV(4);

Vie =) = Int((X\ V(p)) UV (¥));
Vi(mp) = Int(X \ V(p)),

where for any Y € 2X IntY =N{A € 0 |Y C A}.

s

A topological space (X, 0) is called an Alezandroff space, if the in-
tersection of any family of open sets is open, i.e.:
o if e/ CO, then N € 0.
It is easy to see that a topological space is an Alexandroff space iff every
point has a least open neighborhood (which is the intersection of all open
neighborhoods).

THEOREM 4.2. For any Alexandroff space (X,0) and V: P — O there
is a pointwise equivalent neighborhood model (X, Ng, V).

PROOF. Let (X, 0) be an Alexandroff space. Then for any x € X we put
Ng(z) := {Y € 2% | for some A € & we have z € A C Y}, i.e., Ng(z)
is the family of neighborhoods of x. We must show that (X, Ng, V)
satisfied all conditions of Definition 3.1.

For 1. x € ({Y €2X | Jpepr € AC Y}

For 2. For every Y € Ng(x) we choose an open set Ay such that
x € Ay CY. The set A :=({Ay | Y € Ng(x)} is open, since (X, 0) is
an Alexandroff space. Since z € A C (| Ng(z), so (| Ng(z) € Neo(z).

For 3. Of course, if Y € Ng(z) and Y C Z, then Z € Ng(x).

For 4. Let Y € Ng(x), i.e., for some A € 0 we have z € A CY. Of
course, A € Ng(z) and A={z€ X | A€ Ng(2)}. Hence AC{z|Y €
Ng(2)}, since ACY. So{z|Y € Ng(2)} € Ng(z), by 3.

The proof that (X, ') with valuation V and (X, Ng, V) are pointwise
equivalent is by an easy induction on the complexity of formulas. —

THEOREM 4.3. For every neighborhood model M = (X, N, V') there is an
Alexandroff space T = (X, O) such that T with valuation V' is pointwise
equivalent to M, i.e., for all formula ¢ and x € X: x € V(¢) iff x Iy .

PRrROOF. Let M = (X,N,V) be a neighborhood model, we define a
family Oy of open sets as follow: A € Oy iff Voena A € N(z). Then
7:= (X, Oy) is an Alexandroff space.

The proof that 7 with valuation V and M are pointwise equivalent is
by induction on the complexity of formulas. We only consider the case

© = 1.
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Let z € V(e = ¢) = Int((X \ V(¢)) UV (¢)). Then thereis A € Oy
such that x € A C (X\V(¢))UV(¢) and A € N(x). Hence, by superset,
also (X \ V(¢)) UV (¥) € N(x). But, by the induction hypothesis,
(X\V(p)UV(yp)={z€ X | 2z porzlrpy p}. Thatisz by ¢ — ).

Now let x lkpar ¢ — 9, ie, {z € X | 2z War p or Iy 9} € N(x).
Then, by the induction hypothesis, (X \ V(¢)) UV (¢) € N(x). Hence
NN(xz) C (X \ V() UV(¢). We show that z € V(g — ¢) = Int((X \
V(p))UV())). Since z € (N N(x), by 1 of Definition 3.1, so it is sufficient
to show that (N (z) € Oy, i.e., we must show that for any y € (| N(x)
we have (YN(xz) € N(y). But, by Lemma 3.12, if y € (1 N(x), then
N(z) € N(y). But N(z) € N(x), by the condition 2 of Definition 3.1.
Thus, Y N(z) € N(y). That is z € Int((X \ V(¢)) UV (¥)). =

5. Invariance results for neighborhood models

In this section, we introduce and study the notions of disjoint union,
bounded morphism, bisimulation and n-bisimulation for neighborhood
models of IPL and prove some of their basic properties. Some ideas
came from [4, 5].

DEFINITION 5.1 (Disjoint unions). Let M; = (W;, N;,V;), i € I, be a
collection of neighborhood models of IPL with disjoint universes. The
disjoint union of this collection is the structure M; = (W, N, V), where
W o= Uier Wi, V(p) = User Vi(p), and for any i € I and w € W;:
N(w):={X €2V | X nW, € N;(w)}.

PROPOSITION 5.2. Let M = (W, N,V) be the disjoint union of a col-
lection M; = (W;, N;,V;), i € I, of neighborhood models of IPL with
disjoint universes. Then for each formula ¢ and for alli € I and w € W;:

wH—MIgb iff EIZeMMZ,wH—gb

PRrOOF. The proof is by induction on the complexity of formulas. Let
i € I and w € W;. The atomic and Boolean cases are straightforward.

For ¢ — ¢ we put X; := {u € W; | w ¥a, ¢ or w Ik, ¥} and
X :={ueW |uly, porulky, ¥}. Weneed to show that X; € N;(w)
iff X € N(w).

Suppose that X € N(w). Then X NW; € N;(w). Now the induction
hypothesis tells us that X NW; = X;, and hence X; € N;(w). The other
direction is immediate. o
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DEFINITION 5.3 (Bounded morphism). Let My = (Wy, N1, Vi) and My =
(Wa, Na, Vo) be two neighborhood models of IPL. A function f: W; —
Ws is a bounded morphism from M; to Ms, if for any w € W the following
conditions are satisfied:

1. for any p € P: w by, p iff f(w) lFpg, p, i, w and f(w) satisfy the
same proposition letters;

2. fINN(w)] = N Na(f (w))-

PROPOSITION 5.4. Let M; = (Wy, N1, Vi) and My = (Wa, No, V) be
two neighborhood models. If f: W1 — W is a bounded morphism from
M to My, then for each formula ¢ and each w € Wy:

wlkay @ Iff f(w) kg, @

PRrOOF. The proof is by induction on the complexity of formulas. Let
w lka, © — . We show that f(w) Ik, ¢ — . By superset it is
sufficient to show that (| Na(f(w)) C{v | Ma,v Ik ¢ = My, v I ¢}. Let
y € N Nao(f(w)) and My, y IF . Since f is bounded morphism, hence
there is v € (| N1(w) such that f(v) = y. Now the induction hypothesis
tells us that M;y,v I ¢ and so M;y,v Ik 1. Again by the induction
hypothesis My, y Ik 1. The other direction is similar. .

DEFINITION 5.5 (Bisimulation). Let M; = (W1, N1, Vi) and My = (W,
N3, V) be two neighborhood models. A non-empty binary relation R C
Wy x Wy is called a bisimulation between My and My (write: R: My =
My), if for all wy € Wy, wy € Wy such that wy Rws we have:

1. for any p € P: wy Ikpy, p iff wy IFpy, p, ie., wy and woy satisfy the
same proposition letters;

2. for any y € () Na(ws) there is x € (| N1 (wq) such that xRy;

3. for any x € () N1(w1) there is y € (| Na(w2) such that xRy.

When R is a bisimulation linking two states w; € Wi and ws € W5 we
say that wy and ws are bisimilar, and we write R: w1 &= ws.

LEMMA 5.6. Let M; = <W17N1,‘/1> and My, = <W2,N2,V2> be two
neighborhood models and R be a bisimulation. Then wiRws implies
that wy and ws force the same formulas.

ProoF. By induction on the complexity of formulas. We only consider
the case of implication.

Let wy IFar, ¢ — . We show that we Iky, @ — 9. By superset
it is enough to show that N Na(wz) C {u | u W, ¢ or u lkp, 9}
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Let y € ( Na(wz) and y IFaz, . By definition of bisimulation there is
x € (1 N1(w;) such that xRy. So = IFp, ¢ and x Iy, . Again by the
induction hypothesis, y Iz, 1. The converse direction can be similarly
verified using the clause 3 of Definition 5.5. .

Now we introduce the notion of n-bisimulation. To do this we need
to define a degree for complexity of formulas.

DEFINITION 5.7 (Degree). We define the degree of formulas as follows:
deg(p) = 0, for any p € P;

deg(L) =0;

deg(p V) = deg(p A ¢) = max{deg(yp), deg(¢))};

deg(¢ = ¢) = 1+ max{deg(p), deg(¥)}.

The following proposition is obviously true.

PROPOSITION 5.8. Assume that the collection of all proposition letters
be finite. Then we have:

1. For any n, up to logical equivalence there are only finitely many for-
mulas of degree at most n.

2. For all n, neighborhood model M, and world w of M, the set of all
formulas of degree at most n that are satisfied by w is equivalent to
a single formula.

DEFINITION 5.9 (n-bisimulation). Let M; and My be two neighborhood

models, and let w; and wy be worlds of M; and M, respectively. We

say that w; and we are n-bisimilar (denoted by: wy =, ws), if there

exists a sequence of binary relations R,, C ... C Ry with the following

properties (for i +1 < n):

1. wiR,wo;

2. if uy Rous, then u; and ug agree on all proposition letters;

3. if wy R;11wa, then for any y € (| Na(ws) there is x € (| N1(wq) such
that xR;y;

4. if w1 R;y1w2, then for any x € () Ni(w) there is y € () N2(w2) such
that xR;y.

PROPOSITION 5.10. Let II be a finite set of proposition letters. Let M;
and My be any neighborhood models for language of II. Then for all wy
in My and wy in M the following are equivalent:

(i) w1 =y wo,

(ii) wy and ws agree on all proposition formulas of degree at most n.
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PROOF. “(i) = (ii)” By induction on n. The case n = 0 is obvious. Let
w1 “p41 we. Then, by Proposition 5.8, the set of all formulas of degree
at most n + 1 that are satisfied by w; is equivalent to a single formula
such as ¢1. Also, the set of all formulas of degree at most n + 1 that are
satisfied by ws is equivalent to a single formula such as 2. We show that
o is satisfied by wy and ¢ is satisfied by ws. Now, let deg(p1) = n+1.
Then ¢, is a Boolean combination of proposition letters and formulas of
the form ¢ = 1)1 — 19 such that max{deg(v1),deg(12)} = n. Clearly,
it is enough to show that if wy IFps, 1 — 2, then wa IFar, 1 — 2. By
superset it is enough to show that (| Na(wz) C {u | u ¥z, 11 or w lFpy,
o}, Let y € (N Na(wz) and y IFpy, 11. By definition of n-bisimulation
there is € () Ni(w1) such that zR,y. We have deg(¢1) < n. Hence
x I 1 and @ Ik, 102, Again, by the induction hypothesis, y IFar, 1.
The converse direction can be similarly verified using the clause 4 of
Definition 5.9.

“(ii) = (i)” Let wy and wy agree on all proposition formulas of degree
at most n. We define

R, = {{(z,y) | v € Wh,y € Wa,deg(p) < n,z - <yl o}

R,1={{(z,y) |z € Wi,y € Wa,deg(p) <n—Lzlkp<sylel

Ry ={(z,y) | x € W1,y € Wa,deg(¢) =0,z - ¢ & y Ik p}.

Therefore R,, € R,_1 C ... € Ry. We must show that this sequence
is an n-bisimulation. Clauses 1 and 2 of Definition 5.9 are immediate.
Now suppose that u; R;;+1u2 namely v, and vo agree on all proposition
formulas of degree at most i+1. We must show that

vyeﬁNg(ug)Ela:eﬁNl(ul) st w <:>Z Y.

Assume on the contrary that there is y € NNy(v2) such that for any
x € [\ N1(v1) there is ¢, sauch that deg(y,) < ¢ and:
Yy H_Mz P xHéMl Pz
or
Yy W, ¢x T o
Let I' be the set of all the formulas ¢, with the above property. By
Proposition 5.8, I" is (up to equivalence) finite. Consider the following
two subsets of I
Iy :={¢s € I' | ylbp, vz and W, oo},
I ={p, €I | yW¥n, v and x lFpp 0o}
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Obviously, Iy and I} cannot be both empty. Let us define the following
formula:

N Io it =9
0= ANIlo—>VIT #0143
VI if[hy=9

Let us note that when I} = @, y Iy, 0, and hence ug Wy, —0. Also
since for any x € N\ Ni(u1), = W, 0, so {u | u W¥py 0} € Ni(uq).
Therefore by the Remark 3.5, vy IFs, & — L and this is a contradiction,
since deg(—0) < i+ 1.

Similarly, when Iy = @ we have y ¥ 7, 0. Thus, ug ¥, 0. Moreover,
for any # € X, x IFp, 6. So in particular, u; IFp;, 6. Then since
deg(f) < i+ 1, we get a contradiction.

So, let us now consider the case when Iy # @ and [} # &. Let

K:={u|ulFANIo=ul-\VI1}.

Since for any = € (\N1(u1), = W¥ar, Alo, so (Ni(u1) € K and K €

Ni(uyp). That is vy IFay 0. But y lka, Al and since y W, VI, so

K ¢ Ny(vs), i.e., ug ¥y, 6. This is contradiction, since deg(f) < i+ 1.
The clause 4 of Definition 5.9 can be similarly verified. o

6. Neighborhood semantics for BPL

In this section we introduce neighborhood semantics for BPL and show
that BPL is sound and complete with respect to this semantics.

Neighborhood models of BPL are defined similarly to such models of
IPL. The only difference is that the condition 1 of Definition 3.1 in the
case of BPL is dropped. So for BPL we also obtain Lemma 3.2.

The semantical consequence relation I' |= ¢ holds, if for every neigh-
borhood model (W, N,V) of BPL, for any w € W: if w IF I', then
w Ik .

THEOREM 6.1 (Soundness). If I'F ¢, then I' |= .

PRrOOF. By induction on the complexity of derivations from I". We only
check the cases of (Tr) and (VEf). Let (W, N, V) be any neighborhood
model.

(Tr) By the induction hypothesis, for any v € W: if u |- I', then
ulk o — ¢¥and v lF ¥ — x. Let w IF I'. So, by the induction
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hypothesis, (1) {u | u ¥ ¢ or u IF ¥} € N(w) and (2) {u | u ¥ ¥ or
ulk x} € N(w).

We want to show that w IF ¢ — x, that is X = {u | u ¥ ¢ or
ulF x} € N(w). By the clause 3 of Lemma 3.2, it is sufficient to show
that (Y N(w) € X. Now let z € (N (w) and u |- ¢. Then u Ik 1, by (1).
Hence u IF 1, by (2). So we conclude that u IF x.

(VEf) By the induction hypothesis, for any v € W: if u |- I', then
ulF @ — yand ulF ¥ — x. Let w - I'. So, by the induction hypothesis,
(D) {u|ul¥porulkx} e Nw)and (2) {u|ulFporulkyx}eNw).

We want to show that w Ik @ V¢ — x, that is X = {u |ul¥ oV
or u lF x} € N(w). By the clause 3 of Lemma 3.2, it is sufficient to
show that N (w) € X. Now let u € N (w) and u lF o V. Iffulk ¢
then w IF x, by (1). If u IF % then u Ik x, by (2). So we conclude that
ul- x. .

The proof of the following theorem is completely similar to the proof
of Theorem 3.9.

THEOREM 6.2. For each Kripke model (W, R,V) of BPL, there is a
pointwise equivalent basic neighborhood model (W, N, V) of BPL.

Visser proved the following fact for BPL in [10].

LEMMA 6.3. If I' ¥ ¢ (in BPL) then there is a Basic Kripke model with
a node k such that k|- I" and k ¥ ¢.

Use Theorem 6.2 and Lemma 6.3 we obtain:

LEMMA 6.4. If I' ¥ ¢ (in BPL), then there is a basic neighborhood model
with a world w such that w - I and w ¥ .

Finally, by the above lemma we obtain:
THEOREM 6.5 (Completeness). If I' = ¢ then I' - .

Thus, in theorems 6.1 and 6.5 we have soundness and completeness
of BPL with respect to the neighborhood semantics for BPL. Notice that
we obtain (see p. 342): I' = p iff ' Ik .

Moreover, below we obtain a theorem that is inverse to Theorem 6.2.

THEOREM 6.6. For every neighborhood model (W, N, V') of BPL there
is a pointwise equivalent Kripke model (W, R, V') of BPL.
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PROOF. Let M, = (W, N,V) be a neighborhood model. For all w € W
and v € W we define R as follows:

wRu iff Vxenw) ueX.

For transitivity. Let wRu and uRv; that is (1) for any X € N(w) we
have u € X and (2) for any X € N(u) we have v € X. We must show
that for any X € N(w), v € X. Let X € N(w). Then, by the condition 4
of Definition 3.1, {z | X € N(z)} € N(w). Hence, X € N(u), by (1). So
v € X, by (2). Therefore wRwv.

For models. Let w € V(p) and wRu. Then V(p) € N(w) and for any
X € N(w) we have u € X. So u € V(p).

The proof that M, = (W, N,V) and Mk = (W, R, V) are pointwise
equivalent is by the induction on the complexity of formulas. The only
case of interest is implication.

Let w lFpr, o — 1, that is X := {v | v W, ¢ or v IFpy, ¥} € N(w).
We show that w IFpe ¢ — 9. So let wRu and u IFpre . Then,
u IFas, ¢, by the induction hypothesis. Hence, by assumptions, u € X;
so u Iz, 1. So, again by the induction hypothesis, v Iz, 9.

Now let w IFpr, @ — ¥. We must show that w Iy, ¢ — 45 that
is X :={v|vW¥y, ¢orovly, ¥} € N(w). Then, by the clause 3
of Lemma 3.2, it is sufficient to show that (N (w) C X. Indeed, let
u € (N (w) and w IFps, . Then, by the induction hypothesis, u Iz, .
Now, by definition of R, we have wRu. (Indeed, if Z € N(w), then
ANw) C Z. Sou e N(w) C Z.) Hence u -y 1, by assumption.
So, again by the induction hypothesis, w Iz, 1. .

Remark 6.7. 1. In the proofs of theorems 3.13 and 6.6 we use, respec-
tively, the following relations:

wRyu iff N(w) € N(u),
wRou iff Vxenw) u € X.
Notice that for all w,u € W:
wRou iff u € N(w).

Indeed, since N(w) = {X | X € N(w)}: v € N N(w) iff Vxenw) v € X.

2. In all BPL-neighborhood models we have Ry C R;. Indeed, sup-
pose that wRou. Then u € N (w). So N(w) C N(u), by Lemma 3.2.
That is wRyu.
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3. In all IPL-neighborhood models we have Ry = Rs. Indeed, let
wRyu, i.e., N(w) € N(u). Then u € (N(u) C N N(w), by the clause 1
of Definition 3.1. So wRsu.

4. In the proof of Theorem 6.6 we can not use the relation R;.
Indeed, without the clause 1 of Definition 3.1, we can not obtain the
claim for models in the proof of Theorem 6.6 with R;.
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