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Abstract. The goal of [3] is to sketch the construction of a syntactic cate-
gorical model of the bi-intuitionistic logic of assertions and hypotheses AH,
axiomatized in a sequent calculus AH-G1, and to show that such a model
has a chirality-like structure inspired by the notion of dialogue chirality by
P-A. Melliés [8]. A chirality consists of a pair of adjoint functors L 4 R, with
L: A— B, R: B— A, and of a functor ( )*: A — B satisfying certain
conditions. The definition of the logic AH in [3] needs to be modified so
that our categories A and B are actually dual. With this modification, a
more complex structure emerges.

Keywords: bi-intuitionism; categorical proof theory; justificationism;
meaning-as-use; speech-acts theory.

In the paper [3] (Bellin et al, “Pragmatic and dialogic interpretations of
bi-intuitionism. Part 1) a bi-intuitionistic logic for pragmatics of asser-
tions and conjectures AH is given, extending both the intuitionistic logic
of assertions (essentially, intuitionistic propositional logic Int) and the
co-intuitionistic logic of hypotheses (co-Int). A modal translation into
S4 is given, see (3.2) in Section 3 for intuitionistic logic and (3.4) in Sec-
tion 3.1 for co-intuitionism. The logic AH is axiomatized by the sequent
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calculus AH-G1 given in Section 4, Tables 4.1-4.5.! The fragment of

the language £A relevant here is given by the following grammar:?
LA LY AB = rp| Y [ANB | ~A|[CH]
L CD = wup| A |CYD| ~C|[AY]

where C+ ¢ £4, AL ¢ £H and C+, AL € £AH,

Symmetry and chiralities

The main idea is to study a fundamental property of negations in the
logic AH in a more abstract framework. Let us use the following abbre-
viations:

OC:=~(Ct) and ©A:=~(4AY) (1)
Then in AG-G1 we can prove the following facts:?

A = OOA; and ;OHC = C (2)

We aim at characterizing the property (2) through Melliés’ notion of
dialogue chirality. A dialogue chirality requires the following data (see
[8, Section 3, Definition 2|):

1. two monoidal categories (A, A, true) and (B, V, false);

2. an adjunction L 4 R between functors L: A — B and R: B — A.

3. a monoidal functor ( )*: A — B satisfying additional conditions
that make it possible to define a notion of implication in A using
disjunction in B and the functors ( )* and R:

A(m A a,R(b)) = Aa, R(m* V b)).

Remark 1. We may assume that the functor ()* is invertible and there-
fore determines a monoidal equivalence between A and B°P (see [7, Def-
inition 6, Section 6]).

1 Essential feature of intuitionistic elementary formulas in AL is that they consist
of a sign of illocutionary force of assertion () or hypothesis (#) applied to an atomic
proposition p; here a case is made for allowing also elementary formulas of the form
F=p and H-p, where ‘=’ is classical negation.

2 Here intuitionistic negation is definable as ~ A := A D u if we have implication
A D B and an expression u (unjustified) in L£4: also co-intuitionistic supplement can
be defined as ~C' := j \ C if we have subtraction C'~. D and j (justified) in £.

3 Expanding the definitions, we see that D®A=~~A and ©HC = ~~C.
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In our context we have the following structures.

1. Define the logic A as the purely intuitionistic part of AH on the
language £4. Let A be the free cartesian category on the syntax
of A, i.e., with formulas £4 as objects and (equivalence classes of)
intuitionistic sequent calculus derivations on A as morphisms, with
additional structure to model intuitionistic negation (~).

2. Similarly, define the logic H as the purely co-intuitionistic part of AH
on the language £ and let H be the free co-cartesian category on
the syntax of H, with additional structure to model co-intuitionistic
supplement (~).

3. We claimed that both a contravariant functor ( )*: A — H° and its
inverse can be defined from the action of the two connectives ( )+ of
AH on the formulas and proofs of A and of H. Thus we assumed that
the functor ( )* represents a notion of duality between the models of
A and of H and that its definition on proofs can be given through
the sequent calculus AH-G1.

4. The functors L = ©and R = [J are defined on objects as in (1). The
AH-G1 proofs of (2) can be interpreted as the unit and the co-unit
of the adjunction, i.e., proofs n of A;= 1O A; and e of ; & C = C.

Remark 2. (i) In our definition, R(C) = OC = ~(C*+) and L(A) =
®A = ~(A1) express “notions of double negations” and are covariant, so
that a proof of A;= B is mapped to ; ©A —; ©B and similarly ; C' =; D
is mapped to L1 C; = [ D;. In fact we are trying to characterize proper-
ties of the interaction of the connectives ( )+ with intuitionistic negation
and co-intuitionistic supplement. Simpler notions of chirality, such as
cartesian closed chiralities (see [7, Section 1]), may also be explored in
bi-intuitionism.

(ii) In this note we only address the definition of the duality functor
()*, assuming that it represents a notion of duality between 4 and H,
which is based on a duality of the logics A and H, and that the duality
of logics corresponds to a duality in the S4 translation.

Logic and dualities

There is an obvious oversight in the interpretation of duality in “po-
larized” bi-intuitionism AH that undermines the main claim (Proposi-
tion 4.4), i.e., that the free categorical model built from the syntax of AH
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can be given a chirality-like structure. Once the error is removed, a more
complex structure emerges.

Indeed the logics A and H do not represent a duality, as we can
see from an informal argument and from notion of duality in the S4
translation. Informally, the dual of an assertion that p is the hypothesis
of the negation of p; the dual of a hypothesis that p is the assertion of
the negation of p.

Consider an elementary assertion ~p in £4. In S4 the dual of
(rp)M = Op is =Op = O—p. Although in the logic AH ((+p)5)M =
—0Op, in the language £ we could only have O—p = (#H)M and the
only formula H such that (#H)M = O=p is —p; but #—p ¢ L7, Thus
(rp)* = #—p is the only possible choice for a duality map ( )* com-
patible with the S4 translation. Notice that here ‘=’ represent classical
negation, not intuitionistic negation nor co-intuitionistic supplement.

Symmetrically, the dual in S4 of (up)M = Op is =Op = O-p =
(r=p)M; in AH ((#p)h)M = =Op but +-p ¢ LA; also (#p)* = +—pis
the only possible choice for a duality map compatible with the S4 trans-
lation. On the other hand, intuitionistic and co-intuitionistic connectives
are actually dual.

We have the following definition of duality in our bi-intuitionistic
logic of assertions and hypotheses.

DEFINITION 1. Consider the languages £H+ and £4+ generated by the
following grammars:

LB CD = H-pl| A |CYD|~C
LA AB:= r=p | Y |ANB | ~A
Now we define the languages £A7+ and £A+H:
[AH. . LA: AB:= rp |Y|ANB | ~A| [C%]
LH-: CD = H-p|A|CYD|~C| [At]
LA LA AB:= r=p |Y |ANB | ~A| [C*]
Lt OD = up |A|CYD|A~C| [At]

Then we have the following duality maps:*

4 As pointed out by Crolard [5, p. 160], in Rauszer’s bi-intuitionism (Heyting-
Brouwer algebras) there is a pseudo-duality between intuitionism and co-intuitionism,
since “atoms are unchanged” by the duality. Things are different in a logic of asser-
tions and hypotheses. The correct definition was given in [2, Section 2.3, Definition 5],
where the dual of ~pis #—p. The solution in Section 5 is close to the one suggested
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() = LA LH- () = L£H A
(rp)" = #H-p (np)* = r-p
(V) =« (M) =Y
(ANB)* = A*Y B* (CYD) = C*nD*
(~A) = A4 (~C) = ~C

PROPOSITION 1. The maps ( )*: LA — LH+ and ( )*: LH — LA are
invertible.

Then the internal duality connectives A+ and C* of can be inter-
preted by the duality maps of LA+ and of £4+H. Namely, for A and C
in LAH-

At =4 ct=cr

and similarly for A and C in £4H.
The sequent calculus AH-G1 on the language = allows us to
extend the duality maps ( )* on formulas to maps on proofs

£AH

A;=B; — ;B"=;A"
Therefore we can define the following data:

1. A functor ()*: A — H. sending ~p to #—p € L+ it has an inverse
functor ( )*: H. — A sending H—p to +p.

2. A functor ( )*: H — A. sending Hp to -—p € LA with inverse
() A —H.

3. A covariant functor L = ©: A — H,, left adjoint of the functor
R=0O:H, — A

4. There is another pair of covariant adjoint functors R’ = [: H — A,
and L' =& A, — H.

Question. From our data can we define two chiralitiy-like structures in
the logics AH, and A,H over the languages £AH+ and £A<H?

To answer the question one should show how the sequent calculus
AH-G1 over the new languages could be used to define the categor-
ical structures. Further questions on the present formulation of bi-
intuitionism and duality are asked in the conclusion.

here: elementary formulas with non-atomic radical are admitted. Also in [1, Sec-
tion 2.3 definition 3] the correct definition of duality is considered. A loose usage
of the expression“duality between assertions and hypotheses” within a system of bi-
intuitionistic logic can be found in those papers and also in [4].
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Notice that since the actions of ( )* and ( )* coincide, we can use the
duality ( )* to eliminate the ( )* connectives, as shown in the following
example.

Ezxample 1. Consider the expression
;L(a) =;m™ V L(m A a), (3)

where both a = ra and m = ~m belong to £4. After expanding the
definitions the sequent (3) is provable in AH-G1 as follows:

m; = m; a;= a; R
.:> m .
S IR, LR, LL
;(mNa)- =;m-,a
~R, ~ L

i~(at) = smt ~A(mNa)t
i~(at) =mt Y ~A(mna)t

Y R

Applying the map ( )*: £4 — L+ only to eliminate the ( ) connec-

tives, the sequent (3) is transformed as follows:
i~ (Hoa) =5 (H-m) Y ~(H—m V H-a) .

Thus, the proof of (3) is in the language £+, but can be transformed
into a proof in H,. On the other hand, applying ( )* to the sequent (3),
one obtains a proof in A of

rmoN ~(Frm N ra); =~ ra .

However, other cases are not covered by the above definitions.
Ezxample 2. Consider the formal expression
mA R(m* Vb); = R(b); (4)

where m = rm € £4 and b = ub € L. After expanding the definitions
the sequent (4) becomes

m N N(mj‘ Y b)J‘; = N(bL);

But applying the map ( )*: L4 — £+ we obtain m™ = %—m and now

#—m Y #b does not belong to L.
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Conclusions and further questions

In conclusion, it seems that a grammar for a language formally expressing
our notions of duality should be as follows:

[AAHH.,, LA A B:= rp |rop|Y [ANB | ~A| [CH]
Lt O D= wup*|Hp |A|CYD| ~C| [AY]

One can define maps ( )*: £A4 — LHH- and ( )*: HH- — £A4 5o
that the sequent (4) becomes

Fmo N o~(FmN Eab); =~ Eob;

However, the sequent calculus AH-G1 over the language £AA4-HH- ig
no longer complete for the S4 semantics.

Perhaps one can say that a pragmatic interpretation of bi-intuition-
istic logic suitable for representing bi-intuitionistic dualities is the logic
AA.HH, of assertions, objections, hypotheses and denials, where an
objection to the assertion rp is the hypothesis #—p that p is not true
and a denial of a hypothesis #p is the assertion +—p that p is false.
Thus all elementary formulas of the forms +p, ~—p, #p and H—-p must
belong to the language of AA,HH,. We expect that an axiomatization
of AA,HH, can be obtained by the sequent calculus AH-G1 together
with the following proper azxioms that express logical relations between
the elementary formulas according to their intended meaning. We con-
jecture that such a sequent calculus is sound and complete for the S4

semantics and enjoys the cut-elimination property.

Fp; Hop = ;= vp; Hp
. Fops Hp = = P H
Proper axioms of AA.,HH, by e . b b
kD, PPy = Uy 3J =5 HD, HOp
Fp, FD;§ = ;= a5 Hp, Hop

Remark 3. In the modal translation we have (#—-p)™ = ((+p)=)™ and
(r=p)M = ((1p)+)M. Notice that if we replace #—p and -—p with their
counterparts (~p)* and (#p)=L, respectively, then the Proper Azioms of
AA.HH, become provable in AH-G1. The first four are proved triv-
ially; the last four require the proper axioms of assertions and hypotheses

Fp;j = Hp  and Fp; = u; Hp (5)
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The axioms (5) break the symmetry between assertions and hypotheses:
here logic prevails over symmetry. But they are needed here to guarantee
the coherence of two systems of duality.

There are more general questions about the proof-theory of our logics
and of the sequent calculus AH-G1 which we can only mention briefly
here.

Remark 4. (i) The expressions ‘+~—p’ for denial that p and ‘#—p’ for
objection to p appear to formalize classical notions, given that ‘=’ is
classical negation. Indeed the assertion of a classical negation can be
regarded as an intuitionistic statement only under special conditions
such as the decidability of p. Is the logic AA,HH, an intermediate
logic between intuitionistic and classical logic?”

(ii) The connectives (A)+ and (C)* have the meaning of negations.

Their main property
(At =4 and o)+ =c (6)

makes it possible to represent the functors ( )* within the calculus
AH-G1. But are these intuitionistically acceptable connectives? This is
presupposed in our interpretation of bi-intuitionism, but it has not been
argued for explicitly.

The form of the implication right rule

0,41 ; = Ay; T

(S} ;= Al D) A2 ;T
allowing extra formulas T in the sequent premise without restrictions,
and similarly of the subtraction left

©; 0 = ;0,7
@; A]_:)AQ;T

allowing extra formulas © in the sequent premise, is equivalent to allow-
ing the connectives ( ) with the properties (6) in a calculus with cut-
elimination (see [1, Section 2.4]). This feature is characteristic of the cal-
culus AH-G1 in opposition to the tradition of Rauszer’s bi-intuitionism.
However, the interaction between intuitionistic and co-intuitionistic logic
may take different forms and be formalized in different ways than through
the connectives ( ). A definition of intuitionistic dualities that would
be less dependant on duality in the S4 translation is certainly desirable.

5 On the issue of adding modalities for necessity, possibility, unnecessity and
impossibility to intuitionistic logic (see [6]).
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