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Abstract. In this paper an algebraic system of the new type is proposed
(namely, a vectorial lattice). This algebraic system is a lattice for the lan-
guage of Aristotle’s syllogistic and as well as a lattice for the language of
Vasilév's syllogistic. A lattice for the language of Aristotle’s syllogistic is
called a vectorial lattice on N-semilattice and a lattice for the language
of Vasilév’s syllogistic is called a vectorial lattice on closure N-semilattice.
These constructions are introduced for the first time.
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Set up the problem of construction a lattice for the language of Aristotle’s
syllogistic and as well as a lattice for the language of Vasilév’s syllogistic.

The Aristotle syllogistic (see [15], [1], [7], [8], [14]) is based on proposi-
tional logic.

DEFINITION 1. The alphabet of propositional logic is the ordered system
A=(V,Ly, Ly, K), where

1. V is the set of propositional variables p, q, r, .. .;

2. Ly is the set of unary propositional connectives consisting of one element
= called the symbol of negation;
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3. Lo is the set of binary propositional connectives consisting of three el-
ements: A, V, = called the symbols of conjunction, disjunction, and
implication respectively;

4. K is the set of auxiliary symbols containing two parenthesis: (, ).

V, L1, Ly, K are disjoint sets. The set V' is denumerable, and the union
of sets L1 and Lo isn’t empty.

DEFINITION 2. The language of propositional logic is the ordered system
L= (A, F), where

1. A is the alphabet of propositional logic;

2. F is the set of all formulas that are formed by means of symbols in A.

Notice that elements of F are defined by induction:

(a) every propositional variable p, ¢, , ... is a formula of propositional
logic;

(b) if «, § are formulas, then expressions -, a A 3, a V 3, a = [ are
formulas of propositional logic;

(c) a finite sequence of symbols is called a formula of propositional logic
if that sequence satisfies two above mentioned conditions.

DEFINITION 3. The propositional logic (or propositional calculus) is the
ordered system S = (A, F,C), where

1. A is the alphabet of propositional logic;
2. F is the set of all formulas formed by means of symbols in A;

3. C is the inference operation that is the map of formulas in Fy C F to
formulas in C(Fy), i.e., to the set of all corollaries from Fp.

The inference rules of propositional logic are as follows:

1. the substitution rule, according to that we replace a propositional variable

p; of formula a(py, ..., py), containing propositional variables p1, ..., py,
by a formula 5(q1,...,qx), containing propositional variables ¢y, ..., g,
and we obtain a new formula o/ (p1,...,p;—1, B(q1,- - @&)s Pjt1s---,Pn):

a(pla"'apjw"apn) X
a/(pla' .- 7pj—1>6(q1>' .- >Qk)>pj+1>' .- 7pn)’
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2. modus ponens, according to that if two formulas o and o = [ hold, then

we deduce a formula £:
a,a= [

g

The inference operation is inductively defined as follows:

(i) for any set of formulas Fy C F we get a set C(0) such that C(0) C C(Fp)
and C(0) is called a set of tautologies for propositional logic;

(ii) if the set C(Fp) contains a set C(«a), then C(Fy) contains also a set
C(B), where o, 3 C Fp and o C B as C(3) Z C(a)*;

(iii) C(Fp) is the minimal set that satisfies two above mentioned conditions.

The propositional logic has a lot of axiomatization depending on choice
of the input set C(0). We shall use the set of axioms of Lukasiewicz’s propo-
sitional calculus Spr, as the input set C(0) (see [7]):

(1) =9 =(¢g=r)=@@=r)),
(2) (—p = p) =,
(3) p=(-p=q).

The implication and complement are given here as basic operations.
Other operations are derivable, e.g., the conjunction and disjunction are
defined as follows:

(4) pAqg==(p= —q),
(5) pVqg=-p=gq.

Combining axioms (1) — (3) and using inference rules, we obtain all other
tautologies of the set C(0) for the system Spr..
Aristotle’s syllogistic is an extension of propositional logic.

DEFINITION 4. The alphabet of Aristotle’s syllogistic is the ordered system
Asa = (V,Q, L1, Ly, L3, K), where

1. V is the set of propositional variables p, q, r, ...;

!By definition, there exists a minimal element a with property C(c) for any tuple
(a,ﬂ) e Fo X Fo.
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2. @ is the set of syllogistic variables S, P, M, ...;

3. Lj is the set of unary propositional connectives consisting of one element
= called the symbol of negation;

4. Lo is the set of binary propositional connectives containing three elements:
A, V, = called the symbols of conjunction, disjunction, and implication
respectively;

5. Lg is the set of binary syllogistic connectives containing four elements a,
e, i, o called the functors “every...is...”, “no ...is...”, “some ...is...”,

and “some...is not ...” respectively.
6. K is the set of auxiliary symbols containing two parenthesis: (, ).

Here V', Q, L1, Lo, L3 are disjoint sets. The sets V' and () are denumer-
able. The union of sets Ly, Ly, and L3 isn’t empty.

DEFINITION 5. The language of Aristotle’s syllogistic is the ordered system
Lsa = (Asa, Fsa), where

1. Ag4 is the alphabet of Aristotle’s syllogistic;

2. Fga is the set of all formulas formed by means of symbols in Ag4; this
set Fga contains all formulas defined by the rules (a), (b), and (c) of
definition 2 and by the following rules:

(d) if S and P are syllogistic variables, then expressions SaP?, SeP?,
SiP*, SoP® are formulas of Aristotle’s syllogistic®.

(d) if o and B are formulas of Aristotle’s syllogistic, then expressions
o, a A B, aV [, a = [ are also formulas of Aristotle’s syllogistic;

2The proposition “every S is P” has the following notation in predicate logic: Vz(z €
S=xze€P)or Jdzx(x €SNz ¢P).

3The proposition “no S is P” has the following notation in predicate logic: Vae(x € S =
x ¢ P)or -3z(x € SAx € P).

4The proposition “some S is P” has the following notation in predicate logic: Jz(x €
SNz € P).

5The proposition “some S is not P” has the following notation in predicate logic:
Jx(x e SNz ¢ P).

5Nominal constants that we substitute for the variable S are called a subject. Nominal
constants that we substitute for the variable P are called a predicate.
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Thus, an expression that is derivable by rules of definition 5 is called a
formula of Aristotle’s syllogistic. Formulas that are defined by rules (d) and
(d’) of definition 5 is called formulas of Aristotle’s syllogistic in the restricted
sense.

DEFINITION 6. Aristotle’s syllogistic is the ordered system Ssa = (Aga,
Fsa,C), where

1. Ag4 is the alphabet of Aristotle’s syllogistic;
2. Fga is the set of all formulas formed by means of symbols in Ag4;
3. C is the inference operation in Fg4.

The inference rules of Aristotle’s syllogistic are as follows:

1. the substitution rule, we replace a propositional variable p; of formula
a(p1, ... ,pn), containing propositional variables p1, ..., p,, by a formula
B(qi1,-..,qr), containing propositional variables ¢i,...,q; (according as
by a formula 3(S;, P,,), containing syllogistic variables S;, P,,), and we
obtain a new propositional formula o'(p1,...,pj—1, B(q1,---,qk),Pj+1,

.., Pn) (according as a new syllogistic formula o/ (p1, ..., pj—1, B(Si, Pm),

Pj+1, - 7pn)):

a(plv Y 2 TRRE >pn)
O/(pla' .- >pj—17/8(QI7 s >Qk)7pj+1>' .- apn)

or
a(ph’ .. 7pj7° .- 7pn)

a/(ph s 7pj*17/8(5l7Pm)7pj+17 cee 7Pn)’

In the same way, from any syllogistic formula «(S;, P;) follows a new
formula o/ (S, P;) or & (S;, Py) if we replace a syllogistic variable S; by a
syllogistic variable Sy or P; by Fj:

or
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2. modus ponens, according to that if two formulas of Aristotle’s syllogistic
a and a = [ hold, then we deduce a formula 3:

a,a = f3

B

The axioms of Aristotle’s syllogistic consist of axioms of propositional
logic (e.g., axioms (1), (2), (3) of the propositional system Spy), and of the
following expressions:

(6) Sas,

(7) SiS,

(8) (MaP A SaM) = SaP, i.e., Barbara,
(9) (MaP A MiS) = SiP, i.e., Datisi.

The given axiomatic system was created by Lukasiewicz (see [7]). Here
the functors a and i are basic and two other are defined as follows:

(10) SeP = —(SiP),

(11) SoP = —(SaP).

Using axioms (1), (2), (3), (6), (7), (8), (9), and definitions (4), (5), (10),
(11), we obtain all tautologies of Aristotle’s syllogistic.

DEFINITION 7. The function I regarded as the map of formulas of proposi-
tional logic Fo C F to the set {T, L} of truth values, where T is “true” and
1 is “false”, is defined as follows:

T
I )
{7

where p is a propositional variable;

1 _
()" = {J_ it () =T,
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where « is a formula of propositional logic;

T if (@ =(B) =T,

1 otherwise,

mAﬁfz{

T if () =Tor(B) =T,

1 otherwise,

vy ={

L if (o)l = T and (B) = 1,

T otherwise,

.

Note that metavariables o and 8 range over all formulas of propositional
logic.

Let {9¢,01,02,...,0,,...} be any infinite set with a minimal member
Yo and with one operation ‘inf’ (infimum) defined on all members of this set.

DEFINITION 8. Suppose the set Fy contains all superpositions of conjunction,
disjunction, implication, negation of formulas of the form SaP, SeP, SiP,
SoP and the set F; contains all formulas of the form SaP, SeP, SiP, SoP.
Then the function I regarded as the map of syllogistic formulas Fy C Fga
to the set {T, L} of truth values is defined by rules of definition 7. This
function I regarded as the map of syllogistic formulas F; C Fga to the set
{Yo,V1,V9,...,0,,...} of syllogistic truth values and to the set {T, L} of
propositional truth values is defined by the following rules:

S[ _ Q907
¥, > o,
where by (S)! we denote a nominal constant that we substitute for the
variable S7.

T if (S) = Uy, (P) = Uy, and inf (I, 9) = i,

1 otherwise,

(SaP)! = {

T if () = Oy, (P)! =9, and inf(d,,,0,,) = Yo,

1 otherwise,

(SeP)I = {

T if (S)L = U, (P)] =0, and inf(9yn,9p) > Yo,

1 otherwise,

(siP)! = {

"Thus, the truth interpretation (S)’ and (P)’ ranges over not the set {T, L}, but the
set {Yo, V1, 02,...,%n,... } of nominal constants.
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(SOP)I _ T if (S) = Yy, (P)! = 9, and inf(D,,,90) < Upm,
1 otherwise,
Since we can define truth values of arbitrary formulas, we have semantics
for this language. Usually a lattice is considered as semantics for a formalized
language.

DEFINITION 9. A lattice for a formalized language L is an ordered system
A = (A,Q), where

1. A is the set of arbitrary elements;

2. Q is the set of n-ary relationes w4 over elements of A, and every n-ary
relation w4 in §2 corresponds to an n-ary formula w in L.

DEFINITION 10. The lattice for the language of propositional logic is a
Boolean algebra, i.e., the ordered system B = (B;N,U,—, 1,0).

It is known that to each logical relation (to each formula) of proposi-
tional logic we can assign a relation of Boolean algebra. It is easily shown
by induction on length of formula that an intersection is assigned to a con-
junction, a union is assigned to a disjunction, a pseudo-complement relative
to an element is assigned to an implication, and a complement is assigned
to a negation.

The following definition is needed for the sequel.

DEFINITION 11. The lattice for the language of Aristotle’s syllogistic is a vec-
torial lattice on the N-semilattice. Let B = (B;N,U,—,1,0) be a Boolean
algebra and let B = (Bn;N,0) be a N-semilattice, i.e., the ordered system
B~ such that there exist only one binary operation N and only one con-
stant 0. Further, let \; and p;® be unary operations defined on the set
B for any element k of the N-semilattice BA. Then the vectorial lattice
on the N-semilattice is the ordered system Uy = (B;N,U,—, 1,0;{\x: k €
Bn},{pk: k € Bn})y, where {\y: k € Bn} (according as {ug: k € Bn}) is
the set of all Ay (according as the set of all ug) such that k belongs to Bn.
Every element of the set B is called a vector, every element of the set Bp is
called a scalar.

8The operations A and p take each element k in the set Bn to a unique element A\ and
Wi in the set B.
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The operations A\ and ui are defined by induction:

(12) Va € BYb € BYk € Ba(Ap(anb) = Ag(a) Nb = Ag(b) Na);

(13) Va € BYb € BVk € Ba(Ap(aUb) = Mg(a) U Ag(D));

(14) Vk € Bn(Ak(0) = 0);

(15) Vk e BAVl € Ba(A(l) =0if k=mogNn=0and [ =m; Nn =mn);
(16) Vk € BaVl € Ba(A,(l) =0if k=mogNn=nand l =m; Nn <n);
(17) Vk € BVl € Ba(A(l) =0if k=monNn=0and [ =m;Nn > 0);
(18) Va € BYb € BYk € Bn(ug(anbd) = ur(a) N pug(b));

(19) Va € BYb € BVEk € Bn(ug(aUb) = pug(a) Ub = ug(b) Ua);

(20) vk € Bo(ue(1) = 1)

(21) Vk e BaVl € Ba(uk(l) =1if k=mogNn >0and [ =m; Nn <n);
(22) Vke BaVl e Ba(up(l) =1if k=monNn=nandl =m; Nn <n);

(23) Vk e BVl € Ba(puk(l) =1ift k=mogNn=0and [ =m;Nn > 0).

In all expressions mgNm; = 0.

We say that an element \(a) of vectorial lattice Uy (according as an
element py(a) of vectorial lattice Ugs) is an intersection of elements k and
a (according as a union of elements k and a) and write k£ N a (according as
k U a); notice that (kNa) € B and (kUa) € B. Taking into account this
interpretation of operations A\g(a), pux(a), we have:

Va € BYb € BVk € Ba(kN (anb) = (kNa)Nb=(kNb)Na),

i.e., the associativity and commutativity of A\; for an intersection of vectors
a and b;

Va € BYb € BYk € Ba(kN (aUb) = (kNa) U (kNb)),
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i.e., the distributivity of A; for a union of vectors a and b;
Vk € BA(kN0=0);
Vk € BAVI € Br(kNl=0if k=moNn=0and [ =m; Nn=n);
Vk € BAVl € BA(kNl=0ifk=moNn=nandl=m;Nn <n),
Vk € BAVl € BA(kNl=0if k=moNn=0and [l =m; Nn > 0);
Va € BYb € BVk € BA(kU (anb) = (kUa) N (kUD)),
i.e., the distributivity of uj for an intersection of vectors a and b;
Va € BYb € BVk € BA(kU (aUb) = (kUa)Ub= (kUb)Ua),
i.e., the associativity and commutativity of u for a union of vectors a and b;
Vk € BA(kU1l =1);

Vk € BAVI € Br(kUl=1ifk=monNn>0and [l =m;Nn <n);
Vk € BAVl € BA(kUl=1ifk=moNn=nand [l =m;Nn <n),
Vk € BaVl € BA(kUl=1if k=moNn=0and [ =m; Nn > 0).

In all expressions mgoNm; = 0.

The N-semilattice B is partially ordered. In other words, elements of
the set Bn satisfy the following axioms:

(24) VYa € Bna < a, i.e., the antireflexiveness condition,

Va € BAVb € BAVe € Ba(a<b N b<c=a <),

(25) : L iy
i.e., the transitivity condition,

(26) Va € BAVb € Br(a<bAb<a=a=0D),
i.e., the antisymmetry condition.
The unique binary operation a N b is defined in the N-semilattice so:
Va € BAVb € Br(a <b<anb=a).

The axioms of the N-semilattice are as follows:

(27) Va € Bn(aNa = a), i.e., the reflexivity condition,
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(28) Va € BAVb € Bn(anb=>bnNa), i.e., the commutativity condition,

Va € BAVb € BaVe € Ba(an(bNe) = (anb)Ne),

i.e., the associativity condition,

(29)

(30) Va € Bn(aN 0 =0), i.ec., the 0-boundedness condition.
There is also the strict order in the N-semilattice :
Va € BAVb € Br(a <b< a<bAa#b)

It is easy shown that we can assign a relation of the vectorial lattice on
the N-semilattice to each relation (formula) of Aristotle’s syllogistic. It can
be checked by induction on a length of formula:

1. a complement of a vector « is assigned to a negation —q;

2. an intersection of vectors « and [ is assigned to a conjunction a A 3, a
union of vectors a and [ is assigned to a disjunction « V 3, a pseudo-
complement of a vector « relative to a vector 3 is assigned to an impli-
cation a = (3;

3. an intersection of scalars SN P = S is assigned to a universal affirmative
proposition SaP, an intersection of scalars S N P = 0 is assigned to a
universal negative proposition SeP, an intersection of scalars SN P > 0
is assigned to a particular affirmative proposition SiP, an intersection of
scalars SN P < S is assigned to a particular negative proposition SoP. If
S, Py are fixed for syllogistic propositions SaFPy, SeFy, SiFy, SoP,, then

(a) in the case SaP, is true, we have
SN Py=.S for SaPF,,
S NP =0 for SeP,,
SN Py > 0 for SiPy,
SNP <S8 for SoF,,

where Py and P are mutually disjoint, e.g., the proposition “every
man (.5) is mortal (Fp)” is true and the proposition “no man (.5) is
mortal (P;)” is false, therefore SN Py =S and SN P, =0,
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(b) in the case SeP, is true, we have
S NP =S8 for SeP,,
S NPy =0 for SaF,,
S NP >0 for SoF,,
SNPy< S for SiP,

where Py and P; are mutually disjoint, e.g., the proposition “every
man (5) is dolphin (F)” is false and the proposition “no man (S) is
dolphin (Py)” is true, therefore SN Py=0and SN P =5,

(c) in the case SiF is true, we have
SNFPy>0 for SiFy,
SNP <S8 for SoF,,
where Py and P; are mutually disjoint,
(d) in the case SoP, is true, we have
SNP >0 for SoFy,
SNPy < S for SiF,
where Py and P are mutually disjoint.
As an example we prove general validity of the mood (modus) Barbara
in the N-semilattice.
FEzample 1. This mood has the following notation in the language of the
N-semilattice:

fMNP=Mand SNM =S, then SNP =S5.

Substitute an expression S N M for S in SN P. We have (SN M) N P. By
associativity, we obtain S N (M N P). But it is known that M NP = M.
Hence, we deduce S.

FEzample 2. This mood has the following notation in the language of the
vectorial lattice on the N-semilattice:

(MNP=M)N(SNM=S5))=(SNP=27).
By substitution, we obtain

(MNS)=8S=-(MnNS)US=-MU-SUS=-MU1=1.
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Note that we have the binary contradictory (contrary) relation in Aris-
totle’s syllogistic. Therefore we can deduce here the law ‘tertium non datur’
(the law of excluded middle). Now consider a new system of syllogistic in
that there is the ternary contradictory relation. Here we can deduce the law
“quartum non datur”. This system is called Vasilév’s syllogistic (see [20],
[21], [2], [6]). It is more simple deductive system, than Aristotle’s syllogistic.
Recall that N. A. Vasilév is well-know Russian logician. 1880-1940 were
years of his life. He wrote scientific works in 1910-1914. Then he stopped
logical investigations because of serious alienation.

DEFINITION 12. The alphabet of Vasilév’s syllogistic is the ordered system
Asy = (V,Q, L1, Ly, L3, K), where

1. V is the set of proposition variables p, ¢, 7, ...;
2. @ is the set of syllogistic variables S, P, M...;

3. L is the set of unary propositional connectives consisting of one element
= called the symbol of negation;

4. Lo is the set of binary propositional connectives containing three elements:
A, V, = called the symbols of conjunction, disjunction, and implication
respectively;

5. L% is the set of binary syllogistic connectives containing three elements

a, e, m called the functors “every...is...”, “no...is...”, and “some, but

not every...is ... " respectively.
6. K is the set of auxiliary symbols containing two parenthesis: (, ).

Here V, Q, L1, Lo, L5 are disjoint sets. The sets V and () are denumer-
able. The union of sets L1, Lo, and L3 isn’t empty.

DEFINITION 13. The language of Vasilév’s syllogistic is the ordered system
Lsv = (Asv, Fsv), where

1. Agy is the alphabet of Vasilév’s syllogistic;

9By Vasilév’s opinion, there exists a unique particular proposition, namely, particular
affirmative negative proposition and its functor is m. This proposition can be formulated
as an indifferent statement (“S is and is not P”), as a disjunctive statement (S is P or
is not P”), and as an accidental statement (“S can be P”).
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2. Fgy is the set of all formulas formed by means of symbols in Agy; this
set Fgy contains all formulas defined by the rules (a), (b), and (c) of
definition 2 and by the following rules:

(d) if S and P are syllogistic variables, then expressions SaP'’,
SeP'', SmP'? are formulas of Vasilév’s syllogistic.

(d’) if @ and 8 are formulas of Vasilév’s syllogistic, then expressions —a,
a B, aVp, a= [ are also formulas of Vasilév’s syllogistic;

Also, an expression that is derivable by rules of definition 13 is called a
formula of Vasilév’s syllogistic. Formulas that are defined by rules (d) and
(d’) of definition 13 is called formulas of Vasilév’s syllogistic in the restricted
sense.

DEFINITION 14. Vasilév’s syllogistic is the ordered system Ssy = (Agvy,
Fsv,C), where

1. Agy is the alphabet of Vasilév’s syllogistic;
2. Fgy is the set of all formulas formed by means of symbols in Agy;
3. C is the inference operation in Fgy .

The inference rules of Vasilév’s syllogistic are as follows:

1. the substitution rule, we replace a propositional variable p; of formula
a(pi,...,pn), containing propositional variables pi, ..., p,, by a for-
mula £(q1,...,qk), containing propositional variables q1, ..., g (accord-
ing as by a formula 5(S;, Py,), containing syllogistic variables S, P,,), and
we obtain a new propositional formula o/ (p1,...,pj—1,8(q1, .-, k), Pj+1,

.., Pn) (according as a new syllogistic formula o/ (p1, ..., pj—1, B(Si, Pm),

P41y apn)):

a(p17 cee 7pj7 cee 7pn)
O/(pla' .- >pj—17/8(QI7 s >Qk)7pj+1>' .- apn)

1The proposition of Vasilév’s syllogistic “every S is P” has the following notation in
predicate logic: Vz(z € ST = 2 € P") or =3z(x € ST Ax ¢ PT), where ST and PT are
closed sets, i.e., ST = CS and PT = CP.

" The proposition of Vasilév’s syllogistic “no S is P” has the following notation in
predicate logic: Va(x € ST =z ¢ P') or =3z(x € ST Az € PT).

12The proposition of Vasilév’s syllogistic “some, but not every S is P” has the following
notation in predicate logic: Jx(x € ST Ax € (PT N—=P™)).
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or
a(pla' <oy Pgy e apn)

a/(p17 s apj—h/@(slvpm)vpj-l—lv s apn)7

For the same reason, from any syllogistic formula «(S;, P;) follows a new
formula o (S, P;) or &/(S;, P;) if we replace a syllogistic variable S; by a
syllogistic variable Sy or P; by F;:

or

Oé(Sj,PZ‘) .
O/(Sj Pl)’

2. modus ponens, according to that if two formulas of Vasilév’s syllogistic «
and a = [ hold, then we deduce a formula j3:

a,a= [

B

The axioms of Vasilév’s syllogistic consist of the axioms of propositional
logic (e.g., of (1), (2), (3), (4), (5)), and of the following expressions that
I proposed:

(31) Sals,

(32) (MaP A SaM) = SaP, i.e., Barbara,

(33) (MeP A SaM) = SeP, i.e., Celarent,

(34) (MmP A MaS) = SmP, i.e., Disamis-Bocardo,
(35) SeP = PeS,

(36) SaP = —(SeP),

(37) SaP = —(SmP),

(38) SmP = —(SeP).

(39) (=(SaP) A —(SeP)) = SmP.
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Using these axioms, we obtain the following tautologies:
(40) SaP Vv SePV SmP,

i.e., the law ‘quartum non datur’,

(41) —(SaP A SeP),
(42) —(SaP A SmP),
(43) —(SeP A SmP),

i.e., the laws of contradiction.
Let {0J¢,01,02,...,U,,...} be any infinite set with a minimal member
Yo and with one operation ‘inf’ (infimum) defined on all members of this set.

DEFINITION 15. Suppose the set Fy contains all superpositions of conjunc-
tion, disjunction, implication, negation of formulas of the form SaP, SeP,
SmP and the set F; contains all formulas of the form SaP, SeP, SmP.
Then the function I regarded as the map of syllogistic formulas Fy C Fsa
to the set {T,L} of truth values is defined by rules of definition 7. This
function I regarded as the map of syllogistic formulas F; C Fga to the set
{00,01,92,...,0n,...} of syllogistic truth values and to the set {T, L} of
propositional truth values is defined by the following rules:

S[ _ 1907
7911 > 190,

where by (S)! € {¥99,91,92,...,0p,...} we denote a nominal constant that
we replace by the variable S.

T if (S) = Uy, (P) =y, and inf (I, 9) = i,

1 otherwise,

(SaP)I = {

T if () = Oy, (P)! =9, and inf(d,,,0,,) = Yo,

1 otherwise,

(SeP)! = {

T if (8) = Oy, (P) =0, inf (9, U) > Vo,
(SmP)! = and inf(9pn, ¥p) < Oy,

1 otherwise,
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DEFINITION 16. The N-semilattice B = (Bn;N,0) is linear if we have the
new axiom:
Ya S Bme € Bm((l >bVb> (1).

Only universal affirmative propositions SaP hold in the linear N-semi-
lattice.

DEFINITION 17. The N-semilattice B = (Bn; N, 0) is semilinear if the fol-
lowing proposition holds:

Va € BAVb € Bn((a >b)V (b>a)V (anb=0)).

Only universal affirmative propositions SaP and universal negative
propositions SeP hold in the semilinear N-semilattice.

Let us remember that a set S is called closed if S = CS, where C is a
closure operator:

(44) C(SUP) = CSUCP:
(45) S c CS;
(46) CCS = CS
(47) Co = 0.

By ST denote a closed set S. Notice that ST N =St # (.

DEFINITION 18. The N-semilattice B = (B;N,0) is called the closure N-
semilattice B+ = (BT;N,0") if all members of B are closed, i.e., we have
the following axioms:

) Vot € BT (a™ Nat =a™),
(49) Yat € BTt € BT (at nbt = bt nat),
(50)  Vat e BtVbT € BTVet € BT (atn(bTNet) = (e nbT)neh),
(51) Vat € Bt (a™N0T =07),
(52)  Vat € BTWbT € BT ((a™ >bT) v (b >a) V(aT NbT = 0M)),

Va € BYb€ B((anb=0A-(a=0Vb=0)) =
Va™ € BTVbT € BT (a™ NbT = 07)),

where a™ = Ca and bt = Cb.
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DEFINITION 19. The lattice for the language of Vasilév’s syllogistic is a vec-
torial lattice on the closure N-semilattice. Let B = (B;N,U,—,1,0) be a
Boolean algebra and let BT = (B*;N,0") be a closure N-semilattice. Sup-
pose )\: and MZ are unary operations defined on the set B for any element k™
of the closure N-semilattice BT. The ordered system Uz = (B;N, U, —,1,0;
{Ni kT e BT {uf: kT € BT}) is called the vectorial lattice on the clo-
sure N-semilattice, where {\; : kT € BT} (according as {u} : kT € BT}) is
the set of all )\: (according as the set of all MZ) such that k™ belongs to BY.
Every element of the set B is called a vector, every element of the set BT is
called a scalar.

The operations )\; and ug are defined by induction:

(54)  Vae BYbe BYET € BF(AH(anb) = Af(a) Nb= AL (b) Na);

(55) Va € BYb € Bkt € BY(\[(aUb) = A\ (a) U (D));

(56) vkt e BY(\(0) = 0);

(57) Vkt € BTVIT € BF(\J(IT) =0if kT =if njt =47,
"= ((ig nif)nj*) > 0", and 1" = ((ig nif) nj*) <j*;

(58) VkT € BTVIT € BY(A(IT) =0if kT =i Nj+t = ;T and

It =ifnjt=0")
(59) Vkt € BTVIT € BY (A (IT) = 0if k* = ((ig Nni))NjT) < jT,
Et = (G nif)njt)>0", and T =if njt =07);
(60) Va € BYb € BYVkY € BT (u;f (anb) = pf (a) Nyt (b));

(61) Va € BYb € Bkt € BT (y;f (aUb) = i} (a) Ub = pf (b) Ua);
(62) Vit € BH(uf (1) = 1);

vkt € B*VIt € BtvnT € BY (uf (T un') =
(KT UnY) = py (kT Ut =1
if kT =if Njt=;,0"0 <1t = (G nif)njt) <t
and nT =i Nnjt =0").
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In all expressions iy, 71 are mutually disjoint for the given z'(J{ , 1] such

that ig Ny # 0%,

It is easy shown that we can assign a relation of the vectorial lattice on
the closure N-semilattice to each relation (formula) of Vasilév’s syllogistic.
It can be checked by induction on a length of formula:

1. a complement of a vector « is assigned to a negation —q;

2. an intersection of vectors « and [ is assigned to a conjunction a A 3, a
union of vectors v and [ is assigned to a disjunction « V 3, a pseudo-
complement of a vector « relative to a vector 3 is assigned to an impli-
cation a = [3;

3. an intersection of scalars ST N Pt = ST is assigned to a universal affir-
mative proposition SaP, an intersection of scalars ST NPT = 07 is as-
signed to a universal negative proposition SeP, an intersection of scalars
0t < St NPT < ST is assigned to a particular affirmative negative
proposition SmP. If S, Py are fixed for syllogistic propositions SaPF,
SePy, SmPF,, then

(a) in the case SaP, is true, we have

StN Py =S8 for SaP,

StN P =0" for SeR,

where Fy, P, are mutually disjoint and P0+ NP #0%,
(b) in the case SePy is true, we have

StN P =S8t for SeR,

St NPy =0" for Sab,,

where Py, Py are mutually disjoint and Py” N P;” # 0T,
(c) in the case SmP is true, we have

St >S8tn(PFnPt) >0t for SmP,

where Py, Py are mutually disjoint and Py” N P;” # 0T,

Also, the lattice of the language of Aristotle’s syllogistic is the vecto-
rial lattice on the N-semilattice. The lattice of the language of Vasilév’s
syllogistic is the vectorial lattice on the closure N-semilattice.
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