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CONCENTRATION-COMPACTNESS
FOR SINGULAR NONLOCAL SCHRODINGER EQUATIONS
WITH OSCILLATORY NONLINEARITIES

JoAO MARCOS DO O — DIEGO FERRAZ

ABSTRACT. The paper is dedicated to the theory of concentration—com-
pactness principles for inhomogeneous fractional Sobolev spaces. This sub-
ject for the local case has been studied since the publication of the cele-
brated works due to P.-L. Lions, which laid the broad foundations of the
method and outlined a wide scope of its applications. Our study is based
on the analysis of the profile decomposition for the weak convergence fol-
lowing the approach of dislocation spaces, introduced by K. Tintarev and
K.-H. Fieseler. As an application, we obtain existence of nontrivial and
nonnegative solutions and ground states for fractional Schrédinger equa-
tions for a wide class of possible singular potentials, not necessarily bounded
away from zero. We consider possible oscillatory nonlinearities for both
cases, subcritical and critical which are superlinear at the origin, without
the classical Ambrosetti and Rabinowitz growth condition. In some of our
results we prove existence of solutions by means of compactness of Palais—
Smale sequences of the associated functional at the mountain pass level.
To this end we study and provide the behavior of the weak profile de-
composition convergence under the related functionals. Moreover, we use
a Pohozaev type identity in our argument to compare the minimax levels
of the energy functional with the ones of the associated limit problem. Mo-
tivated by this fact, in our work we also prove that this kind of identities
hold for a larger class of potentials and nonlinearities for the fractional
framework.
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1. Introduction

The main goal of the present work is to analyze concentration—compactness
principles for inhomogeneous fractional Sobolev spaces. As an application we
address questions on the existence of solutions for the following nonlocal Schro-
dinger equation:

(Ps) (=A)’u+a(z)u = f(z,u) inRY, N >3,

where 0 < s < 1 and (—A)® is the fractional Laplacian (see [40, 12] for more
details).

During the past years there has been a considerable amount of research on
nonlinear elliptic problems involving the fractional Laplacian operator, moti-
vated from the fact that this class of problems arise naturally in several branches
of mathematical physics. For instance, solutions of (P,) can be seen as station-
ary states (corresponding to solitary waves) of nonlinear Schréodinger equations
of the form

iy — (A ¢+ a(x)p+ f(x,¢) =0 in RV,

For more details we refer to [2].

This paper is motivated by recent advances in the study of existence of so-
lutions for nonlinear and nonlocal Schrédinger field equations. In [37] Secchi
investigated the existence of ground state solutions for fractional Schrodinger
equations by using a minimization argument on the Nehari manifold. He proved
existence results under suitable assumptions on the behavior of the potential
a(x) and superlinear growth conditions on the nonlinearity. See also [22], where
Feng proved the existence of ground state solutions of (Py), in the particu-
lar case that f(z,t) = |t|P7%t, 2 < p < 2(N + 2s)/N, N > 2, by using the
Lions concentration—compactness principle (see [29]). Lehrer et al. [25] stud-
ied existence of solutions by means of projection over an appropriate Pohozaev
manifold, assuming that f(z,t) = a(z)fo(t), where fo(¢) is asymptotically lin-

ear, that is, tlim fot)/t = 1 and |l‘im a(r) = ax > 0. For the local case
oo x|—00

(s = 1), de Marchi [9] studied existence of nontrivial solutions for (Ps) assum-
ing that a(z) and f(z,t) are asymptotically Z"-periodic, combining variational
methods and the concentration-compactness principle. Also, in [9] existence of
ground states, without assuming that ¢ — f(z,¢)t~! is an increasing function,
was established. By using a similar approach, Zhang et al. [51] studied existence
of ground states and infinitely many geometrically distinct solutions of equa-
tion (Ps), based on the method of Nehari manifold and Lusternik—Schnirelmann
category theory. For recent works on nonlinear Schrédinger equations where the
Ambrosetti-Rabinowitz condition is not required, we refer to [9, 25, 51]. See also
the recent work due to Ambrosetti et al. [1], where existence of ground states
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with potentials a(x) and K (z) vanishing at infinity, where f(z,t) = K (z)tP~!
and 2 < p < 2N/(N — 2), was studied.

Let us mention [26, 39, 38|, and references given there, for problems involving
potentials bounded away from zero and critical Sobolev exponent, precisely, when
f(x,t) = g(x, t)+|t|>~%t, 28 = 2N/(N—2s), where g(z, ) has subcritical growth.
In these works, the presence of perturbation g(x,t) of the critical power |t|% ~2t,

was crucial. Moreover, the following condition on the potential was assumed:
0 < inf,epn a(z) < liminf),|_, o a(x) which was introduced by Rabinowitz in [35]
to study the local case of equation (Ps) (see also the critical case in [32]). We
cite [7, 11, 42] for works on local Schrédinger equations with nonlinearities of
the pure critical power type (without subcritical perturbation term) and inverse
square type potentials. For the fractional case, see [14], where existence and
qualitative properties of positive solutions were studied.

Motivated by the above works, we study existence of nontrival solutions for
(Ps) in several cases, which were not considered in the aforementioned papers.
Our potential a(z) may change sign, can have singular points of blow-up and
even vanish, and the nonlinearity can be considered with subcritical or critical
oscillatory growth. We prove some of our existence results by means of com-
pactness of Palais—Smale sequences (PS sequences, for short) of the associated
functional at the mountain pass level.

In the subcritical case we assume a condition on a(x) which ensures the con-
tinuous embedding of the associated space of functions similar to [41]. Never-
theless, differently from [41], we do not impose assumption on a(x) to guarantee
the compactness of the Sobolev embedding. To compensate it, we require that
the limit of a(x), as |z| goes to infinity, exists and is positive, or alternatively,
that a(x) is Z~-periodic. Moreover, by considering assumptions similar to those
in [10], the potential does not need to be bounded from below by a constant. We
also take into account the case where the nonlinearity has oscillatory behavior
and does not satisfy the typical assumption of Ambrosetti—-Rabinowitz. Similarly
to [9], the nonlinearity f(z,t) is supposed to have a periodic asymptote fp(z,1),
which allows us to “transfer” the usual assumptions to it. Also let us mention
that we complement and improve some results from [9], since we consider the
fractional case and we do not require the monotonicity of t — fp(x,t)t™1.

In the critical case, inspired by some ideas contained in [7], we treat in
this work a class of potentials somehow different, since we consider a general
class that includes, as a particular case, the inverse fractional square potential
a(z) = —Az|72%, where 0 < A < Ay, and Ay, is the sharp constant of the
Hardy—-Sobolev inequality

(1.1) AN75/ 2|2 u? dr < / €25 |.Ful?d¢,  for all u € CF°(RY).
RN RN
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Further details on (1.1) can be found in [50]. Here we consider self-similar
nonlinearities which generalize the idea of oscillations about the critical power
|t
of functions was introduced in [16] and for the local case in [47]-[49].

2:-2¢, turning the approach by variational methods more involved. This class

We are able to avoid the monotonicity of ¢ — fp(z,t)t~! by comparing the
minimax level of the associated energy functional of (Ps) with the one of the
associated limit problem. To this end, we use a Pohozaev-type identity and an
appropriate concentration—compactness principle. The proof of this identity is
based in a truncation argument, and for that we use the so called s-harmonic
extension introduced by Caffarelli and Silvestre [4], and in remarks contained
in [17] and [24], which allow us to “transform” the nonlocal problem (P;) into
a local one. Our method of proof is more general than the usual one, in the sense
that in our argument we do not have to study behavior of solutions in the whole
space RY; and we also can consider singular potentials (see Proposition 6.11).

It is worth to mention that the main difficulty to approach the problem
(Ps) using variational methods lies in the lack of compactness, which, roughly
speaking, originates from the invariance of RV with respect to translation and
dilation and, analytically, appears because of noncompactness of the Sobolev em-
bedding. We are able to overcome this difficulty by referring to a concentration—
compactness principle by means of profile decomposition for weak convergence
in inhomogeneous fractional Sobolev spaces, which can be considered as exten-
sion of the Banach—Alaoglu theorem (see Theorem 2.3). This kind of results
were considered in various settings, see for instance [23], [34], [44]. It describes
how the convergence of a bounded sequence fails in the considered space. Our
approach in this matter was motivated by [8] and based on the abstract version
of profile decomposition in Hilbert spaces due to Tintarev and Fieseler [49]. Tt
seems for us that this approach is more appropriate to study existence of non-
trivial solutions for problems like (Py), in our setting, rather than the standard
ones using the Lions concentration—compactness principle (see [21, Lemma 2.2]).

Another important goal here is the study of existence of ground states for
(Ps), i.e. nontrivial solutions with least possible energy. We consider three cases:
First when (P,) is invariant under the action of translations in Z~ (subcritical
growth), second when (P,) is invariant under dilations (critical growth), and
third when the monotonicity of ¢ + f(x,t)t~! is considered.

This paper is organized as follows. In Section 2, we provide a description of
the profile decomposition of bounded sequences in H*(RY). In Section 3, we give
some applications of the profile decomposition to study existence of mountain
pass type solutions of (Ps) for autonomous and nonautonomous cases. Next,
Section 4 recalls some basic results on fractional Sobolev spaces. In Section 5,
we prove the abstract result stated in Section 2. Section 6 is devoted to provide
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a suitable variational setting to prove our main results. More precisely, we
describe the limit under the profile decomposition of the PS sequences at the
mountain pass level of the Lagrangian of (Ps). We also prove that solutions for
(Ps) in the autonomous case satisfy a Pohozaev-type identity. Sections 7-10 are
dedicated to the proof of our main results concerning existence of mountain pass
solutions of equation (P;).

2. Profile decomposition for weak convergence
in fractional Sobolev spaces

Assume 0 < s < N/2 and let D*2(RY) be the homogeneous fractional
Sobolev space, which is defined as the completion of C§°(R”Y) under the norm
[u]? == [n [€]?*|Ful?dE. Tt is well known that D*2(R") is continuously em-
bedded in the Lebesgue space L2 (RN). The following result is a refined ver-
sion of the concentration—compactness method introduced by M. Struwe [44] for
Palais—Smale sequences for some semilinear elliptic functionals. It was extended
to general bounded sequences in H?(RN) by Solimini [43], and was studied in
[16], [23], [34] in the fractional framework.

THEOREM 2.1 ([16, Theorem 2.1]). Let (ug) C D*%*(RY) be a bounded se-
quence, v > 1 and 0 < s < min {1, N/2}. Then there exist N. C N, disjoint
sets (if non-empty) No,N_ N, C N, with N, = Ng UN; UN_, and sequences
(w(”))neN* c D*2(RN), (y]g")) czN, (j,in)) C Z, n € Ny, such that, up
to a subsequence of (uy),

keN keN

N2 2 (7 g ) s ™ as ks 0o, in DM (RY),

.(n -(m i(n) n m
j,(c)*],(C )|+|’Y]k (y,(c)—y,(C ))|%oo, as k — oo, for m #n,

Z [w(")]i < lim sup|ug)?,
’I’LEN* g

wp — 30 AN 200 (457 (g (M) 0,

(2.1) en. .
! as k — oo, in L (RY),

and the series in (2.1) converges uniformly in k. Furthermore, 1 € Ny, y](cl) =0,
j,gn) = 0 whenever n € Ny, j,(gn) — —oo whenever n € N_, and j,(gn) — 400

whenever n € N .

Theorem 2.1 can be used to prove the fractional version of Lions concentra-
tion—compactness principle due to G. Palatucci and A. Pisante [34, Theorem 5].
Indeed, Theorem 2.1 improves [34, Theorem 5] for the case = RY, since the
sums of Dirac masses that appear in this result come from the profiles given
in (2.1). The new notion of criticality introduced in [16] together with the
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concentration—compactness given in Theorem 2.1 can lead to a new way to ap-
proach nonlocal elliptic problems involving critical growth. For instance, it is
usual to apply [34, Theorem 5] to study (Ps) considering nonlinearities of the
type f(x,t) = K(z)|t|?~2t. With the aid of Theorem 2.1, it is possible to con-
sider more general self-similar critical nonlinearities (for more details see [16,
Section 3.1]).

REMARK 2.2. We can consider the closed subspace consisting of radial func-
tions fod(]R{N) = {u € D2(RY) : u(z) = u(y) if |z| = |y|} to get more com-
pactness. In this case, by the same argument as in [49, Proposition 5.1], we have

w™ € D2 (RN with w(™ = 0, for all n € No.

In this paper, we prove the inhomogeneous case of Theorem 2.1, that is, for
the space H*(RY) = {u € L2(RY) : |- |>*Fu € L*(RM)}, 0 < s < N/2, with the
norm |[u|? := [on €[**|Ful? + u? dE. 1t is known that H*(R") is continuously
embedded in LP(RY), for 2 < p < 2%, in the case where N > 2s, and in LP(R"),
for 2 < p < o0, in the case where N = 2s. The following version of Theorem 2.1
will be used to study the existence of solutions of (Py) for the case where f(x,t)

has subcritical growth. We set 2% = oo, when N = 2s.

THEOREM 2.3. Let (uy) C H*(RY) be a bounded sequence and 0 < s < N/2.
Then there exist Ng C N, (w("))n , C H*(RN), (y,in)) C ZN, n € Ny, such
that, up to a subsequence of (ug),

€N keN

(2.2) uk('+y,(€n)) —~w™ . as k — oo, in H¥(RY),
(2.3) |y,(€n) — y,im)‘ — 00, as k — oo, for m #mn,
2.4 M1 < i 2
(24) D w1 < lon sup %,
n€Np
(2.5) U — Z w(")(- + y,(cn)) — 0, ask— oo, in LP(RY),
neNy

for any p € (2,2%). Moreover, 1 € Ny, y,(il) =0, and the series in (2.5) converges

uniformly in k.

These profile decompositions for bounded sequence are unique up to a per-
mutation of index and constant operator (see [49, Proposition 3.4]). Theorem 2.3
is the fractional counterpart of [49, Corollary 3.3] and it describes how bounded
sequences in H®(RY) fail to converge in LP(RY), 2 < p < 2%. This “error” of
convergence is generated by the invariance of action of translations in H*(R™).
Moreover, it can be seen as an alternative result to a version of Lions’ com-
pactness lemma, for H*(R"), proved in [21, Lemma 2.2]. Also, we point out
that the profile decomposition of Theorem 2.3 is given by translations of the
form u + u(- —y), y € ZV, and, differently from [34, Theorems 4 and 8|, we
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also consider the limit case where s = N/2. Theorem 2.3 holds thanks to a co-
compactness result contained in [8], and using the abstract approach of [49],
considering H*(RY), 0 < s < N/2, as the starting Hilbert space.

3. Nonlinear fractional Schrodinger equation

3.1. Hypotheses. In order to describe our results in a more precise way,
next we state the main assumptions on the potential a(z) and the nonlinearity
f(z,t). We always assume that 0 < s < min{1, N/2}. We denote by || - ||, and
|| - [loo the norms of the spaces LP(RY), 1 < p < oo, and L>®(RY), respectively.
|A| denotes the Lebesgue measure of a set A C RV,

3.1.1. Subcritical case. Let us first introduce the assumptions on a(z) =
Vi(z) — b(x).
(V1) V(z) is a ZN-periodic function in the space L{ (RY) for some o >
2N/(N + 2s).
(V3) There exists B > 0 such that V(z) > —B for almost every z € RY and

Cy = inf / —A)*2u? + V(z)u? dz > 0.
L A N B

(V3) There exists 3 > N/2s such that 0 < b(z) € L#(R") and, for 8’ =

Ib(x)]ls < € := (=A)2u)? + V(z)? dx.

inf /
u€Hy RN), [Jullyr=1 JrN
(V4) There exists o > N/2s such that V(z) € Lg _(RY) and there exists
Voo := lim V(z) > 0.

We also assume the following conditions on the nonlinear function f(x,t).

(f1) f: RY xR — R is a Carathéodory function and for all ¢ > 0, there exists
C. >0, pe € (2,2%), such that

|f (@, O < e(Jt] + 8% 71) + CeftfPe,

for almost every € RY and for all t € R.
(f2) There exists p > 2 such that

HF(5,t) = o / fler)dr < fla )t

for almost every z € RY and for all t € R.
(f3) There exists R > 0, t5 > 0, 79 € RY, such that setting Cr(zq,t9) =
(Br+1(70) \ Br(wo)) x [0, 0],

B inf F(x,ty) + |B B inf F(z,t) > 0.
| RlBR(zo) (z,t0) + [Bry1 \ R‘(z,t)ECR(a:O,to) (z,t)
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(fa) 7yn(lJ f(z,t)/t = 0 and I}im F(z,t)/t* = oo uniformly in z and for all
— t|—o0
compact K C R, there exists C = C(K) > 0 such that |f(z,t)| < C, for
almost every x € R and for all t € K.

(fs) Forall 0 <a < b,
inf inf F(x,t) >0,

©€RN a<|t|<b
where F(x,t) := f(x,t)t/2 — F(x,t).
(fs) There exist pg > max {1, N/2s}, ag, Ry > 0 such that
£, )P < aolt P, 1),

for almost every x € RY and for all [t| > Ry.
(f7) There exists Z~ -periodic function fp(x,t), satisfying (f;) and either (f,)—
(f3) or (fy), such that

lim |f(.7;7?f) - f’l’(xat)| =0,

uniformly in compact subsets of R.
(fs) For almost every x € R, the function t — fp(x,t)/|t|, is strictly in-

creasing in R.
Next we assume that fp(x,t) is independent of z and set foo(t) = fp ().
(f9) foo(t) € CH(R), there exists tg > 0 such that

t
Foo(to) — ‘%’%g >0, where Foo(t) = /0 Joo(T) dT.

We look for solutions in the Hilbert space H;,(RY) defined as the completion of
C§°(RYN) with respect to the norm and scalar product

Jully = [ 180l 4V (@ o

(u,v)y = /RN(—A)S/QU(—A)S/% + V(z)uv dx,

see Proposition 6.1. Writing a(z) = V(z) — b(z) and assuming (V3) and (f;) we
can see that the functional associated with (Ps), I: H{ (RY) — R, given by
1 1
I(u) = =||ull} — 7/ b(x)u? dx —/ F(z,u)dz,
2 2 RN RN
is well defined, belongs to C*(H3 (RY)), with
I'(u) -v= / (=A)*2u(=A)*?v + (V(z) — b(z))uv dz — flz,u)vde,
RN RN
for u,v € H‘S,’Z(]RN ). Thus critical points of I correspond to weak solutions of
(Ps) and conversely. Consider the minimax level

(3.1) c(l) = nf jggl (v(t)),
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where
(32)  Tr={y€C(0,00), HyRY)): 7(0) = 0, lim I(y(t)) = —oo}.

Associated with the limit functions given in (Vy), (f7), (fg), we consider the C!
functionals

1
Ip(u) == §||u\|‘2/ —/ Fp(z,u)dr, ue€ Hy(RY),
RN
1 )
Io(u) := =||ull?, —/ Fo(u)dx, uc€ H{}(RN),
2 o RN

where Fp(z,t) = fot fp(x,7)dr. Similarly, as in (3.1) and (3.2), we can define
c(Ip), ¢(Ix),I'1, and I'r__. Next we state the assumption on the minimax levels
to guarantee compactness of the PS sequences at the mountain pass level of I.

(fi0) (1) < c(Ip),
(fig) e(I) < e(loo)-
In the autonomous case, f(z,t) = f(t), we consider the following variant of (f3).

(f3) There exists to > 0 such that F'(¢y) > 0.

3.1.2. Critical case. Next we state our hypothesis on a(z) = V(z), assuming
that b(z) = 0.
(Vi) There exists a finite set O C RY such that V(z) € L{ (RV)NC(RN\0),
V(x) < 0 almost everywhere in R and

/ (=AY 2uf? + V(2)u? da
* . f ]RN

= in > 0.
ueCs® (RN)\{0} / |V(x)|u2 dx
]RN

(V3) There exists a, € RY such that the following limits exist and are uniform
in every compact subset of RY,

Vi(z) = lim A™*V(A\ 'z +a,) and V_(2):= lim, AEV (N e+ ay).

A— 00

Moreover, Vi (z) satisfies (V1) if V,(x) £ 0 for k = +, —. Also,
lim V(x)=0.

|z| =00
(V%) For all (\r) C R* such that either |[A\x| — oo or [Ax] — 0, and (yx) C RY
such that |[Ax(yr — as)| = oo, len;o A BV (At + yi) = 0 uniformly in
every compact subset of RY.
We assume the following conditions on the nonlinearity f(z,t).

(ff) f: RY x R — R is a Carathéodory function satisfying the growth con-
dition, there exists C' > 0 such that |f(z,t)| < C|t
x € RN and for all t € R.

2:~1 for almost every
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(f5) For all ay,...,ap € R, there exists C'= C(M) > 0 such that

M M
'F(x, > an) =Y F,a)|<CM) D anl* am|
n=1 n=1 m#ne{l,...,M}
for almost every = € RY.
(f5) There exists v > 1 such that
fot) := lim f(x,t),
|| =00
fe(t) = e m T NF29)I/2 f (y iy (N=280/2¢)
Fo(t) = jezlyﬂ_o@7_(N+2s)j/2f(7_jx’V(N_%)j/gt)’

uniformly in every compact subset of RY. Moreover, the primitive F}(t)
satisfies (f3) for Kk = 0, +, —.

f}) The function ¢ — f,(t)/|t| is strictly increasing for kK = 0, +, —.

4

From (V}) we can see that || - ||y defines a norm in D*2(RY) which is equiv-
alent to the standard one (see Proposition 6.1). Thus, the energy functional
L.: D*?(RY) — R given by

1
() = gl / Flauwdr, weD2(RY)

is well defined and is continuously differentiable provided that (f]) holds. We can
define ¢(I,) and Ty, similarly as in (3.1) and (3.2), just by replacing H{ (RY)
with D*2(RV).
We use the next assumptions to compare certain minimax levels.
(%) V(x) < Vi(x) for almost every x € RY. Fy(t) < F(x,t) for almost every
z € RN, for all t € R, and for any x =0, +, —.
(A5") Assume (3.1.2). Either the first inequality in (3.1.2) is strict over a set
of positive measure or there exists § > 0 such that the second inequality
in (3.1.2) is strict for almost every z € R, for all t € (-6, 6).

In order to study the autonomous case f(z,t) = f(t) we assume that the non-
linearity is self-similar.

(ff) There exists v > 1 such that

F(t) =y NF(yN=299/2) forallt € R, j € Z.

3.2. Statement of the main existence results. We first state our results
on the existence of ground states for equation (Ps) for subcritical and critical
growth.
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THEOREM 3.1.

(a) Suppose that f(x,t) and a(z) = V(x) are Z" -periodic and satisfy (f;)—
(f3) or (f3)—(fs) and (V1)—(Va), respectively. Then the equation (Ps) has
a ground state.

(b) Suppose that f(t) € C1(RYN) satisfies (fy) and (f2). Let 0 < A < Ay,
given in (1.1), and

g= {u € DW2(RY) . / F(u)dx = 1}.
RN
Then, there is a radial minimizer w for
(3.3) Ty = inf [(=A)2uf? — Nz ~2%u? da.
ueg RN

Furthermore, for any w minimizer of (3.3), there exists a > 0 such that
u=w(-/a) is a ground state of (Ps) for a(z) = —\|z|~2*.

Theorem 3.1 takes into account the invariance of I under the action of trans-
lations and dilations in H*(RY) and D*?(RY) to obtain the concentration—
compactness of Palais—Smale and minimizing sequences in each case, respectively.
These properties are sufficient to ensure existence of ground states of (Ps). Our
results improve and complement [9] in the fractional framework, since we con-
sider potential a(z) and nonlinearity F'(x,t) which can change sign. In Theo-
rem 3.1 (b), we do not require the Ambrosetti-Rabinowitz condition (fz). Our
argument to prove Theorem 3.1 (b) involves a Pohozaev-type identity, and as
usual we require C''-regularity of f(t).

THEOREM 3.2. Nontrivial weak solutions in H{(RYN) of (Ps) at the moun-
tain pass level are ground states. Precisely, for the Nehari manifold N = {u €

H (RM)\ {0} : I'(u) - u = 0}, consider

c(l) := inf supI(tu) and cy(I):= inf I(u).
()=, o) w (1) = inf I(w)

Assume that V(z) € LL (RN), a(z) = V(z)—b(z) satisfies (V2)—(V3) and f(z,t)

loc

fulfils (f1)—(f2). Moreover, suppose that

t
(3.4) t— f(.) is strictly increasing in R, a.e. v € RV,

1|
Then c¢(I) =¢(I) = exr(I).

Theorem 3.2 improves some results of [37] since we deal with the case where
a(xz) may change sign and is not necessarily bounded from below, also with
nonlinearity having the behavior at 0 described by (f};) Moreover, Theorem 3.2
proves the existence of ground state by replacing the aforementioned invariance
by (3.4). In fact, our results below give some conditions that guarantee existence
of nontrivial weak solutions in H¢,(RY) at the mountain pass level.
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Our next results are on the existence of weak solutions of (P;) at the moun-
tain-pass level by using the concentration—compactness principle.

THEOREM 3.3. Assume that (f1)—(fs) or (f3)—(fs) hold, and additionally (f7).
Suppose also that a(x) and f(x,t) satisfy either one of the following conditions:

(a) b(x) =0, (V1)-(V2), (fs) and (f10); or

(b) V(z) >0, b(x) has compact support, (V2)—(Va4), (fs) and (fy); or

(c) replace condition (f19) (respectively, (f}4)) in (a) (respectively, (b)) by

(3.5)  I(u) < Ip(u) (respectively, I(u) < Io(u)), for allu € Hy(RY).

Then equation (Ps) possesses a nontrivial weak solution u in H{(RN) at the
mountain pass level, that is, I(u) = ¢(I). Moreover, under the assumptions of
items (a) and (b), any sequence (ug) in H{ (RN) such that I(uy) — c(I) and
I'(u) = 0 has a convergent subsequence.

Theorems 3.1 (a) and 3.3 extend and complement some results of [9], [37], [48]
in the fractional framework. In Theorem 3.3 the potential a(z) = V(z) — b(x)
is not necessarily bounded from below and in Theorem 3.3 (b) we do not ask for
(fs) as it was made in those works.

THEOREM 3.4. Assume that f(z,t) and a(x) = V(z) satisfy (£7)-(£}), (%),
(f2)—(f3) and (V})—(V3), respectively. Then (Ps) has a nontrivial weak solu-
tion in D>2(RYN) at the mountain pass level. If we assume additionally that
() holds, then any sequence (uy) in D*2(RYN) such that I.(ur) — c(I.) and
I, (ur) = 0 has a convergent subsequence.

Theorems 3.1 (b) and 3.4 complement the study made in [7, 14]. Theorem 3.4
can be seen as a nonlocal version of [7, Theorem 5.2], since we take into account
that the critical nonlinearity is not autonomous. It also can be seen as a com-
plement for many results from the literature on the existence of nontrivial weak
solutions for Schrédinger equation involving critical nonlinearities and singular
potentials (cf. [19], [20], [42, 46] and references therein), because we consider
a general class that includes, as a particular case, the inverse fractional square
potential given in (1.1).

8.2.1. Some remarks on the hypotheses.

REMARK 3.5. (a) Assumption (f;) can be seen as a subcritical version of (ff)
in the sense that it is oscillating around a subcritical power [t[P=%t, 2 < p < 2%
(see [48] for the local case). We can see that (f;) holds if f(z,t) satisfies the
following conditions:

() lim f(x’gfl

————— =0 uniformly in z.
t—0 |t| + |t
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(f{) There exists o(t) € C(R\ {0}) N L*>®*(R) such that

2 < inf o(t) < t) <27,
info(t) <supe(t) <2

If(z, )] < C(A+[t]e D7) for ae. z € RN, for all t € R.

Notice that f(x,t) = k(x)[o'(t)(In|t]t) + o(t)][t|2D 2, f(x,0) = 0, satisfies (f})—
(f/), where
9F 9 52 +6

o(t) = === sin (In(| In ) + =5

and 0 < k(z) € C(R) N L>®(RM).

(b) Conditions (f4) and (fg) imply that (see [9, Lemma 2.1]) there exists p €
(2,2%) such that for all ¢, there exists C. > 0 such that | f(z,t)| < elt|+ Cc[t|P~L,
for almost every € R, for all + € R. Note that this is a special case of (f;),
precisely when p. = p.

(¢) Assumption (f3) is the Ambrosetti-Rabinowitz condition which implies
the mountain pass geometry and the boundedness of PS sequences for the asso-
ciated functional (see for instance [35]). Conditions (f4)—(fs) are an alternative
for (f2), and they were first introduced in [13] for the local case. By an argument
similar to that in [13], (fs) holds if we assume (f;), (fs) and that there exist
p € (2,2%) and ¢1, c2,71 > 0 such that

1
] <P~ and F(x,t) < (= -
feol<all md P s (3o

)f(x,t)t, for all [t| > rq,

where l <v<2if N=1,and 1 <v < N+p—pN/2sif N > 2.

(d) In view of the boundedness of PS sequences, we separate our analysis
for the subcritical case into two distinct situations: f(x,t) satisfies (f1)—(f5) or
(f3)—(fg). The first one is associated to the case where f(z,t) has an oscillatory
behavior around the subcritical power and the second one refers to the case
where f(z,t) does not satisfy the Ambrosetti-Rabinowitz condition.

(e) In [9], considering the local case of Schrédinger equations with asymptoti-
cally periodic terms, the mountain pass geometry was proved assuming F'(z,t) >
0 for all (z,t) € RY x R and (f;) instead of the classical Ambrosetti-Rabinowitz
condition. Here, in this work, we have an improvement even to the local case be-
cause we assume (f3) instead of requiring that F(z,t) > 0 for all (z,t) € RY x R.

(f) The assumption (f5) was used to prove the boundedness of PS sequences
at the mountain pass level for the functional of equation (P). In [9], to prove
a similar result, the author used a more restrictive condition,

F (1) = % P, 0t — Fa.t) > b(t)2,

for all (x,t) € RY x R and for some b(t) € C(R\ {0}, R*).
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(g) To study the existence of weak solutions of equation (Ps) we use (f7),
unlike in the aforementioned papers, where the authors impose a more tight

condition,
(@, t) = fp(a,t)| < h(z)[t]T™"

for almost every z in RY and for all ¢ in R, for some h(z) € C(RY) N L= (RY)
such that for any ¢ > 0, the set {z € RY : |h(x)| > &} has finite Lebesgue

measure.

(h) The condition (fg) is used in the literature to prove that weak solutions
of equation (P;) satisfy a Pohozaev-type identity.

(i) We prove in Proposition 6.1 that H{, (RY) is well defined and it is continu-
ously embedded in H*(R"), and consequently, the infimum C‘(,ﬂ ) defined in (Vs)
is strictly positive.

j) Functions satisfying (ff) can be seen as nonlinearities asymptotically os-
5
2:=2t; they were introduced in [16], [47].

cillating around the critical power |¢

(k) The asymptotic additivity in (3.1.2) ensures the convergence of I, under
the weak profile decomposition for bounded sequences in D%2(R") described in
Theorem 2.1 (see also [16]).

(1) As already mentioned, (Vi)—(V3%) define a class of singular potentials that
vanishes at infinity, see Example 3.7 (d).

(m) Provided the limits in (Vy), (f7), (fg) or (f5) exist, in order to obtain
compactness of PS sequences at the minimax levels we need to require the addi-
tional conditions over the minimax levels ¢p, ¢, o, ¢4, c— given in (f1o), (f}g),
(A )—(H). In fact, we do not believe that it is possible, in general, to achieve
the compactness described in Theorems 3.3 and 3.4 without these conditions.
This approach was introduced by P.-L. Lions in [28]-[31].

(n) We also consider the case when (fi9), (fjy), (Z€*)—(74*) do not hold.
Precisely, when ¢(I) = ¢(Ip) or ¢(I) = ¢(I). In this case, we cannot use the
concentration—compactness argument at the mountain pass level. We apply [27,
Theorem 2.3] to overcome this difficulty and prove existence of solution at the
mountain pass level.

(o) For the problem (P;) involving critical growth we require (V})—(V%) and
(f3)—(4). These assumptions are suitable for our argument, unlike (f19)—(f},),
because the potential that appears in the associated limiting equation depends
on the profile decomposition of Theorem 2.1 for a given PS sequence at the
mountain pass level (for more details see the estimate (10.1)).

REMARK 3.6. Under (V4) and (f7) the following conditions imply that (fio)
and (f},) hold:
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() Fp(z,t) < F(x,t), for almost every x € RV, for all t € R and V(z) <
Vo, for almost every = € RY. Moreover, either the first inequality holds
strictly in some open interval containing the origin or the second one
holds in a set of positive measure.

In Proposition 9.1 we proved the following estimates for the minimax levels:
c(I) < c¢(Ip) and ¢(I) < ¢(I). Moreover, we proved that under (), (f10) and
(fi) hold. We observe that with the corresponding assumption of Theorem 3.3,
it is easy to see that (J#) implies that (3.5) is satisfied.

EXAMPLE 3.7. Our approach includes the following classes of potentials:

(a) For a potential satisfying assumption (Va), that is not bounded away
from zero, consider 0 < a(z) = Vo(z) € LY (RN) N (C(RN \ O), where p > 1
and O is a countable set, and suppose that Z = {z € RY : V(x) = 0} # 0 is
a countable discrete set.

(b) Let Vo(x) be the potential given above. For a potential that changes sign
and satisfies (V3), consider a(z) = Vy(z) — €, where 0 < € < Cy, /2.

(¢)Let 0 < 0 < N/B,p> N/s and
1 Cplz|=0 if |2 <1,

Vo = 2, b(z) =

Viz)=2-+—0,
1+ |zf? 0 if 2] > 1.

Then a(z) = V() — b(x) satisfies (V3)—(V4), where Cp > 0 is a normalization
constant.

(d) For the potential a(z) = V (), satisfying (V1)—(V3), in view of (1.1), we
can consider

L
V(w)=—lZL, with 0< X\ < 288 9 L
L~ |z — a.|* J 2

ExamPLE 3.8. Hypotheses of Theorems 3.1-3.4 are satisfied in the following
situations:

(a) Taking o(t) as in Remark 3.5 (a) and k(z) = |z|?/(1 + |z|?), one can see
that f(z,t) = k(z)[o'(t)(In [t|t) + o(t)][t|¢)2t, f(x,0) = 0, satisfies (f;)—(f3),
(fg) and (fi,).

(b) For a nonlinearity satisfying conditions (f3)—(fs) and (f19) we can define

flx,t) =h(z,t) fort>0 and f(x,t)=—h(x,—t) fort <O,

where h(z,t) = k(x)tIn(1+t)+k1 (z) [(1+cos(t))t2+2(t +sin(t))t], for t > 0, s >

N/6; k(z) = |z|>/(1 + |2|?) and 0 < ky(2) € C(RY) satisfies ‘ llim ki(z) =0.
Tr|—0o0

(c) Let ¢(x) be a continuous nonnegative Z~-periodic function and f(x,t) =
c(z)[phe(t) + RL)H[P7L, 2 < p < 2%, with h.(t) € C*°(R) a nondecreasing
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cut-off function satisfying |h.(t)| < C/t, |he(t)| < C, for all t € R, h.(t) = —¢,
fort <1/4, he(t) = ¢, for t > 1/4, with € small enough. In this case F'(x,t) may
change sign.

(d) The nonlinearity

f(x,t) = exp {ko(x)(sin(In [t]) +2)} [ko () cos(In [¢]) + 2]|¢[**

f(z,0) =0,
satisfies the hypothesis of Theorem 3.4, if ky(x) is continuous and

2% — > sup ko(z) > ko(x) > ko(0) = inf ko(z) = lim ko(xz) =0.

zERN Tz€R || —o00

4. Preliminaries

4.1. Fractional Sobolev spaces. Let 0 < s < N/2. By the Plancherel
Theorem,

S

(4.1) [u]? = / [(=A)2u?dx, for all u € C°(RY).
RN
Thus D*2(RY) is a Hilbert space when endowed with the inner product

[, 0]y = / (—A)*2u(— A2y da,
RN
and the following characterization holds:
D¥2(RY) = {u e L% (RY) : (-A)*?u € L*(RY)}.

By (4.1) we also have that H*(RY) is a Hilbert space with norm and inner

product

[|w]|? ;:/ [(—=A)*2u?de 4+ u? dz,  (u,v) ;:/ (=) 2u(=A)* %0 + uv d.
RN RN

Thus H*(RY) = {u € L*RY) : (-A)*/?2u € L>RM)}. For @ c RY a C%!

domain with bounded boundary and 0 < s < 1, the fractional Sobolev space is

defined as

u\xr) —u 2
HS(Q)—{UGLQ(Q):/Q Qdedy<oo},

with the norm

2 2 lu(x) — u(y)|2
oy = [ ) S

o lv—

By [12, Proposition 3.4], we have

[u]? = CW,s / / u(z) — uy)* dxdy, for all u € D**(R")
RN JRN |~T—y|N+25 , .

Moreover, we have the continuous embedding

(4.2) H*(Q) — LP(2), 2<p<2i for0<s<N/2,
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and the following compact embedding (see [12, Section 7]):
(4.3) D2 (RN) — LD

PURY), 1<p<2f for0<s<min{l, N/2}.
Thus, any bounded sequence in H*(R™) has a subsequence that converges strong-
ly in LP(2), 1 < p < 2%, for any compact set (2 of RY. The Plancherel Theorem
also gives the next identity,
(4.4) / (=AY 2u(=A)* 20 de = / (—A)*uw d,

RN

RN
for all u € H%(RY), v € H*(RV).

4.2. The s-harmonic extension. Next we introduce the harmonic exten-
sion following [24, Section 2]. Let
2s

Y
Py(z,y) = B(N, s) (=2 + y2)(N+25)/2’

where 3(N, s) is such that [o, Ps(z,1)dz =1 and 0 < s < 1. With the standard
notation Rf“ = {(z,y) € RN : y > 0}, for u € D*>3(RY) let us set the
s-harmonic extension of u as

way) = B)e) = [ Pla=&nu(©ds, (n.y) BRI

Then, for K € RY*! compact we have w € L?(K,y'~2*), Vw € L2(RY T, y1=29)
and w € C“(Rf +1). Moreover, w satisfies, in the distribution sense, the follow-

ing:
div (y' > Vw) =0 in RY*Y,
(4.5) — lim y' " *wy(z,y) = ks(—A)u(z) inRY,
’ y—0t
[Vw]? = ia|u?,

L2(]Rf+1,y1*25)

where ks = 2172°T(1 — s)/I'(s), and T is the gamma function. Precisely, for
R >0,

(4.6) / y' 72 (Vw, Vo) dwdy:ffs/ (—A)Pu(-A)?p dz,

Bp By
for all p € C§°(Bf U BY), where Br == {z = (z,y) € RN+ : |22 < R?},
B} = BRHR_IXH, BY = {z = (z,y) e RY™ : |2|? < R?, y = 0} and the right-
hand side of (4.6) is in the trace sense for ¢ (for details on the trace operator
see [33]). More generally, given g: RN x R — R, v € HY(B},y*~%) is a weak
solution of the problem

div(y'=2Vov) =0 in By,
4.7
( ) li y1—2

Jim oy (2,y) = Rag(z,0(z) - in By,



390 J.M. po O — D. FERRAZ

if we have

(4.8) / y 72 (Vo, V) dxdy:fis/ g(z,v)pdx
Bf; By
for all p € C5°(B}, U BY).
Let g(z,t) = f(x,t) — a(z)t and u € D>?(RY) be such that f(u), F(u) €
LYRY). Let V(z) € L _(RY) satisfy (Va) and b(x) verify (V3). Then w =

Es(u) is a weak solution of (4.7) for all R iff u is a weak solution of (Py).

4.3. Regularity results. In order to make our discussion clear, we follow
the approach of [24] to describe how the s-harmonic extension can be used to
obtain regularity for solutions of elliptic problems involving the fractional Lapla-
cian. Next, we consider Qg = BY x (0, R) and C%(Q2) to denote Clolo~ll(Q),
where [a] is the integer part of the number o > 0. We always assume that
0<s<1.

PROPOSITION 4.1. Let v € HY (B}, y'72%) be a weak solution of (4.7), where
g(z,t) = f(t) — a(z)t. Suppose that for f(t) € C1(R) there exist C1,Ca > 0,
2 < p <2, such that

s

[FO] < CaltP~ + Co(lt] + [ 71,

for all t € R and that a(z) € C*RY). If t,(v) € LI°.(RYN), for some py > 27,

then for any R > 0 there exist yo > 0, r < R with BN x (0,0) C B;[f, and
a € (0,1), such that

(4.9) v, Vv, y' ™0, € OO (BY x [0, y0)).

PrOOF. (1) In fact, since

2 N
M € L] (RN), forall N/2s < ¢ <po/(2;—2), and
g(trv) g(trv)
t = |7 Ly Ly FETENE
g(trv) T+ 60l sgn () [tr0 + T+ 0]

we can use [24, Proposition 2.6] to get that v belongs to CO‘(@R/Q), for some
a € (0,1).

(2) Since h(t) € C*(R), thanks to [24, Theorem 2.14] we can apply a boot-
strap argument to obtain that ¢.(v) € C“'(Bg/ax), a1 € (1,2), for some positive
integer k.

(3) To get that V,v € HY(Qg,y'~2)NC2 (@R/Gk), for some ag € (0,1), we
apply [24, Proposition 2.13] with A(z) = 0 and B(z) = h(v) € C(R).

(4) Finally, the fact that y'=25v,(z,y) € C* (@R/Q), ag € (0,1), follows by
using [24, Lemma 2.18] in (1) of this proof. O
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1

REMARK 4.2. Let v € HY(Qgr,y'~%%) be a weak solution of (4.7). If
possesses the regularity described in (4.9), then v satisfies the conditions in (4.7

~—

for each point of Bj, U BY (classical sense). Moreover, denoting N (x,y)
y=2v(z, y), we have that

(4.10) Ny (2,0) = ksh(v(x,0)), forall x € BY.

Indeed, the fact that v satisfies the first equation in (4.7) for each point in Bj
follows by standard elliptic interior regularity arguments using the difference
quotient technique. To prove that condition (4.10) holds, we take ¢ € C§° (B, U
Bg ) and use integration by parts formula to get

0= / div(y' =% Vo) dx dy = / y' 72 (V, Vo) dz dy —/ ylfzsvycp dz,
BR,S BR=5 Fll%,(i
where the fact that ¢ = 0 over FI%(S and that n = (0,...,0,—1) is the normal
vector of F 113 s+ is used. Now notice that

/ y' ", pdr :/ 51250, (z,8)p(z, ) d
FL, BN
2 st
= . 5172svy(x,5)XByW(x)<p(x,6) dz,
R
where X4 denotes the characteristic function of the set A. Thus, by the Domi-
nated Convergence Theorem, we obtain that

lim y' ", pde = Ny(z,0)¢(z,0) dz.

20 Jr, B

Consequently, from definition (4.8), we have

K h(v(z,0))e(x,0)dr = ks h(t:(v))t () dz

BY BY
- / YV, Vg dedy = | No(x,0)p(z,0) do.
Bf: BN

Since ¢ € C§°(B# U BY) is arbitrary, condition (4.10) follows.

REMARK 4.3. Using the s-harmonic extension, the existence of nonnegative
weak solutions of (Py) if f(x,t) > 0 for all ¢+ > 0 and almost every x in RY can
be proved. For that, one can consider the truncation f(z,t) = f(z,t), if t > 0,
f(x,t) =0, if t < 0. Assume that a(z) € L, _(RY) and that (f;) and (V) hold
true with b(z) = 0. Thus for u a weak solution of (Py), with f(x,t) replaced
by f(x,t), we have that u is also a weak nonnegative solution for (P,). To see
that, let £ € C§°(R : [0,1]) be such that £(t) = 1, if t € [-1,1] and &£(t) = 0, if
[t| > 2, with |¢/(t)] < C for all t € R. For each n € N, define &,: RVl — R
by &.(2) = £(]2)?/n?). Then &, € CEP(RNTY) and it verifies |VE,(2)] < C
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and [2||VE&,(2)] < C, for all z € RN*L. By a density argument, we can take
¢ =&uw_ in (4.8), where w_(z) = min{w(z), 0}.
Since w_(z) = Es(u_), we have

/RN+1 y172sfn|vw— |2 + y17255n<vw+, VU}_>
+ _
+ y1—2s<vw+ + Vw,, w,V§n> dx dy = Kg ‘/]RN (f(gr, u) — a(m)u)fnu, dx.

Applying the Lebesgue Theorem and (4.5) we get [u_||} = [on [z, w)u_dz =
0, thus u_ = 0. If u has sufficient regularity, one can show that u is positive
by applying the maximum principle as described in [40]. In order to regularize
solutions of equation (P,), we can follow [37, Section 6].

5. Proof of Theorem 2.3

We shall prove the profile decomposition for bounded sequences in H*(R"),
0 < s < N/2. To achieve that, we start by considering

D = Dyn = {gy: H*RY) = H*R") | gyu(z) = u(z —y), y € Z"},

which turns to be a group of unitary operators in H*(RY). The idea is to use [49,
Theorem 3.1] to obtain Theorem 2.3. We need first to determine how elements
of H*(R™) become asymptotically orthogonal in H*(R™) with respect to any
fixed function under a sequence of dislocations.

LEMMA 5.1. Let (yx) be a sequence in RN and v € H*(RN)\ {0}. The
sequence (u( - —y)) converges weakly to zero in H*(RY) if, and only if |y| — oo.

PROOF. Suppose that u(- — y;) — 0 in H*(RY), and assume by contra-
diction, that yx — y up to a subsequence. By density we may assume that
u € C°(RYN), also by [16, Lemma 5.1] we have that u(- — yx) — u(- —y) in
D*2(RY), consequently by the Dominated Convergence Theorem,

0= lim URN(A)S/QU(' — ) (=A)*Pu(- —y) +u(- —yr)u(- —y) dﬂf} = [lull?,

k— o0
which leads to a contradiction with the assumption that uw # 0. Conversely,
assume that |yx| — oco. Again, by a density argument, we may assume u €
Cs°(RY), and using [16, Lemma 5.2] we obtain that u(- —yz) — 0 in D$2(RY).
Since supp (u(- — yx)) Nsuppv = (), for k large enough, we have
i | [ (A)72u( — i) (-8) 0t al = mode]| =0,
RN

k—o0

for all v € C§°(RY). O

We complement [8] by establishing equivalence between the LP-convergence
and Dyv-convergence (see [49, Definition 3.1] or [8, Definition 1.1]) in H*(RY).
Thus, Theorem 2.3 follows by an argument from [49, Corollary 3.3].
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D
PROPOSITION 5.2. Let (ug) be a bounded sequence in H*(RN). Then uj, = 0
in H*(RYN), if and only if u, — 0 in LP(RY), for all 2 < p < 2%.

PROOF. Suppose that u, — 0 in LP(RY), 2 < p < 2. Take an arbitrary
sequence (g, ) in Dz~ and let p € C§°(RY). Using (4.4) we have

RIS UADICINETE

1/p (r—1)/p
s(/ |uk|pdx) (/ (—A)Sw(-—ym/wdz) .
RN RN

Thus, applying the Holder inequality in L? to the inner product of H*(RY), we

conclude that gy up — 0in H $(RN). For the rest of the proof we refer the reader
to [8, Theorem 2.4]. O

PROOF OF THEOREM 2.3 COMPLETED. We prove it by applying [49, Theo-
rem 3.1]. In fact, let (g, ) in Dy~ such that g, # 0in H*(RY). By Lemma 5.1,
Yk — Y up to a subsequence and, by [16, Lemma 5.2], g,, — ¢,. Thus, in view
of [49, Proposition 3.1], (H*(RY), D;~) is a dislocation space. Assertions (2.3)
and (2.5) follow by Lemma 5.1 and Proposition 5.2, respectively. O

6. Variational settings

In this section we set the framework in which the variational argument for
the study of (Ps) is applied.

PROPOSITION 6.1. Let V(z) € LL _(RN) satisfy (V2). Then H{(RN) is

a Hilbert space continuously embedded in H*(RN). If V(x) satisfies (V1), then
| - lv is equivalent to the norm of D%2(RYN).

PrROOF. Let us prove first that there exists a positive constant C' such that
(6.1) Clel < llellyy,  for all p € C5°(RY).
Indeed, on the contrary, there would exist a sequence (p,) in C§°(RY), such

that
[gon]i > n||gon||%/, for all n € N.

Taking v, = ¢n/[¢n]s, we would have 1/n > ||v, ||} and Cy |lv, |3 < |lvn||3, for
all n € N, and consequently lim ||v,||? = lim ||v,[|3 = 0. This would lead to
n— oo n— oo
a contradiction with the fact that 1 — B||v,]|3 < [|vn |3, n € N.
Now consider any sequence (¢,) in C§°(R”Y). Using the inequality (6.1) we

have Clom — ¢nl2 < |om — @nll?, for all m # n. Consequently,

llom — ‘Pn||2 < min {1, C}_l(l + C\;l)H‘Pm - SDnH%/,
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for all m # n. Thus H{ (RY) is well defined. Moreover, the Fatou Lemma and
embedding (4.2) imply

H(RY) ¢ {u € H5(RY) : / V(x)u? dr < oo}7
RN
with the continuous embedding H3 (RY) < H*(RY). Assuming (V}),
[u]? +/ V(x)u? dr > C{",/ |V (x)|u? da,
RN RN
for all u € C§°(RY). From this we derive
Cylul? < (€ + Dl +/ (V(2) = Cy|V(@)u? do < (€3 + Dull},

RN

for all u € C§°(RY). Since V(z) < 0 almost everywhere in RY, the norms |-];
and || - ||y are equivalent in D*2(RY). O

REMARK 6.2. (a) If V(z) fulfills (V3) and (Vy4), then H (RY) = H5(RY).
Moreover, the norms || - || and || - ||y are equivalent. Consequently, the path
Au(t) :=u(-/t), t > 0, belongs to C([0,00), H{(RY)) and u(- —y) € H (RY)
for all u € Hy(RY) and y € RY. Indeed, there is a ball Bg, with center at the
origin such that

/ V(x)u? dx :/ V(z)u?dr + / V(x)u? dx
RN BRl ]RN\BR1

1/o (0—1)/c
< ( / |V(m)|"dm) ( [ ey dx)
BR] BRl

+ (Voo + 1)/ u? d,
RN\Bg,
for all u € H{(RY), where 2 < 20/(0c — 1) < 2%. So we can apply (4.2) to
conclude. To obtain that A, belongs to H (RY) we use [16, Lemma 8.3].

(b) If (V1)—(V2) hold, then Theorem 2.3 holds with H*(RY) replaced by
He(RN) and || - || by || - lv. In fact, (V1) implies that Dy~ is a group of unitary
operators in H, (RY).

LEMMA 6.3. Suppose that f(x,t) satisfies (f1) and either (f2)—(f3) or (fy). If
a(z) = V(z)—b(z) € LL (RN fulfills (V2)—(V3), then I possesses the mountain

loc
pass geometry. PTGCiSEly,

(a) 1(0) = 0;
(b) there exist r,b > 0 such that I(u) > b, whenever |ully = r;
(c) there is e € HE(RY) with |le]|y > r and I(e) < 0.

In particular, 0 < c¢(I) < co.
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PRrROOF. Let £r € CF°(R), R > 0, be such that 0 < Er(t) < to, {r(t) = to
if |t| < R, and &gr(t) = 0if |t| > R+ 1. Setting v(x) := r(|x — o), we have
v € Hi(RY) and by assumption (f3),

/ F(:c,v)dx:/ F(x,to)dx—i—/ F(z,v)dx
RN Br(zo) Br+1(z0)\Br(zo)

> |B inf F(z,ty) + |B B inf F(z,t) > 0.
> | R|BR(IO) (z,t0) + [Brs1\ R‘(x,t)ecRm,to) (z,t)

First assume that (f) holds. Since b(x) € LP(RY),

1/8 (B-1)/8
byl dz < ( / 1b(z)[° dx) ( / ju[26/(B=1) da:) ,
RN RN RN

for all u € Hy (RY), with 2 < 28/(8 — 1) < 2%, by (f1) and (V3), for any ¢ we
get

1 b(z “_ -
02) 1002 |5(1- B2~ neca ) - ccm = - ceoull =l
14

for all u € H(RY), where Co, Ca: and C,, are positive constants given in
Proposition 6.1. This allows to consider € such that the first term in the right-
hand side of (6.2) is positive, once |uly is taken small enough. Hence there
exists r > 0 such that I(u) > 0 provided that ||ul|y = r. Since (f3) is equivalent
to d/dt(F(z,t)t~#*) > 0, for t > 0, we have

F(x,tv)dx > t" F(x,v)dx, whenevert> 1.
RN RN
Hence, as t — oo,

t2
(k) = o2 —/ bay2de — | Flotv)de
2 RN RN

t2
< §HU||%, — t”/ F(z,v)dz — —o0,
RN

Now suppose that (fs) holds. By Remark 3.5(b) we can argue as above to
conclude the existence of > 0 such that I(u) > 0 whenever |lully < r. Given
R > 0, there exists tg > 0 such that F(z,t) > Rt? for all |t| > tr. Let
A(R,t) := {x € RN : t|v(x)| > tr}, for t > 0. We have that
(6.3) / F(x,tv)dx = / F(x,tv)dx + / F(z,tv) dx

RN K,

A(R,t)

> / F(x,tv) dx + Rt* / v? dz,
K A(R,t)

where K; = (R \ A(R,t)) Nsuppv. Using Remark 3.5 (b), for each ¢t > 0, we
get that

|F(z,tv)] < C, forae. z € Ky,
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where C' > 0 does not depend on x and t. Consequently, for any = € supp v,
F(z,tv)Xg,(z) — 0 as t — oo, where we have used that, for any « € suppw,
X\ a(r,t)(T) = Xr¥\suppw(®) = 0, as t — oco. Thus the Dominated Conver-
gence Theorem implies that the first integral in the right-hand side of inequality
(6.3) goes to zero as t goes to infinity. By the same reason, we also have
lim v2dz = lim ’U2XA(R¢) dr = / U2X{v7§0} dr = / v dx.
t—o00 A(R,t) t—=oo JpN RN RN

In particular, there exists a positive number ¢y g such that

1

(6.4) 7/ vide < / v2dz, forall t > to.R-
2 Jrn A(R,t)

Replacing (6.4) in (6.3) we have, for R sufficiently large,

t? t?
I(tv) = §Hv||%, - 5/ b(x)v? dx —/ F(x,tv)dx
RN RN

1
< 5ol = Rlolp)e ~ | Plato)do <o
t

for t > tO,R~ O

REMARK 6.4. (a) In view of Lemma 6.3, we define the set I'} = {y €
C([0,1], Hy (RY)) : 4(0) = 0, [v(D]lv >, I(v(1)) < 0}, and

c1(I) = inf sup I(v(t)),
v€l'T 0,1

the usual minimax level. Thus we have ¢1 (1) = ¢(I).

(b) If f(z,t) = f(t), the mountain pass geometry can be proved by replacing
(f3) by (f5). In fact, let £ as in the proof of Lemma 6.3 and define ngr(z) =
¢r(Jz|). Then, as in [15, Remark 2.8], we have

/ F(nR)dsc:/ F(to)dx+/ F(nr) dx
RN Br(zo0) Brt1(z0)\Br(zo0)

> F(to)|Br| — |Br+1 \ Br| ax [F(t)].

Thus, there exist positive constants C; and C5 such that for R large,
/ F(nr)dz > C1 RN — CL,RY ! > 0.
RN

The mountain pass geometry now follows as in the proof of Lemma 6.3.

(c¢) Let f(x,t) satisfy (f;) and either (f2)—(f3) or (f3); and additionally (f7).
Suppose also that a(z) and f(z,t) fulfill (V2)—(V4) and (fg), respectively. Then
the limiting functional I, has the mountain pass geometry. In fact, (fy) together
with [16, Lemma 8.3] implies that A, (t) := u(-/t), t > 0, belongs to I';__, where
u € H*(RY) is such that

(6.5) Foo(u) — Voo u? dx > 0.
. 2
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As in Remark 6.4 (b), we can see that there exists ¢y € C5°(RY) satisfying (6.5)

and

1 nN_os Voo
Io(Mpy (2)) = itN 2 [goo]g—tN{/RN Foo(cpo)—Tgogdx — —o0, ast— oo.

Moreover, I(u) > 0 if ||u||y = r, for r > 0 small enough (see proof of Lemma 6.3).

(d) Under the assumptions of Lemma 6.3, and if F'(x,t) > 0 for almost every
z € RY and t # 0, then, for any u € H (RY)\ {0}, ¢((t) = tu belongs to I';.
In fact, in the proof of Lemma 6.3, replacing v by u and considering the same
notations, we get

/ F(xz,tu) dx > th/ u? dr,
RN

A(R,t)

lim u?dr = lim uQXA(R)t) dxr = / u2X{u¢0} dx = / u?dx,
RN

t—o00 A(R,t) t—o0 RN RN

which enables us to proceed as in (6.4) to get (for R is large)

1
Sl = RIul3)2 = —c0, ast - co.
Moreover, assuming (3.4) we can infer that ((¢) has a unique critical point.

p(t) = I(tu) <

From the previous results, the existence of bounded PS sequence at the moun-

tain pass level is obtained.

PROPOSITION 6.5. Assume a(z) € L (RN) fulfills (V2)-(V3) and f(z,t)
satisfies either

(a) (f1)(f3), or

(b) (fs)~(fs)-

Then there is a bounded sequence (uy) such that I(ug) — c(I) and I'(u) — 0.

PrOOF. (a) In view of Lemma 6.3, the standard Mountain Pass Theorem
implies the existence of (uy) C H{ (RY) such that I(uy) — ¢(I) and I'(ug) — 0.
For large k, we have

1
cI) + 14 luglly > I(ug) — ;I’(um Cug

AV LI AT
2(2M>ch el

which implies that (uj) is bounded in H (RY).

(b) The proof follows as in [9, Lemma 2.5] and [13, Lemma 4.1]. By Lem-
ma 6.3, applying a variant of the Mountain Pass Theorem, we obtain a Ce-
rami sequence (uy) for I at the level ¢(I), precisely, I(ur) — c(I) and (1 +
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lu ||V )1’ (ug) |« — 0, where || - ||« denotes the usual norm of the dual of H{, (R™Y).
We claim that (ug) is bounded in H;(RY). Assume by contradiction that, up
to a subsequence, |lug|lv — co. Let vi = ug/||ugl|v. Thus

lim [1 - f(z, u) vy, dx #/ b(x)ui da:]
RN

k=00 e [lukllv el

= lim {I/(uk)-uk =0.
k—oo | ||uk |3

We can use an indirect argument to prove that

k—o0

i [ Flou)on sl de =0,
RN
which by (V3) leads to the following contradiction:

1 1
1= lim —7 b(x)ui dr < =.
koo [lug [y Jan 2

For 0 < a < b < oo, defining Qx(a,b) = {z € RY : a < |up(z)| < b}, we are
going to prove that for 0 < € < 1 there exist k., ac, b. such that

(6.6) Fa ) v dx = / Flw, ur) vg dx
¢

ry lukllvy w0,y Nullv

+/ I (@, ux) vkdx+/ kadx<e,
Qi ( Q

acpe) Nukllv W (be00) [urllv

for all k& > k.. In order to do that, we first make some estimates involving

F(x,t). Define g(r) = inf {F(z,t) : € RN, |[t| > r}, which is positive and goes

to infinity as r — co. Indeed, thanks to (f5) and (fg), we have

F(z,1)
2

Po
, for all [t| > Ry.

apF(z,t) > | f(x, t)t]Po > ’2

Consequently, by (fy), we obtain that F(x,t) — oo, as [t| = oo, uniformly in z.
Due to (fs), we also can define a positive number m? = inf {F(x,t)/t? : x € RV,
a < |t| < b}. Using these notations, we see that there exists kg such that

(6.7) ) +1>I(ug)— %I’(uk) X

:/ ]-"(x,uk)dx—k/ ]-"(x,uk)dx—k/ F(x,u) dz
Q5 (0,a) Q. (a,b) Q. (b,00)

> / F(z,uy) de +m) ui dx + g(b)|Q (b, 00)],
Q1 (0,a) Qi (a,d)

for all k > ko. Inequality (6.7) implies blim |Q% (b, 00)| = 0, uniformly in k > ko.
—00
Moreover, for a fixed 2 < ¢ < 2%,

/ |vg|? da < (/ |vg
Qk(a,b) Qk(a,b)

) a0
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in particular,

(6.8) lim |vg|?dx =0, uniformly in k > ko.
b—o0 Qk(a,b)
On the other hand, it follows that

1
(6.9) / vpdr = —— / u dx
Qe (a,b) (w5 Qp (a,b)

: (||u:||%/> <(C(I)i1)mg> — 0, ask— oco.

We now pass to prove the estimate (6.6). By (f), there exists a. > 0 such that

|f(z,t)] <elt|, ae x€RY, provided that [¢| < a.

Thus, using (6.9), we have

/ fz, ur) dexg/ flz,ug) W2 dz < f’
O (0,0.) ukllv O (0,00 )N {|ux| >0} Ukl 3

for all k > ki, Taking 2qo := 2po/(po — 1), using (fs) and (6.8), we get

/ f (@, ur) vy dx §/ I (w, ur) v dx
Qe (be,00) [k lv Qp (be,00) |ug|

1/q0
< (ao(e(I) + 1))M/7° </ oy 200 df) )

for all k& > k'*. Using (f4) we get that |f(x,ur)| < Celug|, for almost every
x € Qp(ae, be), for Ce > 0 which does not depend on k and z. Thus,

)

Wl m

k (be,00)

/ f(x’uk)vk dr < / f(x’uk)v,% de < C, vidr < E,
Qi (ac,be) lluk v Qi (ac,be) |ug| Qp (ae,be) 3
for all k > k&), where k) > ky is obtained from (6.9). O

6.1. Behavior of weak profile decomposition convergence under
nonlinearities. We now pass to describe the limit of the profile decomposition
(Theorem 2.3) for bounded sequences of the associated functional.

PROPOSITION 6.6. If a(x) = V(x) € LL (RY), (f1) and (V2) hold, then for
(ug) C H(RY), a bounded sequence such that ux, — u in LP(RN), for some
p € (2,2%), up to subsequence, we have
(6.10) lim fz,up)ug de = flz,u)ude.

k—oo JpN RN

Moreover, if (v) is a bounded sequence in H{(RN) with ug —vj, — 0 in LP(RY),
for some 2 < p < 2%, then, up to a subsequence,

(6.11) lim F(z,ui) — F(z,v,) dz = 0.

k—o0 RN
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PROOF. Note that uj, — u in LI(R™N) for all ¢ € (2,2). This follows by an
interpolation inequality, if ¢ < p then [Juy — ullq < [Jur — wl|§||lur — u|},~? where
1/g = 6/2+ (1—0)/p, and if q > p then ux — ully < g — w|Slug — w3
for 1/¢ = 0/p+ (1 — 0)/2%. On the other hand, by (4.3) and Proposition 6.1,

u € Hy (RY) and

ug(z) — u(z) as k — oo, for a.e. 2 € RY
and  |ug(z)|, [u(x)] < he(z) forae z€RY, k€N,

for some h. € LP<(R"Y). Now note that

[ G~ fzwjuldo
< [ ) —wlde+ [ (@) = fn)l da.

RN

The first integral can be estimated by Holder inequality as follows:

/ | f(z, up) (up, — u)| dz
RN

27 -1
< &(llullzllun — ullz + llux

s
:
25

Jug = ulloz ) + Celluglh: ™ lus — ull,. -
For the second one, consider
Xip o= {o e RY s e(jug(@)] + Jun (@) 1) < Cclug ()P},

X7 = (o € RN : e(fu(@)| + [u(@) ) < Celu(a) P}

Thus
|(f(z,ur) — f(z,u)u|de = / |(f(z,u) — f(2,u))u|lXx; dz.

RN

Ag

Since Xx:(r) — Xxe(v) in RN and ’(f(x,uk) — fz,u))ulxe| < 2C:hEe €
LY(RY), we may apply the Dominated Convergence Theorem to conclude that

lim [(f(z,u) — f(z,u))u|dx = 0.

k—o0 Xli

On the other hand,

limsup/]R . |(f(x,ur) — f(z,u))u|dx < Ce,
N X}f

k—o0
where C' > 0 does not depend on ¢ and k. Since ¢ is arbitrary, (6.10) holds.
Now, let us prove (6.11). Choose (), (Ux) in C§°(RY) such that

lim ||U7k—’u,k||v = lim HW_'UICHV =0.
k—o0 k—o0
Thus it suffices to prove that

(6.12) lim F(z,uy) — F(x,v) de = 0.

k—o0 RN
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Consider E := (Co(RN), || - [|.) and 8: E — R, given by f(u) = [pn F(z,u)dx
with Géteaux derivative 85 (u) - v = [pn f(z,u)vdz. Thus, we may apply the
Mean Value Theorem to get

(6.13)  [B(uw) = Bv)| < S ]IIB&(w)IIIIu—vllpa, for all u,v € E,
weklk,we|u,v

where [u,v] = {tu + (1 —t)v : t € [0,1]}. Since (ux), (vg), (Ux) and (Ty) belong
to a bounded set B in H{ (RY), and using H$ (RY) < LPe(RY), we have that
BN E is bounded in E. Thus S, is bounded in B N E, which allows us to take
u =Ty and v =Ty, in (6.13) to get (6.12). O

The next result is the nonlocal version of [49, Lemma 5.1] and it is a gener-
alization of the Brezis-Lieb Lemma.

PROPOSITION 6.7. Assume f(z,t) satisfies (f1) and (f7). Let (ux) C H*(RY)
be a bounded sequence and (w™),en, in H*(RN), given by Theorem 2.3. Then

lim F(x,uk)dxz/ F(x7w(1))d:r+ Z /Fp(x,u)(n))dm.
k—oo JrN RN neNg, n>17RY

PrOOF. By Proposition 6.6 the functional
D(u) = / F(x,u)dr, ue H*(RY),
RN

is uniformly continuous in bounded sets of LP(RY), for any 2 < p < 2%. Thus,
by (2.4) and (2.5),

i oo Z ) -

By the uniform convergence in (2.5) we can reduce to the case Ng = {1,..., M}.
Thus taking

Dp(u):= /RNFp(w,u) dr, wuec H*RN),

it follows from (f7) and the Dominated Convergence Theorem that

lim |: Z (I)(w(")( L ylin))) _ (I)(w(l)) _ Z (I)’p(’w(n))] _o

k—oc0
n€Ny n€Ng, n>1

It remains to prove that
(6.14) kh—gio [q;( Z w™ (- _yl(cn))) _ Z d(w™ (- _yl(cn))):| =0.
neNy n€Np

Since ® is locally Lipschitz, using a density argument, we can assume that w(™) €
C°(RN), for n =1,..., M. Consequently, from (2.3),

supp (w™ (- — ™)) Nsupp (w!™ (- —y™)) =1,
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for m # n and k large enough, which implies that (6.14) holds, since for k large

enough,

() (g — (™)
/RNF<:£, Z w (m Y )) dx
n€Ng
- (m)
= F(x, w™ (- =y )dx
/ﬁlsupp(w(””(—y,ﬁ"’)) Z ( g )

m=1
n=

M
= Z/ F(m—&—y,(cn),w(”))dx. O

n=1suppw(™

COROLLARY 6.8. Let (uy,) C H*(RN) be a bounded sequence and (w™),en,
in H*(RYN) given by Theorem 2.3. If f(x,t) is ZN -periodic and satisfies (f1),

(6.15) lim F(z,ug)dx = Z F(z,w™) dz.
RN

k—
o /RN neNy

COROLLARY 6.9. Let uj, — u in H*(R™) and F(x,t) be as in Corollary 6.8.
Then, up to a subsequence,

lim F(ug) — F(u —uy) — F(u)dz =0.

k—o00 RN
PROOF. Since w") = u, following the proof of Proposition 6.7, we obtain
(6.16) lim [ Flup—wdr= Y / Fw™) da.
k—o00 RN neN, . n>1 RN

Subtracting (6.16) from (6.15), we get the desired convergence. O

The following result is a generalization of Fatou Lemma, or alternatively, the
fact that the functional u — fRN V(x)u? dx is sequentially weakly lower semi-
continuous with respect to the profile decomposition of Theorem 2.3. Moreover,
it is a complement to Proposition 6.7.

PROPOSITION 6.10. Suppose that a(x) = V(x) > 0 and (Vg) holds true. Let
(ug) be a bounded sequence in H*(RY) and (w™),en, given in Theorem 2.3.

(a) If (V1) holds, we have

lim inf V(z)ui dex > Z/ V(x)|w(”)|2dx.
]RN

k—o0 N
R n€Ng

(b) Under (V4) we obtain

lim inf V(x)uidxz/ V(2)|w® 2 dz + Z / Vio|w™ 2 da.
RN RN

k— o0 N
R neNg, n>1
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PRrROOF. We just prove the second inequality. The first one follows by a sim-
ilar argument.

(6.17) V(x)uj dx
RN

:/RN

—‘r/ V(aﬁ)|w(1)|2dx+2/ Voo|w(n)‘2d$+0(1),
RN = Jrw

for all m, where with the notation ay = o(b;) we mean that ag /b, — 0. We

2
dx,

V(@) V2w — wD) = Ve[V 3 ™ (- =y ™)
n=2

proceed as in the proof of the iterated Brezis—Lieb Lemma [8, Proposition 6.7].
We start by checking that (6.17) holds for m = 2. In fact, by Proposition 6.1,
up to a subsequence, the classical Brezis—Lieb Lemma and assertion (2.3) imply
that

(6.18) / V(;v)uidx:/ V(x)|w(1)|2dx+/ V() up — w1 de + o(1).
RN RN RN

Consequently and by the same reason,
(6.19) / V(z)|up — w(1)|2 dx
RN
2
:/RNV(:E + D un(- +y2) =V (- +yP) | da
+ /RN‘]V(a: + )2 (uk (- + )

2
—w® (- + y,(f))) - |Voow(2)|1/2 dx + / Voo |lw® |2 da 4 0(1).
RN

Replacing identity (6.19) in (6.18), we obtain (6.17) for m = 2. We shall now
prove that (6.17) holds for m + 1 provided that it is true for m. Indeed, arguing
as above,

(6.20) /R )

2
dzx

V(@) 2 (g, = wD) = V23w (- — g
n=2

- Voo |w™ V|2 da
m—+1

RN
:/N WV (@)[V2 (ug, — w D) — VL2 Z w™ (. — yl@)
R n=2

Applying the induction hypothesis in (6.20) we obtain (6.17). O

2
dz + o(1).

6.2. Pohozaev identity. We prove a Pohozaev-type identity following the
same argument as in [16, Section 4] with some appropriate modifications. It
complements some results in the present literature, namely: [5, Theorem 2.3,
[6, Proposition 4.1], [16, Proposition 4.3 | and [36, Theorem 1.1].



404 J.M. po O — D. FERRAZ

PROPOSITION 6.11. Assume that f(x,t) satisfies the same assumptions of
Proposition 4.1 and a(z) € C*(RN\O), where O is a finite set. Letu € DS?(RY)
be a weak solution of (Ps) such that f(u)/(1+ |u|) belongs to LfZéQS(RN). If
F(u), f(u)u,a(z)u?® and (Va(z),x)u? belong to L*(RY), then u € C*(RN \ O)
and

N- 28/ [(=A)*/ 20| da + E/ a(z)u? dx
2 RN 2 RN

+ E / (Va(x),z)u?*dxr = N [ F(u)dz.
2 RN RN

PROOF. We first prove the local regularity of u. For o € RN\ O, 1 = u(- +
7p) is a weak solution to (—A)*u+a(z)u = f(u) in RY, where a(z) = a(x + x¢).
Taking r small enough, the ball BY does not contain any point of discontinuity
of a(x) and so,

@l _ e ) —a
L+ 7] e LN/?3(BN),  where g() := f(u) — a(x)a.

This enables us to use the same argument as in the proof of [16, Proposition 4.2],

to conclude that u € LP(BY), for all p > 1. Moreover, since

f(@) f(@)

1+ [q 14 [al’

we can proceed as in Proposition 4.1 to obtain the existence of yo > 0, 79 < r

with BY x (0,y0) C B;f, and o € (0, 1), such that w, V,w, y' 2w, € C**(B} x

[0,yo]), where W is the s-harmonic extension of @ and V,W = (Wy,,...,Wsy)-

Since z is arbitrary, w, V,w,y'=2w, € C(BN \ O x [0, yo]), for all 7,y > 0.
Consider £ € C§°(R, [0,1]) such that £(t) = 1, if [¢] < 1, £(¢) =0, if [t > 2,

and |¢/(1)] < C, forallt € R, C > 0. Let O = {2, ..., 2O} and 2() = (2, 0),

i=1,...,1. For each n € N define &,: R¥*! — R by

9(@) = f(u) —a(z)u =

sgnu — a(x) |+

§(l21?/n?) if o = 2O > 2/n?,

€nlz) = 2 iN2) i) |2 2
1— &2z — 2D2) if [z — 202 < 2/n?.

Then, for n large enough, &, € C5°(RY) and it verifies |2||V¢,(2)| < C, for all
z € RN+ and some C > 0. Now observe that

(6.21) div(y' "2 Vw)(z, Vw)¢&,
2 N -2
= div [yl_%gn ((z,Vw>Vw — W;' z)} + T8y1_23|Vw|2§n
1-25 [Vw|?
2
Given R,§ > 0 we set Bps = {z = (z,y) € RYT' : 2|2 < R%, y > 4},
Fz}w ={z = (a,y) € Rf“ 2|2 < R% y = &}, and FI?M ={z = (z,y) €

+y (2, V&) — y* 25 (Vw, 2)(Vw, VE,).



SINGULAR NONLOCAL SCHRODINGER EQUATIONS 405

RY*! ¢ |z[? + 92 = R%,y > 6}. Note that 9B s, 5 = Fbm U Fam. Let
n(z) = (0,...,—1) be the unit outward normal vector of B sz, 5 on F\l/ims.

Since &, = 0 on F\%n 5+ by condition (4.5), identity (6.21) and the Divergence
Theorem we get

0= / div (y' 2" Vw)(z, Vw)&, dx dy
Bﬁn,é
[Vw|?

7<Za 77> dx dy + 97175

A .

1
Fﬂn,é

= Enlz, Vzw>(—y1_28wy) dx

F\1/§n,5
_ _ Vwl|?
-~ y' P Gwly do +/ y' 25€n| | ydz + 0,5
F1 F1
V2n,s V2n,s
= 1711,5 + ITQL,& + 12,5 + 0.5,
where
N —2s _
0%,6 :/ Tyl QS\Vw\Qﬁndxdy
B

V2n,8
+ / yHSM@, V&) =yt 2 (Vw, 2)(Vw, VE,) dr dy.
B\/En,é 2
Following the argument of [17, proof of Theorem 3.7] we claim that there exists
dr — 0 such that 7 ; +1I3 5 — 0 as k — oo. In fact, on the contrary we would
get dp > 0 and C' > 0 such that

2
_/ 51—2s§nw§ dx—l—/ 51—2s€nM dx > %7 for all § € (0,dp).
Fl

1 2
V2n,s Fﬂn‘é

Integrating the above inequality over (0,dp) and using the Fubini Theorem,
we would reach a contradiction with w € H'(B},y'=2*). Some computations
lead to

6,0 V) () ~ alo)u) = div & (2.0) (F(w - 5 o) )]
— (V& (2,0),2)F(u) — N&, (x,0)F(u) + %(Vﬁn(x,O),xm(x)u?
+ % (@, 0)(Va(z), 2)u? + % €0 (2, 0)a(z)ul.
Thus, by Remark 4.2, condition (4.9) and the Divergence Theorem we have

dm 1 = [ @00 V) (1) — ol do
V2n

— / (Vén(2,0),) F(u) + N&, (x,0)F (u) da
BY,,
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+ — (V& (z,0), x)a(x)u2 dx

+ — &n(2,0)(Va(x), z)u® + N &n(2,0)a(x)u® du.
2 Jon 2

n

Summing up, we get

0= lim [ 5+ Ins, + s, + Ono.]

= fnS/ (V&n, ) F(u) + N&F(u) da
B,

+ :‘ﬁ?s/Nf %(an,@a(x)u? — %fn<Va(x),x>u2 o %&a(m)zﬂ da

N—2
n / Tsy1*28|vqu|2gn dz dy
Bz

1 a5 | Vw]? _1-2s
+ y —5 (2, V&) —y (Vw, 2){(Vw, VE,) dz dy.
B zn

Using the Dominated Convergence Theorem with n — oo, we conclude that

N -2 N -2
5 S/ ’(—A)s/Qu’dx: 5 S/ y =2 |\ V| dx dy
RN Rs RN

N 1
=N F(u)dx — —/ a(z)u® — = (Va(zr), z)u® dz,
RN 2 RN 2

where in the first equality we used condition (4.5). O

REMARK 6.12. In the previous proof we have applied [24, Theorem 2.15]
and for that it was crucial that a(x) is a continuously differentiable function in
RN\ O.

COROLLARY 6.13. Assume (f;) and f(z,t) = f(t) € C*(R). Moreover, let
a(z) = ag, where ag is a positive constant. If u € H*(RY) is a weak solution to
(Ps), then

F(u)—@ 2 _N725

= —A)2y)? da.
= 5 U de 5N RN|( )" da

COROLLARY 6.14. Assume (3.1.2) and let f(z,t) = f(t) € CY(R). Ifu €
D*2(RYN) is a weak solution to (Ps), then for 0 < A < An s given by (1.1),

2N
A 22 = Azl de = F(u)dx.
J S R e v IRAOL

Next we have nonexistence results, complementing the discussion from [18].

COROLLARY 6.15. Assume f(x,t) = f(t) € CL(RY) and that either one of
the following conditions is satisfied:
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(a) a(z) € CHRN \ O), where O is a finite set, 2sa(z) + (Va(z),z) > 0 for
almost every x € RY and 2:F(t) < f(t)t, for allt € R; or
(b) a(z) € CLHRN\ 0), where O is a finite set, a(z) > 0, (Va(x),z) >0 for
almost every x € RN and there exists 0 < § < 2 such that §F(t) > f(t)t,
for allt € R; or
(¢) a(z) = ag > 0 constant and there exists 0 < 6 < 2s/(N — 2s), in such a
way that 2:F(t) < f(t)t + dagt?, for allt € R; or
(d) a(z) = 0 and there exists 0 < p < 2% such that pF(t) > f(t)t for all
teR.
If u € H*(RY) is a weak solution to (P,) such that F(u), f(u)u, a(x)u?, and
(Va(z),z)u? are in L*(RY), and f(u)/(1 + |u|) belongs to LIJZ?S(RN), then
u=0.

PRrOOF. (a) Applying Proposition 6.11, we get

N
7As/2 Zd / 24
/IRN|( )3 2w z+N—2s - a(x)u” dx

! /R{N<Va(a:),9:>u2dx§/ f(u)ude.

+N—28 RN

Using the fact that I'(u) - u = 0 we obtain u = 0, since

/RN(Zsa(x) + (Va(z), z))u? dzx < 0.

(b) Using again Proposition 6.11 we obtain that

N —2s 2 0
_A\S/2 v 2
5 ) - ’( A)* 2y d:r—i—Q/RNa(m)u dx
+ 2 (Va(z), z)u? dx 2/ f(w)udz,
2N RN RN

which implies that

N —2s 2
— _A)$/2
(1 5N 6> /RN‘( A)*Pul” da
(12 / (@ de — = [ (Va(@),a)u dz <0
5 RNaxu T = o - a(z), z)u” dx < 0.

From this we get u = 0.

(¢) Once more we can use Proposition 6.11 to get

N
A2 / 2 4z >
/RN‘( ) u‘ dm+N_2sa0 RNu dx > - (u)udz,

which yields

N — (14 6)(N — 2s) 9
dz <0.
N 29 aO/RNu z <0

In particular, u = 0.
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(d) Proposition 6.11 implies that u = 0, since

/RN ;(—A)S/%y?dngz/ F(u) dz

RN
2% 2%

> == flw)udx = —5/ |(—A)S/2u|2dx. O
D Jry D JrN

7. Proof of Theorem 3.1

(a) We use Theorem 2.3, which makes our argument easier than the one
found in [9, Theorem 2.1]. By Proposition 6.5, there exists a bounded sequence
(ug) such that I(ug) — ¢(I) and I'(ug) — 0. Using the profile decomposition
provided by Theorem 2.3, if we have w(™ = 0 for all n € Ny, then by assertion
(2.5), up — 0 in LP(RYN), for any 2 < p < 2% and by (2.2), ux, — 0 in H{ (RY),
up to a subsequence. Thus, by Proposition 6.6,

o) +elI) = 1) = gl = [ Flacwn)do = gl +o(1),
(7.1) a
o) = ') e = el = [ Fawe)uede = el + o(0),

which is a contradiction with ¢(I) > 0. Thus, there must be at least one nonzero
w(™ . Moreover, we have that each w(™ is a critical point of I. In fact, up to
a subsequence, we can take h(") € Lo (supp ), n € Ny, such that

(7.2) |uk (x + y,gn))| < h(")(z)7 a.e. T € supp p,
where 0/ = o /(o — 1) and ¢ € C§°(RY), which can be done thanks to Proposi-

tion 6.1. Thus

V(" Yk (2 + 9

Jo(@)| = |V(@)ur(z + ") ()|
< W (@)|V (2) ()| € L (supp )
V(e Jur (o +37) o) = Vi (e + 5" )o(a) = V(@)w (@)p(),
almost everywhere in RY, which, together with the Dominated Convergence
Theorem, implies

lim (u, (- — ")),y

k—o0

= lim [[uk( +y,(€")),<p}s—|—/ V(x—&-y,(cn))uk(- +y,(€n))<p(a:)dx}
RN

k—o0

= ™, g+ [ Vi) ™pda.
RN
By the same reason and (f1), up to a subsequence, we have

lim f(x—l—y,(cn),uk(- +y,in)))<pdx:/ f(z,w™)pde.
RN

k—o0 RN
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Consequently, we may pass to the limit in
I'(ur) - o(- —yi) = (ws (- —9”))y — /RNf(xﬂLy("), v+ u)) e da,

to conclude that I'(w(™) = 0, for all n € Ng. In particular, we get that Gs :=
inf {I(u) :u € H(RN)\ {0}, I'(u) = 0} is nonnegative. We are going to prove
that is Gs is attained and is positive. Let (uy) be a minimizing sequence for Gg,
that is, I(ux) — Gs and I’(u) = 0. Arguing as in Proposition 6.5, we obtain
that (ug) is bounded. Suppose by contradiction that w(™ = 0 for all n € Ny.
In this case we have Gs > 0, otherwise, if Gs = 0, then using (7.1) we would
conclude that |lug|lv = o(1), and at the same time,

.
V) + Cellurltz,

ol = | fwydo < <(Calluel}

where Ca,C2:,Cp. > 0 would be the constants given in Proposition 6.1. In
< 6Cg;||uk||%;"_2 + Cp. lugl?s 3, for all k& € N, which,

particular, (1 — eCs)
by taking ¢ small enough, would lead to a contradiction with the fact that
lugllv = o(1). In view of that, in any case, we can argue as above to con-
clude that there must be a nonzero w(") which is a critical point of I. From
(2.2), up(z + y(no)) — w(™)(z) almost everywhere in RY. Thus

Gs = hm I(ug) = hm F(a,up (- +y1(fn0))) dx

k—o0 k—o0 RN

= lim inf/ ]:(:U,uk(- + ylino))) dx > }'(m,w(”o)) dx = I(w(”o)),
k—oo JpN RN

where we have used (f2) or (f5) to ensure that F (z, u (- +y,(€n°))) = F(z,ug) >0

almost everywhere in RY. Thus, once again using (f2) or (f5), we can see that

Gs = I(w(™)) > 0.

(b) From Proposition 6.1, the norm
lallf = [ 1-A)uf? = Aol u?da, we D2(RY), 0<A< Ay
RN

is equivalent to the norm [-], in D*2(R¥). Let (ux) be a minimizing sequence
for 7, and for each k, let u} be the Schwarz symmetrization of u. Applying
the fractional Pdlya—Szegd inequality (see [3, Theorem 3]) for each k,

|up(x) — uj(y)? / / Juk () — ur(y)|?
de dy < dx d
/]RN /RN |3U —y|N+2s v= RN JRN ‘1‘ - |N+2q v

F(uZ)dx:/ F(uy)dx.
RN RN

Thus (u}) C D 2(RV) and is also a minimizing sequence for (3.3). Now ob-

rad
serve that || ||, is invariant with respect to the action of dilations given in
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Theorem 2.1, more precisely,
lull2 = (YN =297 2u(y7 |||, for all u e DY2(RY), v > 1 and j € Z,

and satisfies the homogeneity property, |||u( - /5)|Hi = 5N*25|||u|||§, u € DS2(RY),
0 > 0. In view of Remark 2.2 and Corollary 6.14, the proof now follows the same
argument of [16, Theorem 3.4], with [- ], replaced by || - ||,. O

REMARK 7.1. (a) In the context of the proof of Theorem 3.1 (a), if we assume
in addition that f(z,t) satisfies (3.4), then Gs = ¢(I) = I(w™) and w™) is non-
negative. Indeed, the truncation given in Remark 4.3 satisfies the assumptions
of Theorem 3.1 (a), and we can apply the same argument there, to conclude that
the ground state w("0) is nonnegative. Furthermore, Remark 6.4 (d) guarantees
that the path ¢(t) = tw(™), t > 0, belongs to T'; and ¢(I) < I(w(™)). On the
other hand, considering (uy) given in the beginning of the proof of Theorem 3.1,
by Corollary 6.8, Remark 6.2 (b) and estimate (2.4), up to a subsequence, we
have

() = i [l = [ Fonyds] > 3 1),

neNy
Consequently, using (f2) or (f5) to get I(w™) >0, we conclude that ¢(I) = Gs.

(b) If we consider the infimum (3.3) defined over Dfﬁi (RM), by Remark 2.2 we
can obtain concentration—compactness of the minimizing sequences as described
in [16, Theorem 3.4]. More precisely, for any minimizing sequence (uy) of (3.3),

there exists a sequence (j) in Z such that the sequence (y~(N=28)/2ikq (435 )
s,2

*2(RY), whose limit is a minimizer

contains a convergent subsequence in D
of (3.3) in D52 (RN).

(c¢) In the context of the proof of Theorem 3.1 (ii), assume that F(¢) > 0
for all t > 0. Since ||||ur|[|\ < [|ukll,, without loss of generality we can assume
that each wy is nonnegative. In this case, the obtained minimizer for (3.3) is

nonnegative.

8. Proof of Theorem 3.2

As mentioned before, we prove Theorem 3.2 by using the Nehari manifold
method (see [45]). For reader’s convenience the proof will be divided into several
steps.

Step 1. For each w € Hy \ {0} there exists a unique 7(u) > 0 such that
7(uw)u € N and max I(tu) = I(7(v)u). In particular, N' # (. To see that the

function hy(t) = I(tu), t > 0, has a maximum point ¢,, we proceed in a similar
way as in the Remark 6.4 (d). Moreover, h'(t,) = 0 if and only if ¢, u belongs
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to N and
1
(8.1) l|ul|? — / b(x)u? de = — f(z, tyu)ude.
RN u JRN
By (3.4) the right-hand side of the above identity occurs at most one point. Thus

there is a unique maximum point 7(u) = ¢,, for the function h, ().

Step 2. The function 7: H{, \ {0} — (0,00) is continuous. Thus the map
n: Hy \ {0} — N, defined by n(u) = 7(u)u is continuous and 77|S is a home-
omorphism of the unit sphere S of H{ (RY) in /. Assume that u, — u in
H{ \ {0}. From F(z,t) > 0 and (f2) we get F(xz,t) > Ci|t|* — Cat?, for almost
every x € RV and for all t € R. Thus, from identity (8.1) we obtain that

Junlly = [ b de = Culrlun)p [ Jun]” do = Callunl?
RN RN
for all n € N, that is, (u,) C L*(RY) with

lunll? > Clr ()2 /

|un " dx, for all n € N.
RN

Moreover, since u # 0, we get ||u,| > C > 0 for all n. Thus (7(uy,)) is bounded.
We next prove that any subsequence of (7(uy)) has a convergent subsequence
with the same limit 7(u), which implies that 7(u,) — 7(u). It is clear that, for
a subsequence, 7(u,) — to > 0. In fact, using (f1), (V3), and (8.1),

funlly = [ bla)ad do
RN

< EC(”un”%/ + T(un)2:_2||un

%;) + CET(un)ps_2 H“nllz\j/gv

for all n € N, from which we obtain

b(x
s (1-ec- I,
CV

< eCorT(un)% 72|t

o e Cp T (un )P 2 [ |13,

for all n € N, which implies {5 > 0, by taking € small enough. Thus we may
apply the Dominated Convergence Theorem in (8.1) to conclude that ¢y = 7(u)
and 7 is continuous. Using (8.1) to compute 7(u/||lul|v) we obtain that

ul|?, — 2)u?de = 1 T M wdz
v /RNb( N = Tl ) Tl /f< "l ) o

which by uniqueness gives 7(u/||u||v) = 7(u)u. Consequently, the inverse of 7 is

the retraction map given by g: N' = S, o(u) = u/|ullv.

Step 3. N is away from the origin, that is, there is Ry > 0 such that
[lully > Rar > 0 if u € M. Indeed, the estimate (8.2) implies that

R LG
CV

2F -2

< eCorlullyy ~+CC ulz™?, forallu e N.
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Step 4. For all ¢ € T'; we have that (([0,00)) NN # 0. Let us suppose
that this assertion is false, that is, there exists (y € I'; which does not intersect
N at any point. Let to > 0 be such that I((o(t9)) < 0 and (o(t) # 0, for all
(0,tp]. We prove now that 7(¢(t)) > 1 for all ¢t € (0,%p]. In fact, by continuity,
there is § > 0 such that ||(o(¢)|| < Ras, for all ¢ € [0,6]. We also have that
[Im(Co(t))Co ()|l > Rar, which implies 7(¢o(t)) > 1, for all ¢ € (0,0]. The
continuity of 7(¢) and the fact that (o(t) ¢ N, for all ¢, allows us to choose
§ = to. On the other hand, by (f2) and (3.4),

et 2 5 1t~ polateo) ao-2 [ TELA0D 2
t2 f(,7(¢o(to))Co(t0))

>[ f(2,tGo(to))
2 [Jrv 7(Go(to))Co(to) tCo(to)

for all ¢ € (0,7(¢(t0))]. In particular, 0 < h¢()(1) = I(Co(to)), which is a con-
tradiction with the choice of (o(tp).

Colto)? - <wm%4>u

Step 5. car(I) =¢(I). In fact, since 77}5 is a homeomorphism, we have

¢(I) = uelgg,lf\{o} I(r(u)u) = 51612 I(r(w)u) = ex(I).

Step 6. ¢(I) = ¢(I). Given u € Hy \ {0}, define the path ((t) = ttou, where
to > 0 is chosen in such way that I(tou) < 0. Then, by Remark 6.4 (d), it is easy
to see that ¢ € I'y and max;>o I(tu) = max;>0I(¢(t)) > ¢(I). Consequently,
c(I) < ¢(I). On the other hand, given ¢ € I'y, there exists ¢y such that ((to)
belongs to . Thus, max¢>o I({(t)) > I(¢(to)) > ear(I) = ¢(I). Since ¢ € T'y is
arbitrary, ¢(I) > ¢(I). O

REMARK 8.1. In view of Remark 4.3, if b(x) = 0, then the radial ground
state u obtained in Theorem 3.2 can be considered as being nonnegative.

9. Proof of Theorem 3.3

Before the proof of Theorem 3.3, to complement our discussion, we are going
to compare the minimax level of limit functionals Ip» and I, with the minimax
level of the energy functional I associated with equation (Ps). Some arguments
used to prove this result of comparison are used in the proof of Theorem 3.3.

PROPOSITION 9.1. Assume that f(x,t) satisfies either (f1)—(f3), (f7) or (f3)—
(fs), (fz). Moreover, suppose that b(x) = 0, (V1)—(V2) and (fs) hold. Then
c(I) < c(Ip). Alternatively, if instead of the last set of hypotheses we assume that
V(z) > 0, b(z) has compact support, (Va)—(V4) and (fy) hold, then ¢(I) < c(Ix).
Moreover, under these conditions, if we assume (3.6), then (f10) and (i) hold
true respectively for each considered case.



SINGULAR NONLOCAL SCHRODINGER EQUATIONS 413

PROOF. (a) Let u € Hi(RY) be a nonnegative (see Remark 4.3) nontrivial
weak solution to (—A)*u+ V(x)u = fp(x,u), at the mountain pass level for Ip,
that is, I'p(u) = ¢(Ip). For each k, we define the path (;(t) = tu(- —yx), t > 0,
where (yi) is taken so that |yx| — oo. The idea is to prove that

. < _
(9.1) c(I) < limsup max I(Cx(t)) < max Ip(tu) = c(Ip).

k—o0

In fact, taking into account that I and Ip are locally Lipschitz sets of H{’}(RN )
(they are C! in Hi(RY)) and the following estimate,

TG0) = Ip(t0)| < [ 1F(@+st) = Fr(o -+ )

by using a density argument we get that limy_ o 1(Cx(t)) = Ip(tu), uniformly
in compact sets of R. Consequently, we may proceed as in [16, Proposition 9.1].
First note that
lim F(z + yg, tu) de = / Fp(x,tu)dx, for each ¢ > 0.
]RN

k— o0 RN

In particular,
/ F(x + yg,u)dx >0, for k large enough.
RN

Thus, using either (f;)—(f3) or (f3)—(fs) and the arguments of Remark 6.4 (d), we
see that, for k large enough, (, belongs to I';. As a consequence, there exists
tr, > 0 such that I(Cx(tr)) = maxy>o 1((x(t)) > 0. We claim that (¢;) is bounded.
In fact, assume by contradiction that, up to a subsequence, t; — oco. Thus, by
the arguments of Remark 6.4 (d) we get

2

t
I(¢k(ty)) = §k||u||%/ - /N F(z + yg, tyu) de — —o0, ast — oo,
R

which leads to a contradiction with the fact that I({x(t;)) > 0 for all k. There-

fore, up to a subsequence, t; — tg, and thus klim max;>o L((k(tr)) = Ip(tou),
—00

which gives us (9.1).

(b) The second case is proved in a similar way. Let w € H{ (RY) = H5(RV)
be a nontrivial weak solution to the equation (—A)*w + Veew = foo (w), at the
mountain pass level, more precisely, I, (w) = ¢(I). For each k, define the path
Ae(t) =w((- —yk)/t), t > 0. where (yg) is chosen in a such way that |yx| — oo.
As before, we consider the estimate

N

T0u(0) = Lw(- /)| <5 [ V(e + ) = btz + ) = Viclw? da
R
— / F(t + g w) — Foo ()] de,
RN

and the fact that I and I, are Lipschitz in bounded sets of H*(R™) to obtain,
by a density argument, that klim I(M\k(t)) = Ino(w( - /t)), uniformly in compact

— 00
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sets of R. We also have that the path Ay belongs to I'y, for k large enough. In
fact, assuming the contrary, we would obtain kg and a sequence t,, — oo such
that I(Ag,(tn)) > 0, for all n. On the other hand, we have that

1
lim F(tne + Yy, w) — = [Vt + Uiy ) — b(tnx + Yk, )] w?dz

n— o0 ]RN 2
1
:/ Foo(w) — = Vow? dz,
RN 2

which would lead to the contradiction I(Ag,(t,)) < 0, if n is large enough. Let
try > 0 be such that I(Ag(tx)) = maxy>ol(Ax(t)) > 0. We claim that (t) is
bounded. On the contrary,

1

0 < I(A(tn,)) = §t7]i,_28[w]§ —th [/}RNF(tnkx + Yr, w)

1
- i(V(tnkx +yr) — b(tn,w + yk)w2 dr| — —o0,

as k — oo, which is impossible. Thus, up to a subsequence, t; — to and

lim max I(A;(t)) = Io(w(- /to)).

k—oo t>0

As a consequence,

c(I) < lim max IT(A\g(tg)) < r?Zag(IOO(w(Jt)) =c(Iso),

~ k—oo t>0

where we have used Corollary 6.13 to conclude that ¢ = 1 is the unique critical
point of Io(w(-/t)). Now assume (3.6). Considering the above discussion, for
each case respectively, we have for k large enough:

c(I) < f?ggif(Ck(t)) = I(tru(- —yx)) < Ip(tru) < max Ip(tyu) = c(Ip),
c(l) < r?zagd(Ak(t)) = I(u((- —yx)/tr))
< Lofu(- /t)) < max I (u( - /10)) = el L), 0

In order to prove our existence result without using the compactness condi-
tions (f19) and (fj,), we use the argument of [9, proof of Theorem 1.2]. Thus we
evoke [27, Theorem 2.3], for the existence of a critical point of I whenever the
minimax level (3.1) is attained (see Remark 6.4 (a)).

Now, we are going to complete the proof of Theorem 3.3. In view of Lem-
ma 6.3 and Proposition 6.5, there exists a bounded sequence (ux) such that
I(ug) — c(I) and I'(ug) — 0, for both cases of this theorem. Let (w(™) and
(y.")) be the sequences given in Theorem 2.3 for the sequence (uy). The under-
lying main idea to prove the concentration-compactness of Theorem 3.3 follows
the same one of [16, Theorem 3.6] which we shall now describe: we prove that
w™ = 0 for all n > 2, which by assertions (2.2), (2.5) and Proposition 6.6 imply
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that u, — w® in H‘S,(RN), up to a subsequence. To this end, we argue by
contradiction and assume the existence of at least one w(") #0,n9 > 2.

(a) In view of Remark 6.2 (b), by Proposition 6.7 and (2.4), up to a subse-
quence,

(9.2) ¢(I) = leI&[;||uk||%/ —/RNF(x,uk)da:] >IwM)+ Y Ip(w™).

n€Ng,n>1

We claim that the terms on the right-hand side of (9.2) are nonnegative. Indeed,
following the proof of Theorem 3.1, w) and w(™, n > 2, are critical points for
I and Ip, respectively. In view of that, (fy) or (f5) imply that I(w)) > 0 and
Ip(w™) >0, n > 2, respectively. On the other hand, Remark 6.4 (d) guarantees
that () (t) = tw(™) € Ty, and ¢(Ip) < Ip(w™)). This, together with (9.2)
and (f10), leads to a contradiction.

(b) Following the proof of Theorem 2.3, we can replace || - || by the equivalent
norm || - ||y, in assertions (2.2)—(2.5). Consequently, by (2.4), Propositions 6.7
and 6.10, up to a subsequence,

03 o0z i |glult - [ voutde [ Pl

> I(wW) + Z To(w™).

n€Ng, n>1

Thus, it suffices to prove that the right-hand side of (9.3) is nonnegative and
Ioo(w(")) > ¢(Ix), for all n > 2. In fact, ¢(I) > I(w("")) > ¢(Is), which
leads to a contradiction with (fio). To do this, we prove that w™) and w(
are critical points for I and I, respectively, n > 2. Let ¢ € C°(RY) and
h(™ € L% ~Y(suppy) as in (7.2). By (V4) and (2.3), there exists ko = ko()
such that V(w + ylin)) <14V, forall k > kg, z € supp ¢ and n > 2. Thus,

V(& + 5wk (2 + y™) ()| < (e + Voo )2 ()| p()] € L (supp o)
for k > ko, and
V(z+ y,(cn))uk (z+ y,(c”))cp(a:) — Veew™ (2)p(z) a.e. in RY,
which, together with the Dominated Convergence Theorem, implies

Jim (u (- = "))y

~ Jim [[uk(- +u™), ], + /RNV(J: M ur (- + 5 le) de

k—o0
= [w™, ], +/ Voo™ () () dz
RN
and, for the same reason,

lim flz+ y;g"),uk(- + y,(cn)))wdm = RNfoo(w(”))gp dx.

k—o0 RN
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Consequently, taking the limit in

I'(u) - o(- —y) = (o (- — ™)y _/RNf(l"Fy](gn),Uk(' +yi))pdz,

we deduce that I'(w®)) = 0 and I’ (w(™) = 0, n > 2. Using (f,) or (f5) we get
that I(w™) > 0 and I (w™) >0, n > 2. Finally, define \("0) () = w("0) (. /t),
t > 0. By Corollary 6.13,

1

To (A (1)) = —¢N=28[(m0)]2 _¢N Foo(w(™)) — Vﬁ|w<no>|2dx — —00,
2 s RN 2

as t — oo, which, together with Remark 6.2, implies that A("0) ¢ Iy . Corol-
lary 6.13 gives that ¢t = 1 is the unique critical point of I,(A(™)(t)). Thus,
c(Ix) < max Io (A0 (1)) = Io(w(™)), a contradiction.

(c) Finally, assume (3.5) instead of (f1p) and (f;,). Consider the existence of
w() £ 0, ng € Ny, and the paths ¢(0) and A(™) as above. Taking into account
the above discussion, by estimates (9.2) and (9.3), for each case we have

c(I) < gl;gf(é("”(t)) < I{l;gfp(é(”“(t)) = Ip(w")) < ¢(I),

(no) (no) — (no)
A1) < mix T (1)) < max LA (1) = L) < (1)

where we have used (3.5) to ensure that the paths ¢("0) and A(™0) belong to T';.
Thus, we have that the minimax level ¢(I) is attained and we can apply [27,
Theorem 2.3] to obtain the existence of a critical point u for I with I (u) =
c¢(Iy). If there is no w(™ # 0, n € Ny, (which is the case where strict inequalities
occur) we can obtain that uy — w® | up to a subsequence. O

10. Proof of Theorem 3.4
The proof will be divided into three steps. We first assume () and (J€}").

(a) We can proceed analogously as in the proof of Lemma 6.3, to see that
there exists a sequence (uy) in D%2(RY) such that I,(ug) — c(I,) > 0 and
I'(ug) — 0. Let (w(™), (y,(cn)), (j,i")) be the sequences given by Theorem 2.1
and define the set Ny = {n € N, \ {1} : {'yj;cn) (y](cn) — a,)| is bounded}.

Passing to a subsequence and using a diagonal argument if necessary, we may

A(n) .
assume that each sequence (ij y,(cn)), n € Ny, converges with

(n)

(") .— ligy ~9n" _
@ = lim v (yk a*), n € Ny.

(b) Now we shall prove the following estimate, up to a subsequence.

(10.1)  limsup [lugl? > [Jw® |} + > [w™)?
k neN,\N

#
+ 3 ™R ey D 0Ny
neN; NNy neN_ NN,
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In order to prove this, first consider the operator
(n (n
d’(cn)u _ ,)/(N—Qs)],c )/QU(')/JIE: )( y;(cn)))’ u e 'DS’2(RN), neN,.

For each n € N, let (gagn)) in C5°(RY) be such that w;n) — w™ in D2(RN).

Evaluating

Uk — Z dk”)w§" Z 0,
neM,
in a finite subset M, = {1,..., M} of N, we have
n n n 2
(102l 22 Z (a0 7)y = 2 767
neM. neM.

We are now going to study the limit in (10.2). Taking
n n _ _92s -(n) _ () n
o) = dug = T TR 2y (T ),

we have

(e A5y = [0 057],

+ / Y2V (7 (@ ) - an) + an))o el da,
RN

n n) 2 n)72
a5 = o)
+/ 772sj,(cn)v( J;i )((1‘4»7]](:)( I(cn) — a*)) +a*))|<p§n)|2d‘r
RN

Fixing j and using (V3), we get (up to a subsequence)

provided that n ¢ Ny (this is the case when n € Ny). Similarly, up to a subse-
quence, by (V3),
; (n) (n) n) (n)
khm (Ukadkn 90]” ) - ('U)( )790_7n ) (_+a(n))a
(10.4)
Jim 7o = (105715, oty

where k = 4, —, whenever n € Ny NNy or N_ NNy, respectively. Since N, \ {1} =
(N \ Ny) U [(N+ N Ny) U(N_ N Ny)] we can apply the limits (10.3) and (10.4)
n (10.2), up to a subsequence, to get

(105) T suplfuel[f > w7

n 2
+ g ( ( )awin))v;r(..ka(")) - Hsogln)||V+(~+a(">)
n€M. NN NNy

(n) (n)
+ Z 2( ),SOJ )V_(.+a(n>) - ||‘Pj H%/,(.JFG(M)
n€M,NN_ NN,

+ >0 2[w™, M) [l

neM, \Nﬁ
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Since |- [lv, and |- [lv_ are equivalent to [ - ], in D*?(R"), we can take the limit
in j in (10.5) and use the arbitrariness of choice for M to obtain (10.1).

(¢) If w™ =0 for all n > 2, then uy, — w in D2(RY), with w()) being
a critical point of I,. Let us argue by contradiction and assume the existence
of w(™) #£ 0, with ng > 2. By [16, Proposition 7.1] and estimate (10.1), up to
a subsequence, we have

(10.6) o(L) > Lw™)+ Y Ijw™)
neN, \Ny
+ 2 M)+ 3 1w),
n€N+ﬁNu nENflﬁlNﬁ

where

n 1
1 (u) = §||u||%/i(_+a<n)) - /RNFi(u) dr,

In(u) = -[ul; — /RNFO(u) dx, wueD*RY).

As before, we prove that each w(™ is a critical point for the functionals in the
respective index of the sums in (10.6), and as a consequence of (f2), the right-hand
side of (10.6) is nonnegative. In the next step we obtain that ¢(l.) < it (w™)
in the correspondent index, which leads to a contradiction with estimate (10.6).

In fact, given ¢ in C$°(RY), as in the proof of (10.1),
Jim (ug, di ) =[w™. ] and (i di”0) = (0. 0) gy

provided that n € N, \ Ny and n € N4 NNy, respectively. Since

lim
k—o0

(n .(n) (n) -
’,Y—(N+25)]k )/Qf(’)/_]’(“ x_i_ylgﬂ),,y(N—Qs)jk /Qt)@’ < Clt* 1,

for all k,n,t, thanks to the Lebesgue Theorem, taking the limit in k, up to
a subsequence, in the following identity,

L) - (A7) = (v, ),
(n) (n) n —24)4(™ n
_/RN 292 f (=0 g ) (V=290 2 (M) g

we can conclude that I’ (w™) = (Ij([n))/(w(”)) = I)(w™) = 0, in the correspond-
ing index.

(d) To conclude the proof, we verify now that ¢(I,) < I(ino)(w("‘))) or ¢(I,) <
IE_LnO)(w("O)), where ng belongs to N, \ Ny or N N Ny, respectively. Define the
path ¢("0)(¢) = tw™) for t > 0 if ng € N, \ Ny and ("0 (¢) = tw™0) (. — a(™),
for ¢t > 0 if ng € Ny NNy. Using (#7*)—(54") and Remark 6.4 (d) we have that
¢(m0) belongs to I'; with

o(L) < max L(C") (1)) < To(¢™ (@) < max Lo(C"*) (1)) = Lo (w™),
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if ng € Ny \ Ny and

o(L) < max L (1) < 17 (¢ () < max 137 (¢ (1) = 18 (w™)),
if ng € Ny NNy, which, together with (10.6), leads to a contradiction (¢ is the
maximum of I, (¢("0)(t))).

(e) We now assume only (7*). Arguing as before, we can prove uy — w)
in a subsequence or ¢(I.) = max;> I,(¢(")(¢)). If the minimax level ¢(I,) is
attained, we apply [27, Theorem 2.3] to obtain the existence of a critical point
u € (™) (]0,00)) such that I, (u) = (). O
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