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EXISTENCE OF THREE NONTRIVIAL SOLUTIONS
FOR A CLASS OF FOURTH-ORDER ELLIPTIC EQUATIONS

CHUN L1 — RAvI P. AGARWAL — ZENG-QI OU

ABSTRACT. The existence of three nontrivial solutions is established for
a class of fourth-order elliptic equations. Our technical approach is based
on Linking Theorem and (V)-Theorem.

1. Introduction and main results
We consider the fourth-order elliptic equation

A%y + cAu = pu+ f(x,u) in Q,

(1.1)
u=Au=0 on 89,

where O C RY (N > 4) is a bounded smooth domain, ¢ € R and f: Q x R — R.
A is the Laplace operator and A2 is the biharmonic operator.

Let 0 < A1 < ... < Mg < ... be the distinct eigenvalues of —A in H}(Q).
The eigenvalue problem

A%y + cAu = pu in Q,

(1.2)
u=Au=0 on 012,
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has distinct eigenvalues p; = Aj(A; —¢), i = 1,2,... We will always assume
¢ < A1. The Hilbert space E = H2(Q) N H () is equipped with the inner
product

(u,v) = /(AuAv — cVuVv) dx.
Q

So, the norm on F is given by

Jull = [ (1 —ch)dx)l/Q.

A weak solution of problem (1.1) is u € E such that

(1.3) /Q(AuAv — cVuVo — puv) doe — /Q flzy,u)vder =0

forall v € E.

If ¢ > 1, we denote

H, 1= @ ker(A? + cA — i), HY = ker(A? + cA — ;)
j<i—1
and H; is the orthogonal complement of H; in E, moreover, dim H; < +occ. Let
P:E — H? and Q: E — H;_; ® H* be the orthogonal projections. For any
1 > 1, we have the following inequalities
ull? < pillul|?. for all u € H;,

(1.4)
lul|? > pig1|lul|2. for all u € H;-.

For convenience, we introduce some notations. Let

SHp)={ue H :ull=p},  Bif(p)={ueH:|ull <p},
T;_1(R)={ue Hi_1:||u| <R}U{u € H; : |u|| = R}.

In recent years, fourth-order problems have been studied by many authors
(see [2], [3], [10]-[12], [23]-]25]). In [2], Lazer and McKenna pointed out that the
problem (1.1) furnishes a model to study travelling waves in suspension bridges
if f(x,u) = b((u+1)* — 1), where u™ = max{u,0} and b € R. Since then,
more general nonlinear fourth-order elliptic boundary value problems have been
studied. In [10, 11], Micheletti and Pistoia proved that the problem

A%u+ cAu = f(z,u) in Q,

(1.5)
u=Au=0 on €,

admits two or three solutions by the variational method. In [24], Zhang proved
the existence of weak solutions for the problem (1.5) when f(x,u) is sublinear
at co. In [25], Zhang and Li showed that the problem (1.5) has at least two
nontrivial solutions by means of Morse theory and local linking.



FOURTH-ORDER ELLIPTIC EQUATIONS 333

Recently, the (V)-Theorem (see [7]) of Marino and Saccon is widely used to
study the multiplicity of solutions for differential equations and variational in-
equalities (see [4]-[9], [12]-]19], [21]-[23]). In [4], Magrone, Mugnai and Servadei
used the Linking Theorem and (V)-Theorem to overcome the lack of the Palais—
Smale condition, and proved the existence of three distinct nontrivial solutions
for a class of semilinear elliptic variational inequalities involving a superlinear
nonlinearity. In [21], [22], Wang proved that some nonlinear Schrodinger equa-
tions have at least three nontrivial solutions by means of the Linking Theorem
and (V)-Theorem. In [15], Mugnai studied the Dirichlet problem

—Au— du=g(z,u) in Q,

1.6
(1.6) u=0 on 0,

where €2 is a bounded smooth subset of RN, N > 3, and a Carathéodory function
g: & x R — R is superlinear and subcritical in the usual senses. By using
the Linking Theorem and (V)-Theorem, Mugnai proved the existence of three
nontrivial solutions for the problem (1.6).

In this paper, we shall study the multiplicity of nontrivial solutions for the
problem (1.1). The technical approach is based on the Linking Theorem and
(V)-Theorem. Our main result is the following.

THEOREM 1.1. Assume that the nonlinearity f € C(QxR,R). Let F(z,t) =
fg f(x, s)ds, suppose that the following conditions hold:

(f1) There are constants kg >0 and 1 < s < (N +4)/(N —4) such that
|f(z,t)] < ko(1+|t]°) for all (z,t) € QA xR.

(f2) f(z,t) = o(|t]) ast — 0 uniformly in x € Q.
(f3) There exist constants > max{N(s —1)/4,s}, k1 > 0 and L > 0 such
that
flz, )t —2F(x,t) >0 for all (z,t) € Q@ x R\ {0},
fx, t)t —2F (x,t) > ky[t|®  for allz € Q, |t| > L.
(F1) F(x,t)/t* = 400 as |t| = oo uniformly in x € Q.
(Fg) F(x,t) >0 for all (x,t) € Q x R.
Then, for all i > 2, there is 0; > 0 such that for pu € (u; — 6;, i), the problem

(1.1) has at least three nontrivial solutions.

By the Sobolev theorem, E is continuously embedded in L%(£2) for 1 < 6 <
2N/(N —4). If 1 <0 < 2N /(N —4), the embedding is compact. There exists
a positive constant K such that

(1.7) llullre < K||lul| for allu € E,
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for § =1,2,5+1, 2N/(N — 4) = 2**, where || - || o denotes the norm of Lf(€2).
Define a functional

1
(1.8) pu(u) = 3 / (|Au|* = ¢|Vu|? — pu?) do — / F(z,u)dx for allu € E.
Q Q

It is easy to see that ¢, € C*(E,R) under conditions of Theorem 1.1 and it is
well known that a critical point of the functional ¢, in E corresponds to a weak
solution of the problem (1.1).

2. Proof of the main results

Here, we recall two variational theorems for the reader’s convenience. The
first one is a classical Linking Theorem, and the second one, called (V)-Theorem,
is a recent result in variational theory of mixed type, with assumptions on the
values of the functional on some suitable sets and on the value of its gradient.

THEOREM 2.1 (Classical Linking Theorem, [1], [20]). Let X be a real Banach
space with X = X1 @ Xo, with dim X; < co. Suppose I € C1(X,R) satisfies the
(PS)-condition, and

(a) there are constants p and o > 0 such that Ilop,nx, > «, and

(b) there is an e € 9By N X2 and R > p such that if Q = (BrR N X1) ® {re:

0 <r < R}, then I|pg < 0.

Then I possesses a critical value ¢ > o which can be characterized as

¢ = nf max(I(h(u))),
where T = {h € C(Q,X) |h =id on 0Q}.

DEFINITION 2.2. Let X be a Hilbert space, I: X — R be a C! functional,
M a closed subspace of X, a,b € RU {—o00,+00}. We say that the condition
(V)(I, M, a,b) holds if there is v > 0 such that
inf {|| Py VI(w)| :a<I(u)<b, dist(u, M) <~} >0,
where Py;: X — M is the orthogonal projection of X onto M.

THEOREM 2.3 (V-Theorem, [7]). Let X be a Hilbert space and X;,i=1,2,3,
three subspaces of X such that X = X1 ® Xo® X3, and dim X; < oo fori=1,2.
Denote by P; the orthogonal projection of X onto X;. Let I: X — R be a C1!
functional and p,p’,p",p1 be constants such that p1 > 0, 0 < p/ < p < p’.
Define

F={ueX;®dXy:p <||Puf <p’, |Piul| <p1} and T =0x,ex,l,
Sas(p) ={u € Xo® X3 : ||ul]| =p} and Bas(p) ={u € Xy ® X3 : ||u|]| < p}.

Assume that o' = sup I(T) < infI(Sa3(p)) = a”. Let a and b be such that
a <a<a” and b > supI(T"). Assume that (V)(I, X1 @ X3,a,b) holds and that
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(PS), holds at any c in [a,b]. Then I has at least two critical points in I~ ([a,b]).
Moreover, if inf I(Bag(p)) > —o0, a1 < inf I(Bas(p)) and (PS). holds at any c
in [a1,b], then I has another critical level in [a1,d'].

LEMMA 2.4. Assume that conditions (f1)—(f3) hold. Then, for any § with
min {11 — Wi, i — i—1} > 0 > 0, for some eg > 0 such that p € [p; — 9, p;i+4],
the unique critical point u of ¢, constrained on H;_1 @ Hﬁ- such that ¢, (u) €
[—&0, 0], is the trivial one.

PROOF. Assume by contradiction that there exist § >0, {f,,} C [1; — 0, ps +9],
and {u,} C H;_1 ® H;"\{0} such that, for all v € H;, _y ® H;",

1
(21) or, ) =5 [ (B0l = clVun ~ 72 da
)
- / F(z,u,)dz — 0,
Q
(2.2) (¢ (un),v) = /Q(AunAv — cVu, Vo — i, u,v) dz

- / fz,up)vde = 0.
Q

Here, going if necessary to a subsequence, we can assume that @, — p € [p; — 0,
w; + 8] as n — oo. From (f3), there exists a positive constant ko such that

(2.3) flz, )t — 2F (x,t) > k1 |t|® — ko for all (x,t) € Q x R.

Let v = u, in (2.2), by (2.3), one has

(24) 25 (1) — (P (wn),tn) = / (41t — 2P (2, )
>k /Q [u, | dz — ko |9

We deduce from (2.1), (2.2) and (2.4) that there exists a positive constant Ly
such that

(2.5) / |un|® dz < Ly for all n.
Q

Choose v,, € H;_1 and w,, € Hf so that u, = v, + w,, for all n. And let

v =w, — v, in (2.2), we get

(2.6) /(|Awn|2fc|an|2)dx7/(|Avn|2fc|Vfun|2)dx
Q Q

—iin [ (w2 =ty do = [ fow) w0 do
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As for the first line in (2.6), by (1.4), one has
(2.7) /(|Awn|2 — ¢|Vw,|?) dx —ﬁn/ w? dx
Q Q
= [0 = Voo, [ o2as
Q Q

:/(|Awn|2—c|an\2)d:v— il uiﬂ/widx
Q H Q

1+1

i—1

> (1 - M”) l|wn|? + <M" - 1) l|vn |-
Hit1 Hi—1

It follows from (2.6) and (2.7) that there exists k3 > 0, independent of n, such
that

—/(\Avn|2—c|an|2)dx+ Hn yi,l/vidx
Q H Q

(2.8) Esllun|? < / f(zyun)(wy, —vp)de for all n € N,
Q

We have

N 2N 2N
5>Z(571) and Z(sfl)<N+4s<N_4.
First, we consider the case N(s —1)/4 < f < 2Ns/(N +4). Put

_ 2sN — (N +4)8
CTON (N _15°

onehas0 < a < 1. Let p = 8/(s—a) > 1, we can obtain from Holder’s inequality
and (1.7) that

(2.9) / |tn |*|wy, — vy | dz = / [tn |~ tn | fwp, — vy | da
Q Q

:/ [P/ | w0, — 00| dt
Q

1/p 1/q
< ( / <|un|ﬁ/P>de) ( [t vn|>Qd:c)
Q Q
/2" 1/2%*
<27 ([ a0 a) ([ = vl 1)

<Ly Pl |[§aee fwn = vpllpaee < L7 KO g |l = v

for all n, where ¢ = p/(p — 1) = 2**/(a + 1). By (f1), (2.5), (2.8) and (2.9), for
all n, one has

(2.10) Es|lwn|? < ’/Qf(x,un)(wn —vy,)dx

é/ (@ ) [ — on] d
Q

S kO / (‘un‘s|wn - Un' + |U}n - Unl) dz
Q
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< ko Ly/P K un [ [|wn — vn | + koK [|wn — vn |
< ko LYK |up |2 4 2k K || un |-

On the other hand, if 3 satisfies

N 2N
N+a =PSNZz1

then 1 < 8/(8—s) <2N/(N —4). So, we get

(2.11) llulls/a—o < Klu|l, wueE.

By (f1) and (2.11), we obtain

(2.12)  Esljun|* < ’ /Q fla,up) (W, —vy,) dx

S kO / (‘un‘s|wn - Un' + |wn - Unl) dx
Q

s/B (B—9)/B
Sko(/(|un|s)’6/sda:> (/ |wn, —vn|ﬁ/(5_s) dw)
Q Q

+ ko K||wy — vp]|
SkoK[unl[Zs - lwn — vnll + ko Kl[wn — vn|
<2ko K [[unl|7s - [lunll + 2ko K [[un||
for all n. Note that 8 > 2Ns/(N +4) and N > 4 imply that 8 > s. So, it follows
from (2.5), (2.10) and (2.12) that {u,} is bounded in E. There is a subsequence
of {uy}, still denoted by {u,} and u € E such that u,, — u weakly in E, u,, = u

strongly in L%(Q) for all € (1,2**) and u,(z) — u(z) for almost every = € Q.
Let v = u, in (2.2), by (2.1) and Fatou’s lemma, we get

0= ILm 205, (un) — (@5 (un),un) = lim [ (f(z,un)un — 2F (2, u,)) da

n—roo Q

> /Qlirninf (f(x,upn)uy — 2F (2, uy)) de > /(f(z,u)u — 2F(x,u)) dz.

n— oo Q

Then, (f3) and the above expression imply that u = 0. Since ||u,||?> = |Jv.|]* +
lw,|?, from (1.7), (2.8) and Hélder’s inequality we have

s/(s+1) 1/(1+45)
k3||un||2 < </Q \f(x,un)|(1+s)/s d:v) (/Q wy, _Un|1+s d:v)

s/(s+1)
< 2K||un||( / If(w,un)(1+s)/sdw> ,

that is

s/(s+1)
(2.13) k3 |un | < QK(/ | f ()| AT/ dw) .
Q
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If u, — 0, then (f2) and (2.13) would show

K s/(s+1)
1< lim (/ | f ()| (1F9)8 dx) =0,
Q

n=00 k3|

which is a contradiction. So, there should exist oy > 0 such that ||u,|| > «; for
all n. Then, we can obtain from (f3) and (2.13) that

s/(s+1)
kza; < lim K(/ |f(x,un)(1+s)/sda:) =0.

This is a contradiction. O

LEMMA 2.5. Assume that conditions (f1) and (f3) hold, 1 € (pi—1, ti+1) and
{un} C E is such that {¢,(un)} is bounded, Pu, — 0 and Qp),(un) — 0. Then
{un} is bounded in E.

PROOF. By contradiction, we assume that |u,|| — oo as n — oco. Let

Up, = Puy, + Quy, by (f1) and Holder’s inequality, there exists a constant kg4 > 0
such that

‘ / f(z,up)Puy, dx
Q

< /Q (@, un) || Py da

< ko/(|Pun| T | Pun)|) der < k0||Pun||Oo<1+/ |un|sdx)
Q Q

s/B
< konPunnw(H m(BSW( [ ualry da:) )
Q
< Fall Panll oo (1 + [l )-

So, we can obtain from (2.4) and the above expression that
230;1(“71) - <Q@L(un)aun> = 2@M(un) - <@L(un)aun> + <P¢L(un); un>
= /(f(x,un)un —2F(z,uy,))dx
Q
+ / (|APu,|* — ¢|VPuy,|* — p|Puy|?) de — / f(z,un)Puy, dz
Q Q
=k /Q [tn|Pdz — ka| Q| + [|Punl|* = pll Punl|Z> — Kall Pun]loo (1 + un3s)-

Since 1 < s < 3, dim(H?) < oo and ||Puy|l~ — 0 as n — oo, the above
inequality implies that

U S
(2.14) |||n”LB — 0 asn— oco.
Un

Let Qu, = vy, + Wy, v, € H;_1, w, € H-. On one hand, from (2.9), for

2 d _2sN — (N +4)8
N+4® M YTON (N —a)8

g(s—1)<ﬂ<
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we can obtain by Holder’s inequality and (1.7) that
1/p
@19) [ el loalde < K unl ol ([ ol o)
Q Q
and

1/p
210) [ Pl do < K ) (ol )
Q Q

for all n, where p = /(s —a) >1and ¢ =p/(p— 1) = 2**/(ac+ 1). So, we can
get from (f;), (1.4), (1.7) and (2.15) that

(@l (tn), —vm) = —[[om|? + s /Q o2+ / £ unYon da

Y
A~
\

—

+

B 2 d
, )nm n /Q £y ) da

Hi—1

Y

B Hiet s
P o 2 o [ (1ol + o o
K Q

1—1

Y

H— Hi-1 2 atl a B e
ﬁ\\vnll — ko KO [un | [|un | QIun\ dz | —kollvnllLr

i—

v

W= i—1 « a
ol = KoK onll (L K un 7 n )

for all n. So, from (2.14), one has

[[on |
[[n]|

From (f;), (1.4), (1.7) and (2.16), we have

(2.17) —0 asn—oo.

(@l (1), ) = [[n]|? — s / whde = [y, da

(1 - “) Jenll = [ 7o) d
Hit+1 Q

Hi+1 — [ s
B 2~ k[ (] + o
Hit1 Q

v

Y

1

Hiv1 — K 2 a+1 «@ B /»

T l[wal]” = koK lun [|* [[wn]| lun|” dx | = kol[wn]| L1
i+ Q

Hiv1 — [
7’/“1 w1 = ko K [wal| (1 4 K [l 1727 | )
K2

for all n. By (2.14), we get

Y

Y

(2.18) lewn] —0 asn—o0
[[un]|
On the other hand, if
2 2N
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we can get

(2.19) / i o] dz < K 1[5 0]
and

(2.20) [l do < Kljunll o]

for all n. It follows from (f1), (1.4), (1.7) and (2.19) that
M= Hi—1 «a s
(Qey,(un), —vn) = fllvnﬂ2 — koK |vn[|(1 + K [lun[7s)
for all n. Combining (2.14) and the above expression, we get
[[on |
[[un

We conclude from (f1), (1.4), (1.7) and (2.20) that

(2.21) —0 asn— oo.

Hit1 — | :
(@ (un), wn) > ﬁllwnll2 — koK [[wn[|(1 + [lunll7s)

for all n. The above expression and (2.14) imply that

(2.22) ||wn —0 asn— o0
Unp

It is easy to see that
Puy

(2.23) ||| | —0 asn— oo
U

Then, we can get from (2.17), (2.18), (2.21)—(2.23) that

L Dl Jonll+ Puall + ],
[[n| [l
as n — 0o, which is a contradiction. Hence, {u,} must be bounded. ]

LEMMA 2.6. Assume that conditions (f1)—(f3) hold. Then, for any & with
min {11 — i, i — i1} > 6 > 0 and for some e > 0, p € [u; — 0, p; + 6], and
for any a,b € (0,¢) with a < b, the condition (V)(pu, Hi—1 & Hi-, a,b) holds.

3

PROOF. Assume by contradiction that there exists § > 0 such that for all
g0 > 0, there exist u € [; — 0, p; + 6] and a,b € (0,ep) such that a < b and the
condition (V)(¢,, H;—1 & H;*,a,b) does not hold.

Take €9 > 0 as given by Lemma 2.4. There exists {u,} in E such that
d(tn, Hi—1 ® Hi*) — 0, ¢, (uy) € (a,b) and Q¢),(un) — 0. So, from Lemma 2.5,
{un} is bounded. We can assume that w, — u.

Taking into account that Qg), (un) = tn — P+ (A% +cA) ™ (pun + f (2, un)),
where f(x,u,) — f(z,u) in L'*Y/5(Q) by (f;) and (A2 4+ cA)"': E — E is
a compact operator. We have u, — v and u = 0 is a critical point of ¢,
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constrained on H; 1 ® H;* by Lemma 2.4. But 0 < a < ©u(uy) for all n and the
continuity of ¢, imply a contradiction. O

LEMMA 2.7. Assume that (f1), (f2) and (F2) hold. Then, for any p €
(ti—1, i), there are R, p with R > p > 0 such that

sup @ (Ti—1,(R)) < inf ¢, (S, (p)).

PROOF. For any u € H;_y and pu € (pt;—1, it3), by (F2), one has

(2.24) ou(u) = %/Q(|Au|2 —c|Vul* — pu?) da — /Q F(z,u)dz
< Sl <o.
By (F1), there exists Ly > 0 such that
(2.25) F(a,t) > (pi — p)t* — Ly
for all (x,t) € 2 x R. So, from (1.4) and (2.25), we have
ou(u) = % /Q(|Au|2 —c|Vul]? — pu?) de — /QF(ar,u) dx

f K o= [
< TMHUHQ — (s — p)|ul|22 + Lo|Q] < Tm”u"z L[

for any v € H;. We obtain from the above expression that

(2.26) ou(u) = —oo as |lul| = oco.

Moreover, by (f1) and (f2), for e = (u; — p)/2 > 0, there exists Lz(¢) > 0 such
that

(2.27) F(z,t) < g
For any u € Ht 1, i € (i1, 1:), by (1.7) and (2.27), we have
1
(2.28) ¢u(u) = 3 / (|Au|? — ¢|Vu|? — pu?) d —/ F(z,u)dx
Q Q
1
= / (|Aul? — ¢|Vul? — pu?) do — E/ u? dr — L3/ lu|* ! da
2 Jo 2 Ja Q
Hi — 4 — € s Hi — [ s s
27””“”2 = Lalull7t > m lull* = LB .
Since s + 1 > 2, from (2.24), (2.26) and (2.28), there are R > 0 and p > 0 such
that

[t|? 4 Ls|t|***  for all (x,t) € Q x R.

>

%

K2

sup I(T;—1:(R)) < inf I\ (S;", (p))- O
LEMMA 2.8. Assume that condition (Fg) holds, then for any € > 0 and for
any Ry > 0, there is 6} > 0 such that for any p € (u; — 0}, i;), one has
sup u(Bi(R1)) <e,
where B;(Ry) = {u € H; : ||u|]| < Ry}.
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ProoOF. By (F2) and pu < py, for any u € H;, we have

1 Wi —
ou() =5 [ (180 = eVl — ) de ~ [ Pla.uydo < Pt ful?,
2 Ja Q 241,
Hence, it is easy to see that the conclusion holds. O

From Lemmas 2.7 and 2.8, we can choose a € (0,inf ¢, (S} ,(p))) and b >
sup ¢, (B;(R)) such that 0 < a < b < g9. Then the condition (V)(¢,, Hi—1 &
Hi- a,b) from Lemma 2.6 holds.

PrROOF OF THEOREM 1.1. The argument will be divided into two steps.

Step 1. Two critical points are obtained. First of all, from Lemmas 2.6—
2.8, the condition (V)(¢,, Hi—1 @ Hi-, a,b) holds. According to Theorem 2.3, if
we can prove that the (PS) condition holds, there are two critical points g, us
such that ¢, (u;) € [a,b], ¢ = 1,2. From the proof of Lemma 2.5, if for any (PS)
sequence {uy, } of ¢, one has || Pu,||/||un| — 0 as n — oo, then {u, } is bounded.
Moreover, by (f1), a standard argument implies that the (PS) condition holds.
By (f3), there exist k5 > 0 and k¢ > 0 such that

fz,t)t — 2F (z,t) > ks|t| — ke for all (x,t) € Q x R,
which implies that
20 (un) — <‘P:L(“n)»un>
:t/(f@;unﬁml—251xﬂuﬂ)¢rzl/kkﬂun|—km)dx
Q Q
Zl/kdeunk—kdvnk—kdwnk—keﬁh?ZAWHPunH—k%WvMW+HwnH+1%
Q

where k7, ks are two positive constants. Combining (2.17), (2.18), (2.21), (2.22)
with the above expression, we have || Pu,||/||u,| — 0 as n — oo.

Step 2. The third critical point is obtained. By Theorem 2.1 it suffices to
prove that there are §;' > 0 and Ry > p; > 0 such that for any p € (u; — 37, us),

(2.29) inf ¢, (S; (p1)) > sup @, (Tii1(R2)).-

Hence, there is a critical point u of ¢, such that ¢, (u) > inf ¢, (S; (p1)). For
u € Hi:, by (2.27), one has

ou(u) = 1/(|Au|2 — c|Vul? —puz)dx—/ F(z,u)dx
2 Ja Q
> 1/(|Au|2—C|Vu|2—ﬂu2)dx—§/ u? dac—Lg/ lu|* ! dx
2 Ja 2 Ja Q

Hiv1 — 4 —€ 2 s+1 Hiv1 — B 2 s+1y, ()s+1
o ul||f = Lsllul|5T, > e |ul]f — Ly K U .
e [Jull* — L [ul| Ly 4M+1|||| 3K o
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Since s + 1 > 2, there are p; > 0 and o > 0 such that
(2.30) inf 0, (57 (p1)) > a.

Moreover, for any u € H;, by (F2), one has

1
T2
There are 6/ > 0 and Ry > 0 such that u € (u; — 6/, ;). From the above
expression we have ¢, (u) < «a for all ||u|| < Ry. It follows from (F;) that there
exists L4 > 0 such that

oul) =5 [ (180~ = ) do — | Fla,u)de < Pl
Q Q 2,U,i

(2.31) F(x,t) > (ptig1 — p)t* — Ly for all (z,t) € Q x R.
For any u € H; 1 and p € (u; — 0, p;), by (2.31), we get
1
oulu) == / (|Aul? — ¢|Vu|? — pu?) do — / F(z,u)dz
2 Ja Q
Hiv1 — B Hit1 —
< B (= )l + Lai0] < PR g 4 L)
2/J/1+1 2ﬂl+1

Hence, we have
(2.32) ou(u) = —oo as |lul| = oo.

Therefore, from (2.30) and (2.32), the conclusion (2.29) holds. By Theorem 2.1,
there is a critical point u of ¢, such that ¢,(u) > «. Finally, we take §; =
min {4}, 6/} where ¢, is given in Lemma 2.8 and Theorem 1.1 is proved. d
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