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TOPOLOGICAL SHADOWING
AND THE GROBMAN-HARTMAN THEOREM

PIOTR ZGLICZYNSKI

ABSTRACT. We give geometric proofs for the Grobman—Hartman theorem
for diffeomorphisms and ODEs. Proofs use covering relations and cone
conditions for maps and isolating segments and cone conditions for ODEs.
We establish topological versions of the Grobman—Hartman theorem as the
existence of some semiconjugaces.

1. Introduction

The goal of this paper is to give a new geometric proof of the Grobman—
Hartman theorem [8]-[10] for diffeomorphisms and ODEs in finite dimension. By
the ‘geometric proof’ we understand the proof which works in the phase space
of the system under consideration and uses concepts of qualitative geometric
nature.

We focus on the global version of the Grobman—Hartman theorem, which in
the case maps states that, if A: R — R™ is a hyperbolic linear isomorphism
and if g: R™ — R"” is given by

g(x) = Az + h(x),
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where h: R™ — R" is a bounded C! function such that || Dh(z)|| < € for z € R™,
then if € is sufficiently small, A and g are conjugated by a continuous homeo-
morphism.

There are many of proofs of the Grobman—Hartman theorem in the literature.
An exemplary geometric proof can be found in the Katok-Hasselblatt book [13].
This proof is placed in the context of the hyperbolicity, where it is shown that
dynamics of g is hyperbolic on the whole R™ and the conjugating homeomorphism
is constructed geometrically by considering the stable and unstable leaves of
points to obtain the linearizing coordinates.

The other family of proofs of the Grobman—Hartman theorem uses tools from
the functional analysis. The standard functional analysis proof [15], [17], [2],
which is now a textbook proof (see for example [1], [5], [16], [24]), studies the
conjugacy problem in some abstract Banach space of maps. The original proof
by P. Hartman [10]-[12] also belongs to this category, but it lacks the simplicity
of the contemporary approach, because to solve the conjugacy problem Hart-
man required first to introduce new coordinates which straighten the invariant
manifolds of the hyperbolic fixed point. The standard functional analysis proof,
whose idea apparently comes from the paper by Moser [14] (see also [15], [17]), in
a current form is a straightforward application of the Banach contraction prin-
ciple. The whole effort is to choose the correct Banach space and a contraction,
whose fixed point will give us the conjugacy.

In this paper we would like to give a new geometric proof the global version
of the Grobman—Hartman theorem (Theorem 2.1). The geometric idea behind
our approach can be seen as shadowing of d-pseudo orbit, with § not small. This
is accomplished using covering relations and the cone condition [26], [25] in the
case of diffeomorphisms; and for ODEs the notion of the isolating segment [18]—
[21], [23] and the cone conditions have been used. Compared to the geometric
proof in [13] we stress more the topological aspects. As the byproduct of our
approach we obtain two topological variants of the Grobman—Hartman theorem:

e if we drop the assumption that | Dh|| is small, but demand instead that
g is a homeomorphism, then we show that there exists a semiconjugacy
between A and g, see Theorem 2.2 for the precise statement,

e if we drop the assumption that ||Dh|| is small, then we show that there
exists a semiconjugacy between A restricted to the unstable subspace
and g, see Theorem 2.3 for the precise statement.

Let us comment about the relation between our proofs of the theorem for
maps and for ODEs. The standard approach would be to derive the ODE case
from the map case, by considering the time shift by one time unit and then
arguing that we can obtain from it the conjugacy for all times (see [10], [15]-
[17]). Here, we provide a proof for ODEs which is independent from the map
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case in order to illustrate the power of the concept of the isolating segment with
the aim to obtain a clean ODE-type proof. For another clean ODE-type proof
using the functional analysis type arguments see [6].

Regarding the regularity of the conjugating homeomorphism in the global
Grobman-Hartman theorem, there is a nice argument of geometric nature in
Katok and Hasselblatt’s book [13] that shows that this conjugacy has to be
Holder. However, no effort is made there to estimate the Holder exponent. Using
our shadowing ideas we estimate this exponent. We obtain the same estimate
for the Holder exponent as in the works by Barreira and Valls [2], Belitskil [3],
Belitskil and Rayskin [4] which apparently are the best results in this direction
(see [2] and references given there). In these papers the functional analysis type
of reasoning was used and results are valid also in the Banach space.

The organization of this paper can be described as follows. Section 2 contains
the geometric proof of the global version of the Grobman—-Hartman theorem. In
Section 3 we show the Holder regularity of the conjugacy in the Grobman-—
Hartman theorem.

Section 4 contains a geometric proof of the Grobman—Hartman theorem for
flows, which is independent from the proof for maps.

At the end of this paper we included two appendices, which contain relevant
definitions and theorems about the covering relations and the isolating segments.

1.1. Notation. If A € R%*% is a matrix, then by A* we will denote its
transpose. By B(z,r) we will denote the open ball centered at  and with radius
r. For maps depending on some parameters h: P x X — X by h,: X — X we
will denote the map h,(z) = h(p, z).

In this note we will work in R = R* x R®. According to this decomposition
we will often represent points z € R™ as z = (z,y), where 2 € R* and y € R®.
On R" we assume the standard scalar product (u,v) = > w;v;. This scalar

3
product induces the norm on R* and R®. We will use the following norm on R",
(@, ) ||max = max(||z]|, ||y]]) and we will usually drop the subscript max.
We will use also projections 7, and 7y, so that 7, (z,y) = z and 7, (z,y) = y.

2. Global version of the Grobman—Hartman theorem for maps

In this section we will give a geometric proof of the Grobman—Hartman
theorem for maps and its topological variants.
We will consider a map g: R™ — R” such that

g(z) = A(2) + h(z).

We will have the following set of assumptions on A and h, which we will refer to
as the standard conditions:
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e We assume that A: R™ — R" is a linear isomorphism of the form
Az, y) = (Auz, Asy),
where n = u+s, A, : R* — R* and A,: R® — R® are linear isomorphisms
such that
|Auz| > cullz]l, cu>1 for all z € R",
lAsyll <csllyll, 0<cs<1, forallyeR®.
e The map h: R™ — R" is continuous and there exists M such that

|h(z)]| < M, for all z € R™.

THEOREM 2.1. Assume the standard conditions. Additionally assume that h
is of class C' and such that there exists € such that

IDh(x)|| < e, forallz € R™.

Then there exists €9 = €9(A) > 0 such that if € < €9(A), then there exists
a homeomorphism o: R™ — R"™ such that

(2.1) cog=Aoo.

COMMENT. Observe that there is no bound on M, we also do not assume
that h(0) = 0.

In the next theorem we drop the assumption that h is C! with small Dh,
but we keep the requirement that ¢ is an injective map.

THEOREM 2.2. Assume the standard conditions. Assume the map g is an
injection. Then there exists a continuous surjective map o: R™ — R™ such that

(2.2) cog=Aoo.

In the next theorem we will drop the assumption that g is an injection. Then
we no longer have a unique full trajectory through a point for the map h.

THEOREM 2.3. Assume the standard conditions. Then there exists a contin-
uous surjective map o, : R™ — RY such that

(2.3) 0y,09=A,00,.

Before the proofs of Theorems 2.1-2.3 we need first to develop some tech-
nical tools. The basic steps and constructions used in the proofs are given in
Section 2.5. We invite the reader to jump first to this section to see the over-
all picture of the proofs and then consult other more technical sections when
necessary.

We will use the following notation: gy = A+Ah for A € [0, 1]. In this notation
we have g = ¢1.
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2.1. gy are onto.

LEMMA 2.4. Assume standard conditions. Then gy are onto, i.e.

agx (Rn) =R".

PrOOF. The surjectivity of gy follows from the following observation: a boun-
ded continuous perturbation of a linear isomorphism is a surjection — the proof
is based on the local Brouwer degree (see for example Appendix in [26] for the
definition and properties). Details are as follows.

For a fixed y € R™ we consider the equation y = g)(z), which is equivalent
to z + M ~th(x) = A~y = §. Let us define a map

(2.4) Fy(z) =2+ AA h(z) — 7.

Observe that if |z — || > [|A7!||M, then Fy(x) # 0.
This shows that deg(Fy, B(7,||A7||M),0) (the local Brouwer degree of Fy
on the set B(y,||[A~1||M) at 0) is defined and

deg(Fx, B(5.]|ATY[M), 0) = deg(Fo, B(g.]|A™[[M),0),
for all A € [0,1]. But for A = 0 we have Fy(x) =z —y. Hence
deg(Fo, B(7,| A7 |M,0) = 1.
Therefore F(z) = 0 has a solution for any y € R". O

2.2. g, are homeomorphisms under assumptions of Theorem 2.1.
The following lemma can be found for example in [17, Lemma 1] and [24, Propo-
sition II.2].

LEMMA 2.5. Let A and h be as in Theorem 2.1. Let e1(A) = 1/[|[A7Y| > 0.
Ife < e1(A), then gy is a homeomorphism and g;l is Lipschitz.

PrOOF. The surjectivity follows from Lemma 2.4. The injectivity is obtained
as follows:

l9a(1) — ga(z2)l| = | Az1 + Ah(z1) — (Azs + Ah(z2)
> (=) — A(z2)]| - Allh(z1) — h(z)]
> L~z = ez -zl = (1 —s)||z1 )
= AT TAT]
From the above formula it follows also that
o1 — 2l > (1_1 - ) lox" (21) — g3 )1
AT
Therefore
1 —1
o3 (1) — 051 (22)]] < (M” - ) P O
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2.3. Cone condition for g, under assumptions of Theorem 2.1.
Throughout this subsection we work under assumptions of Theorem 2.1.

We will establish the cone condition for g) using the approach from [25],
where the cones are defined in terms of a quadratic form. Let @) be a quadratic
form in R” = R* x R® given by Q(z,y) = (z,z) — (y,y). Our goal is to show the
following cone condition: for sufficiently small > 0 it holds

(2.5) Q(Az — Azo) > (1 £ n)Q(21 — 22), 21,22 €R", 21 # za.

This will be established in Lemma 2.7.
By Q we will also denote a matrix such that Q(z) = 2!Qz. In our case
Q= [Ig _OIS ], where I,, € R*** and I, € R**® are the identity matrices.

LEMMA 2.6. For 0 <n < min(c2 — 1,1 — ¢2) the matriz A'QA — (14£n)Q is
positive definite.

Proor. Easy computations show that

At A 0
AtQA = [ Fute .
@ ( 0 AgAS>

Hence for any z = (x,y) € R* x R* \ {0} we have
H(A'QA—- (1£1)Q)z = 2" AL Ay — (L £ m)a® + (1 £ n)y” — y* A Ay
= (Auz, Ayz) — (LEn)2® + (1L £ n)y® — (Asy, Asy)
> (ch —1=ma® + (L —n—cdy? >0,
ifc2—1>nand1—c2>n. g

LEMMA 2.7. There exists £9(A) > 0 such that if 0 < e < e9(A), then there
exists n € (0,1) such that for any X € [0,1] the following cone condition holds:

(2.6) Qga(z1) —ga(22)) > (1 £0)Q(21 — 22), for all z1,20 € R™, 21 # 2.
PROOF. We have
Q(gr(21) — ga(z2)) = (21 — 22)"(D(21, 22)'QD(21, 22) ) (21 — 22),
1
D(z1,22) = / Dgy(t(z1 — 22) + 2z2) dt.
0
Let
1
C’(Zl7 2’2) = / Dh(t(21 - 22) + ZQ) dt,
0

then D(z1,22) = A+ AC(z1, z2). Observe that ||C(z1, z2)| < e.
From Lemma 2.6 it follows that A'QA — (1 + 1)@ is positive definite for
sufficiently small n > 0. Let us fix such 5. Since being a positively defined
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symmetric matrix is an open condition, there exists €9(A) > 0 such that the

matrix
(2.7) (A+X0)'QA+XC) — (1£n)Q
is positive definite for any A € [0,1] and C' € R™*"™ satisfying ||C|| < &o. O

From Lemma 2.5 it follows that for any A € [0,1] and any point z we can
define a full orbit for gy through this point, i.e. g5(2) makes sense for any k € Z.
)

LEMMA 2.8. Assume that ¢ < min(eg(A),e1(A)) is from Lemmas 2.7 and
2.5. Let A€ [0,1]. If z1,20 € R™ and B are such that

(2.8) g5 (21) — gx(z2)| < B, for all k € Z,
then z1 = za.

PROOF. The proof is by contradiction. Let z; # z5. Either Q(z1 — 22) > 0
or Q(z1 — 22) < 0.

Let us consider first the case Q(z1 — 22) > 0. By the cone condition (Lem-
ma 2.7) we obtain, for any k > 0,

Qgr(21) — gr(22)) > Q21 — 22) > 0,
I72(g5(21) — g (22))l = Q(g5(21) — gx(22)) > (1 + )" " Q(ga(21) — ga(22))-

Therefore g§(z1) — g5(22) is unbounded. This contradicts (2.8).
Now we consider the case Q(z1 — 2z2) < 0. The cone condition (Lemma 2.7)
applied to the inverse map gives, for any k > 0,

Q21— 22) > (1= m)Q(gy " (21) = g3 " (22)) > (1 = m)* Q93" (21) — 93" (22)).

Therefore we obtain

QU (1) - " (22)) > —

(1—mn)t
Therefore gy *(21) — g5 " (22) is unbounded. This contradicts (2.8). O

(=Q(21 — 22)).

2.4. Covering relations. We assume that the reader is familiar with the
notion of an h-set and covering relation [26]. For the convenience of the reader
we recall these notions in Appendix A.

DEFINITION 2.9. For any z € R, o > 0 we define an h-set (with a natural
structure) N(z,a) = z + B,(0,a) x B,(0,a).
The following theorem follows immediately from Theorem A.5 in Appen-

dix A.

THEOREM 2.10. Assume that we have a bi-infinite chain of covering relations

N; :f> Ni+1, i € 7.

Then there exists a sequence {z;}icz such that z; € N; and f(z;) = ziy1.
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The following lemma plays the crucial role in the construction of p from
Theorem 2.1.

LEMMA 2.11. Assume the standard conditions. Let
2M 2M >

ey —1"1—c4

aa(A,M)max(

Then, for any a > @, A\, \a € [0,1] and z € R™ it holds that
(2.9) N(z,0) 22" N((A+ Ah)(2), ).

PROOF. Let us fix z € R™ and let us define the homotopy H: [0,1] X
B,(0,a) x B,(0,a) — R™ as follows:

Hi((z,y)) = (Auz, (1 — ) Asy) + (1 — ) A1h(z + (1)) + (A + tA2h)(2).
We have
HO(‘T7 y) = A(Z + (x,y)) + )‘lh(z + (x,y)) = (A + )\1h)(2’ + (m,y)),
Hi(z,y) = (A+ \2h)(2) + (Ayz,0).

For the proof of Lemma 2.11 it is enough to show the following conditions, for
all t, A\, A2 € [0, 1]:

(2.10)  |Ime(Hi(z,y) — (A+ Xh)(2)| > @, (2,y) € (9Bu(0,0)) x B(0, ),
(2.11) iy (Hi(z,y) — (A+ Ah)(2)| < o, (2,y) € Bu(0,a) x B4(0,).
First we establish (2.10). We have

|7 (He((2, ) — (A+ A2h)(2))]|
=[[Ayz + (1 — ) Mmh(z + (z,9)) + (E — D) Aamh(2)||
> [|Auz|| = ||h(z + (z,9)]| — [h(2)]| = cucx — 2M.

Hence (2.10) holds if the following inequality is satisfied:
(2.12) (cu — Do > 2M.
Now we deal with (2.11). We have

Iy (Hi(, ) — (A+ Ah)(2))]]
= (1 —=t)Asy + (1 = t)\imyh(z + (z,y)) + (t — 1) Aemyh(2)||
<[[Asyll + |h(z + (@, )| + [|(2)[| < csa +2M.
Hence (2.11) holds if the following inequality is satisfied:
(2.13) (1 —cs)a>2M.

Hence it is enough to take @ = max(2M /(c,, — 1),2M /(1 — ¢;)). O
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2.5. Proofs of Theorems 2.1 and 2.2. Under assumptions of Theo-
rem 2.1 it follows from Lemma 2.5 that g is a homeomorphism. Under assump-
tions of Theorem 2.2 it follows from Lemma 2.4 that g is a homeomorphism.
Therefore we can talk of the full orbit of g passing through an arbitrary point
z € R™.

We define o: R” — R™ and a multivalued map p from R™ to subsets of R".
In the case of the proof of Theorem 2.1 we will show that p is single-valued, i.e.
p: R?" — R™

1. Let us fix @ > &, where & is obtained in Lemma 2.11.
2. For z € R", from Lemma 2.11 with Ay = 1 and Ay = 0 we have a bi-

infinite chain of covering relations
(2.14) =L N(A72z,0) =% N(A7'z,0) =5 N(z,0) == N(4z,0)
=< N(A%z,0) =% N(A32,0) =% - -

3.1. In the context of the proof of Theorem 2.1: from Theorem 2.10 and
Lemma 2.8 it follows that the chain of covering relations (2.14) defines
a unique point, which we will denote by p(z), such that

(2.15) d"(p(2)) € N(A*(2),a), keZ.

3.2. In the context of the proof of Theorem 2.2: from Theorem 2.10 it follows
that (2.14) defines for each z € R™ a non-empty set p(z) such that for
each z; € p(z) it holds

(2.16) g"(z1) € N(A¥(2),a), k€.

4. For z € R™, from Lemma 2.11 with A\; = 0 and Ay = 1 we have a bi-
infinite chain of covering relations

(2.17) -+ = N(g72(2),a) =2 N(g7(2),a) =2 N(z,a) =2 N(g(2), )
=5 N(g%(2),0) =5 N(g*(2),a) = -+

5. From Theorem 2.10 and the hyperbolicity of A it follows that the chain
of covering relations (2.17) defines a unique point, which we will denote
by o(z), such that

(2.18) AR (0(2)) € N(g"(2),0), k€.

The following lemma shows that in the context of Theorem 2.1 the map p in
fact does not depend on .

LEMMA 2.12. Under assumptions of Theorem 2.1 assume that

e < min(gg(A4),e1(A)).
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Assume & < (. Let z € R™. If z1 is such that
(2.19) g"(z1) e N(A¥2,8), kez,
then z1 = p(z).
PROOF. Observe that (2.15) and (2.19) imply
9" (21) = 9" (p(2))]| < a + 8.

The assertion follows from Lemma 2.8. O
The following lemma a consequence of the hyperbolicity of A.

LEMMA 2.13. Under assumptions of Theorem 2.2, let & < 3 and z € R™. If
z1 18 such that

(2.20) A¥(z1) € N(¢*(2),8), ke,
then z1 = o(z).
LEMMA 2.14. Under assumptions of Theorem 2.2, o is continuous.

PROOF. Assume that z; — Z, we will show that the sequence {o(2;)};en is
bounded and each converging subsequence converges to o(z).
We can assume that ||z; — Z|| < o. Then, since ||o(z;) — 2;|| < a, we obtain

llo(z) —Z|| < 2a.

Hence {o(z;)}en is bounded.

Now let us take a convergent subsequence, which we will again index by j,
hence z; — Z and o(z;) — w for j — oo, where w € R”. We will show that
w = o(Z). This implies that o(z;) — o(2).

Let us fix k € Z. From the continuity of z + g¢¥(2) it follows, that there
exists jo such for j > jo,

(2.21) 19" (25) = g* @) < e

Since by the definition of o we have A¥(o(z;)) € N(g*(zj),a), (2.21) implies

that ||A*(o(2;)) — g*(Z)| < 2. By passing to the limit with j we obtain

(2.22) 1A% (w) = ¢*(2)]| < 2a.

Since (2.22) holds for all k € Z, by Lemma 2.13, w = o(%). O
We continue with the proofs of Theorems 2.1 and 2.2. From the definition

of p and o we immediately conclude that 0 o g = A o ¢ and in the context of

Theorem 2.2 we also have po A = gop.

We will show that o(p(z)) = {z}. Let us fix z € R and z; € p(z), then for
any k € Z it holds that

lg°(z1) = A" )l <@, [[A¥(0(21)) = g" ()] <
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Hence
|45 (0 (1)) — A5(2)]| < 20, k€ Z.

From the hyperbolicity of A (see also Lemma 2.8) it follows that z = o(z1).
Therefore,

(2.23) o(p(2)) = {2}.

Observe that (2.23) implies that o is a surjection. This finishes the proof of
Theorem 2.2.
From now on we work under assumptions of Theorem 2.1 and with

e < min(gg(4),e1(A)).
We will prove that po o = Id. Let us fix z € R™. For all k € Z we have
1A 0 (z) = g* () <, Nlg"(p(0(2))) — APo(2)] < a.
hence
" (p(o(2))) — g"(2)]| < 20
From Lemma 2.8 we obtain that p(c(z)) = 2.
It remains to show that o~! = p is continuous. The proof is virtually the

same as the proof of continuity of o. The only difference is the use of Lemma 2.12
in place of Lemma 2.13. O

2.6. Proof of Theorem 2.3. This time we can only consider forward or-
bits. To define a map o, we proceed as follows. For any z € R”, from Lemma 2.11
with A\; = 0 and Ay = 1 we have the following chain of covering relations:

(224)  N(z,0) = N(g(2),0) =2 N(g%(2), @) == N(g*(2), ) == - -

From Theorem A.5 applied to (2.24) it is easy to show that there exists z; =
(r1,y1) € R x R® such that A*(z;) € N(¢g¥(z), ), for k € N.

We set 0,(z) = x1. We need to show first that o,(z) is well defined. Let
23 = (z2,y2) be another point such that A*(2;) € N(g*(z),), for k € N. Then

(2.25) |A% (21) — Al (@s)]| < 20, keN.
On the other side, from our assumptions on A its follows that
(2.26) |45 (1) — Ag(z2) ]| = cfl|lzr —a2], k€N

Since ¢, > 1, we conclude that x1 = xs.
From the above reasoning it follows immediately that o, (z) is defined by the
following condition:

(2.27) Jo,(2) eREVEEN A¥0,(2),04(2)) € N(g*(2), B),

where 8 > a.
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Let us stress that o4(z) is not a well-defined map, there exist many possibili-
ties for o5(z). However using the functional notation o4(z) will facilitate further
discussions.

To establish the semiconjugacy (2.3) observe that from (2.27) we obtain, for
all k € N\ {0},

AR A(0u(2), 04(2))) = A HAuou(2), Asos(2)) € N(9"H(g(2)), ).
This implies that A,0,(2) = ou(g9(2)).
The next step is the continuity of o,,.

LEMMA 2.15. o, is continuous.

PROOF. Assume that z; — Z, we will show that the sequence {o,(z;)};en is
bounded and each converging subsequence converges to o,(z). We can assume
that ||z; — Z|| < a.. Then, since [|(04(z;),05(2;)) — 2;|| < @, we obtain

llow(z) — mZ|| < 2a, llos(z;) — mZ|| < 2¢.

Hence {0,(%;),05(2j)};en is bounded.

Now, let us take a convergent subsequence, which we will again index by j,
hence z; = Z, 0u(2z;) = w and o4(z;) — v for j — oo, where w € R*. We will
show that w = 0,,(2). This implies that oy, (2;) = 04,(2).

Let us fix £ € N. From the continuity of z + ¢¥(z) it follows that there
exists jo such, for j > jo,

(2.28) 9" (z;) = g* @)l < e
By the definition of o,,, we have
AM(ou(z)),05(2)) € N(g"(2), ).
Inequality (2.28) implies that
1A% (0u(2)), 05(2)) = ¢° ()| < 20
By passing to the limit with 5 we obtain
(2.29) |A* (w, v) = g* ()| < 20
Since (2.29) holds for all k € N, by (2.27), w = 0,(%Z). O

It remains to show the surjectivity of o,,. For this let us set z = (x¢,0) and
consider the following chain of covering relations:

(2.30) N(z,a) =% N(Az,a) =% N(A%z,0) =% N(4%2,0) =% - -
From Theorem A.5 applied to (2.30) it follows that there exists Z such that

g"(z) € N(A*(2),a), kEN.
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Hence
(2.31) A¥((20,0)) € N(¢*(%),2a), for all k € N.
From (2.27) it follows that xg = 0,(Z). Since z¢ was arbitrary, o, is onto. O

2.7. From global to local Grobman—Hartman theorem. The transi-
tion from the global to the local version of the Grobman—Hartman theorem is
very standard, see for example [17], [24]. We include it here for the sake of
completeness.

Assume that ¢: R™ — R" is a diffeomorphism satisfying

p(z) = Az + h(2),

where A € R™*" is a linear hyperbolic isomorphism and h(0) = 0 and Dh(0) = 0.
Let us fix € > 0. There exists ¢ > 0 such that ||[Dh(z)| <e, ||z|| < 4.
Let t: Ry — Ry be a smooth function such that

t(r) = if r <4/2,
tr)y=w<d ifr>4,
t(r1) <t(re) ifry <o,
0<t(r)<1 if r € [6/2,4].
Consider now the function R: R™ — R” given by
(2.32) R(0)=0, R(z)= t(l’j)’z? 24 0.

It is easy to see that R(z) = z, for z € B(0,§/2), R(R™) C B(0,w), |DR|| < 1.
Consider now a modification of ¢ given by @(z) = Az + h(R(2)). It is easy
to see that

$(2) = ¢(2), z€ B(0,82),
[n(R(2))l| <eb, 2z €R",
[D(ho R)(2)|| <e, z e R™

It is clear that, by taking € and § small enough, h o R will satisfy the smallness
assumption in Theorem 2.1 hence we will obtain the local conjugacy, which is
the Grobman—-Hartman theorem.

3. Holder regularity of p

It is known that the conjugating homeomorphism from Theorem 2.1 is Holder.
The geometric proof of this fact is given in the Katok and Hasselblatt book [13].
In fact this is a particular case of a more general result about the Holder regular-
ity of the conjugacy between hyperbolic invariant sets. In [13] no effort was made
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to estimate the Holder exponent in the context of the global Grobman-Hartman
theorem.

Using the functional analysis type approach, the Hélder continuity of the con-
jugating homeomorphism was established by Barreira and Valls [2], Belitskif [3],
Belitskii and Rayskin [4] (see [2] and references given there for other related
papers) and apparently the best value of the Holder exponent was obtained.

Our goal is to show the Hélder property for p = o', the map from the
conjugacy established in Theorem 2.1. The main result in this section is Theo-
rem 3.4. The same arguments apply also to . We show that we can obtain the
same estimate as in [2]-[4].

LEMMA 3.1. Let Q, A, g be as in the proof of Theorem 2.1. If Q(z1 — z2) > 0,
z1 # 22, then Q(g(z1) — g(22)) > 0 and

[m29(21) — mag(22)l| > Oullmez1 — mo2al,
where 0, = ¢, — 2g¢ > 1.

PROOF. From the cone condition (Lemma 2.7) it follows that Q(g(z1) —
g(22)) > 0. Since Q(z; — 2z2) >0,

17221 = maza|| > [y 21 — 7y 20

We have

Teg(21) — Tg(22) = /0 Dr,g(t(z1 — 22) + 22) dt - (21 — 22)

1
ornzh
= Ayme (21 — 22) +/ gm (t(z1 — 22) + 22) dt - mo (21 — 22)
0

L om.h
o Oy
Hence, if Q(z1 — z2) > 0, we obtain

(t(z1 — 22) + 22) dt - Ty (21 — 22).

1729(21) — m2g(22)|| = cullma(z1 — 22)|| = 2ellma (21 — 22)|- U
An analogous lemma holds for the inverse map.

LEMMA 3.2. Let Q, A, g, p be as in the proof of Theorem 2.1. If Q(z1—22) < 0,
21 # 22, then Q(g71(21) — g7 (22)) < 0 and

Imyg™" (1) = myg ™" (22)I| > Osllmyz1 — 7y 22,
where 05 = 1/(cs +2¢) > 1.

PROOF. From the cone condition (Lemma 2.7) it follows that Q(g~!(z1) —
g 1(22)) < 0. Since Q(z1 — 22) <0,

[myz1 — myze|| > || mpz1 — maza.
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We have, for any 2z, 29,

Tyg(z1) — myg(2z2) = /0 Dryg(t(z1 — 22) + 2z2) dt - (21 — 22)

L om,h
=Asmy (21 — 22) + / Ty (t(z1 — 22) + 22) dt - 7 (21 — 22)
0 8.’1}
L om,h
Ty (t(z1 — 22) + 22) dt - Ty (21 — 22).
o 0Oy

Hence, if Q(g(z1) — g(22)) < 0, then Q(z1 — z2) < 0 and we have
[myg(21) — myg(z2)|l < esllmy (21 — 22)|| + 22|y (21 — 22) |
= (¢s +2¢)[[my (21 — 22,
which, after the substitution z; — g1z, gives for Q(z1 — 2z2) <0,
I7y21 = myzal| < (cs + 2€)lmy (97" (21) — 97" (22))]. O

LEMMA 3.3. Let Q, A, g,p be as in the proof of Theorem 2.1. Then, for any
k € Z,, it holds

k
1) ot st < 5+ (190) =2l 7 @)~ i) 20

(3:2) |lp(z1) — p(22)]| < z% + <||Ae§5 I

k
)a@w i QUp() — plz2)) < 0.

PRrROOF. We will consider the case Q(p(z1) — p(z2)) > 0, the case Q(p(z1) —
p(22)) < 0 is analogous, one just need to consider the inverse maps.

From Lemma 3.1 (or Lemma 3.2 in the second case) applied to p(z1) and
p(z2) it follows that, for any k& > 0,

9" (p(21)) = g"(p(22)) ]| = Imag® (p(21)) — Tag"(p(22))
> 0% |lmep(z1) — Tap(z2)|| = 05l1p(21) — plz2)]-

Now we derive an upper bound on ||g*(p(z1)) — ¢*(p(22))|. Since g*(p(z:)) €
N(A¥z;, ), for i = 1,2, we obtain

19" (p(21)) = " (p(22))| <lg" (p(21)) — APz ]|
+ (| AF 2 — ARz + (| AR 2y — gF(p(22))]]
<o+ [|AIF]lz1 — 22l + a = 20+ [|Au]|F] 21 — 2.

By combining the above inequalities, we obtain

2 A, k
loten) = pleol < 52+ (1520) haa - sl 0
u u

We are now ready to prove the Hélder regularity of p.
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THEOREM 3.4. Lety = min(In6,/In ||A,||,In0s/In||A;t|). There exists C >
0 such that for any z1,2z0 € R™, 21 # z9 and ||z1 — 2z2|| < 1, it holds
21 — 22|
PROOF. Observe first that ||A,| > 6, > 1 and ||AJY| > s > 1. Let us set
do = 1. Let us denote § = ||z1 — 22||. For any v > 0 and k € Z from Lemma 3.3

lp(21) — p(22)|| _ 200 o L\"
— 57 Z) st
iz —oF° 7 :

where (0, L) = (0., ”AuH) or (0,L) = (0, ”As_lH)

In the sequel we will find C' which is good for each case separately, and then
we choose the larger C'. Observe that (3.3) holds if there exist constants C; and
Cs such that for each 0 < § < §g there exists k € Z4 such that the following
inequalities are satisfied:

we have

(3.4) " 0 < (Ch,
I\
(3.5) (9) 5177 < O
We show that we can take
(3.6) Ci = 2a,
L

The strategy is as follows: first from (3.4) we compute k and then we insert it
into (3.5), which will give an inequality which should hold for any 0 < & < dy,
this will produce a bound for v, Cy and Cy. From (3.4) we obtain

200077 2a
> klnf >1In— — vInd.
Z = né >1In c ~1n

Taking into account (3.6), we have

9k

(3.8) kln® > —yIné.
We set kg = ko(0) = —yInd/Infb. ko might not belong to Z, but kg > 0. We set

k = k(3) = |ko + 1], where |z| is the integer part of z. With this choice of k
equation (3.8) is satisfied. Hence also (3.4) holds.
Now we work on (3.5). Since

(5) <)

(3.5) is satisfied if the following inequality holds:

1—vIné/In6
(g) 51T < Oy
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By taking the logarithm of both sides of the above inequality we obtain

0% L
- — — < .
(1 1n01n6)1n<0>+(1 Y)1Ind < InCy

Finally, after an rearrangement of terms we arrive at
(1 - 7<1 + IH(L/G)» 6 <InCy—In 2.
Iné 0
The last inequality should be satisfied for all § < §y = 1. Therefore, we need the
coeflicient on the lhs by Ind to be nonnegative and the rhs to be nonnegative.
It is easy to see that the rhs is nonnegative with Cy given by (3.7). For the lhs
observe that

In(L/0) InL—-In¢ InL
e T T T e T e
Hence we obtain 1 —~In L/In# > 0 and finally v < In6/In L. O

3.1. Comparison with known estimates. In [2, Theorem 1] (see also [3],
[4]) the following estimate has been given for the Holder exponent for p and p~*
if the size of the perturbation goes to 0 (we use our notation)

Inr(As)  Inr(A;h)
lnr(A;l)’i Inr(A,) }’

where r(A) denotes the spectral radius of the matrix A.

(3.9 a<ap= min{ -

Let us consider our estimate of the Holder exponent from Theorem 3.4. In
the limit of vanishing perturbation we obtain (see Lemmas 3.1 and 3.2)
1
Hu = Cu;, 93 =
Cs

Since from assumptions of Theorem 3.4 it follows that we can assume that

1 _
(3~10) - = ||Au1H7 Cs = ||ASH,
Cy
we obtain
1
Wm0, _ MEET _ InfAgY
lnHAu” lnHAu” 1n||AuH ’
mf, My 4
In | A InflASH| In |45

Therefore our estimate for the Holder exponent is
il i) )
In[[A,l| * In||AsY
It differs from (3.9) by the exchange of the spectral radius of matrices in (3.9)

a1<min{—

by the norms of matrices. It is quite obvious that by using the adapted norm we
can get arbitrary close to the bound given by (3.9). For example, if A, and Ag
are diagonalizable over R, if we define the scalar product so that the eigenvectors
are orthogonal, then we obtain ||AEL|| = r(AEY).
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To conclude, we claim that we were able to reproduce the Holder exponent
from [2]-[4].

4. Grobman—Hartman theorem for ODEs
Consider an ODE
(4.1) 2= f(z), z€eR"

such that f € C' and 0 is a hyperbolic fixed point. It is well known that the
Grobman—Hartman theorem is also valid for (4.1). It can be obtained from
Theorem 2.1 for time one map. In this section we would like to give a geometric
proof, which will not reduce the proof to the map case, but rather we prefer
a clean ODE version.

In such approach, the chain of covering relations along the full orbit will
be replaced by an isolating segment along the orbit of a fixed diameter in the
extended phase space (i.e. (f,z) € R x R™). The cone conditions for maps have
also its natural analog, we will demand that

d
We will consider an ODE
2 =Az+Nh(z), zeR™

We will have the following set of assumptions on A and h, which we will refer to
as the ODE-standard conditions:

e Assume that A: R™ — R"™ is a linear map of the form
Az, y) = (Auz, Asy),

where n = u + s, A, : R* — R* and As: R® — R® are linear maps such
that

(z, Ayz) > cullz]|?,  cu >0, for all z € RY,
(y, Asy) < —csl|yl|?, ¢s >0, for all y € R®.

e Assume that h: R® — R™ is of class C! and there exists M > 0 such
that
|h(z)|| < M, forall 2 € R".

Let ¢ be the (local) dynamical system induced by 2’ = Az + h(z). Here is a
global version of the Grobman—Hartman theorem for ODEs, which is similar in
spirit to Theorem 2.1.

THEOREM 4.1. Assume ODE-standard conditions. Assume additionally that

|Dh(x)|| <&, for all x € R™.
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Under the above assumptions there exists g = e9(A) > 0 such that if € < o(A),
then there exists a homeomorphism p: R™ — R™ such that for any t € R,

(4.2) plexp(Ab)z) = o(t, p(2)).

THEOREM 4.2. Assume ODE-standard conditions. Then there exists a con-
tinuous surjective map o: R™ — R"™ such that for anyt € R,

(4.3) (exp(At)o(z)) = o(p(t, 2)).

In the sequel for A € [0, 1] by ¢*: Rx R® — R™ we will denote the dynamical
system induced by
2 = fMz) = Az + Ah(2).

Before the proofs of Theorems 4.1 and 4.2 we need first to develop some
technical tools. The basic steps and constructions used in the proofs are given
in Section 4.4. We invite the reader to jump first to this section to see the
overall picture of the proof and then consult other more technical sections when
necessary.

4.1. " is a global dynamical system.

LEMMA 4.3. Assume ODE-standard conditions. Then, for every (t,z) €
R x R, ©*(t,2) is defined.

PRrROOF. Observe that || fa(2)]| < ||Allllz]|+M. From this, using the Gronwall
inequality, we obtain the following estimate:

o, M Tt
(4.4) 2(2)]] < |]2(0)]e/AI-1 4 TAT (ellAll It _ 1).

This implies that ¢*(t, z) is defined. O

4.2. Isolating segment. We assume that the reader is familiar with the
notion of an isolating segment for an ODE. It has its origin in the Conley index
theory [7] and was developed in papers by Roman Srzednicki and his coworkers
[18]-[21], [23].

Roughly speaking, an isolating segment for a (non-autonomous) ODE is the
set in the extended phasespace (i.e. (t,z) € R x R™), whose boundaries are
sections of the vector field. The precise definition can be found in Appendix B.

LEMMA 4.4. Assume ODE-standard conditions. There exists

~ <2M 2M>
a =max | —,

Cy  Cs

such that for a > @ and for any A1, A2 € [0,1] and zp € R™ the set

N, (20,0) = {(t, (z,9)) | (& = mp™ (t,20))* < 02, (y — my™ (8, 20))* < 0},
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with
Ny, (z0,0) = {(t, (z,9)) € Nx, (20, @) | (z = map™ (t,20))? = @},
Ny (z0.0) = {(t, (z,9)) € Nx, (20, 0) | (y — myp™ (t,20))* = a?},
is an isolating segment for @2
PRrROOF. Let us introduce the following notation:
L™(t,2,y) = (z — mp™ (t, 20))* = o,
L*(t,a,y) = (y — mye™ (¢, 20))° — .

The outside normal vector field to Ny (zo, ) is given by VL™. We have

o (L) = = 2@ = mp™ (t20)) - m f (9 (1 20))

= —2(x — mp™M (t, 20)) - (Au@™ (¢, 20) + Mah(0™ (¢, 20))),

ox

dy
We verify the exit condition by checking that for (¢,2) € Ny (20, ), VL™ (¢, 2) -
(1, f2(t, 2)) > 0. We have, for (t, (x,y)) € Ny, (20, @),

(t,z,y) =2(x — T (¢, 20)),

(t,z,y) =0.

§VL-wz>«LfMaw»
= — (2 = 1™ (t, 20)) - (Aup™ (t, 20) + Mimah(p™ (t, 20)))
+ (x — w1, 20)) - (Auz + Nomh(z, 7))
= (2 = mp (t, 20)) - (Au(z — 10 (¢, 20)))
+ (@ = 1 (2, 20)) - (M (9™ (8, 20)) + Aemih(z, )
> cya? — 2aM = afcyo — 2M).

We see that it is enough to take & > 2M /c,,.
For the verification of the entry condition we will show that for (¢,2) €

N}t (207 a)a VL+(t7 Z) : (17 f>\2 (t7 Z)) <0.
The outside normal vector field to N ;: (20, ) is given by VL*. We have

8L+ A1 A1 A1
W(m,y) = —2(y — myp"' (t, 20)) - Ty (07 (E 20)))
= —2(y — my M (t, 20)) - (As@™ (¢, 20) + Ay h(™ (¢, 20))),
oLt
W(ta‘m»y) :()7
oLt

Ty(t’ z,y) =2(y — M (¢, 20)).
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We have, for (¢, (x,y)) € N;'l (20, @),

VL (t2) - (1, £2(1,2)

= — (y = my™ (t,20)) - (As™ (, 20) + My h(™ (¢, 20)))
(A

+(y — 7Ty90/\1 (t,20)) - (Ayy + Aomyh(z,y))
=(y — myp™ (t, 20)) - (As(y — my™ (t, 20)))

+(y = my ™ (t, 20)) - (=M (™ (E 20)) + Aomry b, y))
< —csa? 4+ 2aM = a—csa + 2M).

We see that it is enough to take & > 2M /c;. O

The following theorem will be obtained using the ideas from the proof of the
Wazewski Rectract Theorem [22] (see also [7]). We will present the details.

THEOREM 4.5. Assume ODE-standard conditions. Let o > a, where a is
defined in Lemma 4.4. Then, for any A\, A2 € [0,1] and zo € R™, there exists
z1 € R™ such that, for allt € R, it holds

(4.5) O (t, 21) € ™ (t, 20) + Bu(0,a) x B(0, ).

PROOF. We will show that for any 7' > 0 there exists 27 € 29 + B, (0, ) x
B;(0,a) such that

(4.6) 2 (t, z1) € M (t, 20) + Bu(0,0) x Bs(0,a), te[-T,T].

Observe that once (4.6) is established, by choosing a convergent subsequence
from z, — Z for n € Z, we obtain an orbit for p*2 satisfying

(4.7 ©*2(t,21) € ™ (t, 20) + By (0, ) x B,(0,).

From Lemma 4.4 it follows that Ny, (z, a) is an isolating segment for ¢*2 for any
A2-

Let us fix T > 0. We define a map h: [0,2T] x B,(0,a) x B4(0,a) —
B,(0,a) x Bs(0,a) as follows. Let 7: Ny, (20,) — R U {00} be the exit time
function from the isolating segment Ny, (zo,a) for the process ¢*2. From the
properties of the isolating segments (see Appendix B) it follows that this function
is continuous.

The map h(s, -) does the following: in the coordinate frame with moving
origin given by ¢*1 (s — T, zg) to a point z we assign ¢*2(s, z) if s is smaller than
the exit time, or the exit point (all in the moving coordinate frame).

The precise definition of h is as follows: let

i(z) =z + <p)‘1(—T, 20), Ti(z) =7(-T,i(z)),
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then

e (s,i(2)) — M (s = T, z), if s > 7(2),

h(s,z) =
02 (1;(2),i(2)) — ™M (1i(2) — T, z9) otherwise.

To prove (4.6) it is enough to show that there exists z € 2o + B, (0, a) x Bs(0, )
such that

(4.8) (=T, 2z + ™ (=T, z)) < 2T.

We will reason by contradiction and assume that no such z exists.
Since Ny, (20, ) is an isolating segment, we see that h satisfies the following

conditions:
h(2T, z) € (0B,(0,a)) x Bs(0,a) for all z € B,(0,a) x B,(0,a),
h(0,2) = z, for all z € B,(0,a) x B,(0,a),
h(s,z) = z, for all s € [0, 2T,

for all z € (0B, (0,)) x Bs(0, ).

This implies that h is a deformation retraction of B,(0,a) x Bs(0,a) onto
(0B.(0,a)) x B4(0,a). This is not possible because the homology groups of
both spaces are different, hence (4.8) is true for some z.

Hence we obtain (4.7). To have (4.5) for z;, observe that from Lemma 4.4
it follows that (¢, *2(¢,21)) € int Ny, (2, ) for all ¢ € R, otherwise it will leave
Ny, (z, a) forward or backward in time. Therefore (4.5) is satisfied. This finishes
the proof. O

4.3. Cone condition. The cone condition for ODEs is treated using the
methods from [25] and the cones are defined in terms of a quadratic form. In
this subsection we work under assumptions of Theorem 4.1.

Let Q(z,y) = (z,2) — (y,y) be a quadratic form on R"™. By @ we will also
denote a matrix such that Q(z) = 2'Qz. In our case Q = [y % ], where
I, € R¥*" and I, € R*° are the identity matrices.

LEMMA 4.6. There exists £g = €9(A) > 0 such that, if € < eg, then there
exists n > 0 such that for X € [0,1] the following cone condition holds:

d
(4.9) 7 QpMt, 21) — @ (1, 22)) = nQ(DM(t, 21) — (¢, 22)),
for all z1,z0 € R™.

PROOF. It is enough to consider (4.9) for ¢ = 0. We have

L QP 51) — (6 2)emo
=(fMz1) = 22)' Q21 — 22) + (21 — 22)'Q(f(21) — A (22))
= (21 — 22)"(D(21,22)'Q + QD(21, 22)) (21 — 22),
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where
1 1
D(21,2) = / DS (2 + (21 — 29)) dt = A + /\/ Dh(zs + t(21 — 2)) dt.
0 0
We set )
o1, 2) = / Dh(zy + (21 — 22)) dt,
0
hence

D(z1,22) = A+ AC(z1, 22), [C (21, 22)|| < e

It is enough to prove that D'Q + QD is positive definite. Observe first that
AQ + QA is positive definite. Indeed, we have for any z = (z,y) € R",

AL+ A, 0 ) .
0 —(AL + Ay)
=o' (A} + Au)r =y (AL + As)y
=2(x, Ay) — 2(y, Asy) > 2c,2® + 2c,y* > 2min(cy, ¢,)|[v])*.

vH(ANQ + QA =o' - <

Since being positive definite is an open property we see that the desired n > 0
and €9 > 0 exist. O

LEMMA 4.7. Assume that € < € is as in Lemma 4.6. Let X € [0,1]. Assume
that for some z1,zo € R™ there exists B such that for all t € R,

I (t, 21) — ™ (t, 22) || < B
Then z1 = z».

PrOOF. Observe that from our assumption it follows that there exists f;
such that

(4.10) Q™ (t,21) — e (t, 20))| < By, forall t € R.

We consider two cases: Q(z1 — 2z2) > 0 and Q(z1 — 2z2) < 0.
Consider first Q(z1 — z2) > 0. From Lemma 4.6 it follows that for all ¢ > 0,
Q(¢*(t, 21) — ¢*(t, 22)) > 0, and for any tg,t > 0,
QL Mt +to, z1) — @ (t+ to, 22)) > exp(nt) Q(p (o, 21) — ¢ (to, 22))-

This is in contradiction with (4.10).
Now we consider the case Q(z; — z2) < 0. It is easy to see that Q(¢* (¢, 21) —
©*(t, z2)) < 0 for t < 0. From the cone condition (Lemma 4.6) it follows that

QM (t.21) — ¢ (L, 22)) < exp(—nt) Q21 — 22), ¢ < 0.
Hence
QM (8, 21) — Mt 22))| > exp(ft]) [Q(z1 — 22)|, ¢ <0.
This is in contradiction with (4.10). O
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4.4. Proofs of Theorems 4.1 and 4.2. The proofs follow the pattern of
the proofs of Theorems 2.1 and 2.2. Below we will just list the basic steps.
We define : R" — R” and a multivalued map p from R"™ to subsets of R".
In the case of the proof of Theorem 2.1 we will show that p is single-valued, i.e.
p: R* — R™
1. Let us fix o > @&, where a is obtained in Lemma 4.4.
2. For z € R™, from Lemma 4.4 with \; = 1 and Ay = 0 we have an isolating
segment Ny (z, a) for ¢t
3.1. In the context of the proof of Theorem 4.1: from Theorem 4.5 and
Lemma 4.7 it follows that Ny(z, a) defines a unique point, which we will
denote by p(z), such that

(4.11) ot p(2)) € B(¢°(t,2),a) teR.

3.2. In the context of the proof of Theorem 4.2: from Theorem 4.5 it follows
that No(z,«) defines for each z € R™ a non-empty set p(z), such that
for each z € p(2),

(4.12) ' (t,21) € B(¢°(t,2),), teR.

4. For z € R", from Lemma 4.4 with \; = 0 and A2 = 1 we have an isolating
segment Nj(z,a) for ¢°.

5. From Theorem 4.5 and the hyperbolicity of A it follows that the isolating
segment Ni(z,«) defines a unique point, which we will denote by o(z),
such that

(4.13) ¢°(t,0(2)) € B(¢'(t,2),@), teR.
The details of the proofs are basically the same as in the proofs of the map case
and are left to the reader.

Appendix A. h-set and covering relations

The goal of this section is to present the notions of an h-set and covering
relation, and to state the theorem about the existence of a point realizing the
chain of covering relations.

A.1. h-set and covering relations.

DEFINITION A.1 ([26, Definition 1]). An h-set N is a quadruple (|N|, u(N),
$(N),en) such that:

(a) |N| is a compact subset of R™,
(b) u(N),s(N) e€{0,1,2,...} are such that u(N) + s(N) = n,
(¢) ex: R? = R™ = RUN) x R5(V) is a homeomorphism such that

en(IN]) = Byvy X By(wy-
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We set
dim(N) :=n, Ne := By(n) X By,
N7 = 0By(n) X By(w), NI :=Byn) x 0Bs(ny,
N~ = ey (ND), N* =y (NS).

Hence an h-set, N, is a product of two closed balls in some coordinate system.
The numbers u(N) and s(N) are called the nominally unstable and nominally
stable dimensions, respectively. The subscript c¢ refers to the new coordinates
given by the homeomorphism cy. Observe that if u(N) = 0, then N~ = ), and
if s(N) =0, then N* = (. In the sequel to make notation less cumbersome we
will often drop the bars in the symbol |N| and we will use N to denote both an
h-set and its support. Sometimes we will call N~ the ezit set of N and N7 the
entry set of N.

DEFINITION A.2 (26, Definition 6]). Assume that N, M are h-sets such that
u(N) =u(M) =uand s(N) =s(M) =s. Let f: N — R"™ be a continuous map.
Let fo=cpofo c]_vlz N, — R* x R®. Let w be a nonzero integer. We say that

N8 m

(N f-covers M with degree w) if and only if the following conditions are satisfied:

(a) There exists a continuous homotopy h: [0,1] x N, — R* x R® such that
the following conditions hold true:

(A 1) ho = fm
(A2) h([oa ]-]7 Nc_) nM,= (2)7
(A.3) h([0,1], No) N M} = 0.

(b) If w > 0, then there exists a map A: R* — R" such that
(A4) hi(p.q) = (A(p),0), for p € By(0,1) and ¢ € B;(0,1),
(A.5) A(0BL(0,1)) C R*\ B,(0,1).

Moreover, we require that
(A.6) deg(A, B,(0,1),0) = w,

We will call condition (A.2) the exit condition and condition (A.3) will be called
the entry condition.

Note that in the case u = 0, if N L M, then f(N) Cint M and w = 1.

REMARK A.3. If the map A in condition (b) of Definition A.2 is a linear map,
then condition (A.5) implies that deg(4, B, (0,1),0) = +1. Hence condition
(A.6) is in this situation automatically fulfilled with w = £1. In fact, this is the
most common situation in applications of covering relations.
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Most of the time we will not be interested in the value of w in the symbol
N g M and we will often drop it and write N :f> M instead. Sometimes we
may even drop the symbol f and write N = M.

A.2. Main theorem about chains of covering relations.

THEOREM A.4 ([26, Theorem 9]). Assume N;, i = 0,...,k, N, = Ny are
h-sets and for each i =1,..., k we have

(A7) Ny, BN,

Then there exists a point x € int Ny such that
fioficio...ofi(x) €int N;, i=1,... k,
freofi—10...0 fi(z) ==x.

We point the reader to [26] for the proof.
The following result follows from Theorem A.4.

THEOREM A.5. Assume that I = Z or I = N. Let N;, i € I, be h-sets.
Assume that, for each i € I, we have

fit1, Wit
N; — Ni+l-

Then there exists a sequence {x;}ier such that x; € int N; and fiv1(z;) = xiy1,
foralliel.

Proor. We will consider the case I = Z, the proof for the other case is
almost the same. For any k£ € Z, let us consider a closed loop of covering
relations

N2 N 2Ny — BN D N 2 v,

where Ay is some artificial map such that Ny % N_j. From Theorem A.4 it
follows that there exists a finite sequence {xf}lz,kk such that

¥ cint N; and  fi(af ) =aF, i=-k+1,... k.

70

Since N; are compact, it is easy to construct a desired sequence, by taking
suitable subsequences. O

A.3. Natural structure of h-set. Observe that all the conditions appear-
ing in the definition of the covering relation are expressed in ‘internal’ coordinates
cy and cps. Also the homotopy is defined in terms of these coordinates. This
sometimes makes the matter and the notation look a bit cumbersome. With this
in mind we introduce the notion of a ‘natural’ structure on h-set.
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DEFINITION A.6. We will say that N = {(z0,y0)} + Bu(0,71) x B4(0,71) C
R" x R? is an h-set with a natural structure given by

T—xo Y—
u(N) = u, s(N) =s, en(z,y) = <74107y742y0)'

Appendix B. Isolating segments for ODEs

Let us consider the differential equation
(B.1) i = f(t2)

where # € R" and f: R x R® — R" is C!. Let z(to,7o; -) be the solution of
(B.1) such that x(tg, zo;to) = 20, we put

P(to,7) (o) = x(to, xosto + 7).

The range of 7 for which ¢, (o) is defined might depend on (to, xo). ¢ defines
a local flow ® on R x R™ by the formula

(B.2) Di(0,2) = (0 + 1, 901 ())-

In the sequel we will often call the first coordinate in the extended phase space
R x R™ the time.

We use the following notation: by 71: R Xx R — R and 7m: R x R® — R”
we denote the projections and for a subset Z C R x R™ and t € R we put

Zy ={zx eR": (t,x) € Z}.

Now we are going to state the definition of an isolating segment for (B.1),
which is a modification of the notion of a periodic isolating segment over [0, T
or T-periodic isolating segment in [18]-[21], [23].

DEFINITION B.1. Let (W, W~) C R x R™ be a pair of subsets. We call W
an isolating segment for (B.1) (or ¢) if:

(a) (W, W~)N([a,b] x R™) is a pair of compact sets,

(b) for every o € R, x € OW, there exists § > 0 such that for all ¢t € (0,9),
Po,0)(T) E Wois OF 9o, (x) € int Wo i,

(c) W= ={(o,2) e W:36 >0Vt e (0,0) o)) € Woit},
W =cl(OW\ W),

(d) for all (o,2) € WT there exists & > 0 such that for all ¢ € (0,4),
P(o,—t) (x) g Wo—t,

(e) there exists n > 0 such that for all x € W~ there exists ¢t > 0 such that
for all 7 € (0,t], ®,(z) ¢ W and p(P:(x), W) > n.

Roughly speaking, W~ and W™ are sections for (B.1), through which tra-
jectories leave and enter the segment W, respectively.
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DEeFINITION B.2. For the isolating segment W we define the exit time func-

tion Ty, as

Tw,p: W 3 (to, o) = sup {t > 0: Vs € [0,] (to + 5, 9@, (z0)) € W} € [0, 00].

By the Wazewski Retract Theorem [22] the map Ty, is continuous (compare

with [7]).
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